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ON CERTAIN SEQUENCES OF FUNCTIONS 

By D. G. Bourgin 

Department of Mathematics, University op Illinois 
Communicated November 23, 1945 

A recent article 1 treated the characterization of functions which are 
odd, periodic of period 2v and such that [f(nx) } is orthonormal. We shall 
indicate here certain new results and refinements which now give a fairly 
well-integrated picture. Using methods suggested by the primary prob¬ 
lem, it has been possible to develop criteria for completeness of certain 
sets of functions. Full details of the proofs will be published elsewhere. 

We mention our main conventions. We use L%( 0; —t, it) to designate 
odd functions in v). A subsequence of the positive integers has 

a base [pj | pg a prime) if each member of the sequence is a product of powers 
of the dements of the base. The function f(x) t the sequence of its Fourier 
sine coefficients \a n ) and the Dirichlet series 0(s) « 2a n n ~*formed with the 
coefficients are said to be associated. The classes K f K f and K v refer, 
respectively, to solutions for which (a*) « h> {a#} th or ja„) c £/, i.e., 
is uniformly convergent. The same class symbols designate the associated 
functions and Dirichlet series. The term solution is used to indicate 
satisfaction of f(nx)] «= A quasi elementary solution is 

defined by 

♦(*) ■* M~*{ 1 + h^r') 

where {A,} is a finite real sequence, {n,} is an ascending sequence of integers 
J>2, M is proportional to the L.C.M. of the {»/} and the denominator does 
not vanish for A(s) > 0. It is easy to show that a quasi elementary solu¬ 
tion is a solution. 

We first remark that practically all the theorems 1 proved for the class 
K' remain valid for the class K°. The reason for this is essentially that 
the Dirichlet series represents an almost periodic function for J?(s) ■» 0 
and the comtanation properties of such functions prove sufficient to sup¬ 
plant the more restrictive requirement of absolute convergence. Thus 
for instance: 



2 


MA THEM A TICS: D. G. BOURGIN 


Proc. N. A* S. 


Necessary and sufficient conditions that 4>{z) e are; (a) <f>(z) is mero- 
morphic , (fr) <£(z) admits a Dirichlet expansion converging uniformly for 
R(z) > 0, (c) <t>(z)<t>(—z) — 1* 

It is easy to show a little more, 

If 4>(z) e K u then the uniform convergence abscissa of the Dirichlet series is 
to the left of R(z) « 0. 

Some of the earlier uniqueness theorems 1 can be sharpened considerably. 
Thus the class K f can be replaced by K, and as comparison will show, other 
generalizations are involved as well, below. New methods of proof are 
required and mapping theorems play a central r6le now. Thus as generali¬ 
zations of theorem 10.7 and 10.3 we have: 

If « K and (a) <t>(z) is uniformly continuous in R(z) > 0, (6) 1 4>{it) | = 1, 
(c) 4>(z) has no zeros in R(z) > 0, (d) 4>(z) has a non-vanishing constant term 
in its Dirichlet expansion , then 4>{z) = =*= 1. 

If (a„} c K then \a n n f f C},r > 0, cannot be in K unless C = N r t Na positive 
integer, and then a n — 

We may show also, 

If \a n \ e K, a% ^ 0, then \na n /C\n * 2, 3, ...} is never a memffer of K . 

If [a n *\ and {a n *\ are both non null sequences in U, then the relations 
\J\{nx) t f{nx)] » 0, n, m 1 , 2, . are incompatible. 

The proof involves a simple category argument. 

One of our key results is the following. 

If <t>(z) t K v has a finite base , then <t>(z) is a quasi elementary solution. 

The general idea of the demonstration is to associate a function of several 
complex variables with the Dirichlet series. 

In this connection we cite also the following result: 

If <fi(z) € K ' has the base [h n \ then replacing h H by h n where the h n f s are not 
necessarily distinct, yields a function also in K\ 

In particular, every reduction to a finite base must therefore yield a 
quasi elementary solution. This and other internal evidence suggests that 
if c K f then <#>(z) is a quasi elementary solution and hence has a finite 
base. The writer has not yet succeeded in settling whether or not this 
conjecture is true. 

Constructive examples of functions, <j>{z), in K may be exhibited for which 
R(z) — 0 is a natural boundary. This shows at once that the relation 
<j>(z)4>(-~z) «=* 1 valid for solutions in K v is not valid for general solutions 
in K . The next result is therefore of special •interest. 

Necessary and sufficient conditions in order that < K are that for R{z) > 
0: (a)|4>(s)| ^ 1, (6) <t>(z) has a uniformly convergent Dirichlet series and 
(c)2J(a») a « 1. 

A* Patou theorem argument shows that if $(z) « K then L t 04 -4>($ + A) 
exists for almost all U The limit function is written 4>(it)* (In view of our 
preceding remark, it is clear that 4>(it) js in general not the sum function 
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of the series Moreover <t>(z)/( l /z — z) converges to ${U)f( l f% — it) 

in the norm topology ofL}( — <*>, «>) as s —» 0 +. If <t>(z) has a single element 
base or <f>(z) t K f then \ 4>(it) | = 1 ax. 

There is a close relationship between our problem and some phases of 
the Watson theory of General Transforms. 2 Thus let//(X) =»S n>l /xa n «" l/i . 

If <t>(z) e K and if (a) the function <j>(it) defined in the limit sense has its 
modulus 1 a.e., then H(\p)/p is a self reciprocal kernel in the Watson sense 
and defines a unitary transformation in L 2 (0, a>). 

If H(\) satisfies W: 


/*“ax (*-«.!-) ffQJtygQQ 

Jo X» 


min(*. 0(1 - (*(7s)) J ) 


then 2a„n~~‘ is convergent for R(z) > 0, + it) | = 0( 1 1 1 s > 0, L r ~*„ 

l 

f-r \<t>(s+it) | % dt exists for s > 0 and (|tf>(z) | */|Va "* z \* a ) « L\ (— ® , 
00 ) for a > Vs, 0 < s < Vs* 

These partial inclusions become equivalences in particular cases. Thus: 

If {a n }t l\ or {a*} has a one-element base , then a necessary and sufficient 
condition that 4>(z) « K is that II(\) satisfies W . 

We may remark in this connection that the theory of sequences {a#} 
satisfying * = 6*. * may be shown to be isomorphic with that 

of {a,} « K under the condition of a one-element base. The isomorphism 
implies a 1-1 mg$ping of corresponding sequences and a topological agree¬ 
ment in 4* 

An interesting viewpoint is afforded by the following result. Let $n(z) 
denote the first N terms in the Dirichlet expansion of ^(z). 

If B is the class of functions $(z) such that for R(z) > 0 th$ Dirichlet series 
converges uniformly and |^(z) | £ |, then the function 4?{z) for which ^(r), 
N fixed, takes on a maximum value is a quasi elementary solution . 

This is a simple consequence of a result of Landau, and indeed the 
function i^(z) is unique up to change of base. The interest of the theorem 
lies in the maximum property. Whether it extends to more general bases 
is an open question. 

We now turn to some completeness problems. As a preliminary we 
remark that following Szasz’ idea of associating the completeness problem 
with that of the zeros of certain integrals, we may gain a wide variety of 
theorems on \f(nx) } where f(x + iy) is analytic. For instance, using the 
theorem of Carlson we can easily show 

If (a) /(0) *■ 0, (b) f(w ), w ■»' x + iy, is a regular analytic function for 
#i> o, (c)/( 0) J* 0, / «= 1, 2, .. (d) |/(ttO| * 0(exp fc|w|), k < l /t,for 
x> 0 then f(nx) is complete in Z*(0, 2ir). 
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With each theorem of Carlson type we can associate analogous complete¬ 
ness theorems. We now turn to the main ideas of our work in this field. 
We write (i, j) for the L.C.M. of the integers iemdj and B it s ior JjfLi ba&n* 
We define a minimizing sequence { C n M | n * 1, ... M) 'inthe obvious 
way for a function F(x) t L%{E) and a given orthonormal sequence (g w (jc) | 
g n (x) € L%(E) j. In the case 

f{x) ~ sin x + K sin nx (A) 


it is easy to show 

The sequence \f(nx)\ is minimal and if [C n u \n = 1, .. M\ is minimizing 
for F(x) = sin # then 

|| sin* - £*-1 C a M f(nx) 11 s = |1 - C t *|. 

'•"i 

The term minimal implies f(Nx) is not in the closed linear extension of 
\f(nx) \n $A N) for any N. 

Iff{x) is of the form {A) where {b n \n * 2, ... , }€ h theft a sufficient condition 
that f(nx) be complete in L*( 0; —ir, r) is that S (U)-l |5i # *| < 1. 

A more general result follows which involves a less perspicuous condition, 
however. 

If {£«(#) | n « 1, 2,...} is a complete orthonormal set in L%(E) and \h n (x) \ 

h n (x) e Li(E )} is such that theGrammian of { h n (x) — g n (x) \n » 1,2, ... } has 

a bound inferior to 1 then \h n {x)) is complete in L%{E ). In particular the 

completeness follows from sup £?* i[h s (x) — g<(*), hj(x) — gj(x) ] > 0 < 1. 

i & j < « 

If /(*) is defined by ( A) then choosing F(x) as sin x the minimizing se¬ 
quences converge termwise to {d*J« == 1,2, ...}. It is readily shown that 
(i,} is defined uniquely by the requirement that sin x —2?-id./(***) be 
orthogonal to sin jx, j = 1, ... M. It may be shown that the Paley- 
Wiener theorem* entails in this case that 

£«•-*»I|sra x - d»/(«*)|| - 0. (P) 

Moreover {d»} e 

The next results comprehend situations for which the Paley-Wiener 
theory does not apply. Here it is possible that {a.} i h and the relation 
in P may not be valid. 

If f(x) m sin * — b n sin nx, bfa i* 0, for somej, j ^ M, then a 
sufficient condition for completeness is that 

t | 

£«.,)-! Pi, i cos <(log i - log/) £ 1, -® < t < ®. (5) 

We remark that the requirement J bfb H { ^ 0 is essential. The stredgtll 
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of the theorem comes from the case that equality is admitted in the main 
sondition (5). 

The example 

}{x) « sin x — 7a(sin 2x + sin Ax) 

is easily shown to give \d n } i 4- Moreover 1 d«f(nx) does not converge. 
Nevertheless {/(«*)} is complete in L*(0; —ir, *•). 

If M = a> in the previous theorem, the completeness assertion is still 
true provided we weaken ( B ) by replacing the right hand side by “ <1 
almost everywhere.’' If we use the stronger restriction 0 < 6 < 1 ,” 
then we can guarantee \d n \ e / 2 and Eq. (P) holds. Our method of proof 
requires the assumption \b n ) « U but presumably this can be weakened 
to {&„} e 4 . Finally, if <f> (z) ^ 0 in R (z) £ 0 then [f(nx)\ is complete. 

1 Bourgin, D. G. f and Mendel, C., "Orlhonorma! Sets of Periodic Functions of the 
Type [/(»#) ]/‘ Trans. Am. Math. Soc., 57, 332-363 (1945). 

* Watson, G. N., "General Transforms," Proc. Land. Math. Soc., 35, 156-199 (1933). 

* Paley, R. E. A. C., and Wiener, N., "Fourier Transforms in the Complex Domain/’ 
Am. Math. Soc. Coll. Pub., p, 100. 


INTRINSIC AREA 
Bv Herbert Busbmann 
Department of Mathematics, Smith College 
Communicated November 20, 1945 

Many definitions of angle and area have been proposed for Finsler spaces. 
So far there is no criterion, according to which one definition of angle is 
more natural than the others. But there is such a criterion for area, as 
the present note will show. The corresponding definition of area is also 
new for Riemann or even Euclidean spaces. 

In spite of the many available other definitions it seems to deserve 
attention in the latter case, in particular, for surfaces in parametric form; 
because it does not use special properties of the Euclidean space or the 
spaces of constant curvature (like the existence of polyhedra or projections 
on planes); and because it depends only on the geometry on the surface ; In 
differential geometry this last property has always been considered an 
indispensable attribute of area. 

The concept of a parametrized set S requires two spaces: a parameter 
space P and a space R in which S lies. To describe their properties denoted 
generally by M* the (up to isometries) unique smallest complete metric 
space that contains the metric spape M. It will then be required 
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(a) P is separable and metric , and P* is arcwise connected. Points of 
P * are denoted by p t q, r, and the distance of p t q by pq . 

( 0 ) R is metric . x, y, z are used for points of JR; xy is the distance of 
x and y . 

( 7 ) There is a uniformly continuous mapping x = x(p) ofP in R and S «= 

x(P ). 

The non-parametric case is the special case where the sets P and S 
coincide and x(p) — p. 

The mapping x(p) can be extended to a uniformly continuous mapping 
of P* in S*. For two given points p t q of P * let A be the set of all con¬ 
tinuous curves p{r) from q to r in P* and put 

K(q, r t x(P)) « inf X[^(r))] 

p(r) * A 

where X[:r(£(r))] is the length of the image x(p(r)) of p(r). The function 
k satisfies the triangle inequality, but may be 0 or ». By identifying 
points q t r with «(g, r t x(P)) = 0 new spaces P and P* are obtained from 
P and P* with the agreement that convergence in terms of k means con¬ 
vergence in terms of k/(1 + k ) with 00 /(l 4 - 00 ) = 1. Now the n-dimen- 
sional area of S is defined as 

a n (x(P)) = a n (S) = h n (P> P) 

where h n (M t E) denotes the n-diraensional Hausdorff measure of the set 
M in E. (That is, all coverings C of M by an at most countable number 
of spheres S(p u p<), with pi*E, < e are formed. Then 

K(M t E) rn {ir n/ 3 /r(»/2+ 1)} inf Sp* 

c i 

and h\(M, E) = 00 9 if no C exists. Finally 

k n (M, E) « Hm K(M, £).) 

e-» Q 

If K(q t r t x(P)) = a> for some pair g, f, then it does not follow that a n (S) 
= <» for all n. 

When dim P m m < «, then ot m (S) is simply called the area a(S) of 5. 
This agrees with the usual language in which the dimension of the param¬ 
eter space decides whether we talk of a curve, a surf ace, .... 

To deserve the name of an area a(5) must satisfy certain generally 
accepted requirements. 

L a n (x(P)) is independent of the parametrization. For obviously: 
If 2 P(q) is a uniformly topological mapping of the metric space Q on 
P and yfo) « x(p(q)) then a n (y(Q)) - a n (x(P)). 

2 . =t ai(S) coincides with the arc length if Sis a curve, or? * ?* 
is ad internal « ^ r ^ ft of the real axis. 
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3. If a n (S) > 0, then «*(.$) = oo for i < n; if a n (S) < «> then ot<(5) ® 
0 for i > ».* 

4. For an n-dimensional polyhedron a n (S) « a(S) coincides with the 
elementary area, It is very easy to prove this in the following general 
form: 

P is an arcwise connected locally finite w-dimensioual euclidean poly¬ 
hedron in some E m consisting of at most countably many closed n-simplices 
Qu Qi$ • * • where different Q t have at most boundary points in common. 
x(p) is a continuous mapping of P in a metric space J?, which is topological 
considered as mapping of a fixed Q it and x(Q { ) is congruent to a euclidean 
n-simplex S*. If m( 5<) denotes the elementary volume of S u then a(x(P)) = 

MS<). 

t 

5. c* n (S) satisfies Kolmogoroff's Principle 4 in this form: 

If y(p ) is another uniformly continuous mapping of P in a metric space 
R' and y(g)y(r) ^ f$x(q)x(r) then 

tfftCyCP)) ^ P n a n {x(P))- 

The following property distinguishes a(P) from other areas, for which it 
is either hitherto unproved or false. 

6 . a n (5) depends only on the intrinsic geometry on the surface x(P). 
This becomes clearer in the non-parametric case. Then k(x, y) is simply 
the greatest lower bound of all curves from x to y on S or the geodesic 
distance of x and y on 5. 

In Riemann spaces of class C the number a(S) coincides for surfaces 
of class C r with the usual integral, moreover a (5) is for surfaces of class 
C f the only area which satisfies the following three conditions: 

(I) a(S) is intrinsic , i.e., depends only on the geodesic distances ic(q t 

r, x(P)). 

(II) a(S) satisfies Kolmogoroff's Principle (5) for « I. 

(III) For piecewise Euclidean spaces (finite polykedra) a(S) coincides 
with the elementary area . 

In Finsler spaces no generally accepted analytical expression for the 
area exists. But similarly as in Riemann spaces it is true that a(S) is for 
surfaces of class C in Finsler spaces of class C the only area which is in¬ 
trinsic (I), satisfies Kolmogoroff’s Principle for 0 « 1 (II) and is such that: 

(III') For piecewise Minkowskian spaces ct{S) coincides with the elemen¬ 
tary area . (There is only one natural elementary area.) 

For surfaces of class C f in a three-dimensional Finsler space 1 (section 2) 
indicates a definition of area. Provided the author interpret?.,that brief 
remark correctly, this area can be shown to coincide with a,. 

If x(P) is rectifiable, or in the present terminology, if P is the unit cube 
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of E*, R is the E n and the mapping x(p) satisfies a Lipscbitz condition 
x(p)x(q) < p*pq, then a(S) = a k (S) coincides with the classical integral 
and, therefore,*'* with the various other areas defined by Peano Lebesgue, 
Rad6 and Federer. For non-rectifiable surfaces the relations are mostly 
unclear. 

Proofs will be forthcoming in a comprehensive paper with the same title, 

1 Bouligand, Georges, and Choquet, Gustave, “Probl&mes li£s k des m^triques varia- 
tionnelles," C. R. Acad. Set. Parts, 218, 096-698 (1944). 

* Federer, Herbert, “Surface Area I,” Trans. Amer. Math . Sac., 55, 420-437 (1944). 

* Hurewicz, Witold, and Walhuan, Henry, Dimension Theory , Princeton, 1941. 

4 Kolmogoroff, A., “Beitrage zur Masstheorie,” Math. Ann., 107, 351-366 (1932). 

1 Ndbeling, G., “Ueber den Flacheninhalt dehnungsbeschrankter Flachen," Math . 
Zeitschrift , 48, 747-771 (1943). 


THE MEAN CONVERGENCE OF ORTHOGONAL SERIES OF 

POLYNOMIALS 

Bv Harry Pollard* 

Department of Mathematics, Yale University 
Communicated December 6,1945 

1 . The literature concerning series of orthogonal polynomials is devoted 
chiefly to the problems of ordinary convergence and summability. The 
question of mean (or strong) convergence has apparently not been in¬ 
vestigated. The purpose of the present note is to announce some results 
concerning this problem. 

Stated in its most general form the problem of mean convergence is 
this. Let F(x) be an increasing function on (a, b) t with infinitely many 
points of increase; and let {p»(x)f be the associated orthonormal poly¬ 
nomials. 3 Then for m, n '* 0, 1, 2, .... 

A b p m (x)p n (x)dF(x) - (1) 

To every suitable function/(x), there corresponds a formal expansion 

/(*) ~ !>»*>«(#)» , 2 v 

“ Ja h j(*)P»(*)dF(x). 

Suppose now that/(as) belongs toL/, i.e., is F-measurable and |*<iF(x) 
exists as a Lebesgue-Stieltjes integral. For what values of p (other than 
2, when the result is always true) does the series (2) converge strongly to 
/(x) in the sense 

lim f b \S(x) - JjhP»{x) | *dF(x) “ 0. 

iV—0 
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In the language of functional analysis: for what values of p do the ortho¬ 
normal polynomials associated with F(x) form a basis 2 for L/f 

Theorem L If F f (x ) — (I — x*)** 1 ^, — 1 < x < I, X 2 0 then the 
associated (ultraspherical) polynomials form a basis for 1 ) if 

2 -rli <?<2 + ^ <3) 

1 1 
but not if l g p< 2 — ^ or p > 2 + - 

Remarks on Theorem 1 .—(i) If X = 0 the result follows from M. Riesz* 
theorem on the mean convergence of Fourier series.* (ii) If X = l /i 
Theorem 1 establishes a conjecture (unpublished) of Zygmund that the 
Legendre polynomials form a basis for L fi ( — 1, 1) if 4 /a < p < 4. (iii) The 
limiting case X = °o is interesting. If x in (1 — is replaced by 

x\ ~ l/t , and then the limit taken as X —* <», then the corresponding poly¬ 
nomials become those of Hermite on (— co, oo). The formula (3) suggests 
that for these polynomials mean-convergence holds only for p ~ 2. This, 

and a similar result for Laguerre polynomials, can be confirmed by suitable 

1 1 

counter-examples, (iv) The end values p = 2 — 2 + ~ are left 

open. 

2. If F{x ) is absolutely continuous there is another interpretation of 
mean convergence. Let F f {x) = w(x). Then the functions \ , w /t (x)p H (x )} 
form an orthonormal set in the ordinary sense; this follows' from (1). 
With each function in L p (a t b ) one can associate a series 

/(*) ~ T, b «w / ’(x)p H (x), 

K = fafi,X)w h {x)p n {x)dX. 

The question now is to determine when 

lim £ b \f(x) - Ylb n w t/, (x)p n (x) \ fi dx - 0. 

0 

In a sense this question is less “natural" than that of §1 for it is only by 
virtue of the accident that F(x) is absolutely continuous that it has mean¬ 
ing. The following is true. 

Theorem 2. If w{x) « (1 — *)“(! + x) fi , —1 < x < 1, a ^ 0, $ 2s 0, 
then the functions { w l/, (x)Pn(x) } form a basis for 1 ) if */,< p < 4, 

but not if 1 £ p < 4 /a or P > 4. 

Remarks on Theorem 2. —(i) The corresponding polynomials are, of course, 
those of Jacobi. 4 (ii) It is of interest to observe that the range of p is 
independent of the specific choice of a, 0. , (iii) The first part at the theorem 
is true even if o 5 — V*, p & — Vi» the second part is open in this more 
general case, (iv) The end values p = 4 /», 4 are open. 
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3. These two problems make somewhat heavier demands than the 
classical convergence questions on the methods of functional analysis. 
By the Banach-Steinhaus theorem® the problems can be reduced to showing 
that the norms (in the appropriate space) of the partial sums are bounded, 
i.e., if s n (J) denotes the partial sums of the series corresponding to f(x) t 
then | js n (/) 11 Ss M\ \f 11 for some positive M and all / in the space. This is 
accomplished by two devices, of which the first alone suffices for trigono¬ 
metrical series: M. Riesz' theory of conjugate functions,® and the follow¬ 
ing inequality. 


1 

Lemma. If —1 < e < l t c < ~< c + 1, p > 1, and f(x) belongs to U 

p 


(—2,1), then so does 


g(x) = f-\ 



f(y)dy. 


Moreover | |g| |, S A | \f 11„, where A is independent off. 


* Jewett Fellow in Mathematics. 

1 See, for example p. 24 of G. Szegd's Orthogonal Polynomials , New York, 1930. 

* For this use of the word "basis' 1 see S. Banach, Thhorie des operations lintaires , 
Warsaw, 1932. 

* Math. Zeit ., 27, 218 (1927). 

4 $zeg6, op. cit., Chapter IV. 

* Banach, op. cit., p. 79. 


THE FUNDAMENTAL THEOREM ON QUADRATIC FIRST 

INTEGRALS 

Bv T. Y. Thomas 

Department of Mathematics, Indiana University 
Communicated November 26,1945 

In the following we have shown that the set of all homogeneous quadratic 
first integrals of the differential equations of the paths of an affinely con¬ 
nected space admits a finite basis. The demonstration is so devised that 
the number of integrals in the basis is identical with the number of solutions 
in a fundamental system of solutions of a certain set of linear homogeneous 
equations; hence the determination of this number is reduced to the 
solution of an algebraic problem. 

A corresponding basis theorem holds for the integrals of energy type of a 
conservative dynamical system. Due to the importance of such integrals 
for the dynamical problem the proof in question has been indicated and the 
result stated in the form of a theorem. 
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It suffices for the demonstration to assume the analyticity of the various 
functions involved. But this assumption is far too drastic. The differen¬ 
tiability requirements should be such as to permit the construction of the 
above-mentioned system of linear homogeneous equations by which the 
number of integrals in the basis is determined. In general, however, the 
process by which this system is obtained will seedily terminate yielding 
moderate requirements of differentiability. 

Integrals in General Affine Space .—Consider the conditions under which 
the differential equations 


d 2 x« . _ a dx? dx v 
ds % ** ds ds 



defining the paths of a general affinely connected space of symmetric affine 
connection T t admit a homogeneous quadratic integral 


dx i dx i 

gil didF 


“ const. 



Among these various conditions we signalize the following as the basis of 
our discussion. 1 First, there exist relations of the form 


£iJ,V,q “ £ij,Pq %a}Aipq glaAjpq (3) 

= SmfiEiftv + gafi.y KftV (4) 

where the and the g iitPq arc the components of the first covariant 
derivative (first extension) and second extension, respectively, of the 
tensor defined by the coefficients in (2), etc.; also the quantities Ai P<l are 
the components of the first normal tensor. System (3) is an identity in 
the space. System (4) is satisfied in virtue of the fact that (2) is a quadratic 
integral. Second , there exists a sequence of sets of equations 

So - 0, Si - 0, S 2 - 0, ... (5) 

each of which is linear and homogeneous in the quantities , g iJtP and 
g iJtPq with coefficients which are constants or tensor invariants of the 
space, A necessary and sufficient condition for the existence of an integral 
(2) is that there is an integer N such that the first N + 1 sets of equations 
of the sequence (5) are consistent as equations for the determination of the 
quantities gy , g,^ and g iitPq and that all their solutions satisfy the (N + 
2 )nd set of equations of the sequence. Third , if g£, g* iP and where 
a « 1, ..., s and s £ 1 is a fundamental system of solutions of the first 
N + 1 sets of the sequence, the general solution of these equations is given 

by 

gi$ * t tifp ** <t>*gijp > gitog 388 (6) 

where a is summed over the values 1, ..., s and the 4> s are arbitrary func- 
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tions of the x's. A sufficient condition for (2) to be an integral is now that 
gu — <i> a gij where the <f>'s satisfy a certain completely integrable system of 
the form 

= 0. (7) 


Assuming the above conditions for the existence of the integral (2) to 
be satisfied we can now determine s sets of functions <f> a as solutions of (7) 
by the following 5 sets of initial conditions 


( 1 , 0 , 0 , ..., 0 ), ( 0 , 1 , 0 , .. 0 ), 


( 0 , 0 , 0 , 



We thus obtain s integrals (2) with g’s given by gg where a =* 1, ., s. 
Initially we have 

gij — gij i gij,P gijp » 8iJ.Pt tijpQ 

where the quantities on the left are the components of the tensors g a and 
their first and second extensions while the quantities on the right are the 
above fundamental wsystem of algebraic solutions. Hence these left-hand 
quantities can be taken as a fundamental system of solutions of the first 
N + 1 sets of equations (5). We state this result as the following theorem. 

Theorem I. If the first N + 1 sets of equations (5) admit a fundamental 
system of 1) algebraic solutions each of which satisfies the N + 2nd set 
of these equations , then there exists s quadratic integrals 

a dx* dx* . , v /oX 

gij ^ ds * "" 1» * » »i (8) 


such that the tensors g* t which are determined by the coefficients of these 
jniegrals, yield a fundamental system of solutions gfj , g*j tP , g*j tH of the 
rst N + 1 sets of the equations . We use this fundamental system of 
Solutions in the following discussion. 

The r integrals (8) are linearly independent in the sense that the equa* 
tions cj>fj « 0, in which the c's are constants, imply that c a * 0. For, it 
follows from these equations that « 0 and c a gf JtP ^ « 0; hence all 

c a * 0 since otherwise we would have a linear relation between the solutions 
of our fundamental system. 

Now let (2) be any quadratic integral. Then 

tip ** 4>*gij t git* m 4>*g!ij,p > gij, 90 ** 4>*g?j t pq 

for suitable Hence from (3), (4) and (9) we have 

(* a ehh - * a shp 

+ rc.-JQU. 


( 9 ) 



Vo b. 32, 1946 


MATHEMATICS: T. Y. THOMAS 


Id 


Performing the indicated differentiations in the left members of these 
equations, and using the fact that the quantities gfj (for each value of a) 
satisfy (3) and (4), it follows that 


= 0, 4%t JlP - o, - o. 



But (10) implies that <f> t p — 0 since otherwise there would exist a linear 
relation between the solutions of the fundamental system. Hence <t> a = 
const. Hence, 

Theorem II. If quadratic integrals (2) of the differential equations (I) 
exist, then the s integrals (8) constitute a basis for the set of all such integrals , 
i.e, f if (2) is any quadratic integral we will have g iS ~ where the c’s are 
constants . 

Remark 2 .—Similar theorems can be proved for linear first integrals of 
(1) on the basis of results (loc. cit., p. 591) analogous to those used in the 
proof of the above theorems for quadratic integrals. The methods are 
general and one can conclude that corresponding theorems are true for 
homogeneous first integrals of any degree. 

Remark 2.— The above theorems*on quadratic integrals apply in par¬ 
ticular when (1) are the differential equations of the geodesics of a Riemaim 
space. In this case the Ts are the well-known Christoffel symbols and 
the basis of quadratic integrals can be considered to contain the quadratic 
integral determined by the fundamental metric tensor of the space. 

Remark S. —For the particular class of integrals 


««*... y 


dx a dx fi dx £ 
ds ds ' ds 


= const. 



such that a afi _ y>i = 0 the sequence corresponding to (5) is readily con¬ 
structed (loc, cit., p. 585) and yields results of the type expressed by the 
above Theorems I and II. The quadratic integrals of this class are of 
especial interest from the geometrical standpoint. 

Quadratic First Integrals in Flat Space. —If the space is flat the equations 
S k » 0 for k 1 , 2 , ... are satisfied identically and the set of equations 
So » 0 becomes 


Zu,v + isp.t + hu ~ 0 , + b** - 

i*i sss it* > ** * Z*i,P9 ** iii.vq 8=5 ii$,qp* 

Hence we can take N * 1 in Theorem I and the number s of quadratic 
integrals (8) in the basis is equal to the number of algebraically independent 
quantities gy , and g ii>9 q in the above equations. We thus find 


S 8S 


n(n + 1)*(» 4- 2) 
12 



* 

Similar remarks apply to integrals of the type (11); we note in particular 
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that n(« + l)/2 is the number of linearly independent quadratic integrals 
of this type. 

It is evident that the number s given by (12) is an upper bound to the 
number of quadratic integrals in the basis for any system (1). Similarly, 
n(n + l)/2 is an upper bound for the number of quadratic integrals of 
type (11), i.e., which satisfy the condition a a0t y * 0. The above dis¬ 
cussion shows that in the case of a flat space these upper bounds are actually 
attained. 

We leave open the question of whether the existence of this maximum 
number of integrals is a sufficient condition for the space to be flat. 

Quadratic Integrals of a Dynamical System ,—The differential equations 
of the trajectories of a conservative dynamical system can be written 


d*x a , a dx* dx v 




where V(x l , .. x n ) is the potential and the Ts are Christoffel symbols 
based on the coefficients of the quadratic form 

1 dx* dx v 

T - 5 *-■<*>? Ti < 14 > 


defining the kinetic energy T. We assume that the do not involve the 
time t explicitly. The system (13) then admits the quadratic integral 


1 dx* dx* 
dt dt 


+ V = const. 



which expresses the condition that the sum of kinetic and potential energies 
is constant along any trajectory. 

It should be possible to prove theorems analogous to Theorems I and 
II for integrals of the type (15). Here, however, we prove only the finite 
basis theorem for such integrals as a consequence of Theorem II. Thus 
consider any integral of (13) of the type (15), namely, 

+ w = const. (16) 


The differential conditions on the quantities h„, and W for (16) to be an 
integral of (13) are readily deduced and indicate that 


dx»dx v 

uy j, const, 

^ at dt 



is an integral of the differential equations of the geodesics, i.e., the equa¬ 
tions obtained from (13) by replacing the right members by zero. Hence, 
dealing only with those quadratic integrals (17) of the equations of geodesics 
which are associated with integrals (16) of (13) it now follows from the 
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above basis theorem for homogeneous quadratic first integrals that there 
exists a finite number of these integrals (17) in terms of which any other 
such integral can be expressed linearly with constant coefficients. In 
other words there exist $(££ 3) integrals 

1 d,r* dr v 

2 & WdT + V<X “ const '* 5=5 s )> ( 18 ) 

of (13) such that if (16) is any integral of (13) we must have 

K 5=2 • (19) 

where the c f s are constants. Now 

(20) 

is an integral of (13) for any selection of the constants c a . But if we choose 
the c* s to satisfy (19) it follows from (16) and (20) that W — = const, 

along any trajectory. Differentiating this equation with respect to t 
we have (W — c a V tt ) t pdx fi /dt = 0 along the trajectory and since the 
dx^/dt can be chosen arbitrarily it follows that (W — c a V*)# =» 0. Hence 

W=c m V" + k, (21) 

where k is an absolute constant. 

We can suppose that there exists no linear relation with constant coeffi¬ 
cients, not all of which are zero, between the left members of (18) since 
otherwise the number $ of these equations could be reduced. The set of 
integrals (18) is then said to be linearly independent. We state the above 
result as the following theorem. 

Theorem III. There exists a finite number s(etl) of linearly independent 
integrals (18) of the conservative dynamical system (13) such that any other 

integral (16) is determined by the relations (19) and (21) in which the c } s and 

* 

k are constants . 

The set of linearly independent integrals (18) occurring in the above 
theorem will be said to form a basis of integrals for the dynamical system. 

1 Veblen, O., and Thomas, T. Y., “The Geometry of Paths/* Trans. Am. Math . Soc., 
25, 551-608 (1923). 
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CONVERSE THEORY OF GNOMIC AND EQUIAREAL 

PERSPECTIVITIES* 

By Edward Kasnbr and John Db Cicco 

Departments or Mathematics, Columbia University and Illinois Institute ok 

Technology 

Communicated November 21, 1945 

1. Perspective Conformalities .—We shall present some theorems on the 
perspective mapping of a surface upon a plane from a given point. In an 
earlier paper , 1 we have proved the following result. 

The only perspective conformalities upon a plane are Ptolemy*s stereo¬ 
graphic projection of a sphere (and the obvious limiting case of a parallel 
plane). 

Thus there are no surfaces except for spheres and planes, for which 
there exists a perspectivity upon a plane from a given ppint, which is con¬ 
formal. 

In our present work, we shall consider some properties of gnomic pro¬ 
jection of a sphere upon a plane (geodesic mapping). Also, we shall study 
surfaces for which area-preserving perspectivities exist. 

2, Perspective Representation of Geodesics, —Among Kasner’s theorems 
on the problem of partial geodesic representation and the near-collineation 
problem, may be found the following proposition,® 

If there exists a point-to-point representation of a surface upon a plane such 
that more than 3 °° 1 geodesics correspond to straight lines , then all geodesics 
correspond to straight lines. Therefore , by a theorem of Beltrami the surface 
is of constant curvature. 

We shall restrict our point transformations to perspectivities. The 
condition of constant curvature for our case is only necessary but not 
sufficient. We shall discuss the following theorem. 

Characterization of gnomic projection. If more than 1 geodesics are 
projected into straight lines under a perspectivity , then all geodesics project 
into straight lines, and the surface is a sphere (or the obvious case of any plane , 
parallel or not); furthermore the point of perspectivity is at the center of the 
sphere. 

We shall deduce from our work the following classification of surfaces 
according to the number of geodesics which are projected into straight 
lines by a perspectivity. There are four distinct classes, 

(I) The non-ruled surface. At most qo l , 

(II) The ruled surfaces excluding the quadrics. There are always 
oo 1 (the rulings) and at most 2 ® 1 , 

(III) The quadrics excluding the gnomic projections of spheres. There 
are always 2<» 1 (the two systems of rulings) and at most 3 « 
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(IV) The gnomic projection of a sphere, and the limiting case of any 
plane. All <» *. 

S. Surfaces with Plane Geodesics .—Elsewhere* we have proved the 
following result which is closely related to the above. 

The spheres are the only surfaces which possess more than 1 non+recti- 
linear plane geodesics. 

The discussion of surfaces with reference to the maximum number of 
plane geodesics, straight or not, leads to the same classification as above* 
The maximum number of plane geodesics for each class is as follows. 

(I) At most 2 

(II) Always 001 and at most 3W 1 . 

(III) Always 2 «> 1 and at most 4 «> l , 

(IV) All ®*. 

4. Discussion of Our Characterization of Gnomic Projection. —Let (x, 
y f z) denote cartesian coordinates of a point. Let z — /(x, y) be the equa¬ 
tion of our surface 2. Introduce the usual notation: p *= ds/dx, q = 
bz/ by; r = b 2 z/ dx 2 , s = d 2 z/bxby t t = b f z/dy 2 . 

Take the origin as the center of perspectivity and z = c =* 0 as the given 
plane v. The perspectivity from the given point 0(0, 0, 0) upon the plane 
x:(AT, Y, c) of the surface 2:(x, y, z — /(x, y)), is 

X — cx/z p Y ** cy/z. (1) 

The jacobian j of this perspectivity is 

j m L (a - xp - yq) * 0. (2) 

z 1 

Observe that the surface 2 cannot be a plane through the origin, or a 
cone with vertex at the origin. 

It is found by (1) that the differential equation defining the straight 
lines of the plane r, is 

(z - xp - yq)y" = (y - xy') (r + 2 sy' + ty n ). (3) 

The geodesics of the surface 2 are given by the differential equation 
(1 + p* + 2*)y" “ (-2 + p-y')(r + 2sy' + ty'*). (4) 

Eliminating y” from (3) and (4), we find that the possible geodesics 
which are projected into straight lines satisfy either 

r + 2sy' + ty'* *= 0, (5) 

or 

t(l + q*)(*p + x) - pq(zq + y)\y' * l-Pi(*p + *) + (1 + />*)(*q + y)]. 

( 6 ) 
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For any surface where all the geodesics are projected into straight lines, 
either (5) or (6) or both, are identities in y These identities will demon¬ 
strate that any such surface 2 is either a plane in general position, or a 
sphere with center at the origin. This result can be deduced also from the 
theorem stated in Section 3. 

The classification of surfaces with reference to the number of geodesics 
which are projected into straight lines, may be deduced from the following 
observations. Firstly, if (5) represents an infinitude of geodesics, these 
must be straight lines and hence the surface is ruled. Secondly, the 
quadrics are the only ruled surfaces with two distinct systems of rulings. 
Thirdly and finally, the non-rectilinear geodesics which project into straight 
lines must satisfy (6). 

5. Surfaces for Which Area-Preserving Perspeciivilies Exist .—By (2), 
the area formula in the plane r, is 


Area in ir = c 2 



(z 


— xp — yq)dxdy. 


The area formula in the surface 2 is 


Area in 2 = //(l + /> 2 + q*)' h dxdy. 


( 7 ) 

( 8 ) 


Therefore , all surfaces for which area-preserving perspectivities exist , must 
satisfy the partial differential equation of first order 

c*(z — xp — yq) 2 — 2®(1 + p 2 + <Z a ) = 0. (9) 


All plane solutions of this equation are 2 = 0 (this is the singular solution), 
z = *=c t and z = ^ic. Thus the only real non-trivial plane surface for 
which an area-preserving perspectivity exists, is the plane ic*\z = —c. 

It can be proved that there are no spherical surfaces which satisfy the 
partial differential equation (9); so equiareal perspectivity of the sphere is 
impossible . 

In order to study this partial differential equation of first order (9), in 
the real domain, it is found convenient to introduce the following algebraic 
surface R of revolution of the sixth degree. It is the. locus of a point such 
that its distance from the point of perspectivity 0(0, 0, 0) is equal to the 
ratio of the cube of its distance from the plane tto:s « 0, to the square 
of the distance c of the plane ir \z = c, from m>. The equation of this 
algebraic surface R is 

x 2 + y 2 + s s = s*/c 4 . (10) 

This surface R has an isolated singularity at the point of perspectivity 
0, the tangent directions being on the minimal cone with vertex at 0. 
Otherwise the surface R is defined for z £ c and z g - c. 
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Note that the partial differential equation (9) may be written in the form 


(y + qz) 2 + (x + pz)* -f (yp — 



+ y 2 + z 2 



(1 + p 2 + q 2 ) “0. 



For real solutions we must have x 2 + y 2 + z 2 z e /c i i 
In the real domain t the partial differential equation (9) is defined only in 
the region bounded by the algebraic surface R of sixth degree , which contains 
the point of perspectivity 0. At any point P of R, there is only one real planar 
direction whose normal is the radius vector of P. 

It is found that at each point (x, y, z), the surface elements of (9), en¬ 
velope the quadric cone 


(xdx + ydy + zdz) 2 — (x 2 + y 2 + z 2 — z 9 /c 4 )(dx 2 + dy 2 + dz *) = 0. (12) 


These quadric cones can degenerate only along our algebraic surface R. 

By Char pit's method, the complete integrals of the partial differential equa¬ 
tion of first order (9), are cylinders with elements parallel attd symmetrical 
to a line through the point of perspectivity , all of which are parallel to the 
plane w. The directorial curve is expressed parametrically in terms of a 
Tchebycheff integral of non-elementary character . 

The axis of the cylinders may be taken as the y-axis. The directorial 
curve is in the xz-plane and its differential equation can be written in the 
form 



dx z 

Z - zfe 

dz c 


z *r Idr\2~] l/1 

- 1 + (--) . 
c\ — \dzJ J 



Taking the inclination t of the tangent line of this curve to the z«axis as 
parameter, it is found that this curve is given by the parametric equations 

x * stan t - sec t , z 2 — cos v * t[K * X sec ,/# (14) 

c 2 3 

where K is a constant of integration. The integral which appears above 
may be shown to be reducible to a Tchebycheff integral. By a theorem of 
Liouville, this is found to be not expressible in terms of the elementary 
functions. 

* Presented to the American Mathematical Society, February, 1946. 

1 Kasner and De Cicco, “Converse of Ptolemy’s Theorem on Stereographic Pro¬ 
jection,'’ these Proceedings, 31, 338-342 (1045). 

1 See the following articles by Kasner: “The Characterization of Collineations,” 
Bull Am . Math. Soc. t 9, 545-546 (1903); “The Problem of Partial Geodesic Repre¬ 
sentation," Trans. Am. Math. Soc 7, 200-206 (1906). 

* Kasner and De Cicco, “A New Characteristic Property of Minimal Surfaces," 
Bull. Am. Math. Soc. t 51, 692-699 (1945). 
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INFLUENCE OF HYDRO ST A TIC PRESSURE ON THE 
DENATURATION OF STAPHYLOCOCCUS ANTITOXIN AT 65°C. 

m By Frank H. Johnson* and George G. Wright 

Gates and Crellin Laboratories of Chemistry, California Institute of 

T EC! I \U J,OCi Y f 

Communicated January 14, 1 V>4G 

The quantitative effects of increased hydrostatic pressure on reaction 
rates provide a measure of the direction and magnitude of the volume 
change of the reactants, &Vt, in going from the normal to the activated 
state. 1 - 2 With large molecules, such as those of proteins, these volume 
changes may be relatively large. Kinetic analysis of the rate of destruction 
of the bacterial luminescent system at various pressures and at tempera¬ 
tures about 15° above the normal optimum of the luminescent oxidation 
has shown that a large increase in volume, presumably of the protein cata¬ 
lyst and amounting to approximately 71 ml. per gram molecule, takes 
place. 8 In the denaturation of human serum globulin and egg albumin 
solutions at 65°C. a very considerable volume increase of activation also 
takes place, as evidenced by the decrease in the rate of precipitation at 
pressures of 10, OCX) lb. per square inch in comparison with the rate at normal 
pressure. 4 

In addition to these changes in molecular volume during the processes 
of activation, large volume increases in going from the initial to the final 
state of reversible denaturation equilibria evidently occur in the bacterial 
luminescent system at above optimum temperatures,* or at lower tempera¬ 
tures in the presence of alcohol, urethane, ether, chloroform and certain 
other substances which bring about protein denaturation.** *■ 7 Further¬ 
more, it has been shown by dilatotnetric studies that the denaturation of 
several proteins is accompanied by an increase in volume. 8 

The specific rate of inactivation of tetanus antitoxin at GO to GG°C. is 
not constant, but decreases during the course of the reaction, showing that 
the mech&tiSm of the inactivation is more complex than a single first order 
rate process. 10 The denaturation of diphtheria antitoxin by urea shows a 
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similar deviation from first order kinetics, although the specific rate is 
independent of the initial concentration of antibody. 11 * 12 In the present 
investigation we have measured the rate of decrease in antibody activity of 
an equine antitoxin for staphylococcus hemolysin at 6o°C. under normal 
and increased hydrostatic pressure with the hope of obtaining a more com¬ 
plete picture of the mechanism of the inactivation. 

Methods .—The hemolysin solution was obtained from a semi-solid agar 
culture of Staphylococcus aureus in the usual manner. 1 * The antitoxic 
globulin was obtained by fractionation of equine staphylococcus antitoxic 
plasma between 1.33 and 1.68 molar ammonium sulfate. The antiserum 
was supplied by The Ledcrle Laboratories, Pearl River, New York. The 
final stock globulin solution contained approximately 9 per cent globulin 
and 260 international units of antitoxin per milliliter. 

Antibody solutions for denaturation were prepared by diluting the stock 
solution 1 :G2 in a buffer solution to give a protein concentration of 0.15 
per cent. The pH 8.5 buffer was a boric acid, sodium borate and sodium 
chloride solution of ionic strength 0.1, the pH 4.82 buffer an acetic acid, 
sodium acetate and sodium chloride solution also of ionic strength 0.1, 
and the pH 6.65 buffer a Af/1.0 sodium phosphate solution. Portions of 
each buffered solution of antibody were heated at normal pressure in a 
large, well-stirred water bath at 65 =*» 0.015°C. in Wassertnann tubes. For 
denaturation under pressure the tubes were cut in length to hold about 
3 ml., stoppered by means of rubber stoppers leaving no air space, and 
placed in a water-filled steel pressure chamber. The chamber was con¬ 
nected to a hydraulic pump, pressure was applied and the entire chamber 
was placed in the water bath. The time required for the samples to come 
essentially to bath temperature was found to be two and one-half minutes 
outside the pressure chamber and five and one-half inside; correction was 
made in the time of denaturation for this lag in heating. The pH of the 
solutions did not change appreciably during the course of the heating. 

The antitoxic activity of each partially inactivated antibody sample was 
assayed by making a series of dilutions of the antibody in intervals of 6 
per cent, after which a constant amount of the toxin, containing about 150 
hemolytic units, was added to each tube. The tubes were mixed and al¬ 
lowed to stand for a few minutes, after which washed rabbit erythrocytes 
were added as indicator. Dilutions were made in saline, buffered with 


sodium phosphate to pH 7.4. Hemolysis of half of the cells after incuba¬ 
tion was taken as the end-point; since this was fairly sharp, the end-point 
dilution could be estimated by visual observation to within 3 per cent or 
less. In each group of tests a series of dilutions of unheated buffered anti¬ 
body solution was included to serve as reference standard, and the per 
cent activity of the partially inactivated samples was computed as the 
ratio of the end-point dilution of the sample to the, end-point dilution of 
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the unheated material. Several of the assays were repeated and the results 
averaged; agreement was good in practically all cases. 

Results .—In figure 1 the per cent antitoxic activity of samples heated at 
65°C. under 10,000 lb, pressure is plotted for various times of heating up 
to 48 hours. The results are also given for control experiments carried out 
under the same conditions except that the samples were held at atmospheric 
pressure. The combined results of a number of experiments at each pH 



The per cent antitoxic activity remaining as a function of the time of heat¬ 
ing at 65°C. under various conditions of pH and hydrostatic pressure, as fol¬ 
lows: squares, pH 6.65; triangles, pH 4.82; circles, pH 8.50. The solid marks 
refer to experiments at atmospheric pressure, the open marks to experiments 
at a pressure of 10,000 lb. per square inch. 

* 

are represented by a single curve. Each curve shows a rapid initial fall* 
followed by a slower decrease in activity, in this respect resembling the 
denaturation of tetanus antitoxin at 65°C. 10 and diphtheria antitoxin by 
urea at'room temperature. 11 * 12 At 10,000 lb. per square inch the curve 
has the same general shape as at normal pressure, but the rate, especially 
in the initial period of rapid denaturation, is considerably less. The results 
obtained in a few experiments at intermediate pressures fell between the 
data for atmospheric pressure and the data for 10,000 lb. At lower pH 
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values in phosphate and in acetate buffer (Fig* 1) the antibody is more 
stable, and the pressure effects appear to be less marked* 

It was demonstrated that the products of denaturatkm do not affect 
the titre, as shown by control experiments in which mixtures of largely de¬ 
natured antibody and untreated antibody were assayed. Thus the ap¬ 
parent decrease in specific reaction rate is not due to such a possible error 
in titration. For samples heated at pH 8.50 for 150 minutes the per cent 
denatured is independent of the initial antibody concentration over a 
range from three times as much to one-third as much as that ordinarily 
employed, indicating that, despite the apparent complexity of the de- 
naturation reaction, it is a first order process with respect to the antibody. 
The same amount of inactivation occurred in specimens heated for the 
same total length of time whether heated continuously or for several periods 
between which the specimens were cooled to room temperature. Although 
inspection of the data demonstrates clearly that pressure decreases the rate 
of inactivation of the antibody, a quantitative expression of this effect is 
rather difficult to formulate, because of the complexities of the denature- 
lion reaction and the pressure effect on it. The data at pH 8.50 appear to 
warrant quantitative treatment, however, such as given in the next para¬ 
graph. 

Since the effect of pressure was not constant during the reaction but 
greater during the early stages, it was impossible to evaluate the effect of 
pressure simply by graphic transposition of the data along a logarithmic 
time plot; the curves could not be brought into coincidence by this treat¬ 
ment. The decrease in specific reaction rate with time could be accounted 
for either by heterogeneity of the antibody groups or by simultaneous re¬ 
actions with different rate constants and volume changes. The latter might 
involve an equilibrium between a native and a “protected” form of the 
antibody, as has been postulated for the urea denaturatkm. 12 This mecha¬ 
nism requires that the activity equal the sum of two exponential ex¬ 
pressions. Hus requirement was satisfied by the present data within the 
experimental error, but since the data are not extensive enough for a really 
satisfactory test of adherence to this expression, the volume changes have 
been calculated simply by comparison of the slopes of the two denaturation 
curves at equal activities of antibody. By this method the apparent vol¬ 
ume change of activation was found to be 3d ml. per mole between 100 and 
70% activity, 24 ml. per mote in the neighborhood of 40% and 10 ml* per 
mole at 20%. Interpretation of the change in A Ft is difficult at present; 
it is possible that the over-all reaction may involve at the start a larger 
portion of each molecule than later on. 

In direction and magnitude the effects of pressure are similar in anti¬ 
toxin inactivation and in certain protein denaturations* ,wT Additional 
evidence is thus provided of significant features common to antibody and 



Vox,. 32, 1946 BIOCHEMISTRY: JOHNSON A ND WRIGHT 


25 


protein denaturations. 11 ’ 11 Further studies cm the influence of pressure 
in relation to temperature, pH and denaturants should considerably aid 
in understanding the mechanism of the reactions. 

Summary—At 65°C. denaturation of antitoxin against staphylococcus 
hemolysin occurs rapidly during the initial part of the reaction. The 
specific rate decreases as the reaction proceeds, but appears to be inde¬ 
pendent of the initial concentration of antibody. Hydrostatic pressure 
(up to 10,000 lb. per square inch) retards the velocity of denaturation; 
this fact shows that there is a volume increase of the molecules in going 
from the normal to the activated state. Pressure exerts a greater influence 
on the reaction during the initial stages of the reaction than during the 
later stages, and the apparent volume increase of activation changes from 
39 ml. per mole during the first 30% of inactivation to 16 ml. per mole 
after 80% of the antibody has been inactivated. 

This investigation was carried out with the aid of a grant from the 
Rockefeller Foundation. The authors are indebted to Professor Linus 
Pauling and to Dr. Vemer Schomaker for helpful discussion of the results. 

i 
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A COMPARISON BETWEEN THE POSITION EFFECTS OF 

NORMAL AND MUTANT ALLELES 

By Curt Stern, Elizabeth White Schaeffer and 

Gertrude Hbidenthal* 

Department op Zoology, University of Rochester t 
Communicated December 26, 1245 

It has been reported xecently 1 that the effect of the recessive mutant 
allele cubitus interruptus (d), located in the small fourth chromosome of 
Drosophila melanogaster, is frequently changed when a rearrangement in¬ 
volving thevfourth chromosome has been produced. While the heterozy¬ 
gote between the mutant ci and a normal allele + is nearly always normal 
when no rearrangement is present, many of the heterozygotes between a 
"position allele," 2 R(ci), and a normal allele show interruptions of the 
cubital veins. A comparison of the degree of interruption in the heterozy¬ 
gotes R(ci)/+ with that reported by Dubinin and Sidorov as the position 
effect of a normal allele of ci in rearranged fourth chromosomes of flies with 
the constitution R(+)/d 9t 4 showed that the latter constitution seemed to 
produce more extreme interruptions than the former. Since, however, 
the strength of the position effects varies with different rearrangements 
both for 7?(+) and R(ci) position alleles, and since the genetic back¬ 
ground of the R(+) stocks used by the Russian investigators was pre¬ 
sumably different from that present in our R(ci) stocks, a study of the 
JfZ(+) and R(ci) effect on comparable material was indicated. This paper 
reports the results of such a comparison. 

Heterozygous of Position Alleles R(ci) and a Normal Alkie: R(ci )/+.— 
Fifty-five translocations between a fourth chromosome carrying ci and 
one or more of the chromosomes Y, 2 or 3 were discovered, in the offspring 
of irradiated males which had been made isogenic except for chromosome 4 
with an isogenic wild-type stock, Canton-S. Three of these translocations 
had been lost before the present investigation was started. The remain¬ 
ing fifty-two were tested for the presence of a position effect in heterozy¬ 
gotes with a normal allele of ci called +*, present in a stock homozygous 
for the eyeless-allele ey % . This + *ey 2 stock likewise had been made isogenic 
with the Canton-S stock, except for chromosome 4. Since it had been 
found that at 26°C. not only nearly all heterozygotes ci/+ but also most 
R{ci)/ + flies are normal, and since it was known that the lower tempera¬ 
tures enhance the expression of the ci phenotype, idle cultures were raised 
at approximately 17°C. Heterozygotes of constitution ci/+, which do 
not show the position effect, were reared as-sibs of R(ci)/+, and served as 
"xxmtnte. -With <ew excepd^ least thr e e and s ome times more than 
ten cultures of the parental genotypes +*ey 2 /+*ey* females by single 
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R(ci)/ci cy H male were raised for each position allele. Such crosses 
yielded round-eyed R(ci)+ ey / + 2 ey 2 , and small-eyed ci ey R /+ $ ey 2 off¬ 
spring. 6 These were classified individually as to degree of interruption in 
the section between the posterior crossvein and the wing margin of the 
cubital vein. Originally, the same classification was used as reported in 
previous papers, in which normally uninterrupted veins were denoted as N f 
uninterrupted but partially thinned veins as 0, interruption of less than 
one-half of the vein section as 1, of more than one-half as 2, and complete, 
or nearly complete, absence of the whole section as 3. For purposes of 
comparison a mean for the degree of interruption of a group of flies was 
calculated after giving arbitrary values 0, 1, 2, 3 and 4 to the five pheno¬ 
typic classes N t 0, 1, 2 and 3. This latter classification will herewith be 
abandoned and be replaced by the classification 0 (formerly N) t 1 (for¬ 
merly 0), 2 (formerly 1), 3 (formerly 2) and 4 (formerly 3). While the 
change in nomenclature may be conducive to some confusion, it is believed 
that it will simplify the presentation of data to be reported in this and 
future articles. Females and males will be treated separately because of 
different degrees of interruption of like genotypes in the two sexes. 

The control females ci/+ 2 were overwhelmingly (9520 individuals) 
normal, i.e., of Class 0, with 34 of Class 1 and no fly more extreme than 
Class 1. This gives a mean value of 0.0036 for expressivity. Of 10,235 
control males, 10,097 were of Class 0, 134 of Class 1, and 4 of Class 2, giving 
a mean of 0.0139. Information on the mean values for each of the R{ci)/~ 
-f 2 heterozygotes is summarized in lines 1 and 3 of table 1. 

TABLE 1 

Expressivity of 52 Different R(ci) Alleles in Hbtbrozygotbs R{ci)/+* ey* 
(17°C.) and 19 Different R(-f) Alleles in Hbtbrozygotbs J®(+)/a ey H (26°C.). 
Each Entry Represents the Number of Alleles Giving a Mean Value of Ex¬ 
pressivity Within the Range Indicated 
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5 
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6 

8 

4 

5 

4 

2 
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* 4 

*(+)/<•»*/ cfV 

• * 

> 4 

1 

1 

8 

4 

3 

1 

1 


* One R(ci) allele could not be introduced into females. 


The distributions of the different R(ci) alleles should not be taken as final 
in detail. The errors attached to the individual values have not been cal¬ 
culated but would undoubtedly not exclude slight shifts in the distributions. 
Moreover, in a few cases the different cultures of a given R(ri) allele were 
significantly different in mean values. The causes of such differences are 
not known except for the probability that an extra fourth chromosome, 
containing ci ey* was present in some patents. This would lead to a triplo- 
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IV condition in part of the offspring and result in a shift of venation types 
toward normality/ In general, each mean value for R(ci)/+ flies entered 
in table 1 is based on the total distribution of flies from all cultures. It is 
seen that the expression of the phenotypes of the fifty-two different R(ci)/+ 
groups varies, with two exceptions in each sex, between the mean value 0 
(all wings normal) and less than 2.50 (wing interruption approximately 
one-half of relevant vein section). The four mean values which are more 
extreme are only slightly so; the two values for females both being 2.50, 
and the two values for males being 2.51 and 2,64, respectively. 
Heterozygotes of Position Alleles /?(+) and the Allele ci: R(+)/ci~ln 
order to obtain /?(+) alleles males of a Canton-S stock were x-rayed. 
This stock was isogenic except for chromosome 4 with the ci stock from 
which the R(c£) alleles were derived. The x-ray dosage was 4000 r. The 
irradiated males were mated to non-isogenic females of the constitution 
attached-X y; ci ey R . The Fi females and males raised at 26° C. were 
heterozygous for ci and were carefully inspected as to the appearance of 
the cubital vein. Among 1990 females, 17 individuals showed thinning, 
or interruption of the vein and among 2047 males, 12 such individuals were 
found. The distribution of these flies over the four abnormal venation 
classes 

i, 2, 3 and 4 * 

for females was 1, 8, 5 and 3, respectively 

and for the males 4, 5, 3 and 0, respectively. 

Each of these 29 flies was mated individually to ci ey R (isogenic stock). 
The offspring of the fertile cultures consisted of round-eyed and eyeless 
flies. Round-eyed males were selected and back-crossed for about ten 
generations to ci ey R flies from stock, in order to approach isogeneity with 
the ci ey R stock except for the irradiated fourth chromosome carrying the 
wild allele + c from Canton-S. This procedure was not possible for three 
of the original twenty-six cultures since the round-eyed males proved to be 
sterile. A consideration of these cultures derived from one female each of 
Classes 2, 3 and 4 will be omitted since isogeneity could not be attained. 
There remained thus twenty-three cultures, derived separately from flies 
with a ci phenotype. Four of these cultures, from three original females 
and one nude, all of Class 2, in later generations failed to show d phenotypes 
and linkage tests proved absence of any translocation. The four ancestors 
of these cultures either were rate phenotypic overlaps of typic&l heletxKcy- 
gotes + c /ci or possibly arm gonosomic mosaics 7 in which an J?(-f) aflde 
had participated in the formation of the somatic tissues but no rearrange¬ 
ment had entered the fludei which went to form the gonads. 

'The expressivity of JJ(+) alleles in the heterozygote £(+)/<* was 
studied in the nineteen different stocks finaUyavaikbie. No compre- 



you. 32,1946 


GENETICS: STERN, ET AL. 


29 


hensive chromosomal analyses of these stocks are yet at hand but on the 
basis of Khwostova's cytological analysis 4 of 196 changed + alleles, all but 
three of which proved to be rearrangements, it is assumed that the nineteen 
changed + alleles of the present study are 2?(+) alleles. Mean values of 
expressivity were calculated for an average of five separate cultures of each 
if(+) allele. In most cases the cultures of a given li(+) allele gave similar 
values, but in some cases non-homogeneity was apparent. That this was 
probably due to presence of an extra fourth chromosome carrying ci ey*, 
was confirmed genetically and cytologically in a number of individ¬ 
uals. Total mean values were determined from the sum of the distribu¬ 
tions of all cultures of each 2?(+) allele. These values, for the females, 
lie between 1.03 and 3.44, for the males between 0.96 and 3.80 (table 1, 
lines 2 and 4). 

Comparison Between the Position Effects of Heterozygotes R(ci)/+ and 
R(+)/ci. —The data for this comparison are available in table 1. There is 
no doubt that all values of R(+)/ci types represent striking position 
effects, since heterozygotes between ci and the + c allele in its typical 
position, at 26°C., are nearly always normal, i.e., give a mean of 0.00 in 
contrast to the lowest observed R(+)/ci value of 0.96. It is more difficult 
to determine which of the R(d)/+ values represent only low values of 
typical ci/+ heterozygotes raised at 17° and which R(ci)/+ values can 
be regarded as characterizing true position effects. For purposes of com¬ 
parison with R(+)/ci values, it will be conservative to regard only those 
R{ci) alleles as giving position effects whose means in both sexes are larger 
than 0.10. This eliminates for purposes of comparison, all 25 R(ci) alleles 
giving mean values of less than 0.09 for the females. Twenty-three of 
these give similarly low values for the males. The other two R(ct) alleles 
have mean values, in males, in the range 0.10-0.89. They, together with a 
third in the same range, not represented among the female heterozygotes, 
have to be subtracted from the six means for males listed in the range 0.10- 
0,49. This reduces to twenty-six the number of R(ct) alleles available for 
the comparison with J?(+)* The two distributions, in both sexes, are 
significantly different, indicating a greater mean position effect for R(+) 
alkies than for I? (a) alleles. 

Before accepting this conclusion it must be pointed out that the data 
from the two types of position alleles are not strictly comparable: (1) the 
normal allele of ci present in R(+) is the Canton-S allele + c while that 
used in the heterozygotes with R(cfy is the + a allele; (2) the culture 
temperature for R(d)/+ was 17°C., that for R(+)/ci 20°C. Difference 
(1), between + c and +*» should act in the direction of tnaking R(+ c )/ci 
more extreme than i?(0)/+ t . However, this .effect would be very small, 4 
Chi the otl^ hand, an overwhelming effect acting in the opposite direction 
po the mean values Pf vs, J?{«)/+ is due to difference (2). In- 
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deed, at 26°C. most R(ci) alleles in the combination R(ci)/+ give nearly 
exclusively normal wings. Thus in experiments at 26°C. involving nine 
different R(ct) alleles, the total mean for the females was 0.005 and for the 
males 0.009 with the maximum individual means being 0.057 and 0.043, re¬ 
spectively. At 17°C. the individual means for these same R(ci) alleles 
lie between 0.300 and 2.083 for the females, and between 0.516 and 2.066 
for the males. The low temperature actually used in the experiments with 
R(ci ), summarized in table 1, serves to separate phenotypieally the posi¬ 
tion effect yielding R(ci) alleles from the typical ci allele in its normal posi¬ 
tion and from those R(ci) alleles which do not give position effects. Had 
the experiments with R{ci)/ J r flies been conducted at the same high 
temperature as those with R(+)/ci flies the difference in the two distribu¬ 
tions would have been much more striking. There would have been very 
little overlap of the two distributions in either sex since all R(ci)/+ values 
would lie close to 0, that is, to the left of the R(+)/ci values. 

There is, however, another factor which must be considered. All 
R(+) alleles found produced position effects whose mean values either 
approached a minimum value of 1 or were more extreme. Why were no 
lower values observed ? It is obvious that this is at least partly due to the 
way in which the R(+) alleles were discovered, namely, as single individ¬ 
uals showing a vein disturbance of the degree class 1, 2, 3 or 4. Had 
position alleles originated whose mean effect is very low, as, for instance, 
0.1, then most individuals carrying such ati allele would appear normal and 
the probability of the single original fly having abnormal venation and 
therefore being discovered would be small. Even for i?(+) alleles giving 
mean values of about 1 the probability of overlap with normal is consider¬ 
able. These considerations make it apparent that the left end of the dis¬ 
tribution of R(+)/ci mean values is selectively depressed. It can, how¬ 
ever, hardly be assumed that this effect is strong enough to obliterate the 
differences between the R(+)/ci and R(ci)/+ distributions. As stated 
before, at a temperature of 26°C. most, if not all R(ci)/+ values would 
have shifted to the left of all present R(+)/ci values so that only an im¬ 
probable large number of undiscovered low i?(+) alleles could make the 
two distributions alike. 

While this analysis upholds the statement that f?(+) alleles give a 
greater mean position effect than R(ci) alleles, it was decided to add a 
direct test. Males homozygous for the constitutions ci ey R and + c were 
irradiated simultaneously with a dose of 4000 r and then crossed to + c and 
ci ey R females, respectively. Equal numbers of the two reciprocal crosses 
were made and the Fi inspected for venation types. In order to exclude 
any bias the cultures were coded by a third person so that the investigator 
did not know to which cross any culture belonged before the counts were 
completed. As a control reciprocal crosses were made of the same type, 
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but with non-irradiated P males. In the control cross + c 9 9 X ci 
ey R cTcf among 1557 9 9 and 1855 <?<? only normal, Class 0 wings were 
encotmtered, and in the reciprocal control cross ci ey R 9 9 X + c 
among 1075 9 9 and 2037 c? cT, only a single male with very weak Class 1 
venation. The results of the irradiation experiments are strikingly differ¬ 
ent (table 2). While the great majority of I\ flies still showed normal 


TABLE 2 


Distribution ok Phenotypes ok F t Individuals from Crosses of (a) -f c 9 9 X 
Irradiated ci ey 11 and ( b ) ci ey * 9 9 X Irradiated 4* c cf , c? 1 . 4(XX) r. 26°C. 

P Fi 0 1 2 3 4 


(a) 

+ c 9 9 X ci rf o'o' 

9 9 

2328 

3 

» 4 



cTcT 

2311 

2 

« * 

( b ) 

city * 9 9 X + c d'd" 

9 9 

2219 

5 

9 



&& 

2139 

2 

13 


I f 


t i ■■ M 

10 1 
6 


venation, five of the Fi individuals from the irradiated ci ey R males and 
forty-six from irradiated + males had ci type venation. These fifty-one 
individuals represent, with the possible exception of a very few weak ci 
types, position alleles. In spite of equal probability in this experiment of 
discovering R(ci) and /?(+) alleles the inequality of the actual finding, 
namely, 5:46, is proof of an intrinsic difference. Moreover, all five R(ci) 
alleles appeared as members of the least extreme Class 1 while only seven 
of the forty-six R(+) alleles belong to Class I, the rest being nearly equally 
distributed over. Classes 2 and 3 except for one belonging to Class 4. The 
experiment bears out the original contention of greater intensity of posi¬ 
tion effects produced by f?(+) as compared to R(ci) alleles. 

Still additional support for this result comes from a comparison of the 
differences between the relevant R(ci)/ + mean values reported in table I 
with the mean values for ci/ci flies raised at similar temperatures, as cal¬ 
culated from earlier data 9 and the differences between the R(+)/ci values 
reported in table 1 and the mean values of their ci/ci sibs. None of the 
fifty-two values of both sexes for the heterozygotes between R(ci) aftd + is 
larger, i.e., more extreme than the values for homozygous ci/ci, while ten 
of the thirty-eight heterozygotes between R(+) and ci give values larger 
than the corresponding ci/ci means. This peculiar phenomenon will be 
discussed in another communication. It may be concluded that in the 
average, the position effects of i?(+) alleles are stronger than those of 
R(ci) alleles. 

Discussion, —The main result reported in this paper is the fact that in 
cases of rearrangements the effect of the heterozygote + /ci differs accord¬ 
ing to whether the break in the fourth chromosome is present in the 
homologue carrying the allele +, or the allele d. In the first case, the 
heterozygote produces a more extreme mean interruption than in the 
second. In view of the demonstration 4 that both the normal alleles and the 



32 


GENETICS: STERN, ET AL. 


Proc. N. A* S. 


mutant allele ci act toward uninterrupted venation, but with different 
effectiveness, a more extreme interruption indicates a decreased effect in 
terms of primary genic action* If it is assumed that the new position of a 
gene involved in a position allele is responsible either for a change in its 
functioning or in a decrease in amount of available substrate for its activ¬ 
ity, then the result of comparison of jR(+)/ci with R(ci)/+ conforms to a 
reasonable expectation. A rearrangement might well produce a greater 
impact on the heterozygote +/ci if a break is close to the 4- allele which in 
a normal position carries the burden of leading to more or less normal 
phenotypes than if the break is close to the mutant ci allele whose effect is 
small in comparison to that of +. 

Ephrussi and Sutton 10 have recently proposed a special interpretation 
“which regards position effect as a result of chromosome pairing which 
causes a modification of stress near to the affected loci/’ This interprets 
tion, related to an earlier one by Muller, 11 would lead to the expectation of 
identity in effect of R(+)/ci and R(ci)/+ since a distortion by pairing 
forces from one homologous chromosome to the other should act sym¬ 
metrically on the two alleles regardless whether they lie in the unchanged 
or rearranged chromosome. Without additional assumptions the hypothe¬ 
sis of pairing stresses is not supported by the finding of different mean 
effect of R(+)/ci and of R(ci)/+. 

Summary.— In Drosophila melanogaster heterozygotes between the 
mutant gene ci (cubitus interrupts) and a normal allele + s or + c are 
mostly normal in phenotype. If a rearrangement has taken place near to 
the ci locus the heterozygotes show varying degrees of vein interruptions. 
This position effect is of different strength according to whether the re¬ 
arrangement involves the chromosome with a normal allele, 1?(+), or its 
hotnologue with the mutant allele, R(ci). While different position alleles 
of either type lead to different mean values for degree pf expression, the 
distribution of means for twenty-six types of R(ci)/+ flies is significantly 
less extreme than that for nineteen types of R(+)/ci flies. The signifi¬ 
cance of these results on interpretations of position effects is indicated, 

* Now in the Department of Biology, Russel Sage College. 

f Supported in part by a grant from the Rockefeller Foundation. Part of the experi¬ 
ments were performed while the senior author was In residence at the Biological Labora¬ 
tory, Cold Spring Harbor, L. I., and as Visiting Lecturer in the Department of Zoffiogy 
of Columbia University. 

1 Stem, C, and Heidenthal, G., these Proceedings, 30,197-205 (1944). 

* The original definition of the term “position allele" as given in the paper cited in 
footnote 1 is somewhat extended in this paper. Instead of using “the symbol R(ci) for 
any rearrangement (R) which leads to a position effect of ci** we shall rather use the 
symbols R(c«) and R(-f) for any rearrangement involving the neighborhood of the ei 
locus regardless as to whether or not a position effect results from such a rearrangement. 
This extension becomes necessary on account Of the practical difficulty of deciding, in 
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borderline cases, whether or not a changed effect results from a rearrangement (see below 
in text). 

* Dubinin, N. P., and Sidorov, B. N., Biol Zhurnal , 3, 307-331 (1934). 

4 Khwostova, W. W., Bull, Acad . 5a. [/, 5. 5. Seriebiologique, pp. 571-574 (1939). 

1 Except in the table and in cases of special emphasis, references to the cy alleles will 
be omitted in the following. 

• Stem, C., Genetics , 28, 441-475 (1943). 

1 Sidky, A. R„ Jour . Genetics, 39, 266-272 (1940). 

* Stem, C., and Schaeffer, E. W,, these Proceedings 29,361-367 (1943). 

• No data are available for ci/ci flies raised at 16°C. Data collected at 18°C. (see 
paper quoted under reference 6, tables 12 and 13), which should give less extreme means 
than 10°C. cultures, provide means of 2.68 and 3.11 in two different experiments for 
females and 3.07 for males. All these figures are larger than those for any R(ci)/+ 
value. 

10 Ephrussi, B., and Sutton, E., these Procebdinos, 30,183-197 (1944). 

11 Muller, H. J., Sumrn. Cotnmun. XV int. physiol. Congr. ( Leningrad-Mosc.) pp, 
286-289 (1935); and Proc , 15th Int. Physiol Congr . {Leningrad-Mosc.), pp. 587-589- 
(1938). 


LINKAGE IN THE ALBINO CHROMOSOME OF THE RAT 

Bv W. E. Castle 
University of California 
Communicated January 2, 1946 

Tfye first known case of linkage in the rat was discovered by Castle and 
Wright in 1916. 1 Repulsion in F\ hybrids between red-eyed yellow (r) 
and pink-eyed yellow (p) was demonstrated. Later it was found that both 
these characters show linkage with albinism (c). The common chromo¬ 
some pair in which these three genes are borne has been designated the 
albino or first (I) chromosome pair. 

Intensive study was subsequently made of the interrelations of these 
three genes by Castle, Dunn* and Wachter. 8 They found that crossing- 
over occurs more freely in female than in male F x hybrids. In the former 
the cross-oyer percentage between c and p was found to be 21.93 * 0.44; 
between p and r, 20.46 =*» 0.92; and between e and r , 0.53 * 0.78. The 
values found for males were comparable but smaller, viz., 18.4 «** 0.3, 
15,5 *»* 1.0 and 0.18 * 0.50, respectively. Consequently the order of the 
three genes was unmistakably cr p. 

A gene for waltzing {w) discovered by Dr. Helen Dean King in 1936 4 was 
shown by King and Castle 1 in 1937 to be linked with albinism with about 
45 per cent of crossing-over The exact figures were 44.7 * 0.7 based on 
the raw data, 45.8 * 0.7 based on the data corrected for lack of penetrance 
of waltzings Since the gene for waltzing (w) was obviously more distant 
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from c than either r or p, it was assumed that the order of the genes was 

* 

c r pw. 

To test this assumption further and in particular to ascertain whether 
linkage would (as expected) be shown to exist between p and w t a three- 
point cross was made involving the three genes c t p and w. 

The results of this cross were reported by Castle and King in 1941® (cor¬ 
rection being made for low penetrance of waltzing) as showing, (1) a per¬ 
centage of crossovers between c and w of 42.6, which is in fair agreement 
with the earlier reported 45 =*=; (2) a percentage of crossovers between c and 
p of 22.9 * 1.2, which is in fair agreement with the earlier finding of Castle 
and Wachter, of 21.93 * 0.44; (3) a percentage of crossovers between p 
and w of 35.3. It was concluded that chromosome I of the rat contains 
five recessive genes in the order ler pw f l standing for the lethal shown by 
Griineberg to lie to the left of c at a distance of 3.3 units. 

But Whittinghill (1944) 7 upon subsequent examination of the data 
challenged our conclusions both as to the existence of linkage between c 
and w } and as to the existence of linkage between p and w. He showed that 
while we had made allowance in our report on the three-point cross for lack 
of penetrance of w , we had failed to make allowance for double crossing- 
over. His argument was based on the gene sequence which we had 
assumed, c pw. 

In view of Whittinghiirs criticism, a recalculation (Castle, 1944) 8 was 
made of the data from the three-point cross, allowance being made for 
double crossing-over as well as for lack of penetrance of w. The conclu¬ 
sion was reached that the crossover percentage between p and w was 32.2 
on the uncorrected data, but 45.4 on the corrected data . If this latter value 
were accepted as correct, it would indicate that w was even more remote 
from p than it was from c t the distance p w being 45.4, whereas c w was on 
the evidence of the three-point cross 40.6 ^*1.4 and on the evidence of 
earlier and more extensive experiments about 45. 

My colleague, Dr. E. R. Dempster, having read the discussion, sug¬ 
gested that c might be located between p and w, contrary to the order 
assumed in our discussion to be c p w. The same suggestion was made in¬ 
dependently by Professor L. L. Burlingame of Stanford University, who 
has worked out the statistical problem in detail. I am deeply grateful for 
his kindness in giving me the benefit of his study of the data. * 

If we assume the order of the genes in the three-point cross to be pc w, 

as suggested by Drs. Dempster and Burlingame, the constitution of the 

~ PCW 

Fi animals employed in the test backcross was -, their gametes would 

be, as indicated in table 1, of eight possible sorts. The numbers of young 
resulting in each back-cross class are shown for simplicity only in their 
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corrected form, i.e., with allowance made for low penetrance of waltzing. 
The raw data are given in the earlier papers of 1941 and 1944. 

From table 1 it will be seen that the crossing-over in region 1 (between 
p and c) indicated by the colored classes is 35.8 + 24.2 = 60.0, which is 
21.3 ^ 2.0% of the colored population, 282. This value 21.3 agrees well 
with the value for crossing-over between p and c obtained by Castle and 
Wachter, viz., 21.9 * 0.4. 

For region 2 (between c and w) the indicated crossovers are 92.4 + 
24.2 = 116.6, which is 41.3 =*= 2.0% of the colored population. This agrees 
fairly well with the earlier estimates of crossing-over between c and w, as 
being about 45%. It establishes beyond question the existence of linkage 
between albinism and waltzing. 


TABLE 1 


OAMBTKB 

pC W 

Results of the Test Cross F\ —- X pcw 

Pew 

CKO&&OVBR8 

OF Fl 

IK RBQTON 

OKAY 

YK1XOW 

ALBINO 

pCW 

0 

+ ■ » 

129.6 non-waltzers 

... 

P cw 

0 

. - * • 

t a « 

(145.2) waltzers 

PCW 

1 

35.8 non-waltzers 

* * t 

* r * 

pew 

1 

► * * 

i . ■ 

(145.2) waltzers 

p Cw 

2 

* i , 

92.4 waltzers 


PcW 

2 

* • * 

t * • 

(95.8) non-waltzers 

P Cw 

1 and 2 

24.2 waltzers 

4 « a 

■ a • 

pcW 

Totals 

1 and 2 

» t * 

60.0 

a * • 

222.0 

(95.8) non-waltzers 

241.0 


# 

The total amount of crossing-over between p and w indicated by the 
colored classes in table 1, if the c locus is left out of consideration, would be 
45.4 =*= 2.0%. This is a fairly significant indication of linkage between 
pink-eyed yellow (p) and waltzing (w) t which was a prime objective of the 
investigation. 

If now we accept the conclusion that c lies between p and w, it becomes 
necessary to reconsider the position of two other genes, r and l in the 
chromosome I map. It is known that r lies between p and c t very close 
to the latter. Grtineberg has reported that l (a lethal) lies at 3.3 units 
from c on the side away from p. This would place it between c and w. 
Consequently the map will become on the best evidence at present avail¬ 
able (based primarily on crossing-over in females): 

p 20.5 r 0.6 c 3.3 1 42? w 

MS 


0 
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1 Castle, W. E., and Wright. S„ Carnegie Inst. Wash. PM., 241, 175 (1916); 288, 
29 (1919). 

' Dunn, L. C„ Genetics, 5, 325 (1920). 

* Castle, W. E„ and Wachter, W. L„ Genetics, 9,1 (1924). 

4 King, H. D.. Jour. Mam., 17, 157 (1936). 

* King, H. D., and Castle, W. E., these Proceedings, 23, 56 (1937). 

• Castle, W. E., and King, H. D., Ibid., 27,394 (1941). 

1 WhittinghiU, M., Ibid., 30, 221 (1944). 

• Castle. W. E., Ibid., 30, 226 (1944). 


INDUCED MUTATIONS AND POSSIBLE MECHANISMS OF THE 
TRANSMISSION OF HEREDITY IN ESCHERICHIA COL1 

By M. Demerec* 

Department of Genetics, Carnegie Institution, Coi.d Spring Harbor, N. Y. 

Communicated January 10, 1946 ’ 

One of the most remarkable facts brought to light by genetics is the 
fundamental similarity in the most diverse organisms of the basic mecha¬ 
nisms of the transmission of heredity from parents to offspring. The prin¬ 
cipal carriers of heredity appear generally to be discrete corpuscles, genes. 
Only in bacteria and in other asexual lower organisms is the nature of the 
hereditary transmission still unclear. The most efficient method in use for 
the detection of genes—namely, the crossing of different strains and ob¬ 
servation of segregations in the offspring of the hybrids—is not applicable 
to asexual forms. The problem must be approached, then, with the aid 
of the less direct, yet in the final analysis reliable, method of studying 
mutations, particularly those induced by irradiation. As materials for 
investigations on the induction of mutations by radiation, bacteria have, 
in fact, certain advantages not found in higher organisms. 

Notwithstanding the large amount of work that has been done in radi¬ 
ation genetics, the events that lead to the manifestation of changes in genes 
in irradiated cells are not well understood. One important reason for this 
situation is that in the materials most studied (Drosophila, maize) the 
effects of irradiation cannot be determined until after a considerable num¬ 
ber of cell divisions have gone by following the treatment. Since in bacteria 
it is possible to observe induced changes soon after they occur, the work to 
be described here was undertaken in the hope that the results might con¬ 
tribute toward a better understanding of the origin of these changes. 

It is known from the work of Luria and Ddbrtlck 1 and of Demerec and 
Fano* that in the B strain of Escherichia coH spontaneous mutations to 
resistance to the bacteriophage now known as T1 occur with a frequency 
of about 1 X 10 per generation, and that at least two types of such 
mutants can be recognized. The more common type forms large colonies, 
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while the other forms tiny colonies. In this study the over-all mutability 
of B to resistance to Tl (B/l) was investigated without separating the 
two types of mutants. 

Materials ,—The mutant strain known as B/r (B resistant to radiations), 
which came from the B strain of B, coli t was used in these experiments. 
This mutant, found and studied by Mrs. Witkin,* was selected for our 
work because it is more resistant than the original B strain to both ultra¬ 
violet and x-ray irradiation. Since it can stand treatment with higher 
dosages of both radiations than the B strain, it was hoped that increases in 
the mutation rate would be more easily detectable by irradiating B/r. 
This strain was used in all experiments mentioned in this paper. For 
reasons of convenience, the abbreviated symbol, B, instead of the full 
symbol B/r will be used here. 

Bacteriophage Tl, known also as alpha and as P28, was used to isolate 
mutants resistant to that phage. 

Methods .—The standard method used in this laboratory for determining 
how many bacteria resistant to a certain phage are present in a population 
of sensitive bacteria is, first, to plate on nutrient agar in a Petri dish about 
5 X 10 s phage particles and, a few minutes later, to plate on the same dish 
the bacteria to be tested. When this procedure is followed the phage conies 
into contact with the bacteria and lyses all those that are sensitive to the 
particular phage used, while the resistant ones survive to form colonies. 
By counting these colonies, the number of resistant bacteria among the 
total number plated is determined. 

In our experiments it proved necessary to detect not only the number 
of B/l mutants (bacteria resistant to Tl phage) that showed up before the 
bacteria had had a chance to divide, but also the number that appeared 
after the bacteria had passed through a certain number of divisions. It 
was not satisfactory to let the bacteria divide in broth and then determine 
the number of B/l individuals by the standard method, because after 
several divisions it would have been impossible to distinguish between B/l 
bacteria that had originated as mutations and those that had resulted from 
division of B/l mutants present in the culture as a result of mutations 
occurring during one of the earlier divisions. 

An effective method was developed, which satisfies the requirements of 
our experiments. A known number of bacteria is plated on nutrient agar 
medium on Petri dishes. These are incubated for the period of time neces¬ 
sary for the bacteria to pass through the desired number of divisions, and 
then the phage is sprayed over the surface of the plates as a fine aerosol. 
For this purpose we use a De Vilbiss glass nebulizer number 44. A stock 
suspension, containing about 5 X 10* phage particles per milliliter, is 
placed in the chamber of the nebulizer and the aerosol is generated by an 
air flow of six liters per minute, regulated by a Linde Oxygen Therapy 
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Station Flow Meter. Each plate is exposed to the phage aerosol for 1 
minute by holding it close to the mouth of the nebulizer and moving it 
around during the exposure so that all regions of the plate are uniformly 
covered. Tests have shown that when this procedure is followed a sufficient 
number of phage particles adhere to the plate to produce complete lysis of 
sensitive bacteria, while resistant bacteria continue to divide and form 
colonies. The main advantage of this method is that the positions of the 
bacteria in a growing colony are not disturbed by application of the phage, 
and that therefore all mutations occurring within a certain period are 
represented by single colonies, no matter how many mutant bacteria have 
been formed by division of the original mutant individual. During the 
development of this method, tests were made of 201 colonies that appeared 
on a number of plates after exposure to T1 aerosol. All were found to be 
resistant to T1 and sensitive to another phage active on B (T2), indicating 
that the exposure to the phage had been sufficient to eliminate all sensitive 
bacteria without introducing any contaminant. 

When this aerosol method for applying phage is used, it is important to 
take precautions against contaminating the laboratory with the phage. 
If spraying is done in the open the aerosol spreads rapidly from room to 
room and the phage may persist for several days. To prevent this, spray¬ 
ing is done in a box, measuring 25 X 25 X 23 cm., with a glass top, an 
opening on one end for the nebulizer, an opening on the other end with a 
cloth sleeve through which the arm holding a Petri dish is inserted, and an 
opening on one of the two sides with a tube through which air is sucked out 
of the box. During the operation, air containing the phage aerosol is 
drawn out from the boft at a slightly higher rate than it is blown in through 
the nebulizer, and is passed through a heated copper coil to destroy the 
phage. 

For ultraviolet treatment we used a General Electric germicidal lamp, 
about 80 per cent of whose output is radiation of wave length 2537 A. In 
all the experiments, the material was irradiated at a distance of 92 cm. 
from the source, where the intensity was approximately 4.2 ergs per second 
per square millimeter. In a majority of the experiments, 0.05 milliliter of 
broth containing bacteria was spread over a surface about 8 cm. in diameter 
in a flat Petri dish 10 cm. in diameter, so that the walls of the dish would 
not shade the bacteria. After exposure, the material was washed out with 
a known quantity of broth and used in the experiments. 

X-ray treatment was done at the Memorial Hospital in New York City, 
under the supervision of Miss E. Focht, through the courtesy of Mr. L. D. 
Marinelli. A bacterial suspension in broth was irradiated in small glass 
tubes, with unfilter edrays generated at 180 kv. and 25 Ma. at an intensity 
of 2050 roentgens per minute. 

Experimental Results.—Experiments with ultraviolet: In the first set of 
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experiments, we used a 24-hour-old culture of bacteria, which was con¬ 
centrated by centrifuging so as to contain about 10 9 bacteria per milliliter. 
Samples of this suspension were irradiated in thin layers, then resuspended 
in suitable amounts of broth to give comparable concentrations of living 
bacteria in all samples. 

The numbers of living bacteria in each sample were determined by plating 
and colony counts. The original suspension was also tested for number 
of B/l mutants. When exceptionally high numbers of mutants were 
present in the original culture, they would mask any increase in mutation 
rate produced by the radiation; and therefore experiments in which this 
happened were not taken into account. 

From each of the irradiated and control samples, twelve portions of 0.1 
ml. were plated on different plates. Three plates from each sample were 
phage treated immediately, three were treated after 2 hours of incubation, 
three after 3 hours, and the last three after 4 hours. These plates were 
then incubated, and counts of phage-resistant colonies were made after 48 
hours. 


TABLE 1 


Summary of 7 Experiments, Showing the Number of B/l Mutants among B Bac¬ 
teria Treated with Various Dosages of Ultraviolet and Incubated for Various 


Lengths 

of Time before Application of Phage 


INCUBATED 

NUMBER OF B/l COLONIES AFTER IRRADIATION OF 


BEFORE FHAG1NO 

4 MIN. 

2 MIN. 

1 MIN. 

CONTROL 

0 

19 

6 

4 

0 

2 hrs. 

118 

95 

24 

4 

3 hrs. 

548 

414 

226 

55 

4 hrs. 

2081 

1234 

486 

295 

No. of bacteria plated 

1.12 X 

1Q T 1.23X10’ 

8.61 X 10* 

2.42 X 10’ 


To determine the growth rate of bacteria after irradiation, dilutions from 
each sample were also incubated in broth and plated at intervals. From 
these platings, the number of bacteria present on the plates at various 
times was calculated, on the assumption of similar rates of growth on agar 
and in broth. 

With minor variations, the procedure outlined above was used in the 
seven experiments summarized in table 1. This table shows the total num¬ 
ber of bacteria plated in each series and the numbers of B/l colonies found 
on Petri dishes where the phage had been added immediately after ir¬ 
radiation or after incubation periods of 2, 3 or 4 hours. It is evident that 
in all tests made with treated series the numbers of B/l colonies were con¬ 
siderably higher than in the control series. 

. The larger number of B/l in the series where the phage was applied im¬ 
mediately after irradiation indicates that the ultraviolet treatment was 
effective in inducing B/l mutants which appeared before the first bacterial 
division had been completed* 
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Growth tests made in broth showed 
that the initial period of lag in the growth 
(lag period) is lengthened in treated 
bacteria, an observation which has already 
been made by Hollaender and Duggar. 4 
After an incubation period of 2 hours, the 
number of bacteria in the control series 
increased on the average by a factor of 10, 
the number in material treated for. one 
minute increased 4.4 times, that in ma¬ 
terial treated 2 minutes 2.2 times, and 
that in material treated 4 minutes 1.6 
times. After the lag period had passed, 
both treated and control bacteria multi¬ 
plied regularly, doubling their number 
once in about every 20 minutes. No 
study was made of the multiplication of 
bacteria on agar, but it is unlikely that 
there is any considerable difference be¬ 
tween the rates of growth on agar and 
in broth during the several early divisions 
before the number is large enough to 
produce crowding on agar. Indeed, ob¬ 
servations made under the microscope 
indicate that the length of the lag phase 
on agar is about the same as that in bioth. 

Thus when the phage was applied to 
cultures that had been incubated for 2 
hours in the series that received 4-minute 
irradiation the bacteria were just passing 
through the first division, while in the 
other three series they had already passed 
through one, two, and more than three 
divisions, respectively* by the time the 
phage was applied* Table 1 shows that 
the number of B/l mutants, where plates 
were incubated for 2 hours before adding 
phage, was very much greater than in 
the controls. A sixnilaxsituatiosi obtained 
in the caseof cultures that were incubated 
for 3 and for 4 hours before phage treat¬ 
ment. It is evident that new jB/l 
mutants continued to appear at a higher 
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rate in the treated series than in the controls, even after the bacteria had 
passed through several divisions. 

From the data given in table l f and from the calculated number of bac¬ 
teria present at each time, the rate of mutation of B to B/l may be esti¬ 
mated. Such an analysis of the data is presented in table 2. For the 
cultures where phage was applied immediately after treatment, the muta¬ 
tion rate was calculated directly from the number of bacteria plated and 
the number of B/l colonies observed. In order to calculate the mutation 
rate among bacteria that were formed by division of plated individuals 
during the 2 hours of incubation, the total number of bacteria present after 
that time had to be estimated. This was done by multiplying the number 
of plated bacteria by 1.6, 2.2, 4.4 and 10 for the 4-, 2- and 1-minute series 
and the controls, respectively. As has already been pointed out, these 
values represent average increases in the number of bacteria and were 
determined by parallel experiments made in broth. 

Since the rate of division of irradiated bacteria becomes normal once 
they pass the lag phase, and since the lag phase is completed in all series 
after 2 hours of incubation, it is assumed that from then on the number 
of individuals in each of the series doubles every 20 minutes. For each one- 
hour period, then, the number increases by a factor of 8. Consequently, 
values for the total number of bacteria present after 3 and 4 hours of in¬ 
cubation were obtained by multiplying by 8 the estimated values at the 
end of the previous hour. 

It is realized that these estimates are only approximate. However, it is 
felt that the approximation is sufficiently close for the purpose at hand. 

Examination of table 2 reveals that the calculated rate of mutation of 
B to B/l, per number of bacteria, increases in the treated series until the 
bacteria have passed through one or two divisions. Thereafter the rate 
begins to fall. 

In order to determine if or wjien the rates reach the normal level of about 
1 X 10"*, a set of six experiments was performed in which bacteria were 
irradiated for 4 minutes and phage applied either immediately after the 
treatment or after incubation of 4, 6 or 6 hours. A summary of these ex¬ 
periments is presented in table 3, in the same form as the data shown in 
table 2. To obtain the estimate of the total number of bacteria present 
after 4 hours of incubation, the number of plated bacteria was multiplied 
by 102.4, which is equal to the 1.6 X 8 X 8 used in table 2. Values for 5 
and 6 hours were obtained by multiplying by 8 for each 1-hour period. 
It is evident from table 3 that the mutation rate continued to decrease with 
subsequent bacterial division and that at 6 hours, when the bacteria had 
passed through approximately 13 divisions, it had readied normal level. 

Experiments with x-rays: A 48-hour culture of bacteria in broth was 
used as the source of material. About 1.3 cc. of bacterial suspension was 
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placed in each of three small glass tubes, which were then irradiated with 
10,000, 20,000 and 60,000 roentgens, respectively. After irradiation, 15 
platings of 0.05 cc. of the bacterial suspension were made on Petri dishes 
from each of the three tubes. Three Petri dishes from each set were ex¬ 
posed to phage aerosol immediately after plating, and others were exposed 
in groups of three after incubation of 1, 2, 3 and 4 hours. A summary of 
two experiments is given in table 4. The data are arranged as in table 2. 

Tests made in broth indicated that the lag period of the bacteria was not 
materially affected by x-ray treatment. Under the conditions of these ex¬ 
periments, the number of bacteria doubled after 1 hour in broth at 37°C. 

It is evident from table 4 that, as in the ultraviolet experiments, only a 
fraction of the induced mutants showed up immediately after treatment, 
while the appearance of a large proportion of them was delayed until after 
the treated bacteria had passed through several divisions. Comparisons 
of the data of tables 2 and 4 indicate obvious differences between the ultra¬ 
violet and the x-ray results. These are now being investigated further, 
and an analysis of this work will be presented in another paper. 

TABLE 3 

Summary of 2 Experiments, with Estimates op the Rates op Mutation op B to 
B/l after Ultraviolet Treatment op 4 Minutes Followed bv Incubation for 

Various Lenths of Time before Application Phage 


INCUBATSP 

BBFORR PHAGINO 

* 

---NUM1BK Or-- 

BACTERIA 

B/l 

RATS 

X 10* 

0 


2.25 X 10* 

7 

311.1 

4 hrs. 


2.3 

X 10* 

234 

1 * « 

Increment 0-4 hrs. 


* • * * 

■ < i t 

227 

101.7 

5 hrs. 


18.4 

X 10* 

297 

* i 1 

Increment 4-5 hrs. 


16.1 

X 10 8 

63 

3.9 

6 hrs. 


147.2 

X 1C 

643 

« t i 

Increment 5-6 hrs.. 


123.8 

X 10» 

246 

1.9 


Discussion .—Changes induced by irradiations cannot be distinguished 
from those which occur spontaneously and which have already been ex¬ 
tensively studied. 1 * * In the course of these irradiation experiments several 
hundred B/l strains were grown in broth and tested for resistance to T1 
and T2. They were found to be resistant to the first-mentioned phage and 
sensitive to the second, just as were the spontaneously originating strains 
described in previous experiments. Similar morphological types are found 
among both spontaneous and radiation-induced mutants—namely, a tjrpe 
that forms normal, large colonies and one that forms tiny colonies. 

The simplest interpretation of the changes from B to B/l is that they are 
mutations comparable to gene mutations in higher organisms. However, 
since our knowledge of the mechanisms governing the transmission of 
heredity from parents to offspring in bacteria is still inadequate, other 
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possibilities should be considered. 
Only by eliminating such alternative 
explanations can one hope to de¬ 
termine whether the hereditary mecha¬ 
nisms in bacteria are fundamentally 
similar to those in higher forms. 

For example, the genes in bacteria 
may not be organized into chromo¬ 
somes, and several or many genes of 
the same kind may be present in each 
individual. Recessive mutations™ 
which, as is well known, constitute a 
large proportion of all mutations— 
would then attain phenotypic expres¬ 
sion only after the individual had 
passed through several divisions, and 
the mutant gene had been sorted out 
and had replaced its allele in some indi¬ 
viduals. 

Certain other interpretations should 
be considered. All changes from B to 
B/l affect reactions between bacteria 
and phages. Since sensitive bacteria 
adsorb phages but resistant ones do 
not, and since adsorption is a surface 
phenomenon, it is possible that changes 
in the surface bring about a condition 
which ultimately may be responsible 
for the origin of resistance. It might 
be supposed that resistance originates 
as a change in a small sector of bacterial 
surface, for example, a receptor, and 
that it spreads in successive divisions 
so that it finally affects one whole bac¬ 
terium, which then reproduces as a re¬ 
sistant mutant. 

However, the evidence presented 
here shows that some of the induced 
mutations become phenotypically effec¬ 
tive at the time of the first bacterial 
division. This would indicate that the 
mechanism responsible for the trans¬ 
mission of resistance to phage is neither 
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one involving many genes of the same kind, as first suggested, nor a 
surface phenomenon which would require several cell divisions before be¬ 
ing manifested. 

Two points should be particularly emphasized in discussing the data 
presented in this paper: (1) that some of the induced mutants are pheno- 
typically effective by the time the first bacterial division occurs, and (2) 
that new mutants continue to appear during several bacterial generations* 

It is known from the work of Delbriick 6 that one sensitive bacterium may 
adsorb as many as 250 phages, while resistant bacteria do not adsorb any. 
Presumably an adsorbed phage enters a bacterium and multiplies therein 
until finally the bacterium is lysed—it bursts and liberates phage particles 
Therefore, there are two critical steps in the life of a bacterium which deter¬ 
mine whether or not it will be lysed by phage if this is present. These steps 
are the adsorption of phage by the surface and the multiplication of phage 
within a bacterium. It is evident that if either of these two processes is 
prevented from occurring a bacterium will become resistant to phage, and 
that if a mutation in a bacterium is capable of making it resistant it must 
be capable of blocking one of these two processes. If the adsorption of 
phage were immediately blocked by a mutated gene, this would mean that 
such a gene exerted an immediate influence on the organism and affected 
the forces active in adsorption. On the other hand, if a mutation prevented 
the multiplication of phage, this might mean that the mutated gene became 
active during the bacterial division, since, as a rule, the multiplication of 
phage is intimately connected with the division of bacteria. 

Experiments were designed in such a way as to leave very little doubt 
that B/l mutants that appeared after bacteria had passed through several 
divisions were due either to mutations that originated after irradiation or 
mutations that were induced at the time of irradiation but failed to manifest 
their effect until the organism had passed through several cell divisions. 

The simplest way to explain the appearance of mutants immediately 
after treatment as well as after several bacterial divisions would be to 
assume that these bacteria are diploid, and that the immediate mutants 
are a result of coincidental changes of both alleles by two independent hits, 
while the delayed mutants appear as a result of segregation of hetero¬ 
zygotes. Two objections make this hypothesis improbable. One of them 
is the large number of immediate mutants found in the ultraviolet and, 
particularly, the x-ray experiments. The observed numbers of these mu¬ 
tants differed from the calculated values by a factor of about 10 in the 
ultraviolet experiments and by a factor of about 1000 in the x-ray experi¬ 
ments. These discrepancies could be accounted for by assuming that some 
of the homozygous mutants could be induced by a single hit—particularly 
in the case of x-rays. Such an assumption would not be unreasonable, since 
Lea and Catcheside* have estimated that the fiejd of action of one x-ray 
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ionization is about 0.1 micron, so that any two alleles that happened to 
be located that close to each other would have a chance of being affected 
together. 

The other, and more serious, objection against this hypothesis is the 
distribution of mutants. A few of them appear immediately after treat¬ 
ment, but the larger proportion do not express themselves until after 
several cell divisions have taken place. If delayed mutants were due either 
to a simple segregation of a heterozygote or to aberrant divisions of asexual 
cells resulting in segregations, it would be expected that the largest propor¬ 
tion of delayed mutants would appear during the second bacterial genera¬ 
tion, and that the frequency would rapidly diminish thereafter. 

Another possible explanation of the observed delay in the appearance of 
mutants assumes that the bacterial population used in experiments was 
not homogeneous—that is, that some bacteria were haploid, others diploid, 
and still others polyploid. By assuming certain proportions of the various 
types, a mixture could be postulated which would give the observed re¬ 
sults. In all the experiments reported so far, resting bacteria were used; 
these were obtained by growing bacteria in broth, at 37°C., for either 24 
or 48 hours. It is known that growing bacteria are physiologically very 
different from resting bacteria. Since the proportions of haploid, diploid 
and polyploid individuals—if these did occur at all—might be expected to 
be different in different physiological conditions, we compared data ob¬ 
tained from ultraviolet irradiation of resting and actively growing bacteria. 
The results were not significantly different. 

Another possible hypothesis assumes that all mutations occur during 
irradiation but that some are delayed in their manifestation until the 
supply of the substrate manufactured by the gene and necessary for the 
production of material that makes the bacteria sensitive to the phage is 
exhausted. It might then be expected that changes in the environment 
might affect the rate of utilization of the substrate. 

Still another hypothesis may be considered to explain the results ob¬ 
tained. It may be assumed that two types of change are induced by ir¬ 
radiation—one type producing gene changes, and the other inducing some 
change in the cell, either of the chromosomes or of the cytoplasm, which in¬ 
creases the mutability of the gene system. The latter type of change would 
decrease in effectiveness with each cell division, and after a number of 
divisions lose its potency. According to this hypothesis, the calculated 
mutation rate per number of bacteria would be highest after the early 
divisions, a situation observed in our experiments (table 2). 

In irradiation work with Drosophila a similar delayed effect is observed 
after treatment of sperm. In that case mosaics, or “fractional” mutants, 
are obtained. MuUer* and several Other workers have interpreted this 
observation by assuming that the chromosomes in some of the sperms are 
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already split, and that in such cases the irradiation produces a change in 
only one of the two strands. Neuhaus, 8 however, after studying the dis¬ 
tribution of the size of mosaic regions, reached the conclusion that these 
mosaics are due to new mutations occurring as a result of a delayed effect 
of the irradiation. 

In the experiments described in this paper various doses of ultraviolet 
radiation and x-rays were used. The data indicate an increase in the effect 
with increase of the dosage. Specially designed experiments are now under 
way, however, to determine the relationship between the dosage and the 
number of induced mutants; this problem will be discussed elsewhere. 
An effort is being made also to devise experiments which will differentiate 
between the various possibilities for interpretation of the results of experi¬ 
ments discussed here. 

Summary .—-The rate of mutation from sensitivity to resistance to 
bacteriophage T1 in the B strain of E . colt was measured after treatment 
with ultraviolet radiation (2537 A) and with x-rays. 

Both radiations produced a substantial increase in the mutation rate, 
which increase became greater with higher doses of radiation. 

Some of the induced mutations manifest themselves by the time the 
treated bacteria begin to multiply, while the majority of them express 
themselves after the bacteria have passed through several divisions. 

Several possibilities for interpretation of results are discussed. 

*1 wish to acknowledge the efficient help of my research assistants, Miss Marion Crip- 
pen and Miss Nancy McCormick, in carrying out the experimental work, and also the 
interest shown by tny colleagues Th. Dobzhansky, R. Latarjet, S. E. Luria and B. 
McClintock, in discussion of problems that arose in connection with these experiments. 

1 Luria, S. E„ and Delbriiek, M., Genetics , 28, 491-511 (1943). 

* Detnerec, M., and Fano, U., Ibid,, 29, 348-360 (1944). 

8 Preliminary statement in Carnegie Inst, Washington Year Book, 43, 110-111 (1944); 
details in manuscript. 

4 Hollaender, A., and Duggar, B. M., Jour, Bad,, 36, 17-37 (1938). 

* Delbriiek, M., Jour, Gen. Physiol,, 23, 643-660 (1940). 

• Lea, D. E., and Catcheside, D. G., Jour. Genet., 47, 41-50 (1945). 

7 Muller, H. J., Verk. V, int. Kongr. Vererbungsw., pp. 234-260 (1928). 

• Neuhaus, M. J., Z. i. A. V., 70, 257-264 (1935). 
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ON THE NUMBER OF SOLUTIONS OF SOME GENERAL TYPES 

OF EQUATIONS IN A FINITE FIELD 

By H. S. Vandiver 

Department of Purr Mathematics, University of Texas 
Communicated January 9, 1946 

Consider the equation 

C\Xi ai + c 2 x 2 at + ....+ c 8 xf • + c,+ 1 ~ 0 (1) 

in the x's, where the a* s are integers such that 0 < a £ p* — 1; s 2: 2; the 
c *s belong to a finite field of order p n , p prime, which will be designated by 
F{p n ); and 


CjCjj * > • • i i < • x 8 0 

in F(p n ) . The problem discussed here will be that of determining directly 
the number of solutions x 2 a *, . . . x 8 a * in F(p H ) of (1). By “determin¬ 
ing directly” we shall mean the determination of this number in a finite 
number of steps without trial. When n = 1 it is possible to carry this out 
using a method given by the writer, 1 but this scheme leads to very compli¬ 
cated procedures when s > 2 in (1). In the present paper we shall employ 
other methods. The main result (Theorem I) established reduces the 
general problem*to the determination of the number of solutions yi m and 

y% m in 

cyi m + dy% m + 1*0; yw * 0 

for some integer m depending on the a’s and p n , with c and d any given 
non-zero elements of F(p n ) provided a table of indices for F(p n ) is known t 
that is, if g is a generator of the cyclic group formed by the non-zero ele- 
ments of F(p n ) then we know the value of z in 

g* * k; 0 <: z < p* - 1 

for a given k, and if z is given we know k. We write z * ind k. 

Using indices we first consider (1) with c t + i i4 0. After dividing 
through by this element our equation may be put in the form 

1 + E(Ci + Qfiflh) + E(e% + OjK&a) + •••• + E{e 9 + a&t) ** 0 (2) 

with 0 £ e { < a t ; i * 3,2,...r, and where E(t) denotes g*. In this relation 
it is sufficient to take the o’s in the range 0, 1, 2,...(£* — 1 )/d% — 1, 
where (o u p* ~ 1) ** d t ; i ** I, 2,, .. s. Also there is a one-to-one cor¬ 
respondence* between a solution JE(cuai), E(otfh) f £(a,0f) of (2) and 
a certain solution £(fhdi), E(Mi) .. of 
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1 + E E(e t + PA) = 0 (3) 

<-i 

# 

where 0 < lies in the range 

0, 1, 2, ..♦ (p* - 1 )/dt - 1; < - 1,2,.r. 

By the use of the Euclidean algorithm in connection with the exponents 
we see that in the consideration of (3) it is sufficient to take each e% < 
For any value of ft, say ft appearing in (3) we may write 

. m ^ ^ m 

(} ** w + 1 V t; 0 £ W < 7, 

di di 

where m is the L.C.M. of the d* s in (3). Then 

ex 4 &dx =* (e% 4* wdi) 4 ym 

and 

t\ + wd *• e\ + d x — 1^ ** e\ — d\ 4 m < m t 

since d\ > e x . This (3 then gives a solution in E(ym) t fi(ftft). 

£(ftft) of the equation 

£(ei + wd\ 4 ym) 4 E(e% 4 ftft) 4 • • • * 4 £(«* 4 ftft) 4 1 “ 0, 

with 0 2S y < (p B — l)/m. 

Conversely any solution in E(6m), £(ftft). . £(ftft) of 

E{t i 4 wfx 4 $w). 4 £($i 4 ftft) 4 .... 4 1 » 0 


w 


for a given v such that OSKr with 0 & < h (p % — \)/m t gives a solu- 

d% 

tion of (3) for we have 


t\ 4 vdx 4 tow « ft 4 d 




tn 

and it is found that v + $ — is in the range 0,1,2,... ((P* — l)/di — 1). 

Hence v + 6 — is a value for /Si in (3). In view of this we may obtain the 

<h 

number of solutions of (3) in 

E(fai i),.. i.E(04 m) 

by taking the sum of the numbers of solutions in 

E(y i *#), E(fydt ),.... E(04t) of each of the Equations 
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E(ki) + E{e% + fed*) 4* E{e% •+ ($#1$) +-,... E(e t + f$4») + 1*0 {4a) 

where ki « Ci + w\d\ + y\m } and Wi ranges over each element of the set 

0,1,2,-— 1^, and 7 x is to be determined so that — 1 )/m. 

We now proceed with the exponent e% + &da in (4a) as we did with the ex¬ 
ponent ex + fixdi in (3) and we obtain the result that the number of solu¬ 
tions of (3) in 

E(fah), E(M, .E(/W 

s the sum of the number of solutions in 


iJ( 7 iw), E(y 2 m) t £(jS*a*),-- £(&a,) 

of each of the equations 

E(k j) +- E{k%) + E(en + fitfit) + .... + E(e $ + fta,) + 1*0; 

h * e% + + y f m; 


(4b) 


where W\ ranges as before in ki and w% ranges over the set 0, 1, 2,. 

— 1^. By proceeding in this manner with the other terms in (4b) we 
derive the result that the number of solutions of (3) equals 


L (fit + ** + wA*-- e t + w4 $ ) 

*U »• 


where ranges independently over the set 0 


, 1,2 .* 


1 , 2 , 


... s, and the symbol 


(/i» fit * • * •» /«) 


means the number of solutions in 


E(titn), Eifijftt) .. E(e,tn) 


E(fi + « m ) + £(/» + «*») + •... + E(f, + «.«) + 1 - 0 . 

We next proceed to show that the number of solutions of 

1 + £ E(u, + mr t ) - 0 (6) 

ISi 

for a given uu u, may be obtained directly if We know the number 

of solutions of an equation of the type 

1 + E(v% + wit) + E(fit 4* m4) — 0 (7) 

for a given v> and v%. For the necessary argument we shall find it con- 
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venient to introduce the notation B u for E(u + mr) so that in place of (6) 
we have 


B Ul + + • . • • + B Ua + 1 ** 0. (8) 

In other words dui is any quantity in F(p n ) whose index is congruent to 
Ut modulo w. Denote the number of solutions in 0 Uk , B uv . . . 6 Ut of (6) 
by (uu w,). We first note that for a given h and t 

B Uj “f* B Vi 6u t + E(h + fw) “ 0 (9) 

reduces, when we divide by the last term on the left, to 

Am _ h + B u n + • • . * + B u> _ h + 1 33 0. (10) 

Consider (8) for s 3. To enumerate its solutions we proceed by induc¬ 
tion. We assume that (u u «*, « 8 » i) for any integers u may be 

determined directly. For s ~ 3, this reduces to the assumption that the 
number of solutions of (7) may be determined directly. We shall then 

prove the same thing for (u\ 9 «ai .w,). Now (8) may be written in 

the form 

(6 Vl + 01* + . . . . + 0 M# _ 2 + 1 Bt) + ($i + B Ut -i + Bu a ) — 0. 
Corresponding to each solution of 

B Ux + 0*i + • * * • + B U4 + 1 — di - 0 (11)* 

there must be a solution of 

B( + B Ut „, + B Ua * 0 

in order that (8) may be satisfied. Using (9) and (10) the number of solu¬ 
tions of the latter is (u s - x — i t u 9 — i) for a fixed i. Hence the number 
of solutions of (8) is 

m —1 

2 (* + 0, «i, ut .- i, u, — t); (12) 

ft * ind (—1); except that in (11) 8 Uxf B uv ... 0* might be such that 

Bui + + * . * . + _ t + 1 ^ 0 (13) 

and since this is impossible in (9) with 0< 4= 0, then this case was not in* 
eluded in our enumeration. The relation (13) used in (8) gives 

-1 H" Bm * 0 

so that when this is satisfied we have in place of (12) 


(14) 
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m ~ 1 

4* fit W;11 • • « *, — i)(Wj _ i t) tig t) *4“ 

/ — 0 

P n — 1 

-(#n «a,-- «• - a), (15) 

m 

since it may be shown by known methods that there are ( p* — 1 )/m solu¬ 
tions of (14). By our assumption each term in (12) as well as (15) may be 
determined directly so either (12) or (15) is fully determined. Hence 
our induction is complete. 

To obtain (2) we assumed that c 9 + i-w* 0. The case where c s 4 j — 0 
does not reduce immediately to the case where we have a term unity in 
our equation as in (2) when it happens that the a’s are not all equals 
Hence we now consider this second case. But if we proceed as we did with 
(2) we find that such an equation reduces to the solut ion of an equation of 
the type 

K(b\ + ifiai) 4" E(b% 4* mcr^) 4“ • • * • 4* E(b $ 4~ w<r 4 ) =* 0 

and this reduces to the form (6) when we divide by the last term. Hence 
we have the 

Theorem I. Let gbea generator of the cylic group formed by the non-zero 
elements of a finite field of order p n , p prime , and designated by F(p n ). Fur¬ 
ther , let au a 2 , . . . •> a* be a set of positive integers; (p n — 1, a<) = d t , i = 

1,2,..,., s; and assume that m is the L.C.M . of du d% .. d s . Then the 

* 

number of different solutions in F(p n ) 

.K(ofiUx), £(ota# 2 )> . . . h'i'&gfig ), s ^ Ij 

* 

of the equation 

1 + E(e i + ai^i) 4* £(«j + &i(h) 4* • * • 4~J5($* 4~ ot/t> 9 ) =* 0; 
e i ^ 0; or of the equation 

E(e i 4" «i0i) 4* £(«a 4* <#*^ 2 ) + •■*• + E(e a + a^a,) ® 0 
may be determined directly if the number of solutions £(<rjw), E(o%m) in 

w»/ 

JS(«i + <rim) + E(ut + «•»»») + 1 m 0 

is known for any integers Ui and u% ^ 0. Here E(t) *= The determina¬ 
tion may be carried out by the use of the formulae (5), (12) and (IS). 

Corollary I. An equation of the type, with the c's given elements of 
F(p*), 

ci*!* 1 + axf' ■(■•••• 4* + c, + j ™ 0 

may, by the use of indices, be reduced to one of the forms set out in Theorem I, 
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and thus the number of its different solutions, Xi a \ x£* ., in F(p H ) 

may be directly determined . 

When such numbers are found, known methods will readily yield the 
number of solutions X\, x%, .. . x, of the same equation* 

In another paper 3 the writer determined the number of solutions in 
F(p) of 

1 + E(k j + 4wi) + E(k 2 + 2wj) - 0. ■ (16) 

The method there employed may be also used to derive the number of 
solutions of various other trinomial congruences modulo p (which are iso¬ 
morphic with equations in a finite field F(p)) when the given exponents are 
small, using the representation of p by means of various quadratic forms. 
An example is the equation obtained from (16) by putting 3 in the first 
exponent instead of 4. By employing Theorem I o£ the present paper to¬ 
gether with some results due mainly to Dickson 4 it is possible to derive 
similar results. He obtained by the use of quadratic forms explicit expres¬ 
sions for the number of incongruent solutions E(mr i), E(mrt) of 

E(li 4" ntTi) 4" E(l$ “f" wtj) 4 1 * 0 (17) 

for m — 1,2, 3, 4, 5, 6, 8, 9, 10, 12. By using Theorem I of the present 
paper and Dickson’s formulae just referred to, we obtain the number of 
solutions of (16) and more generally the number of solutions of (2) when¬ 
ever n ~ 1 and the L.C.M. of d u da,.d, in (3) has one of the values 

given for m which are listed just below relation (17). 

Mitchell 6 obtained arithmetical formulae which give explicitly the num¬ 
ber of solutions of (17) in F(p*), n even, where an integer n\ exists such that 
p *i as — 1 (mod m). Using these results we may obtain formulae for the 
number of solutions of (2) whenever the L.C.M. of d\, d%, ... d $ is m, with 
p, n and m related as just stated. These equations may also be applied 
to (1) without the use of indices. 

1 These Proceedings, 30,362-367(1944). 

* Dickson, Amer . Jour. Math., 57, 464(1935) proved this for the case n *• 1 and all 
the a’s are equal in (2), and our statement may be proved in the same way. 

* These Proceedings, 31,173-175(1945) . 

*Amer. Jour. Math., 37, 391-424(1935); Trans. Amer . Math. Soc 38, 188-194 
(1936). 

* Ann. Math. //, 18,120(1917). 
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PRIME NUMBER OF CONJUGATE OPERATORS IN A GROUP 

By G. A. Miller 

Department of Mathematics, University of Illinois 

m 

Communicated December 17,1045 

Suppose that every set of conjugate non-invariant operators of the group 
G involves the same prime tmmber p of operators. The object of the 
present article is to determine some of the fundamental properties of the 
category of groups which satisfy this simple condition but are not other¬ 
wise restricted. The group of inner isomorphisms of G can be represented 
as an intransitive permutation group such that different letters are assigned 
to the different non-invariant operators of the group G. Each of the 
transitive constituents of this permutation group is of degree p since it is 
assumed that each of the non-invariant operators of G has exactly p con¬ 
jugates under G. We shall first prove that each of the transitive con¬ 
stituents of the group of inner isomorphisms of G is a cyclic group of order 
p and of degree p> 

Since the number of non-invariant conjugate operators of G is p the 
corresponding permutations in the group of inner isomorphisms of G can¬ 
not have more than p conjugates in its group of inner isomorphisms. 
Each of the transitive constituents of the group of inner isomorphisms of G 
must therefore b$ a transitive group of degree p which is either abelian or 
contains exactly p conjugates. As it must involve permutations of order 
P and none of these could have p conjugates since the number of the con¬ 
jugates of an operator of order p in a transitive group of degrees p is always 
prime to p t it has been proved that all of the transitive constituents of the 
group of inner isomorphisms of G are regular groups of order />. 

We have now established the following theorem: If every non-invariant 
operator of a group has exactly p conjugates under the group its group of inner 
isomorphisms may be represented as an abelian intransitive permutation group 
aU of whose transitive constituents are regular groups of order p. This group 
is of order p m and of type We can prove that m is always an even 
number in this theorem. It should be emphasized that the number of 
distinct operators in a set of conjugate operators of a group cannot be less 
than the number of operators in a set of conjugates of the corresponding 
operators in the group of inner isomorphisms. If the former number is 
greater than the latter it is a. multiple of it. We shall now prove that m 
in the preceding italicized theorem is always even. 

To prove this fact we may start with a subgroup of G which includes the 
central of G and whose order is p times the order of this central. This sub¬ 
group is abtelian since the pth power of every operator of G appears in the 
central of G. It can be extended by an operator of G so as to obtain a sub- 



54 


MATHEMATICS: G. A. MILLER 


Proc. N. A. S. 


group of G whose order is P 2 times the order of the central of G and whose 
central is the central of G. It should be emphasized that this subgroup 
transforms its own operators in exactly the same manner as these operators 
are transformed under G. Hence it results that whenever the order of G 
exceeds p 2 times the order of the central of G then the remaining operators 
of G must include operators which are commiitative with every operator 
of this subgroup and have their pth power in the central of G. This results 
from the known theorem that if the operators of an invariant proper sub¬ 
group of a group are transformed under this subgroup in the same way as 
they are transformed under the group then the remaining operators of the 
group include at least one operator which is commutative with every oper¬ 
ator of this invariant subgroup. 

It results from the above that whenever the order of G exceeds p 2 times 
the order of its central then G contains a subgroup whose order is p A times 
the order of its central and that this invariant subgroup transforms its 
operators in exactly the same way as they are transformed under G if the 
order of G exceeds p 4 times the order of the central of G. Since this process 
may be continued until G is reached whenever m is even and only then, it 
has been proved that m is an even number in the italicized theorem noted 
above. The proof is largely based on the fact that the invariant subgroups 
whose orders are even powers of p times the order of the central of G have 
this central for their own centrals and transform their own operators in 
exactly the same way as these operators are transformed under G itself. 

The order of a commutator of G can clearly not exceed p. To prove 
that the order of the commutator subgroup of G can also not exceed p it 
may be noted that if the order of the commutator subgroup would be 
divisible by p 2 we might suppose that t\ and h are two independent gener¬ 
ators of the commutator subgroup of G. It may be assumed without loss 
of generality that the subgroup of G noted above whose order is p* times 
the order of the central of G and which includes this central has the group 
generated by t\ as its commutator subgroup and includes s x and s% as its 
non-invariant operators which give rise to the commutator /i. It may also 

be assumed that s$ and $4 are two other operators of G which are commute- 

* 

tive with si and s* but give rise to the commutator t%. It would then follow 
that the product $%s* would have more than p conjugates under G. As this 
is impossible it has been proved that the commutator subgroup of G is of 
order p % 

It results from Sylow's theorem that G contains only one Sylow sub¬ 
group whose order is a power of p since each of its operators is supposed to 
have no more than p conjugates under G. Since the largest subgroup of 
G whose order is prime to p appears in the central of G it is also invariant 
under G. It therefore results that G contains two invariant subgroups 
which have only the identity in common and hence it involves the direct 
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product of these two subgroups. Since the order of this direct product is 
equal to the order of G it has been proved that if a group has the property 
that each of its non-invariant operators has a given prime number of conjugates 
under the group then it is the direct product of the Sylow subgroup whose order 
is a power of this prime number and an abelian subgroup whose order is prime 
to the given prime number . The former of these two subgroups may be the 
identity. 

Since the direct product of G and any abelian group whatever is again a 
group in which every non-invariant operator has the property that it has 
exactly p conjugates under the group it results that the two factor groups 
of G which are such that one is abelian and every non-invariant operator 
of the other has exactly p conjugates under it can usually be selected in 
various different ways. The main interest in G is its Sylow subgroup 
whose order is a power of p t Hence we may restrict our attention for the 
present to the study of G when it is a group whose order is a power of p. 
When p is odd all the operators of such a group, besides the identity, may 
be of order p but when p — 2 some of the operators of such a group must 
be of order 4. The simplest example of such a group is then the ortic 
group and the simplest example of G when p is any odd prime number is 
the non-abelian group of order p* which involves no operator of order /> 2 . 

In the octic group the number of the operators of order 2 is three more 
than the number of the operators of order 4. It may be of some interest to 
prove that this condition is also satisfied in the simplest group whose order 
is an arbitrary power of 2 and which satisfies the condition that each of its 
non-invariant operators has exactly two conjugates under the group. It 
was noted above that the order of such a group is an arbitrary odd power 
of 2 which is at least equal to the third power. This infinite system of 
simplest groups of this kind may be constructed by starting with the octic 
group and then constructing the direct product of this group and a group of 
order 2. This group of order 16 may then be extended by an operator of 
order 2 which is commutative with every operator of the given octic group 
and transforms each of the remaining operators into itself multiplied by 
the commutator of order 2 in the given octic group. We thus obtain the 
group of order 32 which belongs to the given infinite system and satisfies 
the condition that the number of its operators of order 2 is exactly three 
mo r€ than the number of its operators of order 4. 

The system of odd prime power groups all of whose operators besides the 
idfentity are equal to this odd prime number includes one and only one 
abelian group for every power of this prime number but the number of such 
non-abelian groups for a given power of this prime number increases with 
the index of the power of this prime number. It follows from the preced¬ 
ing developments that this is always true even as regards the special class 
of these groups which satisfy the condition that each of the non-invariant 



MA THEM A TICS: G. A . MILLER 


Pkoc. N. A* S. 


m 


operators of the group has a number of conjugates under the group which is 
equal to this prime number p . The number of these groups of order p m is 
(m — l)/2 when m is odd and (m — 2)/2 when m is even since such a 
group is completely determined by the order of its central quotient group, 
and this order was proved above to be an even power of p whose index is 
less than m and greater than zero. In particular, there is one and only one 
such group of order p* as well as of order p* while there arc two and only 
two such groups of each of the orders p 6 and p 6 , etc. 

From the preceding developments we can formulate the following 
theorem: If a group has the property that each of its non-invariant operators 
has the same prime number of conjugates under the group then its central 
quotient group has for its order an even power of this prime number , is abelian , 
and involves only operators besides the identity whose common order is this 
prime number . While the orders of the operators in the central quotient 
group of this category of groups are therefore completely determined by 
the given condition the orders of the operators of the group are not limited 
thereby. It is evident that all the groups of this category are solvable, and 
that the category exhibits the fundamental nature of the concept of sets 
of conjugate operators in a group. It tnay be noted that whenever the 
number of conjugates in each set of conjugate non-invariant operators of a 
group is a prifne number it may be equal to the same prime number in 
each case. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. 
VI. ISOLATION BETWEEN DROSOPHILA PSEUDOOBSCURA 
AND DROSOPHILA PERSIMIL1S AND THEIR HYBRIDS 

Bv Ernst Mayr 

The American Museum of Natural History, New York 
Communicated January 24, 1946 

If males of either of the closely related species Drosophila pseudoobscura 
and D. persimilis have simultaneous access to females of both species, 
they inseminate a higher percentage of their own females. Particularly 
the males of D. pseudoobscura inseminate only a very small percentage of 
the available females of D. persimilis. Although the degree of preference 
can be altered slightly through conditioning, as is shown by the behavior 
of males previously associated with different kinds of females, there is 
little doubt that it is mainly controlled by genetic factors. It appeared 
therefore desirable to test the hybrids between the two species in regard 
to their position in the mating preference scale. 1 

Material and Method .—The same two stocks were used in this experi¬ 
ment, which have been described in an earlier paper in this series, 1 an 
orange-eyed strain of Drosophila pseudoobscura and a wild type strain of 
D. persimilis . The experimental procedure previously described was 
modified as follows: Males and females of the two species were segregated 
immediately after hatching and aged in food vials for a period of six to 
eight days. For each experiment ten or fewer males of one of the species 
were placed in a vial with food together with ten females of each of the two 
species or strains. The females were killed and examined for sperm, as 
described in an earlier paper, 1 after the number of hours necessary to insure 
the insemination of about fifty per cent*of them had passed. The “experi¬ 
mental'’ and “aging” vials were kept in incubators at 24Ya°C. 

Hybrid Females .—The female offspring of the cross of D. pseudoobscura 
with J). persimilis (formerly called D. pseudoobscura B) are fertile, while 
male hybrids are sterile.* Hybrid females of the two reciprocal crosses 
were tested with males and females of the two parental species. The 
results of these tests are summarized in table 1. It can be seen that males 
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of D. persimtiis inseminate more hybrid females than females of their own 
species. Males of pseudoobscura, on the other hand, show a slight pref¬ 
erence for their own females as compared to hybrid females. A definite 
maternal effect is apparent in both crosses; female hybrids whose mother 
is conspecific with the tested males are inseminated more frequently than 
females of the reciprocal cross (table 1). 

TABLE 1 

Number op Females Dissected (n) and Per Cent Carrying Sperm (%) in Which 
Males Had the Choice Between Females op Their Own Species and Alien 

Females 


MALE AND ROMO AL1XN FKMALB HOMGGAWIC HBTBBOOAMtC ISOLATION 


GAMIC P KM ALB 

(HttTKJtOOAMIC) 

n 

% 

n 

% 

X* 

INDBX 

persimtiis 

persimiUs X 
pseudoobscura* 

m 

38.2 

(18 

73.5 

17.2 

-0.32 

persimiUs 

pseudoobscura X 
persimiUs* 

142 

33.8 

143 

45.5 

4.04 

-0.15 

pseudoobscura 

pseudoobscura X 
persixnilis* 

142 

69.0 

145 

54.5 

5.70 

+0.11 

pseudoobscura 

persimiUs X 
pseudoobscura* 

80 

67.5 

84 

27.4 

29.7 

+0.42 

persimiUs 

pseudoobscura 0 

107 

72.0 

97 

41.3 

19.5 

+0.27 

pseudoobscura 

persimiUs 0 

202 

77.3 

206 

6.8 

207.7 

+0.84 


H Hybrid females. 

0 Control females. 

In the first two experiments persimtiis males are given the choice between their own 
(hotnogamic) and hybrid females. They inseminate mare hybrid than own females. 
In the next two experiments pseudoobscura males are given a choice of their own and 
hybrid females. They show a slight preference for their own females. A maternal 
effect is apparent in both cases. In the two control experiments males are given a 
choice of females of their own and of the other species. 

Discussion .—Direct observations of the mating behavior of Drosophila 
indicate that the "ratio of preference” in the main is controlled by three 
factors.' Species recognition or attraction is one of them, physical com* 
patibility of the genitalia is the second and the degree of activity is the 
third. The more active a fly (of either sex), the more readily it will par¬ 
ticipate in a copulation. The factor of activity is particularly important 
in the case of hybrid females in which hybrid vigor may compensate for 
an adverse influence of the two other factors. In control tests (table 1, 
see also earlier paper 1 ) it was shown that males of D. persimiUs have a much 
lower ratio of preference for their own females than males of D. pseudo¬ 
obscura. Males of persimiUs inseminate about twice as many of their 
own as of alien females if equal numbers of both are available. Males of 
pseudoobscura inseminate more than ten times as many of their own 
females as of persimiUs. This might mean that factors one, two or both 
are less important for the males of D. persimiUs than for those of pseudo- 
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obscura. The results of the experiments with hybrids are consistent with 
this hypothesis (table 1). Males of D, persimilis inseminate a higher per¬ 
centage of the hybrid than of their own females* The isolation index 1 is 
negative in both crosses (—0.16, —0.32). The greater activity of the 
hybrid females is apparently more than sufficient with males of D. per - 
sitnilis to compensate for their genetic inferiority in regard to factors one 
and two. The greater activity of the hybrid females is not quite sufficient 
in tests with the males of D. pseudoobscura to overcome the adverse in¬ 
fluence of factors one and two. The isolation index remains positive 
(+0.11, +0.42). Still, the discrimination of the pseudoobscura males 
against hybrid females is much slighter than against persimilis females. 
At best (with persimilis 9 X pseudoobscura d hybrids), only twice as 
many of their own females are inseminated as against ten times as many in 
the control experiment. 

The relative desirability of the hybrid females is a puzzling fact, con¬ 
sidering the wide overlap of the two species in nature. There would seem 
to be an apparent opportunity for a good deal of introgressive hybridization. 
The factors that keep this potential danger in check need further investi¬ 
gation. 

1 Mayr, E., and Dobzhansky, Th., these Proceedings, 31, 75-82 (1945), 

* Lancefield, D. E., ZeUs. ind. Abs . Vererbungsl 52, 287-317 (1929). 

1 Mayr f E., 1946 (unpublished). 


INHERITED DIFFERENCES IN SENSITIVITY TO RADIATION 

IN ESCHERICHIA COLI * 

By Evelyn M. WiTKmt 

Columbia University and Carnegie Institution, Cold Spring Harbor, N. Y. 

Communicated February 11,1946 

The study of spontaneous and radiation-induced mutations is at present 
our best approach to the investigation of genetic mechanisms in bacteria. 
Mutations involving resistance to destructive agents (bacteriophage, 1 
penicillin 1 ) are especially suitable for genetic analysis, since resistant 
mutants can easily be detected in bacterial cultures. This preliminary 
report concerns a mutation in Escherichia coli leading to resistance to both 
ultraviolet radiation and x-rays, which was detected by exposing samples 
from normal cultures to high doses of radiation. 

Most investigators of the effects of ultraviolet radiation on bacteria have 
considered the population within a strain to be fundamentally uniform in 
sensitivity. Most of the differences found seem to depend upon transient 
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physiological factors (age of cells, conditions of culture). Rentschler, 
Nagy and Mouromoff, 8 however, reported genetic differences in sensitivity 
to ultraviolet in E. coli, and Hollaender 4 noted that, in a population of 
E. coli , one bacterium in a million could survive irradiation with very high 
doses. 

Material and Methods .—Strain B of Escherichia coli was used throughout 
these experiments. A stock slant was established from a single-colony 
isolation at the start, and was subcultured every two months. Cultures 
inoculated with samples from the same slant were used for all comparable 
experiments. 

Difco nutrient broth and nutrient agar were the media used. 

TABLE 1 

Sensitivity to Ultraviolet of Bacteria Surviving Irradiation with a High Dose 

of Ultraviolet 

Origin of control cultures: single colonies from a non-irradiated plate seeded with 
bacteria from strain B. Origin of experimental cultures: single-colony survivors from 
plates seeded with bacteria from strain B, and irradiated with a dose of 1000 ergs/mm. 8 . 

—treatmhnt: 90 brqs/mm, 3 —<- -treatment: 560 estes/ mm.*-* 



CBI.LS PBB 

SURVIVORS 

CULLS PUB 

SURVIVORS 

CULTURE 

SAMPLE 

NUMBER 

PBR CBKT 

SAKPLB 

NUMBER 

PBR C8NT 

Control—1 

520 

18 

3.5 

1040 

4 

0.4 

Control—2 

481 

26 

5.4 

962 

5 

0.5 

Control—-3 

466 

13 

2.9 

912 

8 

0.9 

Control—4 

509 

30 

6.9 

1018 

2 

0.2 

Experimental—1 

455 

422 

92.9 

890 

336 

37.7 

Experimental—2 

520 

507 

97.5 

1040 

416 

40.0 

Experimental—3 

490 

, 482 

98.3 

980 

424 

43.2 

Experimental—4 

512 

473 

02.3 

1024 

391 

38.1 


The source of ultraviolet radiation was a General Electric low-pressure 
mercury-vapor lamp, emitting unfiltered radiation primarily of wave¬ 
length 2537 A. Doses are expressed in ergs per mm. 2 , but these values are 
approximate, since an indirect biological method of calibration was used. 

Bacteria to be irradiated with ultraviolet were taken from 24-hour 
broth cultures and diluted quantitatively in broth. Measured samples 
were spread evenly on the surface of nutrient-agar Petri dishes with a 
sterile glass rod. The plates were then exposed to the radiation, and 
colony counts were made after 24 hours of incubation. Survival was 
measured by comparison with non-irradiated control plates. 

Irradiation with x-rays was conducted at Memorial Hospital in New 
York City, through the courtesy of Mr. L. D. Marinelli, and with the 
assistance of Miss E. Focht. The source emitted unfiltered rays of 180 
kv., with an intensity of 2050 roentgens per minute. 

Bacteria to be irradiated with x-rays were taken from undiluted 24-hour 
aerated broth cultures, and were exposed in small, thin-walled glass tubes. 
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Measured dilutions were made after irradiation, and were plated out. 
Colony counts were made after incubation, and compared with non-irra¬ 
diated controls. 

Assays to determine the titre of liquid cultures were made by plating 
measured dilutions and making colony counts. 

Experimental Results.—Derivation of the Resistant Strain: A sample of 
about 5 X 10 4 bacteria from a culture of B was irradiated with a dose of 
1000 ergs per nun. 2 . After 24 hours of incubation, 4 colonies had developed, 
indicating that only 4 bacteria had survived the irradiation. These 
colonies were inoculated separately into broth, and samples from the 
resulting cultures were irradiated to determine their sensitivity to 2 test 
doses of ultraviolet. Four control cultures, started from single colonies 
on a non-irradiated plate, were irradiated with the same doses, and the 
survival of the 2 sets of cultures was compared. Table 1 gives the results, 
which indicate that all 4 survivors were characterized by markedly greater 
resistance to ultraviolet than the normal strain. 



Figure 1 Figure 2 


Figure 1. Ultraviolet Survival Curves of Strains B and B/r. 

Figure 2. X-Ray Survival Curves of Strains B and B/r, 

One of these 4 resistant cultures (No. 1) was established on an agar slant 
to serve as a stock-resistant strain for further study. This strain will be 
referred to as strain B/r (B resistant to radiation). 

Properties of the Resistant Strain: (1) Stability of Strain B/r, —The 
resistant strain B/r has been carried through over 50 subcultures in broth, 
and for a period of 18 months on agar, with no change in ultraviolet sensi¬ 
tivity or in other observed properties. Ultraviolet resistance, therefore, 
may be considered a stable, heritable character. 

(2) Sensitivity of Strain B/r to Ultraviolet .—The curves of survival of 
strains B and B/r as a function of ultraviolet dose are given in figure 1. 
Single-colony survivors were isolated from various points along the curve 
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of strain B, and were tested for sensitivity to ultraviolet. Only the two 
levels of sensitivity represented by strains B and B/r were observed. No 
intermediate resistance, and no resistance greater than that of B/r were 
detected. 

(3) Sensitivity of Strain B/r to X-rays .—Figure 2 gives survival curves 
of strains B and B/r with x-rays. It is evident that strain B/r is rela¬ 
tively resistant to x-rays, as well as to ultraviolet radiation. 

The survival curves of the normal strain with both ultraviolet and 
x-rays show a change in slope at about 1% survival. The change in killing 
rate at this point can be partially, but not entirely, explained by the pres¬ 
ence of resistant bacteria in the normal sample. 

(4) Growth Rate of Strain B/r .—Growth curves of strains B and B/r 
in broth at 37°C. were compared. The lag phase of B/r was found to be 
about 25% shorter than that of the normal strain. The generation time 
was the same for the two strains (19 minutes). 

A Technique for the Quantitative Detection of Radiation-Resistant Bacteria 
in Samples from Normal Cultures: Before the genetic basis of resistance 
to radiation could be determined, it was necessary to overcome a methodo¬ 
logical obstacle. The difficulty was based on the fact that resistance to 
radiation is relative, rather than absolute. 

If spontaneous mutation is wholly or partially responsible for the change 
in sensitivity, a normal culture must contain, prior to irradiation, a certain 
proportion of resistant cells. A glance at the survival curves (Figs. 1 and 
2) will show that a dose high enough to eliminate all or most of the sensitive 
bacteria will also eliminate most of the resistant cells. Treatment with 
a high dose of ultraviolet, therefore, will permit the recovery of only a 
small fraction of the resistant bacteria originally present in the sample. 

Since an accurate determination of the number of resistants present in 
various samples is necessary for any quantitative study of the origin of the 
resistant bacteria, a method was developed whereby all the resistant 
bacteria in a normal sample could be detected. 

The first due to this technique was obtained by observing ultraviolet- 
irradiated bacteria of strains B and B/r under the microscope. It is well 
known that irradiated bacteria, withiira certain range of doses, grow in 
length for several hours before dividing, forming snake-like filaments 
sometimes hundreds of times their normal length. 

Samples of B and B/r were irradiated with a dose of 60 ergs per mm.*, 
which permits 100% survival of resistant bacteria and reduces the number 
of sensitive bacteria to about 10%. The irradiated plates were incubated, 
and the bacteria were examined at intervals under the microscope. 

After 3 hours, the irradiated cells of; strain B were extremely elongated 
and still undivided. Division of the resistant cells, however, was not 
inhibited by this dose, and after 3 hours each originally present resistant 
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bacterium had given rise to a microcolony of about 100 cells of normal 
length. 

The plates were given a second irradiation of 700 ergs per mm. 2 , 3 hours 
after the first. On the one hand, this treatment should reduce each re- 
sistant microcolouy to about 10 cells. If at least one cell in each resistant 
microcolony survives this second treatment, a visible colony for every 
originally present resistant bacterium will form. On the other hand, the 
second irradiation should eliminate all the sensitive survivors of the first 
treatment, if the number of bacteria in the original sample is not more than 
2 X 10 4 , and if the elongated cells resulting from the first irradiation 
behave like single bacteria rather than like chains of bacteria in their 
sensitivity to ultraviolet. Lea, Haines and Coulson 6 found that this was 
true of long forms produced by gamma rays. 


TABLE 2 

Reliability of Double-Irradiation Technique for Selective Recovery of 
Radiation-Resistant Bacteria in Mixture with Sensitive Bacteria 


Double -irradiation technique: first dose of 60 ergs/mm.* followed by 3 hours of 
incubation and second dose of 700 ergs/mm.*. 


CULT UK* SAMPLE 


INITIAL NUMBER OK CELLS 
PEE SAMPLE 
B Bfr 


COLONY COUNT AFTER 
TREATMENT AND INCUBATION 
SENSITIVE RESISTANT 


Normal (B) 1 

2 

3. 

4 

Resistant 1 

(B/r) 2 

3 

4 

Mixture l 

(B + B/r) 2 

3 

4 


Av. 11,200 

\ 


Av. Ill * 9.0 


Av. 9,400 Av. 106 * 8.6 


0 

0 

0 

0 


1 

0 

0 

1 


• * * 


0 

0 

0 

0 


t • « 


0 

0 

0 

0 


s * * 


114 

01 

120 

130 

Av. 113.7 - 18.5 
04 
112 
106 
06 

Av. 102.0 * 8.6 


Table 2f gives results of an experiment to determine the validity of this 
technique. Samples of B, B/r and of a mixture of the two strains were 
given this double-irradiation treatment, and the results, which were re¬ 
peatedly confirmed, indicate that it is effective in permitting selective 
survival of resistant bacteria. 

The technique can be modified to determine the, number of resistant 
bacteria is samoles as larire as 10V bv extending the time of incubation 
between irradiations up to 5 hours, and increasing the second dose up to 
1900 ergs per nun.*. When large samples are used, however* sensitive 
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bacteria occasionally survive, probably because of screening due to the 
dense network of elongated cells which develops after the first irradiation. 
When samples of about 10® or more bacteria are used, it is necessary, 
therefore, to determine the sensitivity of each surviving colony. This 
can be done rapidly by suspending bacteria from the colony to be tested 
in a drop of broth, spreading the suspension on agar and irradiating with 
a dose of 50 ergs per mm. 2 . After 3 hours of incubation, the bacteria are 
examined under the microscope. If the colony consisted of sensitive 
bacteria, the microscope will reveal thread-like elongated cells. If the 
colony consisted of resistant bacteria, inicrocolonies of about 100 cells of 
normal length will be observed. 

Origin of the Change from Sensitivity to Resistance: It is important to 
establish the mode of origin of hereditary variations in bacteria. In the 
case of radiation-resistance the problem is of particular interest, since 
ultraviolet radiation and x-rays are known to be effective in inducing 
mutations. 

The possible modes of origin may be considered as follows: (1) The 
change to increased resistance is induced by the radiation in a certain 
number of cells in an initially homogeneous population; or (2) the change 
is a spontaneously occurring mutation, and prior to the treatment the 
culture contains a certain number of resistant mutants. In this case 
(a) the radiation acts merely as a selective agent, or (b) the radiation acts 
as a selective agent, but also acts as an inducing agent, increasing the rate 
of mutation to resistance. 

The method used to test these hypotheses was that developed by Luria 
and Delbriick 1 and applied by them and by Demerec 2 to the study of bac¬ 
terial mutations. The method involves the following considerations: 

If the change is entirely induced by the radiation, the number of re¬ 
sistant bacteria obtained from a sample will depend upon the probability 
that an induced change will occur in any bacterium. This probability 
should be the same for all bacteria under similar physiological conditions. 
Therefore, the number of resistants in samples from a series of similar, 
independent cultures should show fluctuations no greater than those shown 
by the number of resistants in a series of samples from a single culture. 
These fluctuations should be due only to sampling error, and in both cases 
the distribution of the number of resistants should constitute a Poisson 
series, with the variance approximately equal to the mean. 

If the change is a spontaneous mutation, the number of resistants ob¬ 
tained from a given sample depends upon:* (1) the probability that any 
bacterium will mutate during its lifetime/and (2) the time of occurrence 
of mutations during the growth of the culture, since all bacteria descended 
from mutated cells will be resistant. In this case, the number of resistants 
in samples from a series of similar, independent cultures should show large 
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fluctuations (see Luria and Delbriick 1 ), and the variance should be sig¬ 
nificantly higher than the mean. 

Table 3 gives results of experiments to determine the number of re¬ 
sistant bacteria in samples from a series of similar, independent cultures 
and in samples from a single culture. Every culture was started with an 
inoculum of about 20 cells from the normal strain, in a volume of 1 ml. of 
broth. The final titre of the cultures in any series differed by not more 
than 12%. 


TABLE 3 

Number of Resistant Bacteria in Samples from Independent Cultures, and in 

Samples from Single Cultures 

Number of resistant bacteria determined by double-irradiation technique: first dose 
of 50 erffs/mm,* followed by 5 hours of incubation, and second dose of 1500 ergs/mm.*. 

SAMPLES PROM IN DR PENDENT CULTURES SAMPLES PROM SINGLE CULTURES 


RXPT. NO. 

AV. NO. CELLS PER 

i 

2 

3 


1 


8 

SAMPLE 

CULTURE 

NO. 

1 X 10 # 

I.I X 10 1 

9.5 X 10* 

SAMPLE 

NO. 

9.7 X 10* 

1 X 10« 

1.2 X 10* 

1 

0 

4 

5 

1 

8 

0 

13 

2 

12 

8 

13 

2 

10 

1 

9 

3 

8 

15 

61 

3 

5 

3 

11 

4 

8 

12 

10 

4 

9 

1 

14 

5 

19 

0 

1 

5 

7 

0 

9 

6 

98 

14 

12 

6 

9 

0 

'8 

7 

7 

* 

1 

2 

7 

15 

2 

12 

8 

5 

76 

8 

8 

8 

1 

13 

9 

14 

a 

0 

9 

6 

4 

7 

10 

24 

42 

13 

10 

16 

1 

15 

a 

1 A 

A 

9 

a 

t . 

• A 

8 

12 

* * 


7 

12 

• A 

4 4 

8 

13 

*■ • 


18 

13 

4 A 

* 4 

14 

14 



0 

14 


• A 

9 

15 



11 

15 


1 A 

13 

16 



8 

16 


A p 

6 

17 


• * 

116 

17 


A 4 

11 

18 


1 * 

12 

18 

• ■ 

• 4 

7 

19 


* * 

10 

19 

4 * 

t 4 

10 

20 


* 1 

6 

20 

A A 

* t 

18 

Average 

19.5 

18.3 

16.1 

■ i 

9.3 

1.3 

10.8 

Variance 

764.7 

574.7 

1509.8 

, , 

12.9 

1.8 

6.9 

X* 

373.3 

279.6 

844.0 

. . 

12.5 

11.6 

12.2 

P 

• * 

1 * 

4 * 

w 4 

0.1-0.2 

0.2-0.3 

0.8-0.9 


In all three experiments, the number of resistants in samples from a single 
culture shows fluctuations satisfactorily accounted for by sampling errors. 
This indicates that the method of plating and irradiating does not introduce 
fluctuations beyond those expected on the basis of sampling. 

The number of resistants in samples from a series of independent cultures, 
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in all three experiments, shows fluctuations much greater than can be 
accounted for by sampling errors. The variance is significantly higher than 
the mean in every case, and the fluctuations are of the type to be expected 
according to the hypothesis of spontaneous mutation. 

The possibility remains that, while radiation-resistance occurs as a 
spontaneous mutation, the treatment used to detect these mutants induces 
the change in an additional number of sensitive bacteria. Indeed, such 
an effect should be expected on the basis of the known power of ultraviolet 
to induce mutations. Under the conditions of the experiment, however, 
it is not likely that induced mutations could be detected. The double¬ 
irradiation technique permits the survival only of bacteria that are re¬ 
sistant at the time of the treatment—no sensitive cell has a chance to 
survive. Therefore, sensitive bacteria in which resistance is induced 
during the treatment will survive only if they become phcnotypically 
resistant immediately . The following evidence suggests that induced 
mutations, if they occur, are not detected by the double-irradiation tech¬ 
nique. The doses used in this treatment, depending upon the initial 
number of bacteria in the sample, vary from 700 to 1800 ergs per mm.* 
If the number of mutants in several samples from the same culture is 
determined, using doses throughout this range, the proportion of mutants 
in the various samples is found to be the same. If these mutants arise 
by induction, their number should be proportional to the dose. 

The Mutation Rate: It is possible to estimate the rate of bacterial muta¬ 
tions from experiments of the type described above by solving the following 
equation: r — aN t In (CaN t ) (for derivation see Luria and DelbrUck 1 ), 
where r is the experimental average of the number of mutants in a series 
of similar cultures, N t is the number of bacteria at the time of observation, 
C is the number of cultures and a is the mutation rate. 

Luria and Delbrlick have plotted a series of curves relating the observed 
values of r to aN t for various values of C, The estimated mutation rate 
for radiation-resistance, obtained from these curves, is about 10~* mutations 
per bacterium per generation. , 

Discussion ,—The evidence presented indicates that the heightened re¬ 
sistance to radiation exhibited by bacteria of strain B/r is the expression 
of a mutation which occurs spontaneously in cultures of strain B. No 
critical evidence. is available which predudes the possibility that the 
observed change in sensitivity may be produced by different mutations. 
However, unrelated resistant strains, each isolated from a different single- 
cell culture of strain B, exhibit similar sensitivity to ultraviolet and to 
x-rays, similar growth rates and growth requirements, similar colony 
characteristics and similar patterns of individual cell growth and division 
after irradiation. If different mutations give rise to «adiation^^ 
their effects must be identical in so far as these properties are concerned. 
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The fact that B/r is resistant to both ultraviolet and x-rays suggests 
that the mutation affects a process which is involved in the lethal action 
of both types of radiation, unless it is assumed that the mutation involves 
more than one fundamental change. 

The mechanism of the lethal action of radiations on bacteria is so poorly 
understood that it is difficult to speculate about the changes that might be 
responsible for the heightened resistance of the mutant B/r. The survival 
curves (Figs. 1 and 2), if interpreted on the basis of the hit theory of 
radiation effects, suggest a possible difference between sensitive and re¬ 
sistant bacteria. The ultraviolet and x-ray survival curves of strain B 
are both exponential “one-hit-to-kill” curves, The ultraviolet survival 
curve of strain B/r may be interpreted as a multiple-hit curve, and sug¬ 
gests that this strain differs from the normal strain in possessing multiple 
centers of lethal action. The exponential x-ray curve of B/r seems to con¬ 
tradict this idea, but could be explained by the assumption that a single 
x-ray “hit” may consist of several ionizations, and may produce more 
than one change, a possibility stressed recently by Lea and Catcheside. 6 

Another clue to the mechanism of resistance is obtained from the micro¬ 
scopic observation of ultraviolet-irradiated bacteria of strains B and B/r. 
The radiation exerts a strong inhibitory effect on cell division in sensitive 
bacteria, resulting in the production of long forms. The division 
mechanism of resistant bacteria is not appreciably inhibited by the same 
dose that delays' division in strain B for several hours, indicating that the 
resistance to radiation is a specific resistance of the division mechanism. 
The hardier division mechanism of strain B/r may be seen as the cause of 
the shorter lag phase of that strain, which may or may not be related to its 
radiation-resistance. 

Lea, Haines and Coulson 6 have considered the lethal action and the 
inhibition of division as independent effects of gamma rays. Bacteria of 
strain B/r differ from sensitive bacteria in degree of susceptibility to both 
the lethal action and the division-inhibiting action of ultraviolet. Again, 
unless two basic differences between the two strains are assumed, it seems 
likely that the power to inhibit division and the lethal effect, at least of 
ultraviolet, are directly related. 

Summary.—^(1) Strain B of Escherichia coli yields variants which are 
characterised by resistance to both ultraviolet radiation and x-rays, and 
which can be detected by the selective action of these radiations. 

(2) Resistance to ultraviolet radiation and x-rays is a stable, heritable 
character. 

(8) A techniqueis described whereby the number of resistant bacteria 
in samples from normal cultures can be determined accurately. 

(4) The change from sensitivity to resistance is a spontaneous muta- 
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tion occurring in normal cultures at a rate of about 1 X 10~ 6 mutations 
per bacterium per generation. 

(5) Doses of ultraviolet that inhibit cell division in sensitive bacteria 
for several hours, resulting in the production of elongated cells, do not 
appreciably inhibit division in resistant bacteria. 

(6) Curves of survival of sensitive and resistant bacteria as a function 
of ultraviolet and x-ray doses are compared. 

(7) Interpretations of certain features of the results are discussed. 

* The work described in this paper was done in part under a contract recommended 
by the Committee on Medical Research between the Office of Scientific Research and 
Development and the Carnegie Institution of Washington. 

f The author wishes to acknowledge indebtedness to Drs. M. Demerec, Th. Dob- 
zhansky and S. E. Luria for their invaluable advice and suggestions. 

1 Luria, S. E., and Delbriick, M. f Genetics , 28, 491-511 (1943). 

1 Demerec, M., these Proceedings, 31, 16-24 (1945^. 

* Rentschler, H. C., Nagy, R,, and Mouromoff, G., Jour . Bart., 41, 745-774 (1941). 

4 Hollaender, A., Pub. 17, A . A. A. S. f 156-165 (1942). 

* Lea, D. E., Haines, R. B., and Coulson, C. A., Proc. Roy . Soc B123, 1-21 (1937). 

8 Lea, D. E., and Catcheside, D. G.* Jour . Genetics, 47, 41-50 (1945). 


A NE W GENE TIIEOR Y AND AN EXP LA NA TION OF THE 
PHENOMENON OF DOMINANCE TO MEN DELI AN 
SEGREGA TION OF THE CYTOGENE 

Bv Carl C. Lindrgrrn 

Hrnrv Shaw School of Botany, Washington University 
Communicated January 17, 1946 

The chromosomes have often been called the “bearers” of the hereditary 
factors and the terms “gene” and “locus” have been considered synony¬ 
mous. This terminology was prophetic of the real nature of the hereditary 
mechanism. The experiments presented herewith show that the locus, 
which I propose to call the chromogene , is simply a place of attachment for 
the cytogene. This view corroborates the principle of the duality of the 
gene originally announced by Sonneborn, 8 with this significant difference: 
the cytogene 1 * ** 4 is an entity capable of self-duplication in the cytoplasm. 
Sonneborn's kappa substance only multiplies in the macronucleus; it does 
not multiply in the cytoplasm. The cytogene may be transmitted from 
parent to offspring either by being held at the dominant chromogene in 
the absence of its specific substrate, or by continued multiplication in the 
cytoplasm of cells containing the recessive chromogene if the specific 
substrate is present. A cell containing the dominant (fermenting) gene 
is capable of fermenting a specific carbohydrate, thus indicating that it is 
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capable of releasing the cytogene. The cytogene may be transferred 
through the cytoplasm to a cell which contains the recessive (normally 
non-fermenting) locus. These contaminated (by the cytogene) recessive 
cells are able to continue to ferment a specific carbohydrate for variable 
periods of time, in some cases as long as they are kept in contact with the 
substrate, but when the substrate is permanently removed they may lose 
their fermentative ability. In some recent experiments we mated a clone 
carrying the dominant (fermenting) allele to a clone carrying the recessive 
(non-fermenting) allele. Some of the recessive haploid clones obtained 
from the hybrid were contaminated by the cytogene. We may then speak 
of (1) dominant, (2) contaminated and (3) recessive alleles. When a con¬ 
taminated by recessive hybrid underwent reduction, regular segregation 
of fermenter to non-fermenter occurred in most asci. Therefore, a cyto¬ 
plasmic character exhibited Mendelian segregation. Further details and 
protocols will be reported elsewhere. 

This phenomenon indicates the true nature of the gene: it is a duality 
consisting of two self-duplicating entities: (1) the chromogene, a ehromo- 
sonial unit to which cytogenes are attached; and (2) the cytogene, an 
entity which multiplies in the cytoplasm independently of the chromogene. 
Recessive and dominant chromogenes differ in their affinities for the cyto¬ 
gene. The dominant (fermenting) chromogene has a greater affinity for 
the cytogene than its recessive allele, and when segregation of a dominant/ 
recessive hybrid occurs, the dominant chromogene collects practically all 
the cytogenes and transmits them to its progeny. 

In a contaminated recessive (carrying the cytogene) the recessive allele 
has some affinity for the cytogene and so carries a few of the enzyme mole¬ 
cules on its surface. In a contaminated/recessive hybrid, these cytogenes 
form the basis for the attraction of practically all the cytogenes (similar 
to centers of crystallization) which gives the contaminated locus an ad¬ 
vantage over the recessive in competition for the free cytogenes. In this 
competition the recessive allele fails to collect any cytogenes and when the 
contaminated/recessive hybrid undergoes reduction, the contaminated 
allele receives all the cytogenes. However, the affinity of the recessive 
allele is small and it occasionally fails to maintain contact with the cyto¬ 
gene. In this case the cell permanently loses its capacity to ferment the 
carbohydrate. The dominant chromogene has a much greater affinity and 
practically never loses all its cytogenes. According to the theory, the 
chromogene is self-duplicating at each chromosome division but it is not a 
"generator” of anything except itself, 

The fermentation of a carbohydrate is often effected by an adaptive 
enzyme and a certain specific time period intervenes between exposure of 
the cell to the carbohydrate and the production of a measurable amount 
of CO«. If one supposes that the specific carbohydrate like the ehromo- 
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gene has an affinity for the cytogene, this lag period is the time required 
for transfer of the cytogene from the chromogene to the cytoplasm and the 
development of a measurable amount of CO*, According to this view, the 
chromogenes are occupied by cytogenes at those times when substrate is 
absent from the cell. When the substrate appears, the diffusion gradient 
toward it robs the chromogene of most of its cytogenes. When the sub¬ 
strate has been transformed, the cytogenes return to the locus. If the 
substrate is one rarely encountered, the stored cytogenes may be called 
forth only rarely. The cytogenes diffuse from the chromogene into the 
cytoplasm where they transform a specific substrate and duplicate them¬ 
selves at the same time. After all the substrate has been transformed, a 
few molecules return to the chromogene and the excess of cytogenes is con¬ 
verted into other similar enzymes. Plasmagenes or viruses are modified 
cytogenes which can be transmitted without recourse to a chromosome 
locus. 

Simple “loss'" mutations may be the result of either (1) transforming 
the chromogene into a site which no longer has any affinity for the cytogene, 
or (2) complete destruction or loss of the cytogene. Some hypomorphic 
mutations may be changes in the locus which reduce the affinity of the 
chromogene for the cytogene. Other mutations may be alterations in the 
structure of the cytogene or simultaneous alteration in chromogene and 
cytogene. 

1 Lindegren, C. C., Ann. Mo. Bot . Gard. t 32, 107-123 (1945). 

1 Lindegreti, C. C., Spiegelman, S. f and Lindegren, G., these Proceedings, 30, 346- 
352 (1944). 

* Sonnebom, T. M., Ann. Mo. Bot. Gard. % 32, 213-221 (1945). 

* Spiegelman, S., Lindegren, C. C., and Lindegren, G., these Proceedings, 31,95-102 
(1945). 


AN EXTENSION OF SCHUSTERS INTEGRAL 

By H. Bateman 

m 

California Institute of Technology 
Communicated January 18,1946 

1. Schuster’s integral, which occurs in the theory of total reflection 
of light, 1 is 

+ S*)dx - 0r/8) v *, C - f* COB m. S - X m 

where the notation is that used by Nielsen* and Hardy.* An extension is 
obtained by modifying the analysis of Inghanr. 4 If 

C(x) - X" cos (f)4t, S(x) - £? sin (<*)# (* > 1) 
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the extension of Ingham’s lemma is 

C(x) - (//») (dt/t)(d/dt)(sm t H ) 

** — ( l/nx ) sin (x n ) + (1 /n) ^"sin (t n )dtft % *» 0(l/x) 

when x is large and positive. It is easily seen also that S(x) = 0(1/x) 
and so if 

/ * f Q *C(x)C(ax)x H - 2 dx, J - M m S(x)S(ax)x n ~*dx (a > 0) 


integration by parts gives 

n(n - 1)1 * nf^x n ~ l dx [cos (x n )C(ax) 4- a cos (a n x n )C(x)] 

« afr sin (x n ) cos (a n x n )dx + a 1-tt sin (aV) cos (#*)<& 
- y J a , ~"5(0)(s m - <T). 5 ~ 1 + a", </ - |l - o"|, 

m « 1 - l/» 

«(» — 1)/ « tt^V^dafsin (x")*$(<mc) + a sin (a*x n )S(x)] 

(1 + a 1 “ n )5(0) — cos (x n ) sin (a n x n )dx—a l ~ n Jl m X 

cos (a n x n ) sin (x n )dx 


- V«o l- "*S(0){2(1 + a”" 1 ) -i m - <T], 5(0) - JL0 X 

sin (x/2»). 

In particular, when » » 2 

/ - (V 40 )[(l + o ! ) v ’ - jl - o*( ,/, ]5(0) 

/ * (V«a)[2(1 + a) - (1 + a*) l/ ' - |l - O»| ,/ *]S(0) 

/ + / = (V»o)5(0)(1 + a - |1 - a*!*] 

/ - / - (V»a)5(0) (1 + a - (1+ d*) l/ ‘]. 

In these equations C(0) — 5(0) = (ir/8) 1 ^’ and so when a * 1 the third 
equation gives Schuster’s relation. We also have 

JH*C(x)S(ax)dx - (V«o)C(0)(2 * |o* - l| l/ * - (o* + l) v, l 

where the upper or lower sign is taken according as a is greater or less than 
one. Similarly, 

S<, m S(x)C(ax)dx - ( l /«a)C(0)[2a ^ |o» - l^' - (a* + l) v *]. 

Returning to the more general case in which n does not have the special 
value 2 we note that if 

K - f a m C{x)S(ax)x M - i dx (n > 1) 

»(» - 1)X - Va*‘~"C(0)[2 * <T - VJ, C(0). - ir(^ cos(*/2»). 
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2. A number of other integrals may be derived from the values of J, 
/, K with the aid of the relations 

X-a-'CM*. ’ mT F ^ 

Thus from I we obtain the relation 


+ t) p - |1 - t\*]dt 


P _ 

zr(2 - p) 


sec (*/*/>*) 

(-1 < s < 1 - p). 


3. We next write for brevity 

f x m e~ tn dt = E(x) (» > 1). 

Then, if 

L - f^x'-'EWEiaxldx 
we find on integration by parts that 

nin - 1 )L = a‘“"[l + a" -1 - (1 + a*f~ l/ *}E{0). 

The transformation u = (* indicates that £(0) = r(l + 1 /») 

E(x) m (1/m) r(l/n, x n ) 

consequently, the equation may be written in the form 

u)r(m, xu)du/u m = r(m — 1)[(1 + l/x) m ~ l — 1 — *" -1 ] 

(0 < m < 1 ). 

In the particular case in which w = 2 

J^'°E(x)E(ax)dx * (1/a)(1 + a — (1 + a 1 ) ,/, ]£(0) 
atid £(0) = Vjt. 

i 

1 Schuster, Sir Arthur, Proc . iS’oc. London, 107A, 15-30 (1925). 

* Nielsen, N. # Theorie des IntegraUogarithmus und verwandter Transzendenten , Leipzig, 
1906. 

* Hardy, G. H., jProc. London Math. Soc. t 24 (2), Records for Feb. 12 (1925). In an 
earlier paper, 9 (2), 126-144 (1911), a discussion is given of the convergence of integrals 
of type exp («c*)dac/**. 

* Ingham, A. E., Jour . Lond. Math, Soc, t 1, 34-36 (1926). 
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GROWTH CORRELATES OF ELECTROMOTIVE FORCES IN 

MAIZE SEEDS 

By Oliver E. Nelson, Jr.,* and H. S. Burr 

Connecticut Agricultural Experiment Station and Yale University, and Yale 

University School op Medicine 

Communicated February 27, 1946 

Each living maize seed being a physicochemical system has an inherent 
electrical potential which is measurable after the seed has been soaked for 
several hours in water. This potential is presumably the sum of the 
e.m.f .'s of each individual cell, and as such the degree of magnitude of this 
force may be expected to show correlations with growth processes which 
are then being initiated. Burr (1943) has already shown a connection 
between the mean potential of an inbred line and its probable heterotic 
value in crosses. He further showed the large potential difference implicit 
in two inbred lines whose large size differences are conditioned by a single 
gene, the recessive allele in a homozygous condition, resulting in diminu¬ 
tion of plant and ear size. This seems to point rather clearly to a positive 
relationship between the electrical potential and the genetic constitution. 
Correlations between plant growth and the electrical potential are the 
easiest way to elucidate this relationship, and it was with this thought 
that this series of investigations was begun. 

The technique employed was as follows. The seeds were placed in tap 
water for 18-24 hours before measurement. A seed was picked at random 
after soaking and placed on a cone of plasticene located in the center of a 
revolving stage (Fig. 1), Silver-silver chloride electrodes in physiological 
salt solution, terminating in earners hair brushes, were mounted in a Zeiss 
manipulator and brought into contact with the micropylar and germinal 
ends of the seed. The electrodes were connected by flexible unshielded 
copper wire to the input binding posts of a d. c. microvoltmeter (Burr, 
1936). The magnitude of the potential difference was read from a standard 
galvanometer calibrated to read in millivolts. By means pf the revolving 
stage the seed was rotated 180° and a second determination made. This 
was repeated until consistent readings were obtained; usually this re- 
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quired 3 to 5 measurements. A large number of tests were made to de¬ 
termine the validity of the above procedure. 

Certain consistencies are encountered in the measurement of the e,m.f. 
in maize seeds. Measurements can be taken in any one of the three di¬ 
mensions with a measurement in the longitudinal axis giving the largest 
potential figure for any given seed. The measurements of e.in.f. from 
side to side and back to front are always smaller and generally proportional 
to that of the long axis with the measurement from side to side being 
usually larger than from back to front. 

When e.m.f. measurements are taken on the long axis, it is found that 
the raicropylar end is almost always negative to the germ end of the seed. 



FIGURE 1 

A photograph of the electrode placement on the maize seed. 


Further, if an electrode is placed at the micropylar end, and the other 
electrode is shifted about the surface of the seed, it is found that there is a 
regular pattern of equipotential lines over the surface (Fig. 2). 

Moreover, it is found that two e.m.f. measurements can be taken on 
any given seed after soaking, and that both of these measurements can be 
shown to be correlated with certain measurable attributes of later plant 
development. The first potential is the reading obtained when the elec¬ 
trodes first touch the seed. The galvanometer reading must be taken im¬ 
mediately for the needle falls off rapidly until within thirty to one hundred 
and twenty seconds it has attained a stable point at which point it will re¬ 
main constant for two to five minutes. This falling off in potential and 



Voju 32.1946 


PHYSIOLOGY; NELSON AND BURR 


75 


subsequent attainment of a fixed potential is presumably due to an ionic 
equilibrium between the seed and the conducting solution of NaCL This 
second potential is designated as the equilibrium potential, and is the read¬ 


ing on which Burr based his ideas of 
the correlation between electrical po¬ 
tential and genetic constitution. The 


first or unstable potential reading 
will be designated as the prime poten¬ 
tial. 

Prime Potential .—In the spring of 
1945, a five-by-five latin square test 
was set up in which the five entries 
were taken from a commercial sample 
of double-crossed field com hybrid, 
U. S. 13, on the seeds of which the 
prime potential was taken. The en¬ 
tries in the test were: (1) low prime 
potential, (2) medium prime potential, 
(3) untested seed, (4) high prime poten¬ 
tial and (5) untested seed. 


© 6MU+ 



© 


FIGURE 3 

Equipotential lines on the surface of 
the make seeds. 


The seed of this test was planted 
directly in the field with a single seed 
being planted at each place. Analysis 


of the results shows that there was a highly significant difference in ger¬ 
mination between entries (table 1). 


TABLE 1 

Analysis of Variance for % Germination (Prime Potential Test 1946) 


•OUKCB OF VARIATION 

DF 

MS 

F 

Rom 

4 

285.86 

4.80* 

Columns 

4 

67.06 

1.01 

Potential level 

4 

679.76 

8.76f 

Error 

12 

66.44 


Total 

24 




* Significant on 0.06 level 
t Significant on 0.01 level. 

Table 2 gives the percentage of germination far each entry. The high 
potential had a significantly higher percentage of germination than the low 
potential while the medium potential and the untested entries are much 
alike in percentage of germination and are also significantly higher than 
the low potential level. Table 2 also shows the yield figures in grams/100 
for the five entries. Here again the high potential level and the two un- 
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tested entries are significantly higher than the low potential level. 
But the table also shows the obvious connection between the percentage 
of germination (and hence the plant number) and the yield for an entry. 
When the yield is corrected for discrepancies in stand by covariance 
(Singleton and Nelson 1945), these differences are all obviated showing that 
only the differential germination affected yield and nothing inherent in the 
entries themselves. 


TABLE 2 

Germination Percentages and Yield in Grams/100 for Prime Potential Levels 


BNTRY 

% OttRMTNATION 

YIELD 

(Low potential) 

63 

211 

(Medium potential) 

79 

242 

(Untested) 

83 

2G9 

(High potential) 

92 

277 

(Untested) 

85 

271 

3. D. on 0.01 level, 

16 . 

55 


In addition to germination, the heights of the plants were measured at 
weekly intervals throughout the season, and silking and tasselling dates 
were taken. There was practically no difference in silking and tasselling 
dates between entries. At no time during the season were the heights of 
the various entries more than minutely different. 

This evidence seems to point to the conclusion that the prime potential 
is a measurement indicative of seed quality, irrespective of genetic con¬ 
stitution. The seeds from the high potential level will germinate signifi¬ 
cantly better than those from the low potential level but an advantage is 
not apparent even in seedling vigor once the plants have emerged from 
the ground, and no variations other than differential germination can be 
shown between the entries. 

Equilibrium Potential .—The stable measurement characteristic of a 
given seed after it has been in contact with the electrodes for thirty seconds 
up to two minutes is almost invariably smaller than the prime potential. 
Just how closely it approximates the prime potential varies from seed to 
seed and in a larger sense from variety to variety. 

In 1943 equilibrium potentials were measured on nine inbred and hybrid 
lines of com. The mean measurements and range for each line are given 
in table 3. 

The comparative potentials of the inbred and hybrid lines are in agree¬ 
ment with Burr’s findings that the potential of a hybrid between two in- 
breds is nearly always larger than the potential characteristic of the inbred 
with the smaller potential, and may be larger than the potential of either 
parent. Unfortunately, the inbred Ohio 40B which enters into two of the 
combinations was not tested or grown, and it is rather difficult to explain 
the excess of potential difference of 40B X 38-11 over 4QB X L317 since 
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L317 itself has a significantly higher potential than 38-11. However, if 
the potential measurement is correlated with hybrid vigor, this would be 
explained since 40B and L317 are both Lancaster inbreds and, in general, 
would not be expected to show as much hybrid vigor when crossed as a 
cross of 40B X 38-11 which are two unrelated inbreds. 

The readings of 18 for (Wf X Kr)F% and 15 for (Wf X Kr)F x agree with 
other comparisons of potentials of F x and F% seed from the same cross made 
here at the Connecticut Station. The F% seed has a slightly but not sig¬ 
nificantly higher potential. 

Within any line (inbred or hybrid) there is approximately normal dis¬ 
tribution of the potential readings about a mean. Seed of these nine en¬ 
tries was divided into high, low and medium potential within each entry. 
This division served as a basis for replication in a randomized block test 
since it was not believed that potential differences within entries would be 
significant. In the following results we have eliminated the medium divi¬ 
sion of each entry from consideration since retention of this division leads 
to a constant intergradatiou of potential reading for the entry where we de¬ 
sire two clearly defined groups. 


TABLE 3 

Mean Equilibrium Potential in Millivolts—1943 



X POTENTIAL 

KANOS 

Ind. 38-11, 1941 seed 

17 

9-26 

Iowa L317, 1941 seed 

27 

7-82 

38-11 X L317, 1942 seed 

21 

5-35 

L317 X 38-11, 1941 seed 

22 

3-45 

38-11 X L317, 1941 seed 

32 

15-50 

Ohio 40B X 38-11, 1942 seed 

39 

12-60 

Ohio 4013 X L317, 1942 seed 

28 

11-44 

(Wf X Kr)F t , 1941 seed 

18 

6—40 

(Wf X Kr)Fi, 1941 seed 

15 

2-35 


In the field test there was no significant difference between high and low 
divisions of any entry for percentage of germination. The germination 
percentage for all highs was 87.8 while for all lows it was 83.2, the difference 
being 4.0. Measurements were taken of the height of plants at weekly in¬ 
tervals throughout the season and figures 3-5 show the plant height in 
inches for both high and low divisions of each entry plotted against the 
time in days. There is also a summation in the tenth graph with plant 
heights averaged for all highs and all lows plotted against time in days. 
It is evident that in seven of the nine entries, there was a noticeable tend¬ 
ency for the highs to grow faster and attain a greater height by the end of 
the growing season with the segregation of high and low growth rates occur¬ 
ring early in the season and exactly corresponding with the high and low 
potential reading. In the other two entries there was a segregation of high 




Graphs of the height of com plants at weekly intervals from 4 measured 
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and low growth rates but not until late in the season. The noteworthy 
point in this instance is that both these entries, where there was no segrega¬ 
tion of growth rates until late in the season, have an inbred, Ohio 40B, in 
common. By the end of the season in every case, the plants which came 
from high potential seeds had grown the tallest (table 4). 


TABLE 4 


Height in Inches of High and Low Divisions of Each Entry- 

-1943 


HIGH 

LOW 

MIOM-LOW 

38-11 

97 

91 

6 

L317 

88 

77 

11 

38-11 X L317, 1942 seed 

120 

no 

4 

1317 X 38-11 

120 

m 

8 

38-11 X L317, 1941 seed 

119 

110 

3 

40B X 38-11 

119 

116 

4 

40B X L317 

113 

100 

7 

(Wf X Kr)F t 

100 

90 

4 

(Wf X Kr)F t 

4 

108 

t « 6.54 P < 0.001 

104 

4 


If the true population mean were zero, indicating no difference in height 
between the high and low groups, a mean difference as large as that ob¬ 
served would be expected to occur by chance alone less than once in 1000 
similar trials. Further, the probability that by chance alone all nine values 
in the high-low column will be of the same sign as they are in this instance 
are only two in 512. f 

Table 5 shows similar results for yield in pounds per plot for each entry. 

TABLE 5 

Yield in Pounds per Plot for High and Low Division op Each Bntrv— 1943 



RICH 

LOW 

HIGH-LOW 

38-11 

1.4 

0.6 

0.8 

L317 

0.7 

0.3 

0.4 

38-11 X L317, 1942 seed 

11.4 

0.1 

5.3 

L317 X 38-11 

11.4 

9.8 

1.6 

38-11 X L31.7, 1941 seed 

11.5 

8.3 

3.2 

40B X 38-11 

11.0 

9.4 , 

1.6 

40B X L317 

9.0 

10.3 

-1.3 

(Wf X Kr)Fi 

7.0 

3.1 

3.9 

(Wf X Kr)Fi 

8.4 
t ~ 2.429 

8.5 

-0.1 


For n * 8, only one value in twenty will exceed 2.306 by chance alone. 
It is, therefore, apparent that separating the seeds of any given strain into a 
high and low group by their equilibrium potential has in the main been ef¬ 
fective in placing the plants of superior growth characteristics in one cate¬ 
gory and the plants of inferior growth characteristics in the other category. 
Perhaps the e.m.f. measurement is a rough index of the physiological ef* 
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ficiency of a given genotype. In this connection it is rather unexpected 
that the divisions in inbred lines should as be divergent in growth as the 
L317 and 38-11 lines tested here. However, Jones (1945) has found un¬ 
expected variability in inbreds after many years of inbreeding and indica¬ 
tions of heterotic vigor in sublines when crossed together. These appeared 
as morphological mutants in segregating and homozygous progenies. Pre¬ 
sumably there are also subvisible mutants, the manifestations of which are 
limited to slowing the growth rate of the plant and lessening total growth. 

In 1944, three lines were subdivided on the basis of potential difference 
and grown in separate latin square field tests for each line. Number 1 
was a very uniform field com inbred C20, the second was the Ft of a cross 
of two field com inbreds (Wf X Hy), the third was the Ft of a cross of a 
field corn inbred C243 X 1052 (a genetic tester for chromosome 1 and carry¬ 
ing br/br, bm%fbm* /i//i). 

The seeds for each entry were weighed after the test for potential dif¬ 
ferences, and weight of seed was found not to be correlated with potential 
level. Germination was recorded and found to be equal for all potential 
levels. However, all growth and yield records from the summer of 1944 
must be discounted. There was a departure from normal precipitation of 
— 9.65 during the months of May, June, July and August making the season 
so diy that plants made very poor growth and produced only about one 
fifth their normal yield. Nevertheless, Test No. 3 with the F* of crosses 
involving br, f x and bin* contributed useful information. Since the stock 
was segregating for these three recessive characters (one of which, br, is 
definitely deleterious since it dwarfs the plants by shortening all the inter¬ 
nodes) it was suggested as a possibility that perhaps all the brachytic, or 
brachytic and brown mid-rib, might be concentrated in one potential level. 
This was not substantiated in field tests for the various genes and combina¬ 
tions of genes seemed to be distributed at random in the various levels 
(table 6). 

table « 

Percentage of Plants Showing Recessive Characters in Each Potential Level 


OBtfB 


HIGH 

LOW 

bm% 


30 

32 

br 


23 

16 

h 


8 

5 

bm% -b br 


10 

13 

bnt$ ■+* ft 


8 

5 

br -b ft 


8 

5 

bm + br + 


6 

5 


It was possible to obtain selfed seed on various potential levels in the No. 
2 test( (Wf9 X Hy)F%). Two lots of seed were selected at random from the 
selfed ears of the low potential plants and two from the seed of the high 
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potential plants. Potential levels had been measured in the F% seed in 
1944, and the Ft seed was considered to belong to the same potential levels 
without further testing. It was immediately apparent that there were 
considerable differences between the rows coming from the selfed seed of 
high potential plants and those coming from seed of low potential plants. 
The high potential plants were taller at every point during the growing 
season and in general were sturdier and leafier. Figure 5 gives a growth 
curve of height in inches plotted against time in days for the two high rows 
combined and the two low rows combined, and it seems certain that the 
progeny of high potential plants started faster and grew larger. Although 
results were combined in figure 5 it is well to mention that two high rows 
were very much alike in growth and superior to either low row. 

We now have the intriguing situation in which e.m.f. differences found 
in the Ft seeds are very markedly correlated with the growth characterise 
tics of the Ft plants. At the same time what has happened to the actual 
e.m.f. in the stocks between the F 2 and the F« which is the seed we now 
have on hand. The high division for the F t seed comprised those seeds 
with potentials of 17-30 millivolts while the low division had seeds with 
0-2 millivolts as tested in 1944. After the large growth differences were 
obtained in 1945, the available F* and F* seed was tested. One selfed ear 
(Ft) from a high potential row had a mean of 34.20 millivolts while F« seed 
from this same ear measured 35.0. The Ft seed from a low potential tested 
26.1 millivolts, and no Ft was available for measurement. This represents 
a considerable rise in Ft and Ft potentials over the Ft for which it is difficult 
to account. However, the Ft stock would be highly heterogeneous and 
capable of very considerable segregation of superior growth factors. 

In connection with the differences between prime and equilibrium poten¬ 
tial as reflected in percentage of germination, seed of the same sample of 
U. S. 13 as used in the prime potential tests (1945) was divided on the 
basis of its equilibrium potentials into high, medium and low groups. 
Two groups of untested seed were added to give five entries in a randomized 
block field test. There were 3 replications in this test which was intended 
solely to check germination. The percentage of germination for each en¬ 
try was: untested (1) 93%, high 93%, untested (2) 93%, low 61%, me¬ 
dium 93%. The higher over-all percentage of germination was due to 
this test being planted in the middle of the summer with much less severe 
conditions than prevailed for the other test. But it serves to bear out 
other observations that the percentage of germination and the equilibrium 
potential are not correlated. 

Summary .—For any maize there are two possible potential determina¬ 
tions. The first of these, the prime potential, is apparently highly corre¬ 
lated with seed viability, but with no other measured attribute of plant 
growth. The second of these potentials, the equilibrium potential, is not 




FIGURE 5 

Graph of one additional line! phis a summation curve for all lines. Also 
growth curves from plants from A plants where potential measurements were 
made on the ft seed 
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correlated with seed viability but rather with the inherent genetic constitu¬ 
tion of a plant since by use of the potentiometer and equilibrium potential 
determinations, one is enabled to segregate from a given population those 
seeds with superior growth characteristics. Further, these potential dif¬ 
ferences between seeds have been highly correlated with the growth of 
progeny which were one generation removed. For these reasons, the 
potentiometer may prove to be a useful tool for plant breeders. 

* Graduate Fellow of the Eastern States Farmers’ Exchange. 

f The aid of Dr. C. I. Bliss is gratefully acknowledged. 
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INTERSEXES DEPENDENT ON A MATERNAL EFFECT IN 
HYBRIDS BETWEEN DROSOPHILA REPLETA AND 

D. NEOREPLETA 

By A. H. Sturtevant 

William G. Kerckhoff Laboratories of the Biological Sciences, California 

Institute of Technology 

Communicated March 1,1046 

Drosophila repleta Wollaston and D. neorepleta Patterson and Wheeler are 
closely similar species, the former widely distributed and the latter known 
from Guatemala. It was found by Dr. E. Novitski that these species 
occasionally cross, and that the Ft females sometimes give a few offspring 
when mated to repleta males (see Wharton 1942 and Sturtevant 1946). 

I have found a sex-linked recessive white-eyed mutant type in D. repleta 
(actually not quite white, but retaining only a slight tinge of color). At 
least 5000 neorepleta females have been crossed to white repleta males (in a 
few cases the repleta males carried singed, another sex-linked recessive, 
rather than white). These matings included at least 500 mass cultures, of 
which 74 produced hybrid offspring—a total of 532 females and 635 males, 
all wild type for the sex-linked mutant characters used. The males had 
very narrow testes, aqd were wholly sterile. The females were variable; 
most of them had bristles somewhat reduced in size (“minute”)* and many 
of them had three anal plates instead of the usual two—this last character 
suggesting intersexuality. 

About 400 of these F\ females were mated to white repleta males, and 
offspring were obtained from 34 of them—the total output being 70 wild- 
type females, 9 white females, 42 wild-type males and 58 white males. 
The expectation is for these classes to be equal; there is evidently a great 
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deficiency of white females. Of the 9 recorded in this class, notes made on 
two make it possible to be certain (in the light of later results, to be de¬ 
scribed below) that they were intersexes, and it is possible that some of the 
other 7 were also of this nature, as were probably a few of the white males. 

The wild-type males from this first backcross resembled the Fi males in 
having long narrow testes and in being sterile. The wild-type females, 
however, included some moderately fertile individuals, which were again 
crossed to white repleta males. Such successive backcrosses of wild-type 
females to white repleta males have now been continued through many 
generations, and have resulted in strains presumably pure repleta in com¬ 
position except for a section of the X-chromosome near the locus of white. 
In some of these strains the double recessive, white singed, has been used 
instead of white; and in these strains all the wild-type males are sterile 
and have narrow testes, while all the white-singed males have normal 
testes and are as often fertile as are white-singed males with no neorepleta 
chromosomes in their immediate ancestry. Tests of the few crossovers be¬ 
tween white and singed indicate that the locus of the narrow-testis gene (or 
genes) lies between white and singed, and very near white. 

The wild-type females from the backcrosses, when mated to white 
repleta males, appeared to fall into two classes; some of them gave the 
four types of offspring in approximately equal numbers, whereas others 
continued to give a marked deficiency of white daughters. The daughters 
of the first type of female always repeated the first type of result; but the 
females of the second type commonly yielded few offspring, and their very 
existence as a distinct type was at first uncertain because of the confusing 
effects of sampling errors in the small families obtained from them. Finally, 
however, after four successive backcrosses, a single female of this type was 
obtained which was more fertile, and her descendants have retained this 
fertility. Presumably the neorepleta gene responsible for the unusual 
ratios was at first linked to another gene that decreases fertility in females 
, largely repleta in constitution, and in this case the infertility gene was 
lost by crossing over. The later studies have all been carried out with 
descendants of this more fertile female. There are, however, enough frag¬ 
mentary data to make it dear that the behavior is essentially the same in 
lines derived from other F* hybrids—i.e., the results are really due to genes 
derived from neorepleta, rather than to a mutation that occurred in this 
line. 

F!rom females of this more fertile line, backcrossed to white repleta males, 
a total of 33 wild-type daughters (of females giving a deficiency of white 
daughters) have been tested by white males. Of these, 16 gave approxi- 
matdy 1+ 9:lw 9:1 + the remaining 17 all gave a defi¬ 

ciency of white females. The total counts from these 17 were; 472 + 9, 
5 w 9» 63 w intersexes, 482 + <j\ 339 w cf. The 6 white females pre- 
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sumably represent crossing over between the loci of white and of the critical 
gene in the X derived from neorepleta. Their nature can be more accu¬ 
rately determined when other sex-linked genes are introduced in the crosses; 
it is, however, already clear that the gene concerned is not the same as 
that responsible for the narrow testes of the hybrid males. 

The intersexes are of an extreme type, with gonads very small (rudi¬ 
mentary ovaries in those cases where they were found at all); external 
genitalia missing or of abnormal male type; wings usually not expanded, 
and, when they are, usually with thickened veins; one or more (sometimes 
all four) scutellar bristles often absent. They are weak individuals—and 
evidently usually die before emergence. It is to be supposed that such pre- 
imaginal mortality is responsible for the difference in number of wild-type 
females (472) and white intersexes (63). While no systematic study has 
been made, white-eyed dies have been found dead in their puparia in such 
cultures. 

These results suggest that there is an autosomal dominant gene, derived 
from neorepleta, that so conditions the eggs (before meiosis) that two 
repleta -chromosomes result in the development of intersexes rather than 
females. Evidently the action comes before meiosis, and the autosomal 
gene in question may be absent in the intersexes themselves. This inter¬ 
pretation has been confirmed by tests of the white brothers of intersexes. 
Such males, when crossed to pure repleta females, gave normal offspring of 
both sexes; but some of their daughters (presumably half of the daughters 
from half of these males, though the data are not extensive enough to 
establish this), when mated to repleta males, gave only intersexes and 
males. 

It will be seen that this last experiment shows that the intersexes are not 
dependent on the presence of neorepleta cytoplasm, since their mothers 
were offspring of pure repleta females. The experiment also shows that 
the autosomal gene from neorepleta has no phenotypic effect on females 
that have received it from their father. The result likewise agrees with the 
earlier ones in indicating that an individual with two repleta X'& is inter- 
sexual whether or not it carries this gene, provided the gene was present in 
its mother. 

Conclusions.—D. neorepleta carries an autosomal gene which, when 
present in single dose in a hybrid fehtale, makes her eggs male in potenti¬ 
ality. This predisposition to maleness is only partially overcome by two 
repleta X*s, and male-like intersexes result* One repleta X, and one neo¬ 
repleta X are sufficient to produce normal females* This autosomal gene 
is present in two doses in pure neorepleta eggs* Two neorepleta Xg are 
sufficient to cause such eggs to develop into normal females; but in the 
Ft hybrids, having one neorepleta X and one from repleta, some of these 
eggs develop into females with male-like anal plates. 
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Presumably the essential sex-determining mechanism is the same in the 
two species, but both the male-determining action of the autosomal gene 
and the female-determining action of the X are stronger in neorepleta. 

Sturtevant, A. H., "On the Dot-Chromosomes of Drosophila repleta and D. hydei,” 
Genetics, $1 (1946) (in press). 

Wharton, L. T., "Analysis of the Repleta Group of Drosophila," Univ. Texas Publi- 
cation 4228, pp. 23-62 (1942). 


THE MECHANISM OF POSITION EFFECT—EXPERIMENTS 
ON THE PHENOTYPIC EXPRESSION OF POSITION EFFECTS 
IN RELATION TO CHANGES IN PAIRING OF NEIGHBORING 

CHROMOSOME REGIONS 

By Eilben Sutton Gbrsh and Boris Ephrussi 

The Johns Hopkins University and University op Paris 
Communicated February 21, 1946 

In a previous paper 1 we discussed two alternative types of interpretation 
of the phenomenon of position effect, and expressed a predilection for one 
of these alternatives, partly on the grounds that it seemed to lend itself 
more readijg, than the other to experimental tests. The hypothesis as to 
the mechanism of position effect that we thereupon elaborated was closely 
related to some early suggestions of Muller.** * Briefly stated, it postulated 
the following chain of events. In an organism such as Drosophila, where 
somatic pairing occurs, chromosomal aberrations change the pairing rela¬ 
tionships of the chromosome regions adjacent to the breaks, or facing the 
breaks. The forces which bring about pairing may thus achieve a new dis¬ 
tribution on either side of a gene located near to or facing a break. 
Such a change in pairing forces might subject this gene to a changed con¬ 
dition of stress. Now, if we visualize the gene as a complex folded protein 
molecule, or part of such a molecule, the specific activity of which is de¬ 
termined by the spatial configuration of specific groups on its surface, then 
a change of stress might be expected to lead to a change in the degree of 
extension of the folded protein, hence to a change in the spatial relationship 
of the active group, and so finally to a change in the specific activity of the 
gene, which change may be manifested phenotypicaEy as a position effect. 

We concluded that if this hypothesis were valid it should be possible, 
given an already existing position effect, to modify its phenotypic expres¬ 
sion fay further changing the pairing relationships of the chromosome re¬ 
gions in the immediate neighborhood of the affected gene. Moreover, it 
seemed dear that it would not be necessary for this purpose to alter the 
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already aberrant chromosome in which the affected gene itself was lo¬ 
cated, but that the change in pairing, and therefore the phenotypic change, 
should be obtained equally well by introducing an aberration in the homolo¬ 
gous chromosome, opposite and close to the affected gene. 

The experiments presented here were designed to serve this purpose. 

Experiments and Results .—For the position effects, the white (w) locus 
was chosen, and three white-mottled stocks (w mi , w m and w m ' i8 ) were 
used. 4 The first of these (w mi ) involves an inversion in the X-chromosome, 
with one break to the left of w+ and the other in the heterochromatic region 
of the chromosome, while each of the other two stocks carries a transloca¬ 
tion between the X-chromosome and chromosome 4, the break in X being 
to the right of w+. In all three stocks the males and homozygous females 
are viable, and the white-mottled eyes are characteristic of these flies as 
well as of females heterozygous for the rearrangement and for a normal X 
carrying the mutant allele w . 

In order to combine the position effects with an aberration adjacent to 
the w locus in the opposite chromosome, deficiencies were used, and a com¬ 
parison was made of heterozygous females {w m /y Hw w) and females (w m / 
Dfw) in which an X-chromosome with a deficiency next to the w locus was 
substituted for the y IIw w chromosome, the dominant Hw being used as 
a marker to distinguish the two types (see figure 1; here, arid through¬ 
out this paper, the following symbols are used: w « white, w m » white- 
mottled, y ** yellow, Hw ** hairy wing, Df * deficiency). m 

Three deficiency stocks were used, w 248 * 46 , w* 5 *' 4 * and w**^ 4 , in which 
there are deficiencies of one band, 5 bands and 13 bands, respectively, im¬ 
mediately to the left of, but not including, the w locus (assumed to be as¬ 
sociated with band 3 C 2.3) 4 which was represented by the recessive w. 

Crosses of the general type Df w/y Hw w 9 X w m & were made, so that 
the w m /Df w and w m /y Hw w Fi females to be compared developed in 
the same bottle under the same conditions. Flies were raised at 25°C. 
except in a few of the initial experiments, which were run at variable room 
temperatures, probably averaging 26° or 27°C. 

The w m /Df w flies and the w m /y Hw w controls were classified individu¬ 
ally as to eye-color in four arbitrary groups—light, light intermediate, dark 
intermediate and dark. As there was no objective control (such as a color 
chart) for this system of classification, the standards adopted for the four 
groups may have varied somewhat from time to time. Nevertheless, the 
method was satisfactory for comparing flies at any one time, and the con¬ 
clusions drawn from comparison of w m /DJ w flies and w m /y Hw w controls 
from the same bottle are valid. 

In eight out of the nine possible combinations between the three white- 
mottled and the three deficiency stocks, a significant difference 1 was ob¬ 
served in the distribution of the w n /Df w and w m /y Hw w flies in the four 
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FIGURE 1 

Diagram allowing ^-chromosomes (first and third lines) and their pair¬ 
ing (second and fourth lines). A represents combinations with the w- 
mottled stocks u and to" 1 *; B t combinations with the w** stock. 
Al and Bl # controls; A2 and J52, substitution of an ^-chromosome with 
a deficiency (single line) for a normal X . Maximum pairing is assumed 
for euchromatic regions (double line), but the non-homologous pairing of 
heterochromatic regions (solid black) is not indicated. 
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TABLE 1 

Eye-Colors of vP'/Df w Fkmalbs as Compared with the Corresponding w"/y Hw w Controls 
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eye-color classes. In some 
combinations the flies with 
deficiencies were generally 
lighter in eye-color than 
the controls, in other 
combinations they were 
darker. These differences 
are summarized in table 1. 

It is obvious from this 
table that in general our 
expectation was fulfilled: 
on substitution of a chro¬ 
mosome with a deficiency 
near to w for a chromo¬ 
some which was struc¬ 
turally normal in the w 
region, a modification of 
the phenotypic expression 
of the position effect was 
obtained. 

There remains the ques¬ 
tion whether the pheno¬ 
typic changes are indeed 
related to changes in pair¬ 
ing in the w region, or 
whether they should be 
attributed to some other 
cause, for any of the fol¬ 
lowing explanations seem 
plausible. 

1. As the stocks used 
were not isogenic, the dif¬ 
ferences may be due to 
modifying genes distin¬ 
guishing the three defi¬ 
ciency chromosomes from 
the y Hw w chromosome. 
These modifiers could be 
located (a) in the X-chro- 
mosome, but not closely 
linked with the w locus; 
(6) in the deficient region 
of theX-clmnnosome (and 
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thus closely linked with w) and affecting the total balance of + and — 
modifying genes through their presence or absence; or (c) closely linked 
with w t but not in the region of the deficiency. 

2. The differences could be due to differences in competitive action of 
the w alleles in the deficient chromosomes, like that postulated by Stem 6 
in the case of cubitus interrupts alleles. 

These possibilities will be considered in order. 

1. (a) To make all stocks as isogenic as possible, they were all out- 
crossed repeatedly to a single stock of y IIw w. The crosses were also made 
in such a way as to select for viability of the w m /Df w combinations, which 
in some cases was rather poor. The procedure adopted was to obtain 
each w m /Df w combination, outcross it to y Hw w males, and in the next 
generation breed together Df w/y Hw w females and w m males. Then the 
w m /Df w females were selected and outcrossed to y Hw w males a second 
time, and so on. This procedure should have two results: (1) replacement 
of autosomes of the w m and Df w stocks by those of the y Hw w stock, and 
(2) replacement by crossing-over of parts of the Dfw and eventually of the 
w m X-chromosomes by the y Hw w X. Although the y Hw w stock itself 
was not strictly isogenic, it should thus serve to give both w m /Df w and 
w m /y Hw w flies a similar range of variation in genetic background, with 
the added reservation that in regions dose to the breaks the substitution of 
genes from the y Hw w stock coiftd not be expected at all, owing to the low 
frequency of crossovers in these regions. 

The extent to which different combinations were outcrossed and the re¬ 
sults of the outcrossing, are shown in table 2, The most important of 
these results is that of the w m /w m ~ u combination. A comparison of 
tables 1 and 2 shows that though at first the eyes of were darker 

than those of w mi /y Hw w, after eight generations of outcrossing w mi /~ 
became lighter than w mh /y Hw w. This must mean that the origi¬ 
nal w™~ u X-chromosome carried modifiers for dark eye-color which were 
effectively removed by crossing-over in the course of several generations 
of outcrossing to y Hw w f and that the difference in the opposite direction 
which then became apparent had been masked by these modifiers at an 
early stage, before their substitution by genes from the y Hw w X-chromo- 
some. This later difference therefore cannot be attributed to modifiers 
in any other part of the X-chromosome than the dose neighborhood of w. 

Other condonations which were outbred for several generations con¬ 
tinued to show the same difference between the w n /Df w and w m /y Hw w 
flies that appeared at the first cross. 

In two cases (w m ^/w m 48 and w m /w m ’ m combinations) after cross¬ 
overs had occurred between the Dfw and y Hw w chromosome to the left 
of the deficiency, the crossover chromsome consisting of the left end of 
the deficiency chromosome (but without the defidency) and the right end 
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of the y Hw w chromosome (without y Hw) was tested by making up the 
combination crossover/y Hw w and mating to w m or males. The 

distribution of eye-colors in w m /crossover and w m /y Hw w females of the 
next generation did not differ significantly, showing that the left end of the 
deficient X-chromosome was not distinguishable from that of the 

y Hw w chromosome with regard to modifiers of the position effects. 

It may be concluded from the outbreeding experiments that the final dif¬ 
ferences observed between w n /Df w and w m /y Hw w flies were not due to 
any difference in such modifiers as could be separated from the w region by 
crossing over. This conclusion is substantiated, as far as the region to the 
left of w is concerned, by the tests of crossovers just described. 


TABLE 2 

Eye-Colors of w m /Df w Females as Compared with the Corresponding w m /y Hw w 

Controls, after Outcrossing to y Hw w 26°C. 


— combination 

Df w 

Light 

Light intermediate 
Dark intermediate 
Dark 
w m 

0 

0 

100 

380 

tv m * 

0 

1 

80 

250 
w m 4 

. r . control 

y Hw w 

y Hw w 

y Hw w 

Light 

0 

0 

Light intermediate 

0 

0 

Dark intermediate 

74 

48 

Dark 

No. of generations 

033 

323 

outcrossed 

10 

10 

X* 

03.3 

15.5 

n 

1 

1 

P 

<0.01 

<0.01 



w mi 



w mA 


48 

^268-14 

W S68 14 

4 4 

0 

0 

0 

0 

0 

0 

14 

0 

10 

25 

2 

130 

1 

99 

151 

04 

105 

21 

222 

59 



18 


w m * 

y Hw w y Hw w 

y Hw w 

y Hw w 

y Hw w 

0 

0 

1 

0 

2 

9 

2 

29 

0 

12 

98 

59 

86 

38 

121' 

156 

325 

76 

355 

105 

> 

13 

14 

2 

8 

7 

31.1 

- 80.5 

24.7 

00.1 

20.2 

1 

2 

1 

1 

2 

<0.01 

<0.01 

<0.01 

<0.01 

<0.01 


(4) The loss of dominant modifiers in the deficient chromosomes could 
result in a difference in phenotype of flies carrying these chromosomes as 
compared with those having a complete y Hw w chromosome. Inspection 
of the tables, however, shows that the same deficiency (e.g., w**^ 4 *) may 
modify different position effects in opposite directions. In other words, on 
the assumption of a change in balance of dominant modifiers, we would 
also have to assume that these modifiers have a different and specific action 
on different position effects. While this interpretation does not appear 
probable to us, it obviously cannot be excluded altogether. 

There is another possibility, however, namely that the deficiencies 
uncover recessive modifiers in the opposite chromosome, near to the 
affected w locus. In this case, the reaction of different position effects to 
the same deficiency would be attributable not to specific action of the same 
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modifiers, but to the presence of different modifiers closely linked with the 
affected w loci of the different white-mottled stocks. 

If this were so, we would assume for instance that in the 
combination, the deficiency uncovers recessive modifiers which darken the 
eye-color, while in one or more recessive modifiers for lighter 

color are effective. These modifiers, then, should also be effective in the 
hemizygous males and homozygous females of the position effect stacks; 
but this is not the case, for w® 6 * -18 and w mA cTs were scored after 13 and 12 
generations of outcrossing, respectively, and in both cases (not in w mi 
only) proved to be lighter than the corresponding w m ~ l */y Hw w or w m4 /y 
Thv w $ s. 

We consider, therefore, that this possibility can be discarded. 

It may be added that the probability that differences are due to modifiers 
in the deficient regions is considerably reduced by the fact that such differ¬ 
ences are obtained even with the single band deficiency of 

(c) It will be seen that the assumption of very closely linked modifiers 
outside of the deficiency differing from those of the y Hw w chromosome 
again requires the additional assumption of specific and opposite action of 
these genes on different position effects. We are left in doubt as to this 
possibility, as in the case of possibility 1(6) above. 

2. Stem 6 has obtained results with alleles at the cubitus interrupts 
(ci) locus which he interprets on the supposition that some of these alleles 
compete with one another for the use of a common substrate, and that dif¬ 
ferences in ability to combine with this substrate or to convert it into a 
new end-product are the cause of different degrees of phenotypic expression 
of the cubitus interrupts effect in flies carrying different combinations of 
alleles. 

In order to test the w alleles in our deficiency chromosomes for such a 
competitive effect, females of the constitution w m “ u /y Hw w,w***~ u /y Hw 
w and w mm48 /y Hw w were mated with apricot {itf) males, and in each case 
a comparison was made between the uf/Df w and w a /y Hw w progeny. 

It was impossible to distinguish between the two types in any case, so 
that there is no evidence that any of the deficiencies used have any effect 
on the expression of the w a allele. 

Summary and Conclusion .—On the assumption that pairing conditions 
affect the manifestation of position effect, experiments were performed in 
which the eye-colors of flies, carrying a white-mottled X-chromosome and 
either a normal unbroken X or one with a deficiency next to the w locus, 
were compared. The eye-colors appear to be different. While these re¬ 
sults can be regarded as supporting the hypothesis which the experiments 
were designed to test, it cannot be completely excluded at present that they 
are due to the action of modifiers, or to competition between alleles. 7 
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THE DISTORTION OF ANGLES IN GENERAL CARTOGRAPHY* 

By Edward Kasner and John De Cicco 

Departments op Mathematics, Columbia University and Illinois Institute of 

Technology 

Communicated March 8, 1946 

1. Azimuthal Curves. —Let a surface 2 be mapped in a point-to-point 
fashion upon a plane v with cartesian coordinates (x, y) such that point 5 
of 2 and ir will correspond if they are represented by the same (curvilinear) 
coordinates. Recently 1 we have introduced the term cartogram, to denote 
any particular mapping of a surface 2 upon a plane r. The cartogram is 
conformal or general according as the transformation is or is not conformal. 

We define the azimuthal ratio a in the following manner. Let dd denote 
the angle between two infinitesimally consecutive directions at a fixed point 
p(x, y) on the plane ir, and do the angle between the corresponding con¬ 
secutive directions at the associated fixed point P(x, y) on the surface 2, 
By the azimuthal ratio a, we shall mean the value of the fraction: a = 

• dB/d&. That is, it is the instantaneous rate of change of the inclination 
at the point P(x, y) on the surface 2 with respect to the inclination at the 
corresponding point p(x, y) on the plane x\ 

Our'azimuthal ratio a is a function of the lineal element (x, y t y f ). It is 
independent of the slope y f * dyjdx if, and only if, the cartogram is con¬ 
formal, in which case a « 1* 

An azimuthal curve is the locus of a point on the plane ir (or on the sur¬ 
face 2) along which the azimuthal ratio a does not vary* In a general 
cartogram , there are ® 1 azimuthal curves * (In this connection, conformal 
cartograms* are of no interest since every curve is azimuthal because of the 
fact that a =» 1.) 

In the present article, we shall derive some of the geometrical properties 
of systems of »* azimuthal curves. Also we shall compare and contrast 
these with our properties of scale curves which were developed elsewhere. 1 

2. The formula for ike Azimuthal Ratio —To derive this formula, we 
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proceed as follows: The square of the linear element dS on the surface 
2, is 


dS 2 » E(x, y)dx* + 2F(x, y)dxdy + G(x, y)dy*, (1) 


where IP «= EG — F* > 0. On the other hand, the square of the linear 
element ds on v is: ds 2 ** dx* + dy\ 

The angle A8 between any two directions y\ and y 9 2 at the fixed point 
P(x, y) on the surface 2 is given by the equation * 


tan A0 = 


Hiy't - y\) 

E + F(y\ + /,) + Gy f iyV 



The angle A6 between the two corresponding directions y\ and y\ at the 
associated fixed point p(x, y) on the plane r, is given by the formula: tan 
A0 =» (y f s — y \)/(l + 

Upon dividing the two preceding equations defining the increments of 
angles and then letting the slope y' 2 approach the slope y\ t we obtain the 
following formula for the azimuthal ratio 


do H( i + y *) 
d$ m E + 2 Fy' + Gy**' 



This formula gives the rate of distortion of the angle in any general 
cartogram. 

Noting that the scale <r is defined by <r « ds/dS , it follows that the azi¬ 
muthal ratio a is the product of H by the square of the scale a. That is, 

a = Her*. (4) 

3. The Differential Equation of Second Order Defining the System of ® 2 
Azimuthal Curves. —Along any curve of this system, a const. Thus 
upon eliminating the constant a from the equation (3) by differentiation, 
we find that the differential equation of our «> * azimuthal curves is 

(1 + / *)[£, +<E 9 + 2F x )y f + (2F, + G s )y f * + G v y f * ~ 

~ (H, + y’H,){E + 2Fy f + Gy'*)] 

_ _ _JL _• (A) 

7 2\-F + {E - G)y'+ Fy’*] 

It follows that not every system of »* curves can represent the azi¬ 
muthal curves of a cartogram since y" is of special algebraic character in the 
first derivative y\ 

4. Comparison of the Systems of Azimuthal and Scale Curves. —A scale 
curve is the locus a point along which the scale v « ds/dS, does not vary. 
The differential equation of the ® * scale curves is 



06 


MA THEM A TICS: KA SNER A ND DE CICCO Proc. N. A. S. 


, (!_+ / *) [E x + (E y + 2F*)y' + (2F„ + G x )y' « + G,/«] 

? 2[-F + (E - G)/ + F/*] ' M 

Upon contrasting the system (A) of azimuthal curves and the system 
(5) of scale curves, we observe that they are of the same general algebraic 
structure in y f . 

The cuspidal directions (corresponding to zero radius of curvature) for both 
systems (A) and (S) are along the Tissot characteristic net 

Fy f 2 + (E - G)y f - F = 0. (5) 

This is the unique orthogonal net on the plane r which by the general 
cartogram is converted into an orthogonal net on the surface 2. 

The system (A) of azimuthal curves and the system (S) of scale curves are 
identical if, and only if, the cartogram is an eqwiareal map followed by a mag¬ 
nification . 

For the general cartograms not of the above type, there are 5 <» 1 curves 
which are simultaneously azimuthal and scale curves . These are (a) the 
2 <*> 1 minimal lines on the plane tt, (b) the 2 » 1 minimal curves on the sur¬ 
face 2, and (c) the 1 curves H(x, y) = const. 

Through a fixed lineal element of the plane, there pass, in general, a 
single azimuthal curve and a single scale curve. Let K A be the curvature 
of the azimuthal curve, and let K s be that of the scale curve, both of which 
are calculated at this given lineal element. 

By (4) and ( S ), it is found that the ratio K A /K St is determined by the for¬ 
mula 


K a ( H , + ff,yQ(£ + 2 Fy' ± ty 2 ) 

Ks H[E X + (E v + 2 F x )y f + (2 F, + G x )y f 2 + G,y' «f 


Thus the ratio K A /K$ is a rational function of third degree in y f with coef¬ 
ficients functions of (x t y). 

In special cases, this ratio K A /K S may be a rational function of second or 
first degree in y f with coefficients functions of (x, y). It may be even inde¬ 
pendent of the slope y\ and thus depend only on the position of the point. 

5. Cartograms for Which the Azimuthal Curves Are Straight .—In our 
previous work, we found a new class of surfaces for which there exist carto¬ 
grams whose oo 8 scale curves are all straight lines. Concerning the 
analogous problem for azimuthal straight lines, it is found that any arbi¬ 
trary surface S may be mapped upon a plane ir such that the azimuthal 
curves are all straight lines. We prove the following result. * 

If a cartogram of an arbitrary surface 2 is such that the azimuthal curves 
coincide with the totality a/ «o * straight lines , then it is a conformal representa¬ 
tion of 2 upon the plane ir, followed by an affine (not a motion) transformation 
in r. 
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For if the system (A) of azimuthal curves consists of straight lines 
only, it may be shown that 

EE G 

— = ooy 2 + 2a,y + a 2 , — = —a«xy — a,x + b,y + c,, — = ao* 1 — 26,# + 6,. 
Ii II si 

(7) 

Substitute these into the condition: IP — EG — F 2 > 0. We obtain 

m 

the relations 

aj ) 2 — = 1, a^% — n 3 2 = a 0 c 2 — ax&i — aj>% — 6j 2 = axe* — a%b\ ~ ai& 2 — 

6** - 0. (8) 

From these, we deduce that a 0 — <Zi « &x «■ 0. 

Upon dropping the subscripts, it follows from (7) and the preceding con¬ 
ditions that the linear element (1) must be written in the form 

dS 2 = II(adx 2 + 2cdxdy + bdy 2 ), (9) 

where- (a, i, c) are constants such that ab — c 2 » 1, and //is a positive func¬ 
tion of (x, y). 

The preceding remarks complete the proof of the above italicized state¬ 
ment. 

If in a carlo gram, the azimuthal curves and the scale curves all coincide with 
the totality of 2 straight lines, then the surface 2 is developable and the 
transformation is an. unrolling of 2 upon the plane w followed by an affinity in 
w. 

This is obtained as a corollary of the work outlined above. For upon 
imposing the condition that the scale curves of the cartogram defined by 
(9) be all straight lines, we find that the function i/ is a non-zero positive 
constant. 

The result concerning straight azimuths is strikingly different from the 
corresponding theorem about straight scales. Any surface 2 can be 
mapped upon the plane r with straight azimuths but only a very special 
class of surfaces 2 can be represented upon the plane w with straight scales. 

* Presented to the American Mathematical Society, April, 1946. The following 
papers are all by Kasner and Be Cicco. 

1 "Scale Curves in Cartography, M Science, 98, 324 -326 (1943), and Science News Let¬ 
ter, March 25, 1944. 

s "Scale Curves in Conformal Maps," these Proceedings, 30, 162-164 (1944). 
"Geometry of Scale Curves in Conformal Maps," Am . Jour. Math„ 67,167-166 (1946). 
"Conformal Maps with Isothermal Systems of Scale Curves, Ibid., 68,137-166 (1946). 

a "Scale Curves in General Cartography," these Proceedings, 30, 211-216 (1944). 
See Am* Jour. Math., 68, 66-76 (1946). Scale Curves and Cartogram, Boletino del 
InstitUto de Matematicas del Universidad de Litoral, Rosario, Argentina (1946). One 
of our results on the converse of Ptolemy's theorem has been given by HUton, 1928. 
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A GENERALIZATION OF THE WIENER-HOPF INTEGRAL 

EQUATION* 

By Albert E. Heins! and Norbbrt Wiener 
Purdue University and The Massachusetts Institute of Technology 

Communicated March 4, 1946 

I. Introduction .—In this note we outline some results which we have 
obtained by generalizing the Wiener-Hopf integral equation. 1 This inte¬ 
gral equation is of the form 

Ax) K(x - y)f(y)dy x > 0 ’ (1.1) 

where K(x) is a known function. If the kernel K(x) possesses a bilateral 
Fourier transform 

f” m e^K(x)dx 

which exists in some strip in the complex <a plane 0 < Qmu < one can 
obtain the so-called “fundamental solutions*' 1 of equation (1.1) with the 
aid of certain regularity properties of the Fourier transform. We general¬ 
ize (1.1) in a twofold fashion. First, a method is given which will enable 
one to write a formal solution to the integral equation 

/(*) = X So* N(x + y)f(y)dy x > 0 (15) 

where now N(x) is integrable in any interval which excludes the origin, 
0(£“*) as x —► «> and 0( l /x) as x —► 0. The plus sign in the kernel now 
changes the entire mode of attack. While Fourier transform methods 
still play a dominant r61e in our work, we cannot solve the equation (1.2) 
in one fell swoop as we do equation (1.1). Instead we find it necessary to 
take advantage of the special assumptions which we impose upon N(x) 
and decompose equation (1.2) into an infinite sequence of bilateral faltung 
equations, each one of which depends on the solution of the previous one. 
These we can solve step by step and our final answer appears as an infinite 
series of integral operators acting on a known function which has been de¬ 
termined in the course of our work. Thus a formal solution can be given 
for the above-described class of integral equations and this solution de¬ 
pends only upon the operation of integration. The decomposition is in 
some respects reminiscent of the method of successive approximations 
employed in the solution of non-homogeneous linear integral equations; 

In the second place, under special conditions which we shall discuss dse- 
where, the class of integral equations 

Jo m N%(x — y)f{y)dy + Jo* N$ (x + y)/(y)dy ** V(*0 * > 0 

(U) 
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may be reduced to an integral equation of the form (1.2). Here Ni(x) and 
Nt(x) are given functions of x with special growth properties at infinity 
and are otherwise integrable for infinite x. 

II. Formal Solution of Equation (1.2). —Specifically we are concerned 
with finding those solutions of the equation (1.2) which are of the order 
a®, — 1 < a < 0 for x —* 0. X is a parameter which takes on real values 
between 0 and 1/r if we are to obtain real solutions which have the above* 
described order at the origin. Since N(x) is asymptotic to e~* as x —* «, 
we obtain a solution of (1.2) which is of the same order as x —► ». We 
show that a may be determined from a characteristic equation, which is of 
course expressed in terms of X. 

Our technique is now the following. Since f(x) approaches zero exponen¬ 
tially, as x becomes infinite and since N(x) is singular as x approaches zero, 
we take out the dominant part of the solution by decomposing equation 
(1.2) as follows. We rewrite equation (1.2) as the following system of in¬ 
tegral equations 

/•(*> - * jf (2-D 

f.(x) “> X I + X f + y) - —1—1/.- i (y)dy; 

Jo x + y Jo L * + yj 

n - 1, 2, ... (2.2) 


where 

fix) “ £ /»(*)• 

M-0 


Equation (2.1) has been studied extensively in the literature and is known 
possess the solutions x“, x~ 1 ~ a , where sin or =* — Xir. It has been 
further shown by Hardy and Titchmarsh, that the only two linearly dis¬ 
tinct solutions of (2.1) are of this form. 

If we put x tf, y ** e? equations (2.2) assume the form of bilateral 
faltung equations, that is 


/.(eV* - X 


L 


U^ds 

- *)/* a. e (t - •)/% 


+ ; 


1 , 2 , 


(2.3) 


where 


«»(*) " £ [tf(* + y) - KyMy- 

Equations (2.3) can be solved with the bilateral Fourier transform theorem 
in the complex domain. The solution can be exhibited explicitly with the 
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aid of an integral operator which we do not write out here explicitly, but 
denote by P, that is, 

/»(*) = Mn{x) + Pq n (2.4) 

where now it is understood that 


Pq* = fo“ P(.x, t)q n (t)dt 

and P(x t t) is a known function of x and t. If we denote the integral opera¬ 
tions 

fo m N(x + y)Uy)dy by Nf n 


and 


jf 


fn{y)dy 
x + y 


by Lf» 


we observe that the equations (2.2) can be rewritten as 

fn(x) - XL/, + \Nfn - 1 - XL/, - 1 


and q n (x) as 


q»(x) — Nf m — i Lf % - 1 . 


(2.5) 


We then get immediately, 

/„(*) = X(1 + P)(\NP + \N- P)» " 

where the exponent n — 1 indicates that the operation within the paren¬ 
theses is to be applied n — 1 times and furthermore the operators N and P 
do not commute. The final formal solution is then 


/(*) - Mx) + i X(l + P)^NP + \N - P)* - *21 

M «1 


and this indeed satisfies the integral equation (1.2), 

III. An Example *—If we now apply the previously described technique 
to the integral equation 


f(x) * X 



g -<« + »/(y) 

* + y 



we find that/(x) is K a +i/,(*)/V*, where now a is defined by the constrain¬ 
ing equation Xw = — sin to, 0 < Xir < 1 and — 1 < a < 0. The function 
K d + , /t (x) is a modified Bessel function of the second kind which is in¬ 
variant under the substitution of replacing a by — a — 1. It is dear that 
f(x) is of the order xT or x~ “ ” 1 for small x, depending upon which term 
dominates. For x large and positive, f(x) is of the order e~*. 
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A word of description as to how we succeeded in obtaining the solution in 
closed form is in order. The procedure indicated in Section II leads to an 
infinite expansion of iterated integral operators. For this particular ex¬ 
ample, this expansion can be shown to be the solution of a Wiener-Hopf 
integral equation, which of course can be solved explicitly. There is much 
hope that the Wiener-Hopf technique will play an important r61e in the 
solution of integral equations of the form (1.2) when the exponential char¬ 
acter of the kernel N(x + y) is exhibited explicitly as it is in the above ex¬ 
ample. 

* Presented at the Chicago Meeting of the American Mathematical Society, Novem¬ 
ber 24, 1945. 

t Pro tem on leave of absence. At present at the Radiation Laboratory, The Massa¬ 
chusetts Institute of Technology. 

1 Palcy and Wiener, "Fourier Transforms in the Complex Domain/* Cottoq. Pub . 
Am. Math. Soc. f Chapter 4, 1934, 

1 Paley and Wiener, loc. cit., Chapter 4. 


ON CLASSES OF DIOPHANTINE EQUATIONS OF HIGHER 

DEGREES WHICH HA VE NO SOLUTIONS 

* 

By H, S. Vandiver 

Department op Pure Mathematics, University op Texas 
Communicated February 20,1946 

This paper is concerned with the isolation of certain classes of Diophan- 
tine equations which have no solutions or no non-zero solutions, using the 

theory of congruences. Let /(* 1 , x t . x,) and g(yu y,, ..., y<) be poly* 

nominals in * 1 , Xt, and yu y%, . .., y< with integral coefficients. Then 

if m is an integer and 

f{x i, x» . x,) eh 0 (mod m) (1) 

has no solutions in %i, Xt, .. x„ then it is obvious that the equation 

/(*i, *a, .... *.) + mgiyu ya. ■ • •, Vt) » 0 (2) 

has no solution in integers xi, x», .... x,; y it y a , ..., y t . However, if f{x\, 
Xt, is homogeneous, then the congruence (1) has the solution xi = 

x, = ...*,«*» 0, so that this principle cannot be employed immediately 
for homogeneous equations. Also it may be shown by the use of congru¬ 
ences that the equation 

v* — u* ** 10 

has no solutions, but its relation to an equation of the form (2) is not ob* 
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vious. Here we shall establish types of congruences which have no solu¬ 
tions or only zero solutions and apply these results directly to deriving 
Diophantine equations with no solutions. 

We shall first illustrate the principal method by examining the special 
equation, with x, y, z not all zero, 

X 4 ^ yi — 3 j ;4 * 0. (3) 

Taking first the case in which 5 is not a divisor of x, y or z, we have the con¬ 
gruence 

x 4 + y 4 - 3s 4 « 0(mod 5), (4) 

which by Fermat's minor theorem yields the impossibility 1 + 1 — 3 =* 

— 1 sss 0 (mod 5). If, however, 5 divides x, y or z, and since xyz are not 
all 0, we may divide the equation (3) by 5 a , where 5 a is the greatest power 
of 5 that divides all the numbers x, y and z. This results in an equation of 
the type 

xi 4 + y% 4 — 3si 4 « 0 

in which not more than one of the numbers x u y x and z\ has the factor 5. 
This is easily shown to be impossible, hence (3) is impossible. We may se¬ 
cure other equations having no non-zero solutions by multiplying (3) by 
any number relatively prime to 5 and adding any multiples of 5 to the coef¬ 
ficients. Or, again, we might consider the equation 

x? + 2y* + 4s 8 — ** 0 (5) 

with x, y $ z and u not all ~ 0. As before, division by 17*, the highest power 
of 17 common to all four terms, gives an equation of the type (5) in which 

17 — 1 

two, at most, of the terms are multiples of 17. Since 8 --and' 

2 

x^ S3 — 2 ^ 2 * — 4sg 8 + 8tta*(mod 17), 

it follows that 


6 m -2 c — 4d + 8e(mod 17), 

/ 

where b, c, d and e range over the values 1, — 1 and 0 independently except 
that not more than 2 of them can =*■ 0. If b r*Q , then we have the im¬ 
possibility of * I congruent to the sum, which » < 17 but > ~ 17, of three 
even numbers, while if b ** 0, we note in tun, for the cases e a* 0node - 0, 
that | 8e J > | — 2c | + | — 4d | and [ — 4d | > | —2c j, so that the eon* 
gruence is impossible in any event. As before, multiplication of (5) by 
numbers relatively prime to 17 and adding any multiples of 17 to the coef¬ 
ficients will give new Diophantine equations having no non-zero solutions. 
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To obtain general results we extend a method due to H. H. Mitchell 1 
for attacking the problem of finding the primes p such that 

x m + y m + lss0(mod p), 

with x and y integers, xy & 0(mod p), and p « 1 4 me where m is a prime. 
Consider the congruence 

k + aiXi m 4 a&t m 4_4- ape," a 0(mod p), (6) 

a\a% _npfixa_ x t & 0(mod p ), 

with m not necessarily prime, but with all the letters representing integers. 
Using the method described in a previous paper, 1 it follows that if a is a 
primitive c? h root of unity we shall have for some r's 

k 4 aia r * 4 a*a r » 4 .... 4 m 0(tnod J)) (7) 

where p is a prime ideal divisor of p in the algebraic field defined by 4* ir/c . 
Let N(i i)) be the norm of w. Then since the norm is rational we have 

N(k 4 0ia f| 4 .... 4 a, 9 c?*) a 0(mod p ). (8) 


Now 

% 

| A + aicf* + ....+ a,a r t | 2a | A | 4- | Ola ,, | + .... -- | a t of* | £ | A 

| ffi | + o* | +....+ 



since the absolute value of o r is unity; and the same result holds for any 
of the conjugates of this number, hence 

N(k + + .... 4-a,« r .) £ (| *| + |oi| + |a.|+ + 1«.|)” (<> 

Therefore, unless one of the factors in the left-hand member of (8) is zero, 
we must have 

(| A | + | »i | 4* | o» | 4* • • • • 4* | Sa P, 


but this is independent of m, so we can select m so large that 

(| A | + | | + | Os | + •••• + | o* < p> (9) 

whence the 

Theorem I. If c is a given integer > 0, and pis a prime such that p * 1 

+ me with m an integer, and (| k | + |o» | + l«f | +-+ | <*. I)*** < 

p, and A 4- Oiot r ' 4* atef*. 4* • • • • 4" a,cf» 4 s 0 for a * and r», r», 

...,, r, any integers, then A 4" 4- Of*f" 4”_4" «»*»* 23 0(mod p) 

has no solutions xi, xt, ■.. *,x,ifx ix*_ x,e* 0(mod p) and oi _ a, r* 0. 

Now suppose we consider the equation 

A 4" aiyi" 4* 4* .... 4“ Oty.* 1 * 0» (10) 

snduse the prime p as defined in Theorem I With the conditions given on p 
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and the a f s. By Theorem I, ( 10 ) has no solutions in integers yu y%* - * 

y t prime to p. Hence, if it has any solutions some of the y *s are divisible 
by ps We may choose our notation so that those not divisible by p are 
y lt y Sf __ y t ; 0 < t < s. Hence if ( 10 ) is satisfied it gives the congruence 

k + aiyi m + (hy* m +-+ a t y t m 555 0(mod p ), 

y&% _ y t & 0(mod p ). (11) 

Now apply the criterion of Theorem I to this congruence, and we see that 
(11) has no solutions prime to p since the condition (9) is satisfied, pro¬ 
vided, however, that k + aiotf 1 + +.»••+ 0, where ei, 

d, __ e t are arbitrary integers. This gives the 

Theorem II. If c is a given integer > 0 , and it is possible to find an in¬ 
teger m and a prime p such that p » I + wc, also integers k t a u a*, _ a 

so that a\0$ .... a 9 5* 0 and 

(| k | + | 0i | + | at | +-+ | a, |)* w < p 

and none of the expressions 

k +* Uiai a%ot2 .... + a,a t (12) 

# 1 

is zero where any j of the a!s are zero , 0 £ j < s, and the non-zero ot's are any 
roots of ** 1 then the equation 

k + ajyi" + a«ya m +-+ a t y § m « 0 

is impossible in integers y u ya,-- y 9 except in the case when k * 0, and 

then yi * y% «-« y, « 0. 

Now assume that k * 0 and c is a prime, say q. We examine the condi¬ 
tion (12) and assume that i of the a's differ from zero, 0 < i £ s. Then 
these a*s are gth roots of unity and the primitive roots satisfy 

~ & ~ l + & + -+ 1 = 0. ( 13 ) 

s — l 

Assume that $ q — 2, If a is a primitive root of s* — 1, all the roots are 

given by a, a* 9 . cd. Now consider the a f s which appear in ( 12 ). If 

none equals of w l t then (12) is not zero since the left-hand member of ( 13 ) 
is irreducible in the rational field. Say that d of equal of “* 1 and call 

these a*, a*, .... a* with 0 < d i, where i of the ots differ from zero as 
noted above. Then using 

of ~ 1 ~ a* ~ 8 — .... — l f 

the expression (12) becomes 

-(ai + a* + .... + a 4 ) (of - * + of * * +_+ 1) + a* + to* + i + 

+1 + • • • • + ( 14 ) 
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Consider the terms 

a& + + t ~b ... ■ *b 

In number they are <q — 2 since j g g - 2. Hence if we write (14) in the 
form 

he + hia -b that* + .... + kq — tefl ~~ 2 (15) 

in order for it to be zero each h is zero. But unless (ai + <h +_ + da) 

in (14) is zero then there is a power of a appearing in (15) whose coefficient 
— (a% + a% +_+ a d ) is not zero and which is not in the set 

+ li .... | Off 

and this is impossible. Hence 

a i “b .... *b 0<i — 0> (16) 

and this gives from (14) and (15) 

U<| + lOfrf + 1 + .... + &fOLi = 0 

and this is impossible unless d » i. Jlence (16) holds for any d of the a's 
0 < d g s. Whence the 

Theorem III. If c is a prime and tn is an integer such that p = 1 + me 
with p prime , then 

a\Xi m + a&2 m +....+ atX t m = 0 * (17) 

has only the solution x\ = x% * * * # 331 X| 0 provided that s £ c ~ 2; the 
sum of non of the a’s is zero , 0 < n g s; and 

(| «i | + | o* | + — + | a, |)* <6) < P- 

The condition that the sum of no n of the a’s is zero is necessary since if 

a\ a% *b .... ~b a$ * 0 

then (17) is satisfied with 

x% « x% «*_= « 1 

35/ + i + s “ .... + x% ** 0. 

* 

For the least non-trivial value of c, viz., c = 5, the theorem shows, for 
example, that 

X m + y m - 3*« - 0 (18) 

is impossible for any m such that p “ 1 + 5m and p > 5* unless * «■ y = 
a «= 0. The smallest such p is 631 giving m — 126, so that (18) has no 
non-zero solutions for m ”■ 126, and also 
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ax m + by 126 + CB xa ® 0 

is impossible for any a, b and c such that there exists a k satisfying ha m 
kb sa l(mod 631) and kc ss —3(mod 631). 

1 Vandiver, H. S., these Proceedings, 30, 308-370 (1944). 


THE TRANSFORMATION OF DYNAMICAL SYSTEMS OF TWO 

DEGREES OF FREEDOM 

m 

By T. Y, Thomas 

Department of Mathematics, Indiana University 
Communicated February 18, 1946 


I, Introduction .—Let D and E by dynamical systems of n degrees of 
freedom which are referred to the same set of generalized coordinates 
x l t .. x n . We represent these systems by the Lagrangian equations 



dV , dxfdx' 
+ T ~ dt it 



dhc* , A . difix" 

-L - 

dr 2 ** dr dr 




(LI) 

(L2) 


It is assumed that the generalized force vectors Q and R depend on the 
coordinates x alone and that neither vector vanishes in the region under 
consideration. 1 The kinetic energies of D and E are assumed to have the 
form 



dx a dx? 
dt dt 


and -*«*(*) 


dx a dx 0 
dr dr * 


The above quantities r* and A£ are Christoffel symbols derived from the 
coefficients g^ and h afi of these forms, respectively, 

In a paper previously written 2 we have given necessary and sufficient 
conditions for all trajectories of E to be trajectories of D under the assump¬ 
tion that these systems involved more than two degrees of freedom; in 
particular this led to conditions which were both necessary and sufficient 
for D and £ to have identical trajectories. 

In this note we derive the formulas ($ 2) which enable us to say that all 
theorems obtained in the above paper are likewise valid in the case n 2. 
However, in the exceptional case of two degrees of freedom results cam be 
stated which are preferable to those previously obtained for systems of 
more than two degrees of freedom. Conditions are given in { 4 for the 
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Identity of all trajectories of D and E for the general case of systems of 
two degrees of freedom and in § 5 for the identity of the trajectories of D 
and E when these systems are conservative. 

2. The Fundamental Algebraic Relations .—Assuming all trajectories of 
E to be trajectories of D and that the parameter transformations t —+ r 
and are of class C 2 , we have 



along any trajectory of E. See equation (2.3) of the previous paper* 
(hereafter referred to by the initials T.E.D.). Suppose initially that 
dx a /dr =s kQ* p where k is a constant. Then from (2.1) we obtain 


- *lQ a )<?Q = HR a (f - R?Q a ). 

Since the constant k is arbitrary these relations imply 

R a Q* - R?Q* « o, OWCW - (KQ"Q’)Q a = <>• 

Hence it follows that R“ and are proportional to the Q a , i.e., 

R* - iQT, = LQT, (2.2) 

where the proportionality factors f and L may depend on the codrdinates 
x. 

In T.E.D. we showed that the quantities must be of the form 

K - Kfa + «?$, + (2.3) 

we now show that these relations likewise hold for the case » = 2. Con¬ 
sidering that the $’s and 0’s are known, the quantities <f> r and the symmet¬ 
ric quantities are determined from (2.3) in accordance with the fol¬ 
lowing equations 

$32 «* AnQ 1 (determines ^n) j 

$i* ■» AnQ' (determines An) I 

$n “ 2 $i + AnQ 1 (determines fc) | (2.4) 

$22 “ 2& + AnQ* (determines fa) | 

$it m fa •¥ AaQ 1 (determines A a). / 

In making these determinations it is supposed that neither of the com¬ 
ponents Q l and Q* vanishes; this condition can be realized in the neighbor- 
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hood of any point P by a proper choice of coordinates since we have as¬ 
sumed that the vector Q does not vanish. 

In view of (2.4) all equations (2.8) hold with the possible exception of 
the equation corresponding to a — 2, /i = 1, v = 2. Now put 

$12 “ + AnQ z + K; (2.5) 


the remaining equation (2.3) will then be satisfied if we can show that K 
= 0. But substituting the values of the $ J s from (2.4) and (2.5) into the 
second set of equations (2.2) and eliminating the factor L between these 
two equations we are led to the relation K(Q l ) 2 Q z 0. Hence, K = 0 
and (2.3) is necessarily satisfied. 

On account of (2.3) and the relation R a = it is immediately seen by 
recourse to T.E.D. that the general discussion and all results obtained in 
the previous paper are valid for systems of two degrees of freedom. 

3, Two-Dimensional Riemann Spaces with Corresponding Geodesics .— 
Let 


% dx a dx? 

XflP dt ~dt ~ C ° nSt ' 



be a first integral of the differential equations of the geodesics of a Riemann 
space R with metric defined by g afi% It is well known that the necessary 
and sufficient conditions for the existence of this integral are that 

a "f” 0 *“* (3.2) 

where the “comma” denotes covariant differentiation based on the Chris- 
toffel symbols F“„ determined by the g mfi . For the two-dimensional case 
the relations (3.2), when written in full, become 

Xu. s + 2Xia, i = 0, Xj». i + 2Xia, 2 = 0, Xu, i = X 22 .2 = 0, (3.3) 
Now determine functions jui and /i 2 as solutions of the two equations 

XuU 2 — Xia ^2 = Xu, 2 
X12M2 + X22M1 Xja, 1 

Assuming det. | X^ | 56 0, these equations have a unique solution jtu and 
Hence 

X 12,1 *= V 2 X 11/43 + VsXn^i 
Xi 2 ,2 = VaXiiMa — V2X22M1 

in consequence of the first two equations (3.3). Equations (3.4) and (3.5) 
can be written in the combined form 

Xc*0, 7 = h a 0fiy — l /— VsX/fyMa* (3*6) 

All conditions (3,3) are now seen to be satisfied by the X*^ 7 as given by 
(3.6) which is thus an allowable expression for these quantities. 
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From (3.6) we can deduce “ (log X/g),„ where X = det. | X a p | and 
g =s det. | g a $ |. Hence /u a is the gradient of a scalar fx. Putting /* — log v , 
we have v cX/g, where £ is a constant. Introducing the function p into 
(3.6) this equation can be given the form 

^«/ 5 , 7 855 2 A a £tJ,y ” 1 “ ” 1 " ^PyVtt* (3*7) 

where 


A 


a/5 



1 

2 


log >>. 


But (3.7) is the condition* that h afi defines the metric of a Riemann space 
R' having the same goedesics as RA 

Conversely if a Riemann space R\ with metric defined by h a p, has the 
same geodesics as R, equations of the form (3.7) hold. By retracing our 
steps we are thus led to the existence of a quadratic first integral (3.1) of 
the differential equations of the geodesics of R. The result proved can be 
stated in the following terms: The totality of Riemann spaces R\ whose 
geodesics are the same as the geodesics of a given Rienumn space R t is derivable, 
as above , from the set of all first integrals (3.1) of the differential equations of 
the geodesics of R. 

Now let 



dx M dx v 
dt dt 


= const., 



(3.8) 


be a basis 5 of quadratic first integrals of the differential equations of the 
geodesics of R . The above italicized result can now be embodied in the 
following theorem. 

Theorem. The geodesics of the two-dimensional Riemann space R' will 
be the same as the geodesics of the two-dimensional Riemann space R if, and 
only if, 



where the are the coefficients in a basis of quadratic first integrals (3.8) of 
R and the c*s are constants. 

If R and R f are Riemann spaces in the strict sense the forms g a $^^ and 
K$ a lf are positive definite; then the constants c { must be such that the 
h a ft in the above equations are the coefficients of a positive definite quadra¬ 
tic form, 

4 . General Correspondence Theorem for Dynamical Systems. —The the¬ 
orem of § 3 combined with the italicized result at the end of § 7 in T.E.D. 
leads immediately to the following theorem* 
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The trajectories of the dynamical system E of two degrees of freedom will be 
the same as the trajectories of the system D of two degrees of freedom if, and 
only if, 



where the are the coefficients in a basis of quadratic first integrals {3.8) of 
the differential equations of the geodesics of D and the c's are constants. 

5. Correspondence of Conservative Systems. —Suppose now that the sys¬ 
tems D and E are conservative so that we have <2“ = and * 

—h aw W ttr where the potentials V and W depend on the coordinates x alone. 
Also, let 

l ~$ d -~~ + V® - const., (i - 1. s), ' (5.1) 

be a basis 6 of quadratic first integrals of energy type for the system D. 

The requirement that the trajectories of D and E are the same necessi¬ 
tates the vanishing of the quantities A„ p in T.E.D. (see 5 7 of T.E.D.). 
Hence the constants — 0 in § 8 of T.E.D. and the equations (8.10) and 
(8.14) of this paper lead to the same expression for the quantities h afi as in 
the italicized theorem in the preceding section although now the g% are the 
coefficients of the basis of integrals (5.1), 

The relation between the R* and Q a in the theorem of § 4 is necessarily 
satisfied when the trajectories of D and E are the same and this relation is 
now equivalent to the following 



- c'cig&rv,, 

- c'dVtf - [c%V< n ]„ 


where use has been made of the differential conditions for (5.1) to be a 
first integral of the system (1.1). Hence W «* c*C|F (<) + const. Con¬ 
versely this equation implies the relation between the vectors R and Q ap¬ 
pearing in the theorem of § 4. 

These results together with the fact that the relations in the theorem of 
S 4 are necessary and sufficient for the identity of the trajectories of D and 
E give us the following theorem. The trajectories of the conservative system 
E of two degrees of freedom will be the same os the trajectories cf the conserva¬ 
tive system D of two degrees of freedom if, and only if. 
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W « c%V (i) + d 


where the an d V® are the coefficients in a basis of quadratic first integrals 
{5.1) of the system D and the c's and d are constants . 

The quadratic forms and are positive definite in the dy¬ 

namical problem; hence it is understood implicitly in the above theorem 
and in the theorem in § 4 that the constants c< are to be chosen so that the 
h m fi are the coefficients of a positive definite quadratic form. Moreover, 
since it is assumed that the force vector Q does not vanish, the constant c 
appearing in each of these theorems must be different from zero. 1 

1 It can be shown that if one of the vectors Q and R vanishes at a point the other 
vector must likewise vanish at that point if the trajectories of the two systems are the 
same. 

* ‘'On the Transformation of the Equations of Dynamics/* to appear in the June issue 
of the Journal of Mathematics and Physics (1946). Referred to in the text by the initials 
T.B.D. 

* See Eisenhart, L. P., Riemannian Geometry, Princeton, 1926, p. 133. 

4 The fact that \ctp/v* defines the metric of a Riemann space having the same geodesics 
as R appears to be known since the result is stated as a problem on p. 335 of Whittaker, 
E. T., Analytical Dynamics , 4th ed., Dover Publications, 1944. However it is desirable 
to have the equations leading to this result in order to infer the theorem of $ 3. 

* Thomas, T. Y., "The Fundamental Theorem on Quadratic First Integrals/' these 
Proceedings, 32, 10-15 (1946). 


THE COEFFICIENTS OF SCHLICHT FUNCTIONS, III 
By A. C. Schaeffer and D. C, Spencer 
Department of Mathematics, Stanford University 
Communicated February 19, 1946 

Jjlf Jfe Mfe ri. A ri Jb <fe 

ror iunctions 

/(*) ■* * + <*»** + o*»* + ... + »«*“ + ... 

which are regular and schlicht in 1s1 < 1, the determination of the regions 
of variability of the coefficients is a classical problem—the so-called coef¬ 
ficient problem for schlicht functions. Given the point (a* a,, ..a.) 
we say that 

/(s) “ i 4* 6*s* *t* + ... + b* s* + ... 

belongs to the point {at, a* ..., a.) if /(s) is regular and schlicht in | s j < 1 
ecoii 

b$ *• 0*, 4| “ Os, ,. b u ** On* 
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Conversely we say that the point (# 2 , a S} ..., a n ) belongs to f{z). The 
nth region of variability V n lies in a Euclidean space of 2n — 2 real dimen¬ 
sions and is the set of points (« 2 , a 8 , ..., a n ) each of which belongs to some 
j{z). Only Vo has been determined heretofore, and it is the circle | a 2 1 ^ 2. 

In this note we outline a method which gives V n for general w. The 
boundary of F 8 may be expressed by equations involving only elementary 
functions, but for n > 3 the boundary of V n is quite complicated and can¬ 
not be so expressed. Here, therefore, we shall write out the equations of 
the boundary only in the case n = 3. 

We shall outline the method, merely stating results without proof. De¬ 
tailed proofs will be supplied in a longer paper to appear in the near future. 

It is first to be remarked that V„ is closed and bounded. Moreover it is 
connected; in fact, any point (a 2) a 8 , ..., a n ) of V n can be connected to 
the origin (0, 0, ..., 0) by a curve (a 2 t t ..,, a n t n ” 1 ), 0 ^ ^ 1, each 

point of which lies in F n . It is readily shown that a point (a 2f a 8 , . ■ *, 
is an interior point of V n if and only if there is a bounded/(s) belonging to 

(«3f M'S* * * *» &n) * 

Write a, = x p + iy p (v =* 2, 3, ..., «). Any real function of the 2n — 2 
coordinates x 2t y 2i ..., x ni y % may be expressed as a function of a a » da, .... 
d n , d*, where a v denotes the complex conjugate of a„. If G is such a func¬ 
tion we define 



(provided the derivatives of first order exist). Let F(a 2 , d2, ..a„, d«) be 
defined throughout some region B n containing V n in its interior, and let F 
satisfy the following three conditions in B n : 


F is real; 

F and its derivatives of first order F v are continuous; 


£I * I s > 0. 

r«2 



Suppose now that a function F of this type has its maximum value in 
V n at the point (tta, a 8 , ..., a H ). In view of the third condition (1), we see 
that (a 2t a 8 , .. a n ) must be a boundary point of V n . If f(z) is any func¬ 
tion belonging to (a*, a*, .. ., a n ), then / maximizes F within the family of 
schlicht functions. 

Let/(s) belong to the point (a* a h .. a n ). Let (a, b) be an arbitrary 
analytic Jordan arc in | z | < 1 but not passing through z m 0, and let 
p{z) be regular in a neighborhood of (o, b) and vanish at the points a and 
On pages 123-125 of “The Coefficients of Schlicht Functions, II [Duke 
Mathematical Journal , 12 (1945)] the authors showed that there is a se¬ 
quence of functions 
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/«(*) = £ a„(t) z m , 

m " 1 



which are regular and schlicht in | z \ < 1 for | e | < e 0 and such that as 

€ —> 0 , 


a m (€) /* />{w)fr £ 

Jiirt*/ <* p •“ l 


< 


- * \e~ 2 " 


~m — 1 
^ r« 1 


m 




+(m - 1 )«„«-*-(/'(«))’ E«- ( 7(«) 

y ni 2 


] c * 


Av + o(t). 


Here e ,r is the unit tangent vector of the arc (a, 6) and ds is an element of 
art length. 

Since / maximizes P, it may be shown that / satisfies the following differ¬ 
ential equation: 


n 


(s/'M) 1 £ A,m- 

v-2 


n — 1 


- B + £ (Bf- n + ' 




where 

-4. - £ a ( kF„ ka k F n + * - „ £ = £ (* - (3) 

Here o ( * are the coefficients of 

/(*)’ = £ «¥«*, 
k ■* V 

5 is real, and the right side of (2) is non-negative on | z | = l and van¬ 
ishes for at least one point on | z | =» 1 
It may be proved without difficulty that, corresponding to each point P 
of a set which is everywhere dense in the boundary of V n , there is at least 
one function F satisfying conditions (1) which has an absolute maximum 
in V n at P. Hence, every function belonging to a point P of this set satis¬ 
fies a differential equation of type (2). But normalized schlicht functions 
which satisfy an equation of type (2) form a closed set, and so to every 
point on the boundary of V* there belongs at least one function / which 
satisfies an equation of type (2). 

Now let D denote any differential equation of the form (2) where A it A it 
..., Ant Bu Pa> . * * > Bn - i and B are constants such that B is real and 

B + £ (Bjr* + ' + BX -') > 0 

v-l 

on | s | ®> 1, equality being attained for at least one point on | g | * 1. 

H 

Moreover let D be normalized by the condition that 2 \ A, | a ** 1. A 
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function/(sf) will be called a P-function if/ is regular in | x | <1 and satis¬ 
fies some D there, and if/ is normalized by the conditions/(0) = 0,/'(0) * 
1 . 

One of our main results is the following: There is a one-to-one corre¬ 
spondence between boundary points of F* and /^-functions. In particular, 
any P-function/(s) is schlicht; and w » f{z) maps ( z | < 1 onto the w- 
plane minus a portion containing w — <x> of the piecewise analytic locus 
which satisfies the Schiffer differential equation 


/dw\ % jP(uQ 
\dt) vP + 1 



where t is real and P{w) « Ajtu* — 1 + Atfv* " * + ... + A n . 
Let 


F « Jielcjfl* + t&i + • • • «* g [c*<h + + ... 

(5) 


where Cj $ c it ..., c n are any given complex numbers, and let the maximum 
value of F in V n be M. Then F* lies entirely on one side of the 2n — 3 
dimensional hyperplane F = M . Since F* is clearly non-convex for n > 2, 
such supporting hyperplanes can touch F* only at points which belong to a 
well-defined subset of the boundary of F*. The function ter ** /(«) belong¬ 
ing to any point of this subset of the boundary maps j z | < 1 onto the w- 
plane minus a piece of the locus (4) on which P(w) does not vanish unless 
the locus lies on a straight line through w «■ 0. Since the boundary slits 
in the w-plane can have forks in the finite part of the plane only at the 
zeros of P(w) f we see that f(z) maps J z | < 1 onto the w-plane minus one 
or more analytic slits meeting at w « ®, and each of these slits is unforked. 

If a function/(s) belonging to a boundary point of V n satisfies more than 
one differential equation D t then the function f(z) is algebraic. This fol¬ 
lows by dividing one P-equation by the other, the terms (/'(a))* cancel 
leaving an algebraic equation in z and/(s). 

The boundary of V n is found by prescribing conditions, involving the 
coefficients a#, a», ..., a m which insure that the solutions of equations D are 
regular in | z | < 1. It is, of course, necessary to make the zeros of the 
right side of (2) which lie in j z | < 1 correspond to zeros of P(w). We state 
results for the case n « 3. 

Let F| <#) be the subset of Fj for which a% is real; then V% is the set of 
points (oje^, a# 1 *)* 0 ^ 9 < r, tar which (o*, o 9 ) belongs to V$ M . That 
is, Vi is obtained from by rotations. The region F# w is symmetrical 
with respect to the plane a* » 0, so it is sufficient to describe the part of 
the boundary of F| (#) which lies in the half-space o» ^ 0. This portion of 
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the boundary of is composed of the following two analytic surfaces 
plus their intersection: 

(i) Suppose that 0 ^ ^ Let -2(sin « — a cos a) ^ m ^ 2(sin a 

— a cos a) and define X — 2 cos a {log (cos a) — 1J. Then one of the 
two analytic surfaces is defined by 

(h a® VX 2 4" A* 2 J 

a 8 « X 2 + y 2 + 2 cos a (X — iy) 4- (2 cos 2 a 4* 1)*-~.f ^ 

X 4* ty j 

Any function w * /(*) belonging to a point of this surface generally maps 
| z j < 1 on the w-plane minus a forked slit composed of a ray amp. (w) = 
constant extending from w ™ <*> to some finite point where there is a fork 
composed of two prongs which form angles of 2*/3 with the ray. In special 
cases one or both prongs may degenerate to a point. If a = r/2, f(z) 
maps | z | < 1 on the w-plane minus two rays amp, (te) = constant which 
make an angle of x at w = «>; in this case a*, o 3 lie on the parabola a 2 — 
M, « y 2 — 1, 0 ^ y ^ 2. 

(ii) Suppose that 0 < r < l, — ™ $ ip ^ Let 
p* =s 1 + Or 8 4* r 4 + *4r (I + r 2 ) cos 

2r sin 2ty ( r v\ 

tan or —..„ i < a < ^-j 

1 4- 2r cos 2<p + r 2 \ 2 2/ 



(1 + rY 

2 r 


COS *?, 



~ r)* . 

0 .sui ? 

2r 


X » Cl log --i-—^ + CjQ ~ 2 COS *>, M = C 2 log (fZ~ r y - 

Cia + 2 sin ip 

Then the portion of the boundary,of Vi io) in the half-space ^ 0 is com¬ 
pleted by the surface defined by the equations 

at - >/x* + | 

a, « X* + m* + (Ci + *C#)(X - i'm) + fr + |- + cos (?) 

If/(*) belongs to a point on this boundary surface of K» (o) then w = f{z). 
maps j z { < 1 on the w-plane minus a single curved analytic slit extending 
from w * oo to some finite point. As r —* 0, the slit tends to a straight 
line amp. (w) «* constant and the corresponding/ tends to the Koebe func¬ 
tion w *» */(l 4- e~' M ’z) <l . If r —* 1, then Ci —>2 cos «>, Ct —► 0, and 
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X —2 cos v>(log (cos ^p) — 1}, ju —♦ 2(sin — <p cos <p). 

That is, r * 1 corresponds to the edge of intersection of the two surfaces. 
For functions w * /(s) belonging to this edge the polynomial P(w) vanishes 
on the slit in the w-plane, but one of the two prongs of the fork is absent. 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES. VII. PRODUCTION OF ACTINOMYCIN BY 

DIFFERENT A CTINOM YCETES*, f 

By Sblman A. Waksman, Walton B. Gkigbr and Donald M. Reynolds 
New Jersey Agricultural Experiment Station, Rutgers University 

Communicated April 29, 1946 

The ability of organisms belonging to different species or even different 
genera to produce the same antibiotic has been definitely established for 
the fungi. This is true of penicillin production by different species of 
Penicillium and Aspergillus; of davaein, produced by a variety of species 
belonging to these two as well as other genera; of citrinin; and of other 
antibiotics. In the case of spore-forming bacteria, which received con¬ 
siderable attention during the last few years, the problem is more difficult 
because of the greater complexity of the substances produced. It is diffi¬ 
cult to say as yet whether some of the products described in the literature, 
such as subtilin and badtracin, are chemical individuals or mixtures. 
Likewise it is difficult to say whether such mixtures may contain one or 
more of the recognizably pure substances such as gramicidin, tyrocidine, or 
gramicidin S along with other active and inactive polypeptides; tyrothri- 
cin, for example, has been shown to contain gramicidin and tyrocidine, 
along with other less well-defined substances. 

The identity of an antibiotic produced by different species of actino- 
mycetes is complicated by the difficulty of recognizing distinct spedes. It 
is believed, however, that the data presented in this paper tend to suggest 
that different spedes, or at least what may be considered as such, may pro¬ 
duce the same type of antibiotic. The differences in yield and especially in 
the impurities accompanying the particular antibiotic tend to emphasize 
further the differences in species, or at least in strain spedfidty. 

In 1040, the isolation from the soil of an actinomyces that had strong 
antibiotic properties was reported. 1 This substance was designated as 
actinomycin and the organism described as Actinomyces (StrepUmyces) 
antibioticus Since then some 10,000 cultures of actinomyeetes have been 
isolated from soils, composts, and other substrates, and tested for anti* 
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biotic properties, and in only two other instances was the production of this 
antibiotic definitely established* 

The production of actinotpyrin can be detected by its ajntibiotic spectrum, 
by its characteristic pigmentation, and by its chemical properties! since it 
can be isolated from the medium and crystallized.* Its antibacterial 
properties comprise a very high activity against gram-positive bacteria and 
rather low activity against gram-negative organisms. 

In a search for substances possessing activity against viruses, 4 a culture 
of actinomyces was obtained and found to produce the typical red sub¬ 
stance described originally as actinomycin A. The new culture (S-4) re¬ 
sembled S. antibioticus in some of its morphological and cultural properties, 
although it was not identical with it. It produced on synthetic media, for 
example, a deep black zone in the aerial mycelium. The exact significance 
of this zone has not yet been determined. 


TABLE 1 


Bacteriostatic Action of Three Actinomycin Preparations 


CRYBTA1XINU 

ANTIBIOTIC 

£. coli 

A. aero genes 
■S. aureus 

B . subtilis 
B. tnycoides 
S. lutea 


0.1 mg./ml, 
0.01 mg. /ml. 


BACT BMOSTATIC ACTION BY AGAR DILUTION METHOD, DILUTION UNITS FRR ORAM 


ACTINOMYCIN FROM 

ACTINOMYCIN A FROM 


CULTURE fl>4 

5. antibioticus 

ACTINOMYCIN FROM 36*G 

<10,000 

<6.000 

<30,000 

< 10,000 

<10,000 

<30,000 

>20,000,01X1 

>20,000,000 

>3,000,000 

>20,000,000 

>20,000.000 

>3,000,000 

>20,000,000 

>20,000,000 

>3,000,000 

>100,000,000 

>100,000,000 

* *' I * t 

Bacteriostatic action by cup method, 


diameter of zone in mm. 


81.4 

31.6 


27,2 

27.6 



By following the original procedure* for isolating actinomycin A, a 
crystalline red solid was obtained which had a melting point of 252°C. 
and which gave no depression in the melting point when mixed with an 
authentic specimen of actinomycin A. The antibiotic spectra of the two 
substances and the quantitative concentration of pure actinomycin. as 
measured by the cup method against B. subtilis, were found *o be 
as shown in table 1. 

In the course of isolation of the actinomycin from S-4. some 
soluble in petroleum ether was also obtained. This fraction was previously 
designated actinomycin B; it was a mobile yellow oil and was produc ed by 
either strain. The bacteriostatic spectra of the two fractions (after repuri- 
ficatjon) were also similar, both giving 20,000 to 60,000 units per gram, 
against gram-positive bacteria. Since activity of this magnitude could tp- 
suit from an admixture of inert material with as little a* 0.6 per cent of 
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actinomycin A, it is probable that the activity of this fraction is due en¬ 
tirely to some contamination with actinomycin A. Since even this limited 
activity gave exactly the same type of spectrum as actinomycin A, the 
second fraction may, therefore, be considered as an impurity of the latter. 
Because of this and in order to avoid future confusion, it is proposed to 
abandon the term “actinomycin B“ and to change the name “actinomycin 
A” to “actinomycin/’ 

The amounts of actinomycin produced by the newly isolated S-4 strain 
as well as by the original S. antibioticus 3435 strain, grown both in shaken 
and in stationary cultures, were then investigated. Starch tryptone 
medium was used, with 0.25 per cent agar for stationary cultures. The re¬ 
sults, summarized in table 2, show that strain S-4 produces nearly 10 times 
as much actinomycin as the original S. antibioticus . The substance pro¬ 
duced by S-4 can also be isolated more readily. The actinomycin produced 
by the two strains differed also in another respect: the substance formed by 

TABLE 2 

Production of Actinomycin by 3 Different Cultures of Strbptomycbs 

✓-strain s-4 - - - »- S. antibioticus 3435—- - strain 36-q 

SHAKEN STATIONARY SHAKEN STATIONARY STATIONARY 

Activity of culture filtrate, dilution units (B. sublilis) 

3,000 . 3,000 200 300 300 

Yield of isolated crude actinomycin, milligrams per liter 
200 170 114 100 66 

Total activity of crude actinomycin produced, dilution units 
1,200,000 1,000,000 140,000 120,000 260,000 

S-4 was readily crystallized from acetone-ether mixtures after the removal 
of the B-fraction, whereas that produced by 5. antibioticus could not be 
crystallized until after chromatographic separation because of the presence 
of tarry impurities. 

In the course of this work, three methods of extraction of the actino¬ 
mycin were used: (1) extraction of cultures with ether in stationary flasks; 
(2) continuous extraction with ether; (3) extraction with ethyl acetate. 
Methods 2 and 3 proved to be about equally satisfactory and were superior 
to method 1 on the basis of completeness of removal of the substances from 
the culture filtrate. The nature of the product seemed to be independent 
of the method of extraction.. 

More recently* another culture was isolated which produced actinomycin 
when grown on a glucose-txyptone medium, both in stationary soft agar 
cultures and in a submerged state. This culture, 3G-G, was isolated from 
soil. It was markedly different from both S. antibioticus and S-4. It was 
non-chromogenic and did not form the typical sporulating aerial mycelium 
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characteristic of 5. antibioticus. The straight conidiophores were arranged 
irregularly on the aerial mycelium. The yield of actinomycin (66 mg. per 
liter) given by this culture was less than that of the other 2 cultures. The 
activity of the culture filtrate (300 B. subtilis units per nil.) was similar to 
that of S. antibioticus. The antibiotic spectrum of the culture filtrate and 
of the crystalline product was that typical of actinomycin, as shown in the 
tables. 

Summary —Actinomycin is produced by different species of the genus 
Streptomyces. The yield and purity of the antibiotic depend upon the 
nature of the culture. One organism yielded about 10 times as much 
actinomycin as the original 5. antibioticus . Another culture gave a lower 
yield than S. antibioticus , but a purer product was obtained. The nature 
and activity of the second fraction accompanying the actinomycin, namely 
actinomycin B, also varied for the different cultures; however, its anti* 
biotic spectrum was similar to that of actinomycin. Because of the in¬ 
significant yields of the B fraction, and because of the suggestion that its 
activity is due to traces of actinomycin A present as impurities, it is pro¬ 
posed to abandon the name of “actinomycin B” and to change the name of 
“actinomycin A” to “actinomycin.” 
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GROWTH REQUIREMENTS OF VIR US-RESISTANT MUTANTS 

OF ESCHERICHIA COLI STRAIN "B" 

By E. H. Anderson* 

Department or Biology, Vanderbilt University 
Communicated March 21,1946 

The isolation of a number of virus-resistant mutants from a virus- 
sensitive strain of Escherichia coli (strain B) has been described is p. previ¬ 
ous publication, 1 The mutant strains were obtained by using, a* selective 
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agents, three bacterial virus strains (bacteriophages), all of which are active 
on the parent organism. Lysis of the sensitive cells allowed the resistant 
mutants to develop as secondary colonies. The mutant strains differed 
from the original strain by their resistance to one, any two or all three 
viruses, in all possible combinations. All mutants were found to possess 
the morphological characteristics of the parent strain. Various qualita¬ 
tive fermentation tests carried out on representative strains also failed to 
demonstrate essential differences. The mutants were tested for their 
ability to grow in a synthetic minimal medium containing inorganic salts, 
asparagine and dextrose buffered at pH 7.0. This medium will be referred 
to as the asparagine medium.* These tests revealed that many of the 
mutants were unable to develop, although the medium supported heavy 
growth of the parent strain. The addition of as little as 0.005 per cent 
Difco yeast extract to the minimal medium enabled all mutants to show 
good growth. In an attempt to determine what indispensable substances 
the mutants had apparently lost the ability to synthesize, representative 
strains were systematically tested in a synthetic minimal medium to which 
vitamins, amino acids, hydrolyzed yeast nucleic acid and hydrolyzed 
casein were added singly and in various combinations. The synthetic 
medium used in these tests contained inorganic salts, dextrose and am¬ 
monium chloride in place of asparagine, and will be referred to as the am¬ 
monium medium.* All substances tested were found to be inactive under 
the conditions of the tests. The present paper deals with a continuation 
of the investigation of the growth factor requirements of the virus-resistant 
mutants of strain B. 

Resistance Patterns of Deficient Mutants .—The 27 mutant strains used in 
the present study failed to grow in either synthetic medium without the 
addition of nutrient broth or minute amounts of yeast extract. All de¬ 
ficient mutants were resistant to virus 71 4 and 22 strains were also resistant 
to one or more of the other viruses for which the B strain may serve as host. 
On the basis of resistance tests carried out with high titre stocks of seven 
viruses active on B* the 27 mutants represent four different patterns of 
resistance as follows: 5 strains resistant to virus 71; 2 to 71, 7*3 and 74; 
3 to 71 and T6; and 17 resistant to 71, T3 t 71 and 77. These patterns of 
resistance are consistent with the resistance groups discussed by Demerec 
and Fano. 4 

Seventeen of the mutants were derivatives of B/l, strain no. 1. These 
were isolated as double mutants by subjecting the S/1 strain to the action 
of either virus 7^2 or 77 which, in addition to 71, were used as selective 
agents in the isolation of the mutants. Many of the derivatives of S/1 
may be the result of independent duplication of mutations. T6 was not 
used in the isolation of this group of mutants. The occurrence of 3 strains 
resistant to 71 and T6 may be explained by the observation of Delbriick* 
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that resistance to X*6 is facultatively coupled with resistance to T2. These 
three strains were originally isolated as 3/2/1. It has been our experience 
that mutants resistant to T2 have a high rate of back mutation to sensi¬ 
tivity. In these cases it may be assumed that the organisms isolated were 
actually 3/2, 6/1 and that the loss of resistance to T2 did not affect the re¬ 
sistance to TiS or 7T. It has been reported 4 that mutants of 3 which are 
resistant to virus Tl fall into two distinct types, those which acquire re¬ 
sistance to 7T only, and those which simultaneously acquire resistance to 
T5. All the strains unable to grow in synthetic media were found to be 
sensitive to T5. 

Tryptophane as Growth Factor and the Influence of Nitrogen Source .—All 
substances tested in the previously reported studies 1 gave completely nega¬ 
tive results with the exception of ^/-tryptophane which, in a concentration 
of 1 microgram per milliliter, gave inconclusive growth with the mutant 
strains used in the tests. On testing the 27 deficient strains for their 
ability to grow in the ammonium medium containing 30 micrograms 
/(—)-tryptophane per milliliter it was found that, with one exception, all 
strains showed some development after 14 hours’ incubation at 37°C. and 
good growth at the end of 38 hours. Other amino acids 7 added to the am¬ 
monium medium in concentrations of 100 micrograms per milliliter failed 
to allow development of any of the mutant strains tested. 

In an attempt to determine the concentration of /(— )-tryptophane neces¬ 
sary for development of 3/1, strain no. 1, a graded series of tryptophane 
concentrations ranging from 200 to 0.01 microgram per milliliter was set 
up in 1-ml. amounts in the ammonium medium and in the asparagine 
medium. After 20 hours’ incubation at 37°C. visible growth was observed 
in the ammonium medium in all tubes containing 20 micrograms of trypto¬ 
phane while the series in the asparagine medium showed growth at 0.2 
microgram per milliliter. Incubation over a period of 140 hours permitted 
visible growth in the ammonium series to 1.56 micrograms tryptophane per 
milliliter. Development in this medium, however, was greatly reduced 
in all tubes containing less than 12.5 micrograms of tryptophane per 
milliliter and in the asparagine medium at concentrations of less than 1.13 
raicrograms of tryptophane per milliliter. 

Comparative studies on the growth of the parent strain in the two syn¬ 
thetic media had shown NH 4 CI and asparagine to be entirely comparable 
as a nitrogen source. The observation that the asparagine medium per¬ 
mitted growth of the deficient strain at a much lower concentration of 
tryptophane than did the ammonium medium indicated that the deficient 
strains, in addition to requiring tryptophane as a growth factor, may have 
nitrogen requirements which differ from those of the parent strain. There¬ 
fore, a more extensive investigation of the nitrogen requirements of the de¬ 
ficient and the parent strains was undertaken. 
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Amino Acids as Nitrogen Source in Combination with NII^Cl. —Pre¬ 
liminary studies were carried out with JB/1, strain no. 1, in which 21 amino 
acids were individually tested for their ability to serve as an additional 
nitrogen source when added to the ammonium medium supplemented with 
tryptophane. Each amino acid was tested at a concentration of 300 micro¬ 
grams per milliliter in two series of media, one of which contained 20 
micrograms /( — )-tryptophane per milliliter and the other 300 micrograms 
per milliliter. The tests were carried out in JO-ml. volumes in large test 
tubes with aeration. Growth was measured after 24 hours* incubation at 
37 °C. by centrifuging each culture in its entirety in Hopkins’ vaccine tubes. 
Nearly all amino acids tested gave some increase in the cell yield of the 
organism over that obtainable in the controls containing tryptophane and 
NH 4 CI as sole nitrogen source. An exception was (//-norleucine which in¬ 
hibited growth at the concentration tested. Ten amino acids, however, 
permitted appreciably increased growth of B/ 1. These were /(—)- 
histidine, /(+)-arginine, /( —)-leucine, (//-phenylalanine, (//-valine, glycine, 
(//-serine, /(+)-glutamic acid, /( — )-proline and /-asparagine. 

Selected Amino Acids as Sole Nitrogen Source for the Parent Strain .— 
These ten atnino acids as well as /(—)•* tryptophane were tested as sole nitro¬ 
gen source for the parent strain. They were added in 1 mg. per milliliter 
amounts to 10-ml. volumes of the minimal medium with the NH 4 CI 
omitted. Cell volume measurements of B, determined as above, indicated 
that the eleven amino acids tested could be arbitrarily divided into three 
groups on the basis of their ability to serve as nitrogen sources for strain B. 
Group I, consisting of asparagine, arginine, serine and glycine gave good 
growth. Proline and glutamic acid in group II gave fair growth. Very 
little or no growth was obtained with histidine, tryptophane, leucine, valine 
and phenylalanine which comprised group III. The inability of the parent 
strain to develop on group III amino acids cannot be considered as due to 
the necessity of accessory growth factors since it is fully able to grow in in¬ 
organic nitrogen and glucose. Parallel tests in which the amino acids were 
added to the minimal medium containing NH 4 CI showed that all eleven 
amino acids permitted good growth in the presence of the ammonium salt. 
Therefore, the failure of the group III amino acids to permit growth when 
present as sole nitrogen source may be explained on the basis that their 
nitrogen is unavailable rather than that these amino adds are toxic to the 
organism. The data obtained in one representative experiment are pre¬ 
sented in table 1. It will be noted that although tryptophane is essential 
for the growth of B/l, it is not a suitable source of nitrogen for B in the 
absence of other nitrogen sources. 

Selected Atnino Acids as Sole Nitrogen Source for B/l .—Essentially the 
same grouping was obtained when the ten amino acids were tested in¬ 
dividually for their ability to serve as sole nitrogen sources for B/l in the 
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minimal medium containing no NH 4 CI. The tests with this organism were 
carried out in the same manner as those for the parent strain except that 100 
micrograms tryptophane per milliliter were added as a growth factor. Al¬ 
though cell yields of 5/1 are low with NH 4 CI as sole source of nitrogen, it is 
apparent that NH 4 ~nitrogen may be used in the presence of certain amino 
acids. As is seen in table 1, NH 4 CI appears to be essential for the utiliza¬ 
tion of histidine, leucine, valine and phenylalanine by 5/1. It is not dear 
whether NH 4 -nitrogen is used in the presence of the other amino adds since 
growth is heavy in its absence. It was observed, however, that in all cases 
visible growth was obtained earlier in tubes containing NH 4 CI than in 
paralld tubes in which this salt was omitted. 

* 

TABLE 1 


Growth of B t B/ 1, Strain no. 1 and B/ 1/7,3,4, Strain no. 1A, on Sblbctbd Amino 
Acids in a Minimal Medium with and without NH 4 CI 


SUBSTANCE ADDED, 

1 MO. PE* ML. 

—— -B- 

— NH4C1 

+NH.C1 

- - B/l, 

-NH*Cl 

NO. 1- — * 

+NH.C1 


4, NO. lA”' 
+NH4C1 

Arginine 

41.5 

46.0 

20.0 

38.0 

20.0 

27.0 

/-Asparagine 

29.0 

28.0 

17.0 

12 0 

15.0 

30.0 

d/-Serine 

30.0 

36.0 

26.5 

30.0 

26.5 

26.5 

Glycine 

26.5 

30.0 

12.0 

17.0 

15.0 

20.5 

/(—)-Proline 

5.0 

20.0 

8.0 

12.0 

0.0 

20.0 

/(-f)-Giutamic acid 

3.5 

20.5 

11.0 

16.5 

7.5 

18.0 

/( — )-Histidine 

0.0 

19.0 

0.5 

30.5 

3.5 

23.0 

/(—)-Tryptophane 

0.5 

26.5 





/.(— ) -Leucine 

0.5 

22.5 

1.0 

11.0 

7.0 

15.0 

d/~Vaiine 

1.0 

32.0 

1.0 

10.5 

6.0 

24.0 

{//-Phenylalanine 

0.5 

22.5 

0.5 

15.0 

6.0 

24.0 

Control 

0.0 

24.0 

0.5 

3.6 

3.5 

9.0 


Growth in mm.* cells per 10 ml. in 24 hours. 

Media used iu testing 5/1 contained 100 micrograms /-tryptophane per milliliter. 
Media used in testing 5/1/7, 3 , 4 contained 100 micrognuns /-tryptophane and 100 
micrograms /-proline per milliliter. 


Tryptophane Requirements with Optimal Nitrogen Source .:—It is apparent 
from these results that the amount of growth of the tryptophane requiring 
strains is limited not only by the amount of tryptophane present in the 
medium, but also by the nature of the substances serving as source of 
nitrogen. Therefore, in testing the effiriency of i(—)-tryptophane as a 
growth factor for the deficient strains the tests were carried out in the am¬ 
monium medium to which 1 mg. of hydrochloric add-hydrdyzed yeast ex¬ 
tract per milliliter was added. This preparation was entirely free erf trypto¬ 
phane but together with NH4CI served as a completely adequate source of 
nitrogen. 


Figure 1 presents the growth response of B/l, strain no. I. to varying 
concentrations of /(-^-tryptophane in this medium. The determinations 
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were carried out in 1-ml. volumes in small test tubes without aeration and 
cell counts were made by the usual plating method at the end of 24 hours’ 
incubation at 37°C. From the data presented it is seen that, provided a 
suitable nitrogen source is available in sufficient quantity, the growth of 
this mutant is proportional to the amount of tryptophane added and that 
with 0.25 microgram of /(— )-tryptophane 10* cells developed in 24 hours. 

Irreplaceability of Tryptophane. —In the case of certain microorganisms 
which require tryptophane for growth it has been shown that this amino 
add can be replaced by substances postulated as intermediate in the syn¬ 
thesis of tryptophane. Indole is utilized by some strains of B. typhosum, 



U-)-TfWPTOPHANE IN TML 
FIGURE 1 

Growth of Bf 1, no. 1 in varying concentrations 
of J(—)-tjnrptophane. 

C. diphthcriae and staphylococcus,* and either indole or anthranilic add can 
replace tryptophane for certain spedes of lactic add bacteria.* Two 
tryptophaneless mutant strains of the ascomycete Neurospora crassa have 
been described, 1 * one Of which is able to use indole and the other either 
indole or anthranilic add in place of tryptophane. Tatum and Bonner 11 
have presented evidence that in this mold the biosynthesis of tryptophane 
takes place by a direct reaction between indole and /(—)-serine. 

Eight tryptophaneless mutants of 3 were tested for their ability to grow 
in the ammonium medium, supplemented by 1 mg. per milliliter hydro¬ 
chloric add-hydrolyzed yeast extract, to which was added /(-^-trypto¬ 
phane, indole, 11 or anthranilic acid^in 50 micrograms per milliliter amounts. 
Additional tests were carried out using 3/1, strain no. 1, in the ammonium 
medium to which was added alpha methyl indole, 1 * xanthurenic add, 1 * 
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tryptamine hydrochloride , 12 indole acetic acid , 12 indole propionic acid , 12 
indole pyruvic acid , 12 indole butyric acid 12 or indole + (//-serine. In no 
case was growth of any of the tryptophane-deficient mutants of B obtained 
in the absence of tryptophane. 

With one exception tryptophane has been found to satisfy the growth 
factor requirements of all mutants unable to grow in either minimal medium. 
In addition, tryptophane is required in much higher concentrations when 
NH4CI is supplied as the nitrogen source than the concentration necessary 
to support good development in the presence of certain amino acids. 

All strains are capable of development in the ammonium medium supple¬ 
mented with small amounts of tryptophane and hydrochloric acid-hy¬ 
drolyzed yeast extract. This combination of nutrilites was found to satisfy 
the growth requirements of the one strain, B/ 1 / 7 , 3 , 4 , no. 1 A, which was 
unable to grow in the ammonium or asparagine medium supplemented 
with tryptophane alone. Since B/ 1/7, 3, 4, no. 1 A, is incapable of de¬ 
velopment in synthetic media supplemented with the hydrolyzed yeast ex¬ 
tract alone, it is apparent that this strain requires tryptophane as well as 
some factor or factors present in yeast hydrolyzate. 

Proline and Tryptophane Required by B/l/7 , 3 , 4 , No. 1A —In order to 
determine whether this strain requires other amino acids as growth factors 
in addition to tryptophane, 1 -milliliter amounts of the ammonium medium 
containing 100 micrograms of /(-)-tryptophane per milliliter and 100 
micrograms of individual amino acids per milliliter were set up in small test 
tubes and incubated at 37°C. without aeration. The only tubes showing 
development at the end of 24 hours were those containing tryptophane plus 
/('“)-proline and tryptophane plus /(-)-hydroxyproline. Incubation for 
144 hours resulted in a slight increase of those two tubes but no visible 
growth with any of the other 19 amino acids tested. Much higher cell 
concentrations were obtained with proline than with hydroxyproline. The 
optimum concentrations of tryptophane and proline required for the 
growth of this strain have not been determined. 

Selected Amino Acids as Sole Nitrogen Source for B/l/7 , 4 , No. 1A.— 
The tryptophane-proline-deficient mutant was also tested for its ability 
to utilize the group of ten amino acids as sole nitrogen sources. Tests were 
carried out as for B and 5/1, but with tryptophane and proline, 100 micro- 
grams of each per milliliter, added as growth factors to the minimal 
medium. From the data presented in table 1 it is seen that the amino 
acids fall into essentially the same grouping as with the other two strains. 
Growth in the control is, however, greater than that in the controls of 
B/t. This may be due to the presence of proline in an amount above the 
growth factor requirements for this amino acid, the excess being utilized 
as nitrogen source. This is reflected in the growth of this strain with most 
of the group 111 amino acids in the media without NH 4 CI. The addition 



Vol* 32, 1946 


BACTERIOLOGY: E. II. ANDERSON 


127 


of NH4CI to the media permitted good development of B/ 1/7, 3, 4, strain 
no. 1A, with all amino acids tested. 

Discussion .—Certain mutations from virus sensitivity to virus resistance 
in the B strain of E. colt may result in a loss of the ability of the mutant to 
synthesize factors essential for growth. This is indicated by the observa¬ 
tion that many of the mutant strains are unable to develop in the absence 
of tryptophane. In the present study all tryptophaneless mutants have 
been found to be resistant to Tl but sensitive to 7\5. Mutants resistant to 
Tl and T5 are capable of growth with inorganic nitrogen and glucose and 
therefore may be presumed to have retained the synthetic capacity of the 
parent strain. . It would therefore appear that resistance to Tl may be the 
result of different mutations—one type blocking the synthesis of an essential 
metabolic product in addition to preventing the synthesis of specific con¬ 
stituents essential to the reaction of the cell and a specific virus. Further 
studies, however, will be required to determine whether or not the loss of 
the capacity of synthesizing tryptophane is directly correlated with a 
specific resistance pattern. The deficient strain requiring proline in addi¬ 
tion to tryptophane was one of 17 Bf 1/7, 3, 4 strains. Tryptophane alone 
satisfied the need for accessory growth factors for the other 16 strains, in¬ 
dicating that there are different mutations involving resistance to T7 and 
that the need for proline may be associated with one specific type of these 
mutations. 

That other factors in the synthetic capacity of the tryptophaneless 
mutants may also become limiting as a result of the mutation is indicated 
by the observation that even though the growth factor requirements be 
satisfied, the deficient mutants, in contrast to the’parent strain, are in¬ 
capable of growing to high cell concentrations when NH 4 C1 is supplied as 
sole source of nitrogen. Supplementation with amino nitrogen results in 
greatly increased growth. Therefore it would appear that the animation 
capacity of these strains has become altered. In this respect it is interest¬ 
ing that the presence of NHU-nitrogen appears to be essential for the 
utilization of certain of the amino acids. 

Summary .—Certain virus-resistant mutants derived, from a virus-sensi¬ 
tive strain of E. coli were found to require accessory growth factors al¬ 
though the parent strain is capable of full development in a medium con¬ 
taining inorganic nitrogen and dextrose. The 27 strains used in this study 
have apparently lost the ability to synthesize tryptophane. One strain 
was found to require proline in addition to tryptophane. All of the 
tryptophaneless strains are resistant to virus Tl and sensitive to T5. 

That other factors in the synthetic capacity of the mutants differ from 
those of the parent strain is evidenced by the observation that organic as 
well as ammonia nitrogen is essential for full development of the mutant 
strains* In a medium containing adequate nitrogen sources the addition 
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of 0.25 microgram of /(-)-tryptophane gives a development of 10* cells 
in 24 hours. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. 
VII. THE NATURE OF THE ISOLATING MECHANISMS 
TWEEN DROSOPHILA PSEUDOOBSCURA AND DROSOPHILA 

PERSIMILIS 

By Ernst Mayr 

The American Museum or Natural History, New York 
Communicated March 18, 1940 

An ever increasing number of cases is being described in the current 
literature of pairs of exceedingly similar species that coexist at the same 
locality. The morphological similarity sometimes reaches the point of 
virtual identity, in other cases very minor differences exist in regard to the 
characters of eggs, larvae or adults. Adherents of a strictly morphological 
species concept interpret such findings as intraspecific differentiation and 
apply the term “physiological races’’ to the members of such pairs of ex> 
tremely similar species. However, it has been found in all weQ*studied 
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cases that partial or complete reproductive isolation exists between the 
members of these pairs of populations and that no hybrids are found in 
nature in the regions of distributional overlap, even in the cases where 
hybrids can be obtained experimentally. The adherent of a biological 
species concept is forced to regard as species sympatric populations that are 
reproductively completely isolated. The two species Drosophila pseudo - 
obscura and D. persimilis are such a pair of species. Although the morpho¬ 
logical differences between these species 1 are very slight, still not a single 
hybrid has yet been found in the wide area of overlap in western America. 
In the laboratory the two species can be crossed fairly easily, and the hy¬ 
brid females are fertile and can be backcrossed. Hybrid F x males, how¬ 
ever, are completely sterile. 2 

Sex Behavior in Intraspecific Crosses.-- A study of the normal sex behavior 
of the two species would seem a necessary prerequisite of a study of their 
mutual incompatibilities and isolating mechanisms. Unfortunately, 
however, the sex physiology of the two species is by no means exhaustively 
known. 

Some data are presented in the following sections on the sexual physiology 
and the isolating mechanisms of an orange-eyed strain of D. pseudoobscura 
Frolova descended from flics collected at Pifion Flats, San Jacinto Moun¬ 
tains, California, and a wild strain of D. persimilis Dobzhansky and Epling 
from Stony Creek, north of the Sequoia National Park, California. Only 
these two strains of the two species were studied. Courtship in D. melano- 
gaster and many other species has been described by Sturtevant 8 * 4 * 6 and in 
D. virilis by Stalker. 6 For D. pseudoobscura and relatives data were pre¬ 
sented by several authors. 2 * 7 * * 

Age at Sexual Maturity .—Flies of the species D< pseudoobscura become 
sexually mature earlier than flies of the closely related species persimilis 
and miranda . Dobzhansky and Koller 7 found that in a strain of D. 
pseudoobscura kept at 24.5°C. about 36% of the females were fertilized after 
1 Ys days, 62% after 2 days, 82% after 3 days. In a strain of D. miranda 
only 4% of the females were fertilized after 2 days, 56% after 3 days, 66% 
after 4 days. D. persimilis seems to be still slower. Even 3-day-old flies 
are rarely fertilized and flies at least 5 days old (preferably 6 or 7) have to 
be used, to be sure that they are sexually mature. This poses the awkward 
problem that flies of different chronological age must be used to be sure that 
they are approximately of the same physiological age. Therefore the 
females of D. pseudoobscura used for most of the experiments were 8 or 6 
days old and those of persimilis 1 days old. 

Sexual Activity ,—Both males and females of the orange-eyed strain of Z>. 
pseudoobscura were sexually much more active than flies of the D. persimilis 
strain. It did not prove feasible to measure this difference quantitatively, 
blit if the following arbitrary point values are given to the sex drives: 
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cf pseudoobscura 120, 9 pseudoobscura 80, c? persimilis 50, 9 persimilis 10, 
and a value of —110 to the isolating mechanisms in the interspecific mat¬ 
ings, we obtain the following combined values: 

persimilis c? with persimilis $ : 50 + 10 — GO 

persimilis with pseudoobscura 9 : 50 + 80 — 110 — 20 

pseudoobscura cf with pseudoobscura $ : 120 + 80 — 200 

pseudoobscura d* with persimilis 9: 120+10 — 110 = 20 

The ratios < K): 20 (= 3:1) and 200:20 (= 10:1) are fairly close to the observed 
ones in double choice experiments. 8 They are not entirely exact, however, 
since the actual values of the isolating mechanisms are fairly different in 
reciprocal crosses (above listed always as — 110), The incompatibility be¬ 
tween pseudoobscura cf and persimilis 9 is much greater than that between 
persimilis cT and pseudoobscura 9 . 

Sexual activity in Drosophila , unfortunately, happens to be a somewhat 
unpredictable factor, particularly in well-aged flies. It was high on cer¬ 
tain days, low on others even though all experimental conditions including 
temperature were seemingly identical. The time of day seemed to play 
some r61e: sexual activity is apparently higher in the morning and evening 
than during the middle of the day. Quantitative experiments, to be strictly 

comparable, should be conducted not only at the same temperatures but 

* 

also at the same hour of the day. 

Mating Behavior of Males .—It has been shown by Sturtevant 8 * 4 * 6 that 
the following dements are the most frequent components of the mating be¬ 
havior of Drosophila males. In various combinations they are found in 
most species of the large genus Drosophila . 

“ Vibrating ”—The male faces the female (usually from the side), ex¬ 
tends one wing at about right angles to his body, and vibrates it for a few 
seconds. The wing is then returned to the normal position. The vibrated 
wing is usually the one nearer the head of the female. Both wings are 
rarely vibrated simultaneously and only in a few species. 

“Waving” —The wing is also extended laterally, but is not vibrated. 

” Scissors Movements ” —Both wings are rapidly opened and closed like 
a pair of scissors. 

* 

“Licking” —The male licks with his proboscis the ovipositor of the female. 

“Circling” —A rapid sideways movement of the male from a frontal or 
lateral position to one behind the female (usually followed immediately by 
copulation), 

Of these five elements only vibrating and circling were found in D. pseudo¬ 
obscura and persimilis. It was not possible to discover any difference be¬ 
tween the two species, either in the qualitative or quantitative aspects of 
the courtship. 
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Copulation in the two species proceeds as described by Sturtevant* for 
D . melanogaster, The male, standing behind the female, bends up his 
abdomen underneath, until its tip faces forward. The phallus is then 
thrust into the female ovipositor, and after its intromission the male parts 
the wings of the female and mounts. In some other species the female 
opens her wings spontaneously and in still others the male mounts the back 
of the female before intromission of the phallus. 

Termination of a normal copula is apparently always initiated by the 
male by extracting his phallus. Usually he succeeds in doing this in 20 or 
30 seconds, but it may require 3 or 4 minutes in exceptional cases. Males of 
the observed strain of D. persimilis were usually rather inactive after 
completed copulation and spent much of their time in preening. No 
second copulation was recorded during the observation periods. Males of 
the observed strain of D. pseudoobscura sometimes engaged in a second 
copulation within 30 or 40 seconds after completion of the first, and in a 
third copulation after completing the second. If no receptive females are 
available, males may become completely quiescent within about 20 minutes 
after a period of great excitement and much displaying. 

Female Behavior .—Receptive females stand still, turn the tip of the 
abdomen toward the male, lift it and partly extrude the ovipositor (“invi¬ 
tation display”)' With ready males this will result in almost instantane¬ 
ous copulation, other males—particularly young males and males of other 
species—may pay no attention to the female’s overtures. Many males 
copulate without a preceding invitation display by the female. Copulat¬ 
ing females ward off other males by stretching the middle pair of legs side¬ 
ways. Non-receptivity is indicated by the following actions of females: 
walking away rapidly, wing-flicking, depressing the tip of the abdomen 
toward the ground, or a combination of these methods. Females of D . 
psetidoobscura and D. per$imttis t which had just completed copulation, were 
non-receptive at least for one hour. They were receptive when tested 
again 24 hours later. Sturtevant 4 found that in D , replete and ajfinis the 
same pair may copulate twice within 10 minutes. Repeated copulations 
were also found in other species. 

Length of Copulation .—Sturtevant 4 - h reports that the length of copula¬ 
tion of various species of Drosophila may vary between 1 minute (lutm, 
hydei) and 55 minutes (■ immigrans ). 

First copulations of D . pseudoobscura males lasted 4'30*, 4'35*, 4'55*, 
5'55*, 6'10*, 6'15*, 6'15*, 7'0*, 7'10*, 8'0*, 9'15*, 10'5*, ll'IS* in homo- 
gamic matings {median 6'15*). No copulations with D. persimilis 9 
were timed. Second and third successive copulations usually last shorter 
than the first. The duration of successive copulations was: 4'30*, 3'26*, 
2'20*; -4'55*, 3'10*, 4'15*, -7'10*, 4'40*; -8'0V5'2O*. Temperatures 
Were about 21-24°C,, but unfortunately were not accurately recorded. 
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First copulations of D. persimilis males lasted 4'40', 5'O', 5*35', 5'40** 
6'10', (>'10', fi'10', 6'25', 6'35', 6'40', 7'0', 7'20', 7'20', 8'20', 8'30', 
9'25' in homogamic matings (median 6'30'). One copulation with a 
pseudoobscura female lasted 7 '35'* There is thus no striking difference be¬ 
tween the two species. Stalker 6 likewise found no significant difference in 
length of copulation between the closely related species D . virilis and D. 
amcricana. 

Species Recognition and Psychological Isolating Mechanisms .—Most 
modern authors assume that “psychological barriers’' (“species recogni¬ 
tion”) prevent or reduce the frequency of matings between members of 
closely related species of insects. These terms signify a crude concept of 
the interplay between male and female, which has no reality. The term 
“recognition” implies consciousness and the ability of making judgments, 
for which no evidence exists in Drosophila . Rather it must be assumed that 
the male stimulates the female by specific pre-copulatory displays and that 
the female reacts by specific responses indicating a state of receptiveness. 
This interpretation assumes that successful copulation is the result of a 
chain of interactions between specific stimuli produced by the male and 


adequate responses of the female which in turn stimulate the male. 

If the reproductive isolation between D. pseudoobscura and D. persimilis 
is partly or entirely due to psychological isolating mechanisms, an analysis 
of the pre-copulatory display of males and females should reveal differences. 
The above-described observations indicate that there are no visible differ¬ 


ences in the courtship behavior of the two species. This is, in a way, not 
surprising since the major elements of the courtship, vibrating, circling, 
scissors movement, and licking in various combinations are widespread in 
the genus Drosophila . 

The possibility remains that auditory, olfactory or other factors provide 
the stimulation necessary to limit copulation to encounters between con- 
specific individuals. To test this possibility a series of multiple choice ex¬ 
periments were undertaken.* 

Multiple Choice Experiments .— Males of one species were given the op¬ 
portunity to mate under varying conditions with females of two species. 
When an equal number of females of D. pseudoobscura and D. persimilis was 
placed in a vial with food together with males of D, pseudoobscura, it was 
found* that about 11 times as many pseudoobscura females were inseminated 
as persimilis females. Males of persimilis fertilized about 3 times as many 
of their own as pseudoobscura females. These control experiments, as well 
as those of earlier authors,** 7 permit thre econclusioits. First, that sexual 
isolation between the two species is not nearly as complete under experi¬ 
mental conditions (only one kind of male present) as in nature. Second, 
that mating between the flies is not random, but indicative of highly de¬ 
veloped discrimination* Third, that conspecific matings are much more 
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frequent than heterogamic matings. The experiments, however, do not 
elucidate the reason for the higher frequency of conspecific pairings. 

Questions that need to be answered are the following: Is a fly stimulated 
by an individual of the opposite sex regardless of the species to which it be¬ 
longs? If there is a difference between species in stimulation, how large is 
it and to what extent is it responsible for the reproductive isolation of the 
species concerned? Arc male and female equally involved in the differ¬ 
ence which seems to exist between conspecific and non-specific pre-copula- 
tory stimuli? Which sense organs are important as receptory mechanisms 
for these stimuli? 

Methods .—Different techniques were employed in the attempt to eluci¬ 
date these questions. In mass experiments 10 females of each of two spe¬ 
cies were placed in a vial of food with several males of one of these species. 
The females were dissected after an interval sufficient to permit fertiliza¬ 
tion of about 50 per cent of them, and the percentage of fertilized females in 
the lots of the two species determined. This indirect method was supple¬ 
mented by direct observation. A special observation chamber was con¬ 
structed which consisted of a wax ring between two parallel glass plates. 
The size of the ring was adjusted not to exceed the field of vision of a low- 
power binocular microscope. The flies were introduced into the wax ring 
through a funnel-like opening which could be closed by a stopper. In this 
chamber flies remained in good physical condition for hours, but most ob¬ 
servation periods were terminated after 30 minutes and the flies replaced by 
new ones. This observation chamber permitted the observation at a 7- 
fold magnification of every detail of the movements of 4-8 flies, all of them 
at all times completely in focus. 

, A different observation technique was employed where numerical counts 
were more important than a study of the details of behavior. Batteries of 
ten glass vials without food were used, each one of them containing the 
same combination of flies. The ten vials were observed simultaneously and 
the number and sequence of events recorded. All transfers of aged flies 
were made without etherization. All tested flies were virgin at the begin¬ 
ning of the observation periods. 

The Rdle of the Sense Organs. ~ Vision: The two species D. pseudoobscura 
and D. persimilis are indistinguishable to the human eye. There is no 
significant difference in the insemination ratio of mixed cultures kept in the 
light and such that were kept in the dark. 8 This indicates that vision is not 
essential for species discrimination. However, absolute proof for the r61e 
of light can be obtained only if the dark-light experiment could be repeated 
after the complete elimination of all other sense organs, because it is con¬ 
ceivable that other senses might take over the function of vision after its 
elimination. 

Hearing: When a male of Z>. pseudoobscura or D. persimffis courts a 
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female he spreads a wing and vibrates it. Since Reed, et al.* have shown 
that the means of the wing areas are different in the two species, the possi¬ 
bility exists that the pitch of wing vibration is also different and may serve 
as a “species recognition signal.” However, it was shown 1 in experiments 
involving wingless males, that actually a smaller percentage of alien females 
was inseminated and that the total number of inseminated females had 
dropped. It seems on the basis of these and other observations that it is 
the rdle of the vibrating wings to stimulate the females and to get them into 
a receptive state. Furthermore, the overlap in the normal wing pitch 
variability of the two species is much too large for a character to be useful 
in species discrimination. 

Smell: It is well known that specific scents play an important rAle in the 
courtship of many insects, It was therefore tried to test what effect on 
species discrimination the elimination of the olfactory sense would have. 
The olfactory organ of Drosophila is located in the terminal segment of the 
antennae, 10 * 11 and can be removed rather easily. Four males of D . pseudo - 
obscura , each placed with ten females of D. pseudoobscura and D. persimUis 
one day after the complete amputation of all segments of both antennae, 
performed as shown in table 1. 


TABLE 1 

Records of D. pseudoobscura and D. persimUis Females Inseminated by 

D. pseudoobscura Males without Antennae 

UOMQCAMIC FEMALES HBTBKOOAM1C PBUALBS ISOLATION INDEX 

w % N % 

38 52.7 39 10.2 0.08 

N « number of females; % « percentage of inseminated females. 

Although the isolation index is significantly lower than in control experi¬ 
ments 8 (where it is 0.80 or higher), still five times as many conspecific as 
alien females were inseminated by males without antennae. If these find¬ 
ings could be confirmed with more extensive material, they would indicate 
the following facts: lack of the olfactory sense in males increases the num¬ 
ber of heterogamic crosses, which implies that to a certain extent the olfac¬ 
tory sense of males is involved in species discrimination. However, species 
discrimination is still high even without the olfactory apparatus. 

Absence of Species Discrimination in Courting Males .—The reported 
experiments indicate that none of the investigated sense organs and dis¬ 
play mechanisms had a controlling influence on species discrimination. It 
appeared therefore advisable to record quantitative data on species dis¬ 
crimination by direct observation of courting males, both in the observation 
chamber and in the vial batteries previously described. The observations 
gave no indication of species discrimination by males, as documented by the 
following excerpts from my protocols. (The term * 'incomplete copula-' 
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turns" is applied to copulations which are typical in every respect and in¬ 
clude intromission of the male phallus and mounting, but are terminated 
after 1-2 seconds.) 

“July 10 (10:15 a.m.). . 2 d* pseudoobscura (8 days old) placed with 4 9 
persimilis (G days old). Males very active and aggressive* No less than 
50 incomplete copulations observed during a 30-minute period. No sperm 
found in genital tract of females. Females seem to cooperate fully during 
the incomplete copulations. They go through the same motions as when 
being courted by their own males, such as stopping, lifting the abdomen and 
turning it slightly toward the courting male/' 

Males display to alien females and attempt to copulate with them even 
when females of their own species are available. This is particularly true 
when males of D. persimilis are placed with the very active pseudoobscura 
females together with their own rather quiet and sluggish females: 

“July 20 (10:26 A.M.). 3 d* persimilis (8 days old), 3 9 persimilis 
(8 days old), 2 9 pseudoobscura (7 days old). 30-minute period. Male 
persimilis rather active, display both to persimilis and pseudoobscura 
females. After 15 minutes first and only copulation (homogamic). Males 
display during the last fifteen minutes almost entirely to pseudoobscura 
females." 

“July 21 (8:06 a.m.). One hour, 3 c? persimilis (8 days old), 3 9 
persimilis (8 days old), 3 9 pseudoobscura (8 days old). There are numer¬ 
ous incomplete copulations of persimilis males with pseudoobscura females. 
One such heterogamic copulation is successful. During the whole hour 
there is not a single persistent attempt of a persimilis c? to copulate with a 
persimilis 9 ." 

“August 2 (7:42 p*m.). One hour. Ten vials each with 1 persimilis c? 
(7 days old), 1 persimilis 9 (7 days old), 1 pseudoobscura 9 (6 days old). 
During first 10 minutes males display almost exclusively to pseudoobscura 
fences. In three vials there are very frequent incomplete copulations 
with pseudoobscura 9 . The males in two vials are entirely inactive, in six 
of the other vials they clearly concentrate their attention on pseudoobscura 
females. However, not a single successful heterogamic copulation oc¬ 
curred. The only attempted homogamic copulation was at once success¬ 
ful, The persimilis 9 of one vial walked repeatedly past the persimilis d\ 
who persistently displayed to pseudoobscura 9 and payed no attention to 
his own female." 

All female flies were dissected 13 hours after end of observation. Five 
persimilis 9 and one pseudoobscura 9 were found to be inseminated. 

These records show clearly that males display without apparent dis¬ 
crimination to females of both species, and that in fact the majority of the 
display o i persimilis <? are directed toward pseudoobscura 9, which are 
more active than their own* However, the overwhelming majority of the 
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heterogamic copulations in which these displays culminate remain incom¬ 
plete. 

Functional Difficulties,Entomologists have long contended that the 
peculiarities of the sexual armatures might and occasionally do prevent 
interspecific crosses . The notion of a complete fit of a lock and key 
mechanism of male and female genitalia in its most exaggerated form is un¬ 
doubtedly not correct, as pointed out by Dobzhansky 11 and other authors. 
However, mechanical difficulties do exist in most interspecific matings and 
reduce their efficiency as indicated by Sturtevant 4 and described in detail 
by Stalker® for cross matings between D. virilis and D. americana. Ob¬ 
servations of the cross matings of D . pseudoobscura and D. persitniUs fully 
confirm this. The following protocol may be added to those recorded above. 

“July 24 (9:54 a.m.). 30 minutes. 3 pseudoobscura & (6 days old), 

4 persimilis 9 (7 days old). During the first 7 minutes only one male is 
active. At least 16 incomplete copulations are counted during this period. 

In the next 10 minutes all 3 males are active, attempting to copulate with 
2 of the females. I count 48 genital contacts during this 10-minute period 
and undoubtedly overlooked several others during this frenzy of activity. 
None of these 70 or more contacts leads to a completed copulation. All 
flies are quiescent during the final 6 minutes of the observation period. 
The females do not run away from the males, in fact they engage in ‘invita¬ 
tion displays.’ ” 

The conclusion to be drawn from these and other similar observations 
is inevitable. There must be some anatomical or physiological obstacle 
which prevents in most cases the completion of the interspecific copulations. 
Copulation is, of course, not entirely impossible, and if pseudoobscura cf 1 
stay sufficiently long with persimilis 9 they will eventually inseminate 
most of them. 

What the obstacle is that makes these interspecific matings so difficult 
has not yet been determined. A very careful study of the sexual armatures 
of males and females in the two species by Ferris and other workers has not 
yielded any apparent differences. There are obviously no .“mechanical” 
barriers in the conventional meaning of the entomologies literature. How¬ 
ever, there may be invisible differences in the texture of the mucous mem¬ 
branes or in other physiological properties of the genital apparatus. Or else, 
the proper intromission of the phallus may require a high degree of re¬ 
ceptivity (“cooperation”) on part of the female. It is possible that the 
stimulation by the combined pre-copulatory display activities of the non- 
conspedfic male is insufficient to produce the degree of receptivity in the 
female necessary for successful copulation. Observations gave the hard- 
to-prove impression that it was the female that Was mainly responsible for 
the incompleteness of so many of the interspecific copulations. Further 
observations and experiments are required to solve this problem. 
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TWO TYPES OF HETEROCHROMATIN IN DROSOPHILA 

NEBULOSA 

By C. Pavan* 

Department or ZoOlooy, Colombia University, and 
Drpartamsnto db Biolooia Greal, Univbrsidade db SXo Paolo, SXo Paolo, Brazil 

Communicated March 23,1946 

Introduction .—Euchromatin and heterochromatin are the two principal 
components of plant and animal chromosomes. Heitz 1 was the first to 
make a'study of the relative quantities and distribution of these compo¬ 
nents in the mitotic chromosomes of Drosophila. Working with Drosophila 
tunebris, he showed that in this species the heterochromatin is concen- 
rated mostly in the sex chromosomes, making up the entire V and half of 
*he length of the Af-chromosome which includes the centromere. The 
autosomes and the other half of the Af-chromosome are formed mainly of 
euchromatin. In another work* the same author discussed the appearance 
of the heterochromatin in the salivary gland chromosomes. Here the 
heterochromatin forms the chromocenter and the bases of some of the 
chromosomes. Studying the salivary gland chromosomes of D. virilis * he 
concluded that the heterochromatin of this species is erf two types, which he 
called, respectively, a -heterochromatin and /9-heterochromatin. In the 
salivary gland nuclei, the a-heterochromatin forms a compact body, while 
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the fi is more diffuse. While the a type forms only a part of the chromo- 
center, the P type forms parts of this structure and the bases of the chromo¬ 
somes. 

Painter 4 working with salivary gland chromosomes of D. melanogaster 
considered the chromocenter: “an amorphous mass of chromatic material 
to which all chromosomes or arms ate attached.'" Muller and Prokof jeva 1 
found in the heterochromatic part of the X-chromosome of D. melanogaster 
that “the appearance of this region in salivary gland material indicates that 
its chromonema has essentially the same structure as that of the active 
region. ..." Bauer® working in Chironomus and in some species of 
Drosophila concluded that heterochromatic regions of salivary gland chro¬ 
mosomes are composed of the same number of chromonemata as the 
euchromatic portions, the difference between them being due to the struc¬ 
ture of the single chromomeres. The euchromatin is formed by sm^ll 
completely stained dots (euchromomeres) while the heterochromatin is 
formed of large dots stained on the periphery (heterochromomeres). 

Muller, Gershenson and Prokofjeva-Belgovskaya 7 showed that rela¬ 
tively long sections of the mitotic X -chromosome of I), melanogaster are 
reduced each to a single band in the salivary chromosome. Hinton, 8 also 
working in I), melanogaster , compared the heterochromatin of chromosome 
II in the mitotic and the salivary chromosomes. He showed that a hetero- 
chromatic section constituting Vs of the left arm of the second chromo¬ 
some in the mitotic metaphase is reduced to a single band in the salivary 
chromosome. Another region of about the same size, also in the second 
chromosome, gave rise to the remainder of the bulk of the heterochromatin 
of this salivary gland chromosome. 

The present paper deals with the situation in D . nebulosa , in which there 
are two easily distinguishable types of heterochromatin. They have the 
same staining properties in the mitotic prophase and metaphase chromo¬ 
somes, yet one of them is reduced in the salxvaries to a few chromomeres 
only, while the other forms the bulk of the chromocenter. Since the two 
types of heterochromatin are confined to different chromospmes, the dis¬ 
tinction between them is easy and more accurate than that in any other 
Drosophila species previously examined. 

Material and Method .— D. nebulosa Sturtevant is the species used in the 
present work. It belongs to the willistoni group of the subgenus Sopho - 
phora. It has a wide distribution in the tropical Americas, from southern 
United States (Texas and Florida) to southern Brazil (Sfto Paulo), includ¬ 
ing the West Indies. 

Strains from Bertioga and Iporanga in the State of Q&o Paulo, from 
Belem, State of Para, all in Brazil, and one strain from Del Rio, Texas, 
were used in this work. The last strain was kindly furnished by Prof. J, 
T. Patterson of the University of Texas. 



VOL. 32, 1946 


GENETICS: C. PA VA N 


139 


All preparations were made by smearing: the larval brain or salivary 
glands in acetic orcein. 

Metaphase Chromosomes .—A metaphase plate of a neuroblast of the larval 
ganglia of D. nebtdosa , as well as of all other known species of the willistoni 
group, shows six chromosomes—two pairs of equal-armed V-shaped chromo¬ 
somes and a pair of rods. The sex chromosomes are represented by one of 
the V-shaped pairs. In the female these two chromosomes are alike; in 
the male a slight difference between them, due to a greater compactness of 
the Y, can sometimes be noticed. 

Distribution of the Heterochromatin in the Mitotic Pro phase Chromosomes .— 
As the four V-shaped chromosomes are alike at metaphase the autosomes 
and the sex chromosomes cannot be distinguished. At the prophase the 
discrimination is possible because of the difference in the distribution of the 
eu- and heterochromatin. The F-chromosome is easily distinguished from 
the other chromosomes because it is entirely heterochromatie and there¬ 
fore stains more deeply (Figs. 2 and 5). The difference between the 
second chromosome and the X is much less obvious, because both chromo¬ 
somes have approximately the same quantity and distribution of hetero¬ 
chromatin (see Fig. 1). The AT-chromosome does have slightly more 
heterochromatin near the centromere than the second does, but the 
difference is not too striking. The rod-shaped third chromosome has 
a small piece of heterochromatin close to the centromere (Fig. 1). 

Salivary Gland Chromosomes .—Although the chromosomes of the salivary 
gland cells of D. nehulosa are not very favorable for study, enough good 
preparations can be made. A well-smeared preparation shows a compact 
chromocenter from which radiate five long euchromatic strands. All five 
strands are equally stained in the females, but in the males two of them are 
stained less intensely. These two strands* correspond to the two arms of 
the X-chromosome, which is haploid in the male. 

By pressing the preparation one can individualize the chromosomes in 
such a way that the chromocenter breaks into its constituents, and each 
chromosome takes with itself the heterochromatin belonging to it. The 
breaking up of the chromocenter in the salivaries of D. nebtdosa shows 
that almost all its material invariably goes with the second chromosome, 
leaving the X and the third chromosome with very little heterochromatin. 
The two arms of the second chromosome contain approximately equal 
pieces of heterochromatin. 

The unequal distribution of the heterochromatin in the salivary gland 
chromosomes contrasts with the observation made on the heterochromatin 
in the mitotic prophase chromosomes, where the X-chromosome is pro¬ 
vided with as much or more heterochromatin than the second, and where 
the third chromosome also has a small but easily noticeable heterochromatie 
section. This contrast is even more striking in the male. At mitotic 
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Fittae 1—Early prophase in a neuroblast of a normal female of Drosophila nebtUosa. Figures 2 and 5 Prophases in 

mat Figure 3—Prophase in Blade male. Figures 4 and 6—Prophases in Echinus males. 
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metaphase, the F-chromosome differs from the X and the V-shaped auto- 
somes only in its somewhat smaller size. At prophase, the F is seen to be 
wholly heterochromatic while the X and the second have heterochromatic 
sections only in the vicinity of the centromeres. The heterochromatic" 
section in the X is a little larger than that in the second. Finally, in the 
salivaries, the heterochroinatin of the second chromosome makes up most 
of the chromocenter, while that of the X and the Y is reduced to only a few 
heterochromomeres. 

The proof of the above interpretation is afforded by the analysis of two 
reciprocal translocations involving parts of the F and parts of the second 
chromosome. 

Translocation Blade.- Among the mutations induced by x-rays in D. 
nebulosa males (4000 r), there was one which affected the shape of the wings. 
This mutation, which gives to the wing the sharp and narrow appearance 
called Blade, is transmitted from father to son, never appearing in females. 
Crosses between Blade males and normal females gave in Fi the following 
results: normal body and normal wings 9,339; minute body and normal 
wings <?, 173; normal body and Blade wings cf, 181. 

The males with minute bodies and normal wings are sterile. This sug¬ 
gests that these males carry a chromosomal aberration. 

The mitotic prophase of the Blade flies appears normal, indicating a 
reciprocal translocation involving only small pieces of the affected chromo¬ 
somes. It can easily be seen in the salivary gland cells of male larvae that 
the left limb of the second chromosome makes a loop touching the chromo- 
center at a point about four-fifths of the length of that limb from the base. 
When the chromocenter is crushed by the pressure on the cover slip, a great 
portion of the chromocenter goes, as usual, with the second chromosome 
However, the terminal portion of the left limb of the second chromosome re¬ 
mains attached to the very small part of the chromocenter which goes 
with the X-chromosome (Figs. 7 and 9). This portion may show a pairing 
with its homologue in the normal second chromosome, as can be seen in the 
figures mentioned above, or else pairing may not be attained, in which 
case a small unpaired section of the second chromosome is attached to the 
chromocentral part of the X, and the rest of the second chromosome is 
free with its terminal part being thinner than the rest. 

Some individuals show an unpaired section of the terminal part of the 
left limb of the second chromosome attached to the chromocenter of the X 
(Pig* 8) and a normally paired second chromosome as well. These indi¬ 
viduals evidently carry a duplication for the terminal part of II-L. Their 
origin is due to the translocated male forming some spermatozoa that carry 
a normal second chromosome as well as a section of another second chromo¬ 
some attached to the F-chromosome. However* another portion of the F, 
which is translocated onto the basal portion of the second chromosome, is 
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absent in these males . This probably accounts for the sterility of the non- 
Blade males with minute bodies mentioned above; these males lack a por¬ 
tion of the F-chromosome. 

Translocation Echinus .—Among the offspring of the x-ray irradiated 
males giving rise to Blade, there appeared another mutation called Echinus. 
This mutant has rough eyes, with some ommatidia larger than others and 
with the rows of the ommatidia disarranged. The Echinus eyes are also 
somewhat smaller than normal. Like Blade, the Echinus mutation is 
transmitted from father to son only. 

Crosses of Echinus males to wild-type females gave; normal 9,485; nor¬ 
mal <?, 2; Echinus c?»349. 

One of the two exceptional normal males observed in the F\ generation 
was mated to several females but produced no offspring. The other male 
died before it could be tested. 

In this translocation the chromosome parts involved in the exchange are 
relatively long, and can be seen in the mitotic prophase chromosomes 
(Figs. 4 and 6) as well as in the salivary gland cells (Figs. 10, 11 and 12). 
In the prophase figures one can see that almost one-half of the hetero- 
chromatic Y and one-third of the right lixnb of the second chromosome are 
involved in the translocation (Figs. 4 and (>). 

The salivary chromosome analysis shows that the translocation involves 
parts of II-R and the F-chromosome. As in the case of Blade, the parts of 
II-R involved in the Echinus translocation are now associated with the 
chromocenter but most cells are paired with the normal II-R. Individuali¬ 
sation of the chromosomes with the aid of fragmentation of the chromo¬ 
center shows that the bulk of the chromocenter goes with the second 
chromosome; the Y is represented by a few chromomeres, and the X and 
III have very little heterochromatin. 

In most cells the base of the II-R forms a loop touching the chromo¬ 
center. A careful examination of this loop discloses few heterochromatin 
strands which attach an interstitial portion of the II-R to the chromo¬ 
center (Fig, 10). The heterochromatic strands must represent the F- 
chromosome. In some cells, the sections of the second chromosome in¬ 
volved in the translocation remain unpaired with their horaologues. Thus, 
figures 11 and 12 show the basal portion of the II-R extending from its 
heterochromatic part (on the right of both figures) to the translocation 
break (on the left). At that breakage point there is attached a group of 
heterochromomeres and heterochromatic strands which tend to associate 
with the heterochromatin of the X, These heterochromomeres represent, 
then, the part of the F-chromosome translocated to the II-R. 

Discussion and Summary .—Taking into account the results of the 
previous workers and the data presented in this paper, it can be asserted 
that there exist at least two types of beterochromatin. One type shows 
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Chromocenter and the second chromosome in the Echinus translocation. 
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relatively little reduction in the salivary gland cells in proportion to the 
euchromatin in the mitotic chromosomes. Another kind of heterochro¬ 
matin, which is not distinguishable from the first by its staining properties 
in the mitotic prophase, is reduced in the salivary gland cells to only a few 
heterochromomeres. The question of whether or not the two types of 
heterochromatin found in D. nebulosa correspond to the a and j8 types of 
Heitz* in D. virilis must be left open, because in this latter species it is 
difficult to localize these types of heterochromatin in the mitotic chromo¬ 
somes and to compare them with the condition found in the salivary glands. 
It is necessary to point out that while Heitz* considered the a hetero- 
chromatin of D. virilis devoid of chromomeres, the heterochromatin of the 
F-chromosome of D. nebulosa which might seem to resemble his a type is 
formed by typical Bauer's heterochromomeres. 

The observations on the two types of heterochromatin found in D. 
nebulosa resemble most closely those of Muller, Gershenson and Prokofjeva- 
Belgovskaya 7 on the X-chromosome of D. melanogaster and those of 
Hinton 8 on the second chromosome of the same species. 
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GENES WHICH DIVIDE SPECIES OR PRODUCE HYBRID VIGOR 

BvW.E. Castle 

Division of Genetics, University op California 
Communicated March 25, 1946 

New light has been shed by recent genetic investigations on the old 
question of the origin of species. It is becoming increasingly dear that a 
species consisting of a group of organisms similar in appearance and freely 
interbreeding, may in the course of time become subdivided into groups 
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which no longer interbreed and which, becoming increasingly different in 
details of structure or function, constitute genuinely distinct species. The 
question is how do the specific differences originate. What is it that pre¬ 
vents interbreeding between groups of individuals destined to become dis¬ 
tinct species? 

Several methods of origin of specific differences have been demon¬ 
strated which involve change in the number of the chromosomes or in their 
structure. Such are (1) autopolyploidy, doubling of the chromosome 
number without qualitative change, converting a diploid species into a 
tetraploid; (2) allopolyploidy, union of gametes from different species 
followed by doubling of the new chromosome aggregate, insuring fertility 
of the hybrid under selling or close inbreeding, but preventing baekcrossing 
with either parent species; (<‘i) change in the structure of individual chromo¬ 
somes, as by inversion, deletion or interchange of parts between different 
chromosome pairs, resulting in partial sterility. 

All such changes act as barriers to interbreeding between groups of 
individuals differing in one or more of the ways mentioned. 

Lamprecht 1 maintains that a species barrier may also arise by a gene 
mutation which involves no gross chromosome change but only the coming 
nto existence of a new dominant gene, the recessive allele of which causes 
sterility in certain combinations. He regards this as a more important if 
not more common mode of origin of specific differences than changes in 
chromosome numbers or gross chromosome structure. 

It will be easier to grasp Lamprecht’s idea if we have in mind the princi¬ 
ple of a “killer 1 ’ gene demonstrated in Paramecium by Sonnebora.* 

He showed that a dominant “killer” gene K is carried without harmful 
effects in one race of Paramecium aurelia t and in other races of the same 
species a recessive allele k of the killer gene is carried also without harmful 
effects, though it makes the race “sensitive” to the killer product of the 
killer race. So that, if the two races are brought together, a killer sub¬ 
stance produced in the killer race will cause the death of all individuals of 
the other “sensitive” race exposed to the action of killer substance. 

Thus, the two races are prevented from interbreeding as a probable con¬ 
sequence of a single gene mutation. 

To understand how such a situation may have arisen, let us suppose 
that in a self-fertilizing species a new dominant potentially lethal gene 
(K) arises, perhaps in the seemingly “inert” chromatin, in one mem¬ 
ber of a synaptic pair. The material opposite K in synapsis becomes 
its recessive allele k and may become sensitized to K. The two now 
separate and pass into different gametes and zygotes, each harmless except 
in association with the other in a newly formed zygote. Gamete K will 
pass into a zygote K/-, and this will produce progeny, some KK, others 
K/-% and still others fully normal. Similarly, gamete k will pass into a 
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zygote kf~ % and produce descendants kk, k/- and fully normal Homo¬ 
zygous lines KK and kk rnay ultimately be established by chance isolations, 
but they will be unable to cross with each other because of a lethal barrier, 
since K potential killer + k sensitizer produces a zygote K/k in which 
active killer substance is produced. 

The situation just outlined is not purely hypothetical. It is exactly 
realized in crosses between certain species of Crepis investigated by 
Hollingshead. 8 In crosses of C. teetotum with C. capillar is and two other 
Crepis species, hybrid offspring were produced which failed to develop be¬ 
yond the cotyledon state. It is assumed by Hollingshead that plants of C. 
tectorum which produce interspecific hybrids, all of which perish, are 
homozygous for a potentially lethal gene, which they transmit in all their 
gametes. Let us call the lethal gene K , and an assumed recessive allele 
and sensitizer of K in C. capillar is, k, Then in F\ hybrids K (the potential 
lethal) combines with the sensitizer k to form a lethal K/k zygote. 

Hollingshead was fortunate in finding other C. tectorum plants which in 
crosses with C. capillaris produced only 50 per cent of lethal seedlings, the 
other 50 per cent being viable and fully fertile in Fi and subsequent genera¬ 
tions. 

We may assume, as Hollingshead does, that such a C. tectorum plant was 
heterozygous for the lethal gene. Its constitution may be expressed as 
Kh ( n0 * &/k>) since no sensitizer action was shown. 

The 50 per cent of viable F\ hybrids, would derive k, the sensitizer allele 
of K t from their C. capillaris parent, but this would be harmless in the ab¬ 
sence of K. Their genetic formula would be k/~ since they would carry 
only a single dose of k. But in later generations their descendants under 
selfing would become k/k, k/~ and In reality Hollingshead in her 
experiments found all C. capillaris plants tested to be homozygous k/k for 
the assumed recessive allele and sensitizer of K t since all gave the lethal 
reaction when combined with ordinary K gametes of C. tectorum , 

Hollingshead found that, in crosses with two Other species of Crepis, no 
lethal action of the potentially lethal gene of C. tectorum was found, the F\ 
hybrids all being viable. It is obvious that such species do not carry the 
assumed sensitizer k. Their formula as regards the genetic locus occupied 
by K of C. tectorum and k of C. capillaris being This would corre¬ 
spond with the constitution of ancestral species of Crepis before the advent 
of the mutation K/k, as also with that of -/- derivatives of k/~ zygotes. 

In the light of the foregoing, let us now examine a case assumed by Lam- 
precht to fall in a category of species separating mutations. 

Two species of cultivated beans, Phaseolus vulgaris and P . multiflorus, 
were found, when artificially crossed, to produce vigorous and fertile Pi 
hybrids. In F% all characters, in which the two species differ, recombine 
freely in viable zygotes, with a single exception* The exception concerns a 
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gene Epi of P. vulgaris, and its allele Hyp of P. muMflorus . 2Sp» is re* 
sponsible for the epigean position of the cotyledons in seedlings of the com¬ 
mon bean geminated in soil; Hyp is responsible for the hypogean position 
of the cotyledons in geminating seeds of P. multiflorus. F\ hybrids show 
an intermediate character. 

When P. vulgaris is the mother plant in the cross, the Pi plant has vul¬ 
garis plasma. In that plasma gametogenesis is entirely normal, segregat¬ 
ing into carriers of Epi and Hyp , respectively. The former enter into the 
production of fully fertile plants being in their native plasma, but the latter 
fail to develop further; for they are in foreign plasma which apparently 
does not give them the normal stimulus necessary to fruitful development. 

In the reciprocal cross, in which the Pi plant derives its plasma from C. 
muUiflorus t the Hyp gene produces fruitful offspring (being in its native 
plasma) but carriers of the Epi gene fail to develop further. 

It thus appears that Epi and Hyp are both dominant species-specific 
alleles at a common genetic locus, occurring normally in different species. 
Pi hybrids show an intermediate character, thus demonstrating that both 
are present in an active state. As regards this gene pair, Pi is Epi/Hyp in 
formula. But each allele in its native plasma acts as a sensitizer of that 
plasma to the other allele, which thus becomes sterilized. In mother plants 
having Epi plasma, Hyp gametes fail to develop; and in mother plants 
having Hyp plasma, Epi gametes fail to develop. 

It is possible that the puzzling phenomenon of hybrid vigor may find 
its explanation along similar lines. Jones, 4 has recently shown that hetero¬ 
sis may be found in the superior growth energy of a hybrid between two in- 
bred lines of maize, related as mother and daughter strains, and differing 
from each other in a single gene pair, the dominant allele being found in the 
mother strain, the recessive in the daughter strain. On the evidence pre¬ 
sented by Jones, it can be only the stimulating action resulting from the 
union of the dominant with the recessive allele of that single pair of genes 
which is accountable for the increased growth energy, superior to that of 
either parent strain. 

Let us suppose that in the mother strain a new dominant gene A has 
made its appearance in the unorganized chromatin of a single chromosome, 
and that it has sensitized (after the manner of anaphylaxis) the chromatin 
which lay opposite that locus in the other member of the chromosome pair, 
thus creating a recessive allele, a. 

The two alleles will pass into different gametes and may later become 
components of different homozygous strains, AA in the mother strain, aa in 
the mutant daughter strain. Each strain will maintain its distinctive mor¬ 
phological character, so far as this gene pair creates a distinction. Each 
also mil manifest a characteristic growth energy. But when the twd a*e 
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crossed, an increased growth energy is shown by the hybrid, a hybrid, be it 
remembered, as Jones clearly shows, in only a single gene pair, Aa . 

This case is similar to that of the killer mutation of Sonnebom, except 
that the action induced in the dominant gene by its sensitized recessive, in¬ 
stead of being harmful is in this case beneficial. 

Jones points out that in maize and other plants not all heterozygous 
unions of a dominant with its recessive allele result in increased growth 
energy. In the production commercially of hybrid corn, not all crosses of 
inbred lines result in hybrid vigor. In such cases no sensitizer action be¬ 
tween a dominant and its recessive allele seems to have occurred. The 
alleles instead of being .<4 and a sensitized recessive allele a, would seem to be 
A and an absence of a sensitized allele. In the cases reported by Jones as 
showing heterosis, the zygote may be assumed to be A /a in constitution. 
In cases not showing hybrid vigor, it may possibly be A/-, the - represent¬ 
ing the condition of that locus in the chromatin prior to the origin of the 
A gene. 9 

1 Lamprecht, H., "Intra- and Inter-specific Genes," Agri hortique genetica , Bd. Ill, 
Hf. 3-4 (1945). 

* Sonnebom, T. M., "Gene and Cytoplasm," these Proceedings, 29, 329-343 
(1943). 

1 Hollingshcad, L., "A Lethal Factor in Crepis Effective Only in an Interspecific 
Hybrid," Genetics , IS, 114-140 (1930). 

4 Jones, D. F., "Heterosis Resulting from Degenerative Changes," Ibid., 30, 527- 
542 (1945). 


PRIME NUMBER OF OPERATORS IN SETS OF CONJUGATES 

By G. A, Miller 

Department of Mathematics, University op Illinois 
Communicated March 29, 1946 

Suppose that the order of the group G is p m t p being a prime number, and 
that each set of non-invariant conjugate operators of G contains p oper¬ 
ators. Each of the non-invariant operators of G is then invariant under a 
subgroup of ind% p under G and this subgroup is therefore an invariant 
subgroup of G and includes the given p conjugate operators as well as the 
central of G. This central is contained in an Abelian invariant subgroup 
of G whose order is p times the order of this central and is itself contained in 
an invariant subgroup of G whose order is p 2 times the order of the central 
Of G. This subgroup Hi transforms its own operators in exactly the same 
way as these operators are transformed under G itself and contains the same 
central as G contains since each non-invariant operator of G is assumed to 
have exactly p conjugates under G. 
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The group of inner isomorphisms of G can be represented as an intransi¬ 
tive permutation group each of whose transitive constituents is of degree />. 
These constituents must also be of order p since the order of every operator 
of G is a power of p. The group of inner isomorphisms of G is therefore an 
Abelian group all of whose operators besides the identity are of order p. 
It will be proved that in this Abelian group of order p* f n is always an even 
number. In the given subgroup Hi n is 2 and the commutator subgroup is 
of order p because this commutator subgroup is in the central of G, and if 
its order would exceed p then G would contain a set of more than p con¬ 
jugate operators, which is contrary to the hypothesis. Since the group of 
inner isomorphisms of G is Abelian, the commutator subgroup of G is in¬ 
cluded in the central of G. 

w 

It was noted near the close of the first paragraph that the operators of 
Hi are transformed under Hi in the same ways as they are transformed 
under G. Hence the operators of G which are not also found in Hi include 
at least one operator s x which is commutative with every operator of Hi 
and has its pth power in Hi. If the order of G exceeds p 2 times the order of 
the central of G this will clearly be also true of the operators which are 
found in G but do not appear among the operators of a larger invariant sub¬ 
group of G. In particular, the subgroup Hi can be extended so as to ob¬ 
tain a group whose order is p A times the order of the central of G and which 
is invariant under G and transforms its non-invariant operators in the same 
ways as these operators are transformed under G and involves the same 
central as G involves. 

To prove that this extended group involves the same commutator sub¬ 
group as Hi involves we may assume that its commutator subgroup in¬ 
volves two independent generators t\ f it and prove that this leads to a con¬ 
tradiction. It was noted above that the commutator subgroup of G cannot 
involve any operator of order p 2 since the commutators of G appear in its 
central. We may assume that the two operators Si and s 2 of Hi give rise to 
the commutator t\ and that the two operators s$ and s 4 of the given subgroup 
Ht whose order is p 2 times the order of Hi give rise to the commutator tt. 
Moreover, it may be assumed that both of the operators s 3 and s 4 are com¬ 
mutative with each of the two operators Si and $t. It would then follow 
that the product s\s% would have more than p conjugates under G ; which is 
contrary to the hypothesis. Hence it results that if in a group of order p m , 
P being a prime number , all the non-iiwarianl operators have p conjugates the 
commutator subgroup is of order p and is in the central of G. 

To prove that n, the index of the power of p which is equal to the order 
of the group of inner isomorphisms of G, is always even it is only necessary* 
to observe that in constructing G in the manner noted above, the'order of 
the resulting group which transforms its operators in the same ways as the 
operators are transformed under G proceeds by p % times the order of the 
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group already found whose operators have this property. For instance, 
the order of Hi is p t times the order of H x and the order of H x is p % times the 
order of the central of G. The group obtained by forming the direct 
product of G and any Abelian group clearly has the same group of inner iso¬ 
morphisms as G has. 

The fact that every set of non-invariant conjugate operators of a group is 
assumed to contain a prime number of operators by itself imposes a strong 
condition on a group but it does not necessarily restrict the order of the 
group to be a power of a single prime number. This results directly from 
the fact that if the order of a non-cyclic group is the product of two distinct 
prime numbers then the larger of these numbers diminished by unity is 
divisible by the smaller and each operator of the group besides the identity 
has a prime number of conjugates under the group. This is also true of the 
direct products of an arbitrary Abelian group and this non-cyclic group. A 
necessary and sufficient condition that the index of every proper subgroup 
of a group is a prime number is obviously that the order of the group is the 
product of two prime numbers. 

If we assume that every set of non-invariant operators of G is composed 
of a prime number of operators but do not assume that the order of G is a 
power of a prime number then the operators which are commutative with 
a given non-invariant operator s of G constitute a subgroup of prime index 
under G which is not necessarily invariant under G. If this subgroup is 
assumed to be Abelian in every case then two such distinct subgroups will 
have a cross-cut which is in the central of G and hence is invariant under G. 
The quotient group of G with respect to this invariant subgroup has an 
order which is the product of two prime numbers. Hence it results that 
when all the non-invariant operators of a group appear in sets of conjugates 
such that each set is composed of a prime number of operators and all the 
operators which are commutative with a given non-invariant operator constitute 
an Abelian group then the order of the central quotient group of the group is the 
product of two prime numbers . 

Since a group whose order is the product of two prime numbers always 
involves an invariant subgroup of prime index it has been proved that if all 
the non-invariant operators of a group appear in sets of conjugates which 
are such that the number of the operators in each set of conjugates is a 
prime number and if the total number of the operators which are commu¬ 
tative with a non-invariant operator always constitute an Abelian sub¬ 
group of prime index under the group then the group contains an in¬ 
variant subgroup of prime index under the group. It may be noted that 
in the special system of non-cyclic groups whose orders are the products of 
two distinct prime numbers and in the direct products of such groups and 
arbitrary Abdian groups these conditions are satisfied. It should be em¬ 
phasized that when each of two distinct subgroups is of prime index under 
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a given group then it is not possible for one of them to be contained in the 

other . ' 

If the operators which are commutative with one of the non-invariant 
operators of one of the groups under consideration do not always constitute 
an Abelian group then the prime number of the conjugates for each of its 
sets of conjugate operators of its non-invariant operators must be the same 
and hence these groups were considered before in these Proceedings, 32, 
53-56 (1946) under a somewhat more general title, which has much in com¬ 
mon with the present article. This article aims to clarify some of the com¬ 
mon points as well as to extend the types of the groups under consideration. 
The two articles together aim to consider fundamental questions of all the 
groups in which all the non-invariant operators appear in sets of conjugates 
such that each set involves a prime number of operators. It results that 
the number of different primes involved in the same group cannot exceed two 
and that when there are two such primes the larger diminished by unity is 
divisible by the smaller. The fact that there cannot be more thpn two 
such prime numbers in a given group seems to deserve special emphasis. 


COMPARISON OF UNION-PRESERVING AND CONTACT 

TRA NS FORM A TIONS * 


By Edward Kasnbr and John De Cicco 

Departments of Mathematics, Columbia Univbrsity and 
Illinois Institute of Technology 

Communicated April 8, 1946 


/. Union-Preserving and Contact Transformations .—In our Bulletin 
paper of 1944, we studied transformations, in space, of curve-elements of 
order n, where n is 2 or more, into lineal-elements. 1 The general class erf 
union-preserving transformations, where the point of the transformed 
lineal-element actually depends on the derivatives of order is defined 
by a single directrix equation 


n(X, Y, Z, x,y, z, y', s', ..*<"-») 


(U) 


involving derivatives of order (» — 2). 

As an example, consider the problem of finding the locus of the center of 
spherical curvature of a twisted curve in space. There is deduced a union* 
preserving transformation, defined by the directrix equation 

(Jf - x) + /(Y - y) + z'(2 — a) => 6, (£) 

from curve-elements of third order into lineal -elements. 
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Sophus Lie studied transformations of surface-clem en ts (x, y, z, p, q) 
into surface-elements. The genera/ class of contact transformations 
in this classic theory is defined by the directrix equation 

Sl(X, Y, Z, x, y, z) « 0, (L) 

or by a pair or a triplet of such directrix equations. All the contact trans¬ 
formations of surface-elements of higher order into elements of same order 
are simply the extensions of these (as proved by Backlund). 

If, and only if, n — 2, the directrix equation ( U) does not contain any 
derivatives. The union-preserving transformations of curve-elements of 
second order into lineal-elements are defined by a single directrix equation 
which in this case is of the form (L). Thus the directrix equation (L) 
defines a contact transformation T of surface-elements according to Lie, 
and a union-preserving transformation T from second-order curve-elements 
into lineal-elements according to our new theory. 

In the present article, we shall give a comparison between the contact 
transformation T and the union-preserving transformation T, both of which 
are defined by the same directrix equation (L). This phenomenon occurs 
in spaces of three or more dimensions. In the plane, we have already 
stated that T and T are identical 2 when there are no derivatives in 0. 

2 . The Union-Preserving Transformation T from Curve-Elements of 
Second Order into Lineal-Elements .—The point of the transformed lineal- 
element (X, Y, Z, Y\ Z f ) is obtained by solving for (, X, Y, Z ), the three 
equations* 

Q(X, Y, Z, x, 3 u *) = 0 , Q z + y% 4 z% = 0 , \ () 

ft,, 4 y'* Or* + s'*ft« 4 2y'z%, 4 2z%, + 2yU* + y'ft* + s'ft, - 0.f K 

The direction is found by solving for ( Y\ Z f ), the two extra equations 

ft* 4 Y'Qy + Z'il z - 0, ) 

(ft*x 4 y%x 4* a'ftior) 4 Y\SIxy 4 4 z'figy) + Z'(ft,* + > (2) 

y'flyZ 4 z f &»z) *0. ) 

We consider briefly the transforms under our union-preserving corre¬ 
spondence T t of a lineal-element (x, y, z, y\ z f ) and of a planar-element 
C X , y, z 9 p, q). 

In the first place, it is noticed that a single point (x, y , s) corresponds to 
a surface 2, defined by the equation (L). The lineal element (X, Y, 
2, Y\ Z f ) is that element on 2 which is on the edge of regression of the 
one-parameter family of surfaces which correspond by (L) to the points of 
the curve: y ** y(x), z z(x). 

A Uneal-element (x t y, z, y\ *') correspwids by (1) to a curve C, which is 
given by the first two of equations (1). This curve C is the locus of ulti¬ 
mate intersections of the two surfaces which correspond to two neighboring 
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points. Of course, the point of the transformed lineal-element ( X , F, Z, 
F', Z ; ) is on this curve C. 

A planar-element (x, y> z y p t q) may be considered as consisting of the 
point (Xy y t z) and the osculating plane of the second order curve-element. 
Thus ( p t q, ~~ 1) are the direction numbers of the binomial, so that z f = 
p + qy f and z* « qy w . In general, it is shown that a fixed planar element 
corresponds to the whole surface 2 . The complete corfespondence is a 
single lineal-element at each point of 2. That is, a planar-element corre¬ 
sponds to oo 2 lineal-elements, all tangent to the surface 2. 

By (1), it can be shown that an arbitrary planar element can correspond 
to a single planar element if t and only if, each surface which is associated to 
any point (X % F, Z) by (L), is a plane „ 

A second union-preserving transformation can be defined by ( L ) from 
the (A", V, Z )-space to the (x t y t s)-space. If this also converts a planar 
element into a planar element, then our correspondence must be a correla¬ 
tion, 

*V. The Lie Contact Transformation T. —The point of the transformed 
planar-element (X, F, Z, P, Q) is found by solving for (X> F, Z) the three 
equations 8 

M(Af t F, Zy Xy y t z) ** 0, \ /Q\ 

a, + pQz « 0, tty + qih * 0./ w 

The direction of the normal to the plane is obtained by solving for (P, Q) 
the two equations 

+ P&z *=* 0, il Y + Qfiz * 0. (4) 

By (1) and (3), it is seen that the point of the transformed planar-element 
under the contact transformation V is on the curve C defined by the first 
two of equations (1). Of course, this is the characteristic point on the 
surface 2 of the two-parameter family of surfaces which correspond by 
( L ) to the points of the surface: z » z(x t y ). 

This characteristic point is different, in general, from the point of the 
transformed lineal-element under our union-preserving transformation 
T. The two transformations T and T are effectively identical if , and only if t 
each surface which is associated to any point (X , Y, Z) by (JL), is a plane . 

Let r denote the union-preserving transfoimation which by (L) carries 
any second order curve-element (X t F, Z, Y\ Z', Y w , Z*) into a lineal- 
element (x y y, ty y\ z'). In general, this is not the inverse of the original 
union-preserving transformation 7\ Also let T' be the inverse of the con¬ 
tact transformation T. 

The union-preserving transformations T and T' will coincide with the 
contact correspondences F and T', respectively, only for the case of a correlation. 

We shall illustrate our general theory with some noteworthy examples* 
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4 . Examples.—Polarity with respect to the sphere: x* + y % + g* » a* 
is given by the directrix equation 

xX + yY + zZ - a*. (6) 

In this case, it is shown easily that not only T and I\ but also T* and Y\ 
are identical. 

Next consider the directrix equation 

(X - *)* + (Y — yy + (Z - zy - a\ (6) 

This carries each point (x, y, z) into a sphere with radius a and with center 
at the original point. 

The contact transformation T defined by (6) is known as dilatation. It 
moves each planar-element in a direction perpendicular to itself through a 
constant distance a . Any surface is turned into a parallel surface and 
we have the theorems of Gauss. 

But the same simple equation (6) defines a new transformation T ac¬ 
cording to our theory which we term quasi-dilatation . 

We thus obtain a new theory of quasi-parallel curves in space by means of 
the union-preserving transformation T whose directrix equation is (6). 

This correspondence T is given by the equations 


(X - xy + (F - yy + (Z ~ zy « a 2 , 

(X - x) + y'(Y - y) + s'(Z - z) » 0, y*{Y - y) + 

z'(Z - Z ) * 1 + y' 2 + s' 2 , 
(X — x) + F'(F - y) + Z'(Z - s) « 0, 1 + y'F' + z'Z' - 0. 



This transformation T is constructed geometrically in the following 
manner. Draw the circle of curvature to any second order curve-element. 
Let B be the straight line through the center of this circle and orthogonal 
to the osculating plane. The corresponding points (X, Y, Z) are the in¬ 
tersections of this line B and the sphere (6). The directions (F', Z') 
are perpendicular to the radius vector connecting the corresponding points 
(x 9 y, z) and {X, F, Z) and the tangent direction of the original curve- 
element. Thus these three directions are mutually orthogonal. 

Under our new theory of quasi-parallel curves, we find that the quasi¬ 
parallel of a helix is a helix, The quasi-parallel of a plane curve is on the 
cylinder with generators orthogonal to the plane of the original curve and 
passing through its evdute. In general, the new quasi-parallel of a plane 
curve is gauche. 

* Presented to the American Mathematical Society, April, 1946. 

11 'Union-Preserving Transformations of Space/ 1 Bull. Am. Math, Soc, t 50, 98-107 
(1944). 

* "Union-Preserving Transformations of Differential Elements,” these Procebdings, 
29* 271-276 (1948). Also "A Generalised Theory df Contact Transformations/' Revista 
de matematicas del Unmrsidad de Tucuman (Argentina), 4 , 81-00 (1944). A typical ex- 
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ample in this theory is Huyghen's transformation from any curve to its evolute. Our 
whole theory may be regarded as a natural extension of Huygeu’s discussion of evolutes, 
involutes and wave propogation; and optical aspects will be considered elsewhere. 

* In both the Lie theory and the new theory of the present paper, it is of course 
assumed that the directrix equation actually represents a triple infinity of surfaces in 
the ( x, y, z) space. Hence certain functional determinants do not vanish. 


AN ERGODIC THEOREM 
By Paul R. Halmos 

Department of Mathematics, Svracusk University 
Communicated April 10, 1946 

The purpose of this note is to state and sketch the proof of a theorem 
of the ergodic type (Theorem 1) and to discuss and clarify the relations 
among Theorem 1 and the results of Birkhoff-Khintchine, Hopf and Hure¬ 
wicz. It turns out that Theorem 1 (or, rather, its easy consequence, 
Theorem 6) includes as a special case the hitherto most inclusive result 
(namely the theorem of Hurewicz, which appears below as Theorem 7). 
The extent to which Theorem 6 is a generalization of the theorem of 
Hurewicz is exactly the same as the extent to which Hopf's result is a 
generalization of BirkhofTs. Both the statement and the proof of Theorem 
1 are more natural, and in several details more simple, than those of 
Theorem 7. In section 5 the important question of the deducibility of 
Theorem 1 from the known results on measure preserving transformations 
is treated. 

1. Let X be a measure space which is the union of countably many 
measurable sets of finite measure, and let T be a one to one transformation 
of X onto itself. The transformation T is measurable if both T and T -1 
send measurable sets into measurable sets; it is non-singular if both T 
and T- 1 send sets of measure zero into sets of measure zero. If T is 
measurable and non-singular then the Radon-Nikodym theorem yields 
the existence of a measurable function «„(*) (which may be assumed to 
be everywhere positive) such that for every measurable set E, m{T*E) «= 
ftfi» »(x)dm(x). For any real valued function q(x) and any positive 
integer n the notation rf’(x) will be used for the sum g"(x) = 
g (Tbc) Ui (x). 

Theorem 1 . If T is measurable and non-singular, f(x) is integrable, 
g(x) is non-negative, measurable, and such that ® almost 

everywhere, thenf n {x)/ff(x) converges alomst everywhere to a finite limit. 

The proof of Theorem 1 appears in section 4. 

Observe that/"(x)/g*(*) may be considered as the ratio of two expres- 
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sions of the form (E*-o Such an expression is 

the average of the first n terms of the sequence {q{T l x)} weighted by the 
first n terms of the sequence of densities lw f (x)}. If it were permissible 
to let g(x) be identically equal to 1 (as it is, under certain conditions dis¬ 
cussed below) then, for this g, f n /g n itself would be a weighted average. 

If T is measure preserving then <o*(ac) = 1 for every i and x, and for 
g(x) = 1, g n (x) = », Consequently in this most important special case 
Theorem 1 reduces to the classical ergodic theorem. 

Theorem 2 (Birkhoff ^Khintchine 2 ). If T is measure preserving arid 
f(x) is integrable then (X37»o f(Tbc))/n converges almost everywhere to a finite 
limit. 

2. The transformation T is incompressible if for every measurable set 
E , TE £ E implies m(E — TE) = 0. The function g(x) is invariantly 
positive if it is non-negative, measurable, and such that there is no invariant 
set of positive measure on which it vanishes. Observe that if g is measur¬ 
able and almost everywhere positive (in particular if g(x) = 1) then g is 
a fortiori invariantly positive. 

Theorem 3. If I' is measurable and non-singular , g(x) is non-negative 
and measurable , and lim n ~+ * g n (x) = <» almost everywhere , then g is in¬ 
variantly positive . Conversely if T is measurable , non-singular , and in¬ 
compressible , and if g is invariantly positive , then Urn^ g n (#) = « almost 
everywhere . 

Proof. If lim rt _* w g n (x) ** oo almost everywhere and A is a measurable 
invariant set such that for x € A, g(x) » 0, then for x eA, lim^® g n (x) = 0. 
It follows that m(A) « 0, so that g is invariantly positive. 

Suppose, conversely, that g is invariantly positive and define **(22) « 
J % E g{x)dm(x). Let k be any positive number and let E be any measurable 
set of finite measure on which < k. Then » > km(E) ^ 

fuZilo g(T*x)u t (x)dm(x) - Sn*g(x)dm(x) - '£i-o*(T i E). If F - 
then, since TF £ F and T is incompressible, it follows that the 
sets F, TF, T*F t ... are all equal except for a set of m measure zero and 
therefore except for a set of a measure zero. Hence 

kf) - M(n*:o t>f) * M(n*: 0 Ui:* t*e) $ 

and it follows that u(F) — 0. The incompressibility of T together with 
its non-singularity implies that the invariant set F* «= U -vT^F differs 
from F on at most a set of measure zero, whence 

0 = a(F) m f r gdm * f r *gdm. 

Since g is invariantly positive, it follows that m(E) £> m(F) £ m(F*) ~ 0. 
Since, by the hypothesis on the space X , the set of points x at which 
linv+>« g(x) < oo is the imion of countably many sets such as B, the proof 
of the theorem is complete. 
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Theorems 1 and 3 together imply the following two results. 

Theorem 4. If T is measurable, non-singular, and incompressible, f{x) 
is integrable, and g(x) is invariantly positive, thenf n {x)/g n {x) converges almost 
everywhere to a finite limit . 

Theorem 5 (Hopf*). If T is measure preserving and incompressible, 
f(x) is integrable, and g(x) is invariantly positive, then (£?-oV(^:))/(J^-To 1 
g{T { x)) converges almost everywhere to a finite limit. 

Hopf himself stated this result only under the condition that g{x) is 
integrable and almost everywhere positive. The present generality is 
sometimes technically useful, 

3. The results of section 2 have applications even to the possibly singu¬ 
lar case. 

Theorem 6. If T is measurable and incompressible, f(x) is integrable, 
and g(x) is measurable and almost everywhere positive, and if hj^x) is defined, 
by means of the Radon-Nikodym theorem, by the relation o J'r*sf( x )dm 
(x) = fgh n (x)dn , '(x), where n M (E) - YZ-of nBi(x)dm(x), then h„(x) 
converges almost everywhere to a finite limit. 

Proof. Assume first that m(X) < <*>. If #*"(£) = 0 then, since g is 
positive, m{T'E) — 0 and therefore f T*iJ{x)dm{x) — 0, so that the 
Radon-Nikodym theorem may indeed be applied. Let {c n M — 0, •‘•1, 
* 2, ... | be a sequence of positive constants whose sum is 1 and write 
ih(E) “ Yj-<.c*m{T n E). With respect to the finite measure rh the trans¬ 
formation T is non-singular and incompressible. To prove the latter 
statement, observe first that m and m are identical on invariant sets. If 
£ is a measurable set for which TE i= E then T* +1 E *g T*E, so that 

m{E - TE) S m(U_“»(r"£ - T n+i E)) m m(\)- 9 (T n E - r*+ l £)) - 0, 

and therefore T is indeed incompressible with respect to in. Since m(£) *= 
0 implies m(E) = 0, a non-negative measurable function p(x) may be found 
so that for every measurable set £, m(E) « f gp{x)dm{x) ; the fact that 
m and m are identical on invariant sets implies that p(x) is invariantly 
positive with respect to m. Since, finally, J' x f(x)dm(x) «* Sxf(x)P(x) 
drh(x), it follows that f(x)p(x) is integrable with respect to in, and conse¬ 
quently that Theorem 4 may be applied to the transformation T, the 
measure m, the integrable function f(x) = f(x)p(x), and the invariantly 
positive function g(x) = g(x)p(x). The condusion is that/*/?* converges 
to a finite limit almost everywhere with respect to m and hence almost 
everywhere with respect to m. The proof of Theorem 6 will be completed 
by calculating A* and observing that it is equal to/*/f* almost everywhere. 
Since 

m"(E) = Sr.o 1 f Titg(x)dm(x) m £*~ 0 l J'Tiai(x)d(mx) 
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it follows that 

SjJ*(x)<m(x) - Y t ”-of^(T i x)u> t (x)dm(x) - T l iZofTtgf{x)dm(x) 

2"-d } j'Tt*f(x)dm(x) = f B hn(x)d)i n (x) = fBK{x)g\ x )dm{x ); 

the equality of the first and last members of the last written chain of 
equations, for all measurable sets J5, implies the desired result. 

If m(X) — os, let w' be a finite measure whose vanishing is equivalent 
to that of m. (The existence of such an m* is a consequence of the as¬ 
sumption that X is the union of countably many sets of finite measure.) 
Then m{E) ** J* K k{x)dm'{x) with a positive measurable function k{x)\ 
write/' = &/, g' * kg , and apply the result just proved to/', g\ tn f . The 
fact that for any measurable set E, J'xf'dtn' = J*sfdm and Ssg'dm' = 
f ngdm concludes the proof of Theorem 6. 

If g(x) « 1, Theorem 6 may be stated as follbws. 

Theorem 7 (Hurewicz 4 ). If T is measurable and incompressible and 
f(x) is integrable , and if h n (x) is defin ed by the relation J % r*sf(x)dm(x) = 
fxK(x)dm n (x) t where m n (E) « ^“(^(PF), then h n (x) converges almost 
everywhere to a finite limit . 

4. In this section the proof of Theorem 1 is outlined. Since the proof 
uses no essentially novel methods and makes some very minor simplifica¬ 
tions only, as compared with the corresponding proofs of Khintchine, Hopf 
and Hurewicz, a more than customarily condensed telegraphic style will 
be employed. 

(A) Since _ f j(x)dm(x) ~ m(T i+s E) « frfx^t(x)dm(x) * /*w<X 
( < Px)o>j(x)dm(x) f the relations *= Wi(Px)«y(x) may be assumed to 

hold for every x. It follows that for 1 £* i < j = 1, 2, 3, , q*{x) =» 

g<(x) + for every real valued function q(x), 

(3) If q(x) is measurable and either its positive or its negative part 
is integrable (so that fsQ(x)dm(x) is defined, although possibly infinite, 
for every measurable set JS) and if E * U„»iU:^ 0} then J*gq{x) 
dm(x) 0, For if Ej « \x:q\x) < 0, 1 g i < j; q*(x) £ 0}, then for 
1 S i < j and for any ^-‘(Pa) « (^(x) — 9 f («))/«<(^) £ S*(*)/ 
0, so that VEj § tE* For any positive integer n write F n » 
JBU and, by induction backward, F*-* «* £ n -*(X — Uy-«--oPF^): 
it follows that S E„ j = 1, ,.it, = Uy-iU^IoP^* a 11 ^ the 

u(n + l)/2 sets in the last written double union are pairwise disjoint. 

Hence 

“ To-ifrdWMx) % o. 

(O If for any real number c, £ # (c) « U w *i{»:P(a:) ^ cf(x}) and 
E*ic} ** U 9 Z%\x:f*(x) £ c£{x )} then it follows by applying (JR) first to 
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q(x) - f(x) — cg(x) and then to q(x) — cg{x) — f(x), that f R*( C )fdm ^ 
c f E + {c )gdm and f «^ c )fdm ^ cf s ^ c) gdm. It follows also from these in¬ 
equalities that, although g was not assumed to be integrable, its integrals 
over E*{c ) and E+(c) are finite. 

(. D) If fx\f{*) \dtn(x) » M < «> then for c > 0, ftt*( C )gdm and 
Se+{~ c)gdm are both ^ M/c, by (C). If F is the set of those points x for 
which the sequence \f*{x)/g n (x)} is not bounded then it follows from these 
inequalities and the relation F = n t >oE*(*)un t >oS*(0 that frf(x)dm{x) ~ 
0. Hence g(x) - 0 for almost every x belonging to the invariant set F; 
Theorem 3 implies that m(F) = 0, i.e., that {/"/g”) is bounded almost every- 
where. 

(E) If h*(x) and h*(x) arc, respectively, the limit superior and the limit 
inferior of f n (x)/g n (x), then the relation f n (Tx)/g n (Tx) = (/” +1 (^) ~/(*))/ 
(g B + , (.r) — g(x)) (proved by (A)) t together with the assumption lini*_*« 
g(x) = oo almost everywhere, implies that h*(x) and h*(x) are almost 
everywhere invariant under T. 

( F ) If M„ = {x:h+(x) <r<$< /**(#)}, then m(M„) = 0. For, 

since (by (£)) M TS is invariant under T , the inequalities in (C) remain 
valid if M T8 is considered to be the whole space. Since M rs S E*(r)E*(s), 
it follows that sf M f$ gdm S & rfM r ,gdm; since (also by ( C )) 

f M r sgdm < oo, the assumption r < s implies that f M t ,gdm « 0. The 
invariance of M u and Theorem 3 show that tn{M rR ) == 0. 

Since \x : h*(x) < h*(x)\ = U M T8t where the union is extended over all 

r, s 

pairs of rational numbers, the conclusion of Theorem 1 follows from (F). 

The proof shows also that the limit function h(x) is invariant under T 
(and, of course, measurable). A straightforward adaptation of standard 
methods can be used to show also that the product h{x)g{x) is integrable, 
and that for every invariant measurable set E for which f ngdm < ®, the 
identity f gfdm — f Jigdm holds. 

5. If T is non-singular and if there exists a measure m* invariant under 
r, such that m*{E) = 0 if and only if m{E) = 0, and such that the space 
X is the union of countably many sets of finite w* measure, then, at least 
in the incompressible case, Theorem 1 is an easy consequence of Hopfs 
theorem. (Whether or not such an m* always exists is still an open ques¬ 
tion. 1 ) The proof of this statement is similar to, but much simpler than, 
the proof of Theorem 6. 

Under the conditions described, there exists a function p(x), measurable 
and almost everywhere positive, such that for every measurable set J5, 
m(E) ® fsp(x)dm*(x). Since Sxf(x)dm(x) » jT x f(x)p(x)dm+(x) t it 
follows that f(x)p(x) is integrable with respect to tn* and consequently 
(assuming that T is incompressible) Theorem 5 may be applied to the trans¬ 
formation r, the measure w*, the integrable function f*(x) « f(x)P(x), 
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and the invariantly positive function g*(#) ** g(x)p(x). The conclusion 
is that Sf-o 1 /*(o* £ * ( T*x ) converges to a finite limit almost every¬ 
where with respect to m* and hence almost everywhere with respect to m. 
Since, however, 

f s^{x)p{x)dm*{x) = f KUn(x)dm(x) = tn{T*E) 

f T*sP(x)dm*{x) * f s p(l M x)dm*(x), 

it follows that p(T*x) = oj H (x)p(x) almost everywhere. If the indicated 
substitution is made in the expressions whose convergence Hopf's theorem 
asserts, the asserted result follows.® 

1 Proof of a recurrence theorem for strongly transitive systems and proof of the 
^rgodic theorem, these Proceedings, 17, 650 (1931). 

* Zu Birkhoffs "Ldsung des Ergodenproblems,” Mathemaiische Annalen , 107, 485 
(1932). 

* Ergodentkeorie , Berlin, 1937, p. 49. 

4 “Ergodic Theorem without Invariant Measure,” Ann. Math., 45 , 195 (1944). 

1 This problem will be treated and necessary and sufficient conditions for the exis¬ 
tence of such an tn* will be derived in a forthcoming paper, "Invariant Measures,” sub¬ 
mitted for publication to Ann. Math. 

* I wish to express my thanks to J. C. Oxtoby for his critical reading of the manu¬ 
script of this paper and for making several valuable suggestions, and to G. W. Mackey, 
who called my attention to the fact that by methods similar to those used in this 
paper it is easy to deduce Theorem 6 from Theorem 7. This shows that the general¬ 
isation of Hurewicz’s theorem in the direction of Hopf's is in reality no generalization 
at all. 
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Mutations affecting specific steps in biochemical syntheses have been 
produced in Neurospora crassa by x-rays and ultra-violet radiation* 1 In 
crosses with wild-type molds, these mutations segregate in a Mendelian 
fashion and hence involve the alteration of single determinant factors. 
Since many of the mutants seem to completely lack a specific synthetic 
ability it was not certain whether they involved small chromosomal aber¬ 
rations such as deficiencies, or the inactivation of genes which still self¬ 
duplicate. Up to the present time no demonstration of back-mutation, 
which would afford indirect evidence on this question, has been made for 
any of the biochemical mutants of Neurospora . On the basis of the evi¬ 
dence presented below we conclude that reverse-mutation to the wild-type 
allele does occur. 

Strain 33757, which originated from a culture treated with ultra-violet 
light, is unable to synthesize the amino acid, leucine, an inability which has 
been shown by Regnery 2 to be caused by a difference from wild type in a 
single factor. In the course of the development bf an assay method for 
leucine by the use of strain 33757 it was noted that the weights of some cul¬ 
tures were unusually high and did not bear the typical relationship to 
leucine in the medium which characterizes the growth of this mutant strain. 
The phenomenon was called adaptation.* Genetic and physiological 
studies have been made on three independently adapted strains of 33757. 4 
Adapted strains a and 0 were derived as follows from a leucineless albino- 
marked stock of mating type A (33757-4637-^4). Conidia were inoculated 
into flasks containing 0.25 mg. I (+) leucine per 50-ml. medium and were 
incubated at 30°C. for 87* days. Samples were taken from two cultures 
which subsequently proved to have unusually high weights, and inoculated 
into minimal medium. From this time, adapted cultures a and 0 were 
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subcultured on minimal medium where they grew like wild type. The 
third adapted strain, y, was obtained from a salmon-colored leucineless 
stock of mating type a (33757-a) which was heavily inoculated into minimal 
medium . In one instance growth was observed and, upon subculturing, 
this adapted strain was prototrophic 4 and grew like wild type . 

It should be emphasized that marker genes, for color and for mating type, 
were not modified in the course of adaptation. Furthermore, among more 
than 150 adaptations of the leucineless albino stock which we have ob¬ 
served in our studies, none have shown pigmentation. Consequently it is 
concluded that the adapted strains did not arise through contamination. 

Genetic Studies .—In order to test the presumption that adaptation in¬ 
volves a genic mutation, the adapted cultures were first crossed with a 
leucineless strain of the opposite mating type. Asci were dissected and the 
spores allowed to germinate on medium containing leucine. The resulting 
strains were then tested for their ability to grow on minimal medium. The 
results are given in table 1. 


TABLE 1 


Characteristics of fi Cultures Obtained by the Germination of Spores 
Dissected in Order from Whole Asci Secured from Crosses of 
Lbucinelr&s-Adapted by Leucineless 


cross: 

•POKB 

,—a X 33757-a —. 

OROWTH c 

ON 

MINIMAL 


-0 X 33757-a — 

GROWTH 

ON 

MINIMAL 

GROWTH 

ON 

MINIMAL 

y X 33757-4037-a* 

ONOWTH 

ON 

MINIMAL 

NO. 

COLON* 

MBD1UM 

COLON 

MRMUU 

COLOR 

MEDIUM 

COLOR 

MSPIUK 

1 

— 

— 

4* 

4 

4" 

— 

:• 

— 

2 

— 

— 

4 

4 

4* 

— 

4 

3 


4 

4 

4 

4* 

— 

— 

— 

4 

4 

4* 

4 

4 

4 

— 

4 

4 

5 

4 

— 

— 

— 

— 

4" 

— 

4 

6 

4 

— 

— 

— 

— 


4 

4 

7 

— 

4* 

— 

— 

was 

4 

4 

— 

8 — + — 

* This ascus was not dissected in order. 

* 4 refers to salmon conidial pigment, 

— to albino. 

4 


-v 

* 4* refers to growth, 
leucine was added. 

. — to failure to grow. All strains grew on medium to which 


* This spore did not germinate. 


In view of the 1:1 ratios obtained in these asci, leudne-independence in 
the adapted strains must be due to a chromosomal and not a non-Mende- 
lian cytoplasmic factor. These crosses do not, however, supply any informa¬ 
tion about the relationship of the leudneless locus in strain 83757, li, to the 
gene for leucine-independence, L. 

The demonstration of this relationship depends on crosses made be¬ 
tween prototrophic strains from the fi and wild type. In performing this 
cross, the fi was used ratherThan the parent adapted strain to avoid the 
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confusion that might arise from the heterocaryotic 9 persistence of leucine- 
less nuclei in the adapted culture . Barring mutation , a culture derived 
from a single oscospore is genetically homogeneous . The spores secured 
from these crosses are classified in table 2. The most extensive test was 
performed on the progeny of 0 where there were 13 asci in which every 
spore germinated, 5 asci in which at least one member of all four pairs of 
spores germinated so that each of the 4 chromatids could be accounted for, 

66 spores from asci with incomplete germination and 83 spores isolated at 
random. In addition some data were secured on the progeny of crosses 
between wild-type and the prototrophic fi strains secured from a and y. 

A total of 300 single-spore cultures was examined and every one proved to 
be prototrophic. 


table a 


Classification of the Origin of Single-Spore Cultures from Crosses 
of Prototrophic f \ Cultures with Wild Type. All Cultures 
Proved to Be Leucine-Independent 


(SEE TABLE 1) 


No. or 

AMS 

WHOM 8 

No. or 

ASCI 

WITH ALL 
CHROMATID* 
ACCOUNTED 

No. or 
SPORES 
FBOBC 

No. op 

SPORES 

ISOLATED 

ft FROM 

WILD 

STORKS 

FOE 

INCOMPLETE 

AT 

cross of X 

TVP» 

ORRMXN ATBD 

1 

* 

w 

O 

ft 

II 

£ 

ASCI 

RANDOM 

ft X 33767-0 (spore 1) 

16300-4 

0 

3 

10 

0 

0 X 33767-0 (spore 2) 

16300-4 

1 

0 

1 

0 

0 X 33757-o (spore 3) 

16300-4 

12 

2 

47 

83 

$ X 33767-o (spore 4) 

16300-4 

0 

0 

8 

0 

a X 33767-0 (spore 2) 

15300-4 

0 

4 

2 

0 

y X 33767-4637-4 (spore 

43-14-4 

0 

3 

7 

0 

isolated 


— 

— 

— 

— 

at random) 

Total 

13 

12 

75 

83 


If leucine-independence in the adapted leucineless strains were due to 
mutation at a locus distinct from h, crosses between adapted and wild- 
type strains should have had in their progeny a recombination class of 
leucineless. In the 25 asd and among the 118 additional spores listed in 
table 2 there were no recombinations. Since these numbers test for 109 
chances for recombination, of which none were fulfilled, the genes involved 
are probably alleles. 

Physiological Studies .—The physiological behavior of the adapted strains 
confirms the hypothesis of reverse mutation. The rate of progression of the 
adapted strains and their prototrophic f% progeny on an agar surface is the 
same as that of wild-type strains 7 from which they were originally derived 
(table 3). The addition of leucine did not stimulate or retard growth in 
cither case. After 8 1 /* days in 50 ml. of liquid medium containing 1 per 
cent sucrose, wild-type strain 1-4* albino strain 4637-4 and adapted 
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strain (5 gave mycelial crops weighing between 109 and 114 mg. Thus, in 
their growth, as in their genetic behavior, leucineless-adapted cultures are 
indistinguishable from wild type. They probably represent back-mutations 
of the h locus to the wild-'type allele. 

TA&LE 3 

Rate or Growth in Mm. per Hr. of Lbucinklkss-Adapted Compared with That 
of Wild Type at 25°C. Each Rate Is the Average of Measurements on Two 

Growth Tubbs 

.—-minimal agar supplemented with- 


STRAIN 

0 

7.5 7 I( + ) LBUCINB 
PER ML. 

2 MG. dl LBUCINK 
PER ML. 

L-A 

4.3 

4.1 

4.2 

/?977-a 

4.0 

f 4 * 

* t * 

4637-4 

4.1 

» « • 

* 4 * 

15300-4 

4.4 

4.2 

■ *■ * 

a 

4.2 

4.4 

4.3 

» 

4.2 

4.1 

4.2 

Leucine-independent spore 1 from 
fi of 0 (see table 1) 

4.2 

4.2 

4.3 


Are the Mutations Inducedt —In order to determine whether the back- 
mutations were induced an examination was made of the frequency of 
adaptation in liquid medium containing various amounts of leucine. 
Adaptations were identified by the arbitrary method previously described. 8 
Those cultures which possessed unusually high weights, more than 3<r 
above the mean of the other members of a series, were classified as adapted. 
The data are shown in table 4. The frequency of adaptations depended 
not only upon the temperature but was higher in low leucine concentrations 
than in high leucine concentrations. Both of these differences are signifi¬ 
cant by x 2 test. Since the dependence upon leucine concentration appears 
to be an example of chemically induced mutation it is important to examine 
closely the events that take place during the S'/rday period. 


TABLE 4 

*■ 

Effect of Leucine Concentration on the Frequency of Adaptations of 
33757-4637-4 During 8 1 /i Days in 60-Ml. Liquid Medium 


^ OF 

mo. J<+)lbucknb cultures 

—25° C.— 
No. or 

ADAPTA¬ 

TIONS 

% 

ADAPTATION 

No. op 
CULTURES 

ao*c - 

No. op 
ADAPTA¬ 
TIONS 

% ‘ Av. % 

ADAPTATION ADAPTATION 

1.00 

40 

0 

0 

20 

0 

0 

0 

0.75 

40 

1 

3 

20 

3 

15 

7 

0.50 

40 

0 

0 

20 

3 

15 

5 

0.25 

40 

3 

8 

20 

5 

25 

13 

Av. % adaptation 



3 


■ . ■' 

14 



The leucine concentration expressed in table 4 is the initial concentration. 
As growth proceeds, the medium is depleted of leucine by the mold. When 
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the final weight is reached, bioassay of the medium proves the exhaustion of 
leucine. The medium will, at that time, support the growth of wild type 
Neurospara, or of leucineless Neurospora if further leucine is added. Thus, 
leucine alone is exhausted. The time at which this takes place depends 
upon the initial leucine concentration. On 0.25 mg. of l (+) leucine the 
final weight of about 7.5 mg. is attained in about 3 days. On 1.00 mg. 
/ (+) leucine almost 6 days are required for the development of the final 
weight of 37 mg. During these times the mass of mycelium is increasing 
and with it, presumably, the number of nuclei in which back-mutation has 
a chance to occur. 

In order to minimize the importance of the difference in time a long-term 
experiment was designed in which cultures of 33757-4637-^4 started their 
growth on 0.25 and 0.5 mg. I (+) leucine per 50 ml. at 30°C. The fre¬ 
quency of adaptation was observed between 6 and 45 days after inoculation, 
during which time all cultures were exposed to subthreshold leucine con¬ 
centrations. Table 5 shows the results obtained. The same criterion was 


TABLE 5 


Effect of Leucine Concentration on the Frequency of Adaptations of 
33757-4637-4 Between 6 and 45 Days in 50-Ml. Liquid Medium at 30 °C. 


mo. /(+)lbucxnb 
0.50 
0.25 


No. OF 

CULTURES 


43 

38 


No. OF 

ADAPTATIONS 


6 

16 


% 

ADAPTATION 

12 

42 


used for identification of adaptations. It will be observed that even during 
this period there is a significantly higher frequency of adaptation in the 
cultures which began to grow in the presence of low leucine concentrations. 
Indeed, the frequency is so high that the average weight of all cultures, 
adapted and non-adapted, is higher (25 rag.) in the 0.25 mg. leucine series 
than in the 0.50 mg. leucine series (20 mg.). On the spontaneous mutation 
hypothesis one would expect the number of adaptations to be greater in 
those cultures with the higher nuclear populations, the high leucine series. 
We find the reverse to be true—the frequency of adaptations is an inverse 
function of mycelial mass. 

The orthodox viewpoint is that adaptive mutations are not directed by 
the environment of the cell but occur m a given percentage of the popula¬ 
tion per unit time, and may be selected by the environment. We have 
shown that adaptation, in this instance, is a mutation phenomenon. Thus 
far we have assumed that when a mutation to leucine-independence takes 
place it will be regularly selected for in the absence of leucine and result in 
an adaptation. However, this is not the case. Although adaptations are 
the result of mutation, every mutation does not yield an adaptation as the 
evidence presented below will indicate. 
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Heterocaryons .—When a back-mutation occurs in a leucineless myce¬ 
lium and the mutated nucleus multiplies a heteroearyon* is formed con¬ 
sisting of a mixture of leucineless and wild-type nuclei. The phenomenon 
of selection in such heterocaryons was studied by artificially preparing 
heterocaryons between leucineless and prototrophic strains and growing 
them on different concentrations of leucine. Figure 1 shows the behavior 
of a heteroearyon between the adapted strain 0, and the leucineless strain, 
33757-4637-^4, which gave rise to it. Growth was measured on the sur¬ 
face of agar in growth tubes containing no leucine. The leucineless strain 
showed, of course, no growth. The prototrophic f x control grew at the 



DAYS 
1UGURB 1 

Growth rate of a heteroearyon of leucineless and adapted Neurospora 

on minimal medium. 


wild-type rate of 4.2 mm./hr. The heteroearyon grew at exactly the same 
rate, as though the wild-type nuclei it contained had outgrown the leucine- 
less nuclei. On medium containing a limiting concentration of leucine the 
prototrophic f x control still grew at a rate of 4.2 mm./hr. (Fig. 2). However, 
the heteroearyon grew at the Same rate as the leucineless strain, 2.2 
It appears as though the wild-type nuclei failed to outgrow the leucineless in 
the presence of a limiting leucine concentration. In other words, on 
minimal medium the heteroearyon grows like wild type but in the presence 
of leucine it grows like leucineless. 


To prove that such behavior would be characteristic of hyphae known to 
be heterocaryotic, minimal agar plates were inoculated with a mixture of 
leucineless 33757-4637-^4 and of adapted stratus ct or (S. After the my- 
celium had grown over an area ca. 4 cm, in diameter, tips Of stngle hyphae 
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were isolated® and transferred to media containing or lacking leucine. 
The plate from which these isolations were made was also kept for further 
observation. Hyphac isolated to minimal medium continued to grow (as 
did the parent mycelium on the agar plate) demonstrating that they con¬ 
tained nuclei of the adapted genotype. Since hyphal tips were transferred 
at random, such nuclei must also have been present in those hyphae inocu¬ 
lated into tubes of leucine-containing medium. The conidia formed in 
these tubes, however, did not grow when tested on minimal medium. 
Therefore, in the presence of leucine, hyphae which originally contained 
some leucine-independent nuclei gave rise to conidia which were purely 



DAYS 
FIGURE 2 

Growth rate of a heterocaryon of leucineless and 
adapted Neurospora on a limiting concentration of 
l (+) leucine (0.0076 mg./ml.). 

leucineless. Such behavior was characteristic of combinations of leucine¬ 
less with wild-type strains obtained independently of the leucineless muta¬ 
tion. The similarity of adapted and wild-type strains in this respect is 
further evidence for the identity of the adapted and wild-type strains at 
the L locus. 

This phenomenon is under further study but the following evidence may 
be reported briefly here, Hyphae were isolated in a similar manner from 
heterocaryons in which the leucineless and wild-type nuclei bore different 
marker-genes for conidial color. Such heterocaryotic hyphae behaved 
similarly to those described above. Furthermore, whenever a leucineless 
culture was selected from a heterocaryon, the color markers of the wild 
type could not be demonstrated. This is in favor of the hypothesis that 
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the wild-type nuclei in such combinations were selected against in the pres¬ 
ence of leucine. Tlie disappearance of color markers which characterized 
leucineless nuclei demonstrated a selection in favor of wild type when 
heteroearyons were grown on minimal medium. However, in some in¬ 
stances when heteroearyons were studied in growth tubes on minimal 
medium, they grew like wild type for a time but then slowed down and* 
sometimes stopped (Fig. 1). This behavior helps to interpret the results of 
the long-term growth experiment in liquid medium. 

In liquid cultures when a back-mutation to leucine independence occurs 
and a heterocaryon is formed the independent nuclei may overgrow and 
form a complete adaptation. On the other hand, the heterocaryon may be¬ 
gin to grow and then stop as the back-mutated nuclei are inactivated by the 
leucineless. This behavior was repeatedly observed during growth in 
liquid medium. In a culture which had reached the maximum growth for 
its leucine level a new patch of growing mycelium often appeared on the 
surface of the clot. This new growth may continue and overgrow the 
whole culture, or, after its initiation, it may stop, forming what was previ¬ 
ously termed a “partial” adaptation. 8 Presumably we were observing 
heterocaryon selection. 

The interpretation we offer for the higher frequency of adaptation in low 
leucine concentrations is in terms of the size of the mycelial mass involved 
rather than directly in terms of the leucine content of the medium. The 
greater the mycelial mass, the larger the population of leucineless nuclei in 
the midst of which a leucine-independent nucleus arises by mutation and 
the greater the chance that this mutant nucleus will be inactivated. Al¬ 
though we cannot duplicate directly the introdustion of a single leucine- 
independent nucleus into a leucineless mycelium we have studied the 
growth of heteroearyons in liquid medium. Figure 3 shows the weights 
assumed after 8 l /% days by a heterocaryon of /? and 33757-4637-^4 and by 
33757-4637-^4 on different leucine concentrations. 

As the leucine concentration rises the amount of mycelium, and hence 
the number of leucineless nuclei, similarly increases. However, the final 
weight of the heterocaryon decreases with leucine concentration. Ap¬ 
parently the greater the number of leucmeless nuclei the more rapidly the 
leucine-independent nuclei are inactivated and the sooner growth ceases. 
These experiments, then, provide evidence for our interpretation of the 
frequency of adaptations on different leucine concentrations. An adapta¬ 
tion is due to the growth of leucine-independent nuclei which arose by 
mutation but whether the increased growth will be significant depends upon 
whether conditions favor the inactivation of the leucine-independent nuclei. 
Large mycelial masses with many leucineless nuclei are more unfavorable 
for escape of the prototrophic growth than small mycelial masses. We do 
not believe that our experiments allow any conclusion as to the r61e of 
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leucine in the induction of mutation at this locus. Such mutations prob¬ 
ably occur spontaneously but their expression depends upon the leucine 
content of the environment through its effect on mycelial mass. 

Discussion .—Because of the heterocaryon selection the back-mutation 
of locus h is not a favorable object for the study of mutation rates. For 
example, the effect of temperature shown in table 4 may be due to its in¬ 
fluence either on the mutation rate or on the selection efficiency or both. 
Any calculation of mutation rate would yield a minimum value, at best, be¬ 
cause many, if not most, mutations can never express themselves as adapta¬ 
tions because of the rapid inactivation of mutant leucine-independent 
nuclei. 



LOG. LEUCINE CONCENTRATION MG./50 ML 


FIGURE 3 


Final growth of a heterocaryon of leucineless and adapted Neurospora on different 
concentrations of / (4-) leucine in liquid medium at 25° C. 

On the basis of the selection phenomenon it is to be expected that back- 
mutations of locus h would not persist in stock cultures maintained on 
leucine. This probably explains the fact that in our experience no culture 
in stock tubes has ever adapted. Likewise in nature the heterocaryon 
selection phenomenon may help to maintain mutant types. 

In bacteria nutritional mutants are known to adapt and lose their re¬ 
quirement,* In this way they seem to gain a new function. In the light 
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of recent evidence it is conceivable that nutritional mutants in bacteria are 
formed by an inactivation of a gene. 9 From this state it may later back- 
mutate. We conceive of this process in Neuro spot a as follows: 

mutation 

L r .== ± h 

back- 

mutation , 

The wild-type allele, L t is present in the wild-type stock and controls 
some step in the synthesis of leucine. Under the influence of ultra-violet 
light, or otherwise, 10 this gene can mutate to the inactive state, l u We 
conceive that, where L makes an active enzyme involved in leucine syn¬ 
thesis and self-duplicates as well, h is also self-duplicating and could 
possibly make a “defective enzyme/' The self-duplicating inactive gene 
li spontaneously back-mutates to L. We believe it to be established, with 
a fair degree of certainty, that the leucineless mutation in Neurospora , h t 
is not a chromosomal rearrangement or deficiency but a modification of a 
gene to a still self-duplicating particle. 11 

Summary .—The leucineless mutant of Neurospora is a true gene mutation. 
The adaptation to leucine-independence, which this mutant sometimes 
undergoes, is due to back-mutation to the wild-type condition at the leu¬ 
cineless locus. This is demonstrated by the genetic behavior of the adapted 
strain in crosses with leucineless and by the genetic behavior of the leucine- 
independent fi progeny in crosses with wild type. Moreover, the adapted 
and wild-type strains are physiologically identical. 

The incidence of adaptations is significantly higher in the presence of low 
concentrations of leucine than in the presence of high concentrations. 
This apparent chemical induction of mutations has its explanation in the 
fact that a back-mutation in the leudneless strain always results in the 
formation of a heterocaryon. In a heterocaryon between the leucineless 
and the adapted or wild-type strains, the leucineless nuclei have an ad¬ 
vantage in the presence of leucine. Whether a back-mutation will result in 
an adaptation depends upon whether conditions favor selection against the 
leucine-independent nuclei. 

1 Beadle, G. W,, Physiol. Rev., 25,643-063 (1946); Beadle, G. W., and Tatum, B. L., 
Am. Jour . Bol., 32,678-686 (1946). 

* Roguery, D. C., Jour. Biol Ck*m. t 154 ,161-160 (1944). 

* Ryan, F. J. f and Brand, B., Ibid., 154, 161-175 (1944). 

4 The experimental procedures used in these studies have been described previously. 
See references 1 and 3 and Ryan, F* J., Beadle, G. W., and Tatum, E. L., Am. Jour * 
Bot., 30, 784-799 (1943). 

* We propose to designate as a prototroph any strain which has the nutritional 
requirements of the "wild type” from which it was derived irrespective of how it became 
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prototrophic. (For Neurnspora crassa sec Butler, E. T., Robbins, W. J. f and Dodge, 
B. O., Science , 04, 262 (1041).) 

* Beadle, G. W., and Coonradt, V. L., Genetics, 20, 291-308 (1044). 

7 Different “wild-type** stocks undoubtedly carry gene differences which can modify 
such physiological characteristics as growth rate and degree of conidiation. 4 These 
differences may segregate to different stocks. Therefore, it is not strictly correct to 
speak of the wild type as an entirely distinctive genotype. However, in every mutant 
studied the nutritional requirement is determined by a single gene, although the genetic 
background may, to a certain extent, modify the details of its expression. Tt would 
be desirable to use “isogenic" strains, obtained by repeated back-crossing, but the 
biparental inheritance of Neurospora makes very difficult the elimination of any gene 
differences that may be linked to mating-type alleles. 

* Roepke, R. R., Libby, R, L., and Small, M. H., Jour . Bacl. $ 48,401-412 (1944). 

* Gray, C. H., and Tatum, E. L., these Proceedings, 30, 404-410 (1944). 

10 The leucineless mutant, 33757, was obtained from a culture of Neurospora which 
had been treated with ultra-violet radiation. However, since parallel studies on spon¬ 
taneous mutation were not carried out 1 it cannot be proved that the mutation L -► U 
was induced and did not occur spontaneously. 

11 Strain 4637 -A is known to carry a translocation (McClintock, B., Am. Jour. Hot., 
32, 671-678 (1945)) which is closely linked to albino. It reduces crossing over in a 
region of the sex chromosome (Qoermann, A. H. t Arch. Biochem 5, 373-384 (1944)). 
The prototrophic f\ strain used in these experiments, although wild type in color, may 
have carried the translocation. The adaptation could have been due to mutation to 
leucine independence at a locus other than h since, in the cross of the/i with wild type, 
reduction of crossing over might have prevented the appearance of recombinations. 
There are two types Of evidence which militate against these assumptions. First, we 
found no reason to believe that the /j by wild-type cross produced the lethal classes 
which would be expected if a translocation were involved. Second, the physiological 
identity of adapted strains with wild type speaks for the identity of the leucine-inde¬ 
pendent gene and the wild-type allele of 1%. 


VARIETIES AND MATING TYPES IN PARAMECIUM 
BURSARIA. I. NEW VARIETY AND TYPES, FROM ENGLAND, 

IRELAND, AND CZECHOSLOVAKIA * 

By Tze-Tuan Chen 

W* \ 

Department of ZoOlogt, University of California, Los Angeles 

Communicated May 13, 1946 

Paramecium bursaria consists of a number of varieties (Jennings, 1 Jen¬ 
nings and Opitz 2 ). Members of any one variety do not, as a rule, mate 
with members of other varieties. In each variety there is a definite 
number of mating types. Animals of diverse mating types conjugate 
readily; animals of the same mating type usually do not mate together. 
Variety I contains four .mating types designated A, B, G, and D. Variety 
II has eight mating types designated E, F, G, H, J, K, L, and M. Variety 
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Ill contains four mating types designated N, O, P, and Q. Variety IV, as 
far as it is known, contains two mating types designated R and S. In 
addition to these four varieties there are certain Russian clones (denomi¬ 
nated Ru20 to Ru35) that do not conjugate with any of the four varieties 
(Jennings and Opitz 2 ). These workers were of the opinion that these 
Russian clones possibly belong to a fifth variety. In the present paper they 
are called the fifth variety. (Apparently only one mating type of this 
variety has been found, and this type is designated T.) There are known, 
therefore, five varieties containing nineteen mating types in this species of 
Paramecium. 

The present paper reports the finding of a new variety (Variety VI) con¬ 
taining four mating types. These animals were collected from England, 
Ireland, and Czechoslovakia. 

Material and Methods .—In July and August, 1944, cultures of two clones 
of P . bursaria were received from Professor E. G. Pringsheim in Cambridge, 
England. One clone (Ckl) was collected in Prague, Czechoslovakia. It 
was first used in his extensive experimental studies while he was in Czecho¬ 
slovakia; it was later brought by him to England. This clone has been in 
cultivation in the laboratory for approximately twenty years. The other 
done (Enl) was collected in 1944 in Cambridge, England. 

In June, 1945, cultures of four additional English clones (En2, En3, En4, 
En5) were received from Professor Pringsheim. These were collected 
from Newnham, near Cambridge, England. 

In June, 1945, a culture of P. bursaria from Dublin, Ireland, was also re¬ 
ceived from Professor Pringsheim. These animals were collected by Mr. 
Douglas Glen of Dublin and forwarded to the writer by Professor Pring¬ 
sheim. A single animal was isolated from this culture and grown in isola¬ 
tion. This clone was designated as Irl. 

It is a pleasure to acknowledge my indebtedness to Mr. Glen and espe- 
dally to Professor Pringsheim for sending these parameda. 

The animals were cultured in essentially the manner described by 
Jennings. 1 For cytological studies the animals were fixed in Schaudinn's 
fluid containing gladal acetic acid, stained in iron hematoxylin, and de^ 
stained in saturated aqueous solution of picric add, following the tech¬ 
nique the writer has described previously (Chen*). 

Experimental Studies .—J. Determination of Variety and Mating Types: 
Two series of tests were carried out on the Czechoslovakian, Irish, and 
English clones: (1) to determine whether these seven clones would con¬ 
jugate with each other, and (2) to determine whether these clones belong to 
any of the five varieties already known. 

To determine whether these seven dones would conjugate with each 
other, mixtures were made in all possible combinations of two of the seven 
dones. The results of these numerous tests are shown in table L An 
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analysis of the data shows that these seven clones belong to the same 
variety and that four mating types are present. Clones Ckl and Irl 
belong to one mating type; they do not mate with each other but both 
mate with all other five clones. Clone Enl belongs to a second mating 
type; it mates with all other six clones. Clone En2 belongs to a third 

TABLE 1 

Results of Mixing in All Possible Combinations of Two of the Seven Clones 
of P . bursaria Collected from Czechoslovakia, Ireland, and England. The Plus 
Signs Indicate That Clumping and Conjugation Occur in the Mixture of the 
T wo Clones Indicated; the Mtnus Signs That They I)o Not 
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mating type; it also mates with all other six clones. Clones En3, En4, and 
En5 belong to a fourth mating type; they do not niate with each other but 
they all mate with the other four clones. 

Under proper conditions, the animals of diverse mating types when 
mixed exhibited the agglutinative mating reaction immediately. In a few 
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minutes large clots or masses of animals were formed. Later these dots 
and masses broke up and many conjugating pairs were found. If a large 
number of animals of these clones were mixed, hundreds of pairs could be 
found in a single mixture. The behavior in mating reaction and pair 
formation as well as the nudear changes during conjugation (described later 
in this paper) appeared to be normal and typical of this spedes. 

Many tests were carried out to determine whether the seven clones 
would mate with animals belonging to any of the five already known 
varieties. These tests were carried out in the following manner. Cul¬ 
tures of many clones belonging to all of the nineteen known mating types 
constituting the five varieties were kept in the laboratory. These are 
known as “testers”; while the cultures of the Czechoslovakian, Irish, and 
English dones were designated “unknown.” Before testing, a number of 
animals were taken out from one “tester” and mixed with those of another 
“tester” of an appropriate mating type (animals of a diverse mating type 
bdonging to the same variety) to determine whether the “testers” were in a 
sexually reactive condition. The animals were considered sexually reac¬ 
tive if when mixed they would agglutinate immediately and form pairs. 
Animals of the “unknown” dones were similarly tested with each other. 
Tests between the “unknown” and the “testers” were carried out only 
when both were sexually reactive. In actual testing a number of animals 
of an unknown done were mixed separately with animals from different 
mating type “testers.” These mixtures were examined a few hours after 
preparation and also examined daily during the following four days to 
determine whether any pairs or dots were formed. 

Representative clones of two of the four mating types (the Czecho¬ 
slovakian done Ckl and the English done Enl) were tested separately 
with all four mating types of Variety I, seven of the right mating types 
of Variety II, two of the four mating types of Variety III, the two mating 
types of Variety IV and the single mating type of Variety V. Altogether 
77 tests were carried out on the Czechoslovakian done, and an equal 
number on the English done Enl, . 

The results of these tests can be summarized as follows: No mating 
reaction or conjugation was ever found in any of the tests except in some of 
the cases when the English done and a fifth variety done (Ru22) were 
mixed. In such a mixture pairs could be found but most of these pairs 
were atypical in that the two conjugants did not have the relative positions 
typical of normal conjugating pairs. It was soon found out that there was 
really no conjugation between the English clone and the fifth variety; the 
conjugating pairs each consisted of two English animals, the fifth variety 
animals taking no part in the conjugation. (The pair formation was in¬ 
duced by the fluid of the fifth variety. 4 ) This non-conjugation between 
English animals and the fifth variety was proved in the following m a nner ; 
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(1) When dark green English animals were mixed with white fifth variety 
animals, every pair consisted of two dark green animals. (2) The indi¬ 
viduals of the English clone are much smaller than the fifth variety animals. 
When the English and the fifth variety animals were mixed, each pair 
consisted of two small animals of similar size. (3) There are differences 
in the shape of the micronuclei between the English clone and the fifth 
variety, the latter having a much longer micronucleus. Fixed and stained 
pairs from a mixture of English and the fifth variety animals show that the 
micronuclei in two conjugants of each pair were alike; both micronuclei 
were short. (4) As already stated, although some of the pairs found in a 
mixture of English and the fifth variety animals are typical, others are 
atypical in that the two conjugants do not have the relative positions 
typical of normal conjugating pairs. If the English animals were placed 
in the fluid of the fifth variety, similar pairs (mostly atypical) were formed. 4 

Judging from the results of the numerous tests just described, it is 
obvious that these two clones do not belong to any of the five known 
varieties. They, together with the other five clones, clearly constitute a 
new variety containing at least four mating types. This new variety is to 
be known as the sixth variety, and the four new mating types are designated 
as types U, V, W, and X. Thus, there are now known in this species of 
Paramecium six varieties containing twenty-three mating types, which are 
diagrammatically presented in figure 1. The twenty-three, types are 
designated by capital letters A-X, The small letters or figures in the 
lower half of the squares are designations of the clones exemplifying 
each mating type. 

2. Temporary Pair Formation: With the exception of the Irish clone 
(Irl) all clones of this variety are normal in that when they are mixed with 
clones of a different mating type, lasting pairs are formed. When the 
Irish clone is mixed with normal clones of a different mating type the pairs 
that are formed are not lasting but separate within a few hours. For 
example, if the Irish done is mixed with clone En2 at about noon, strong 
agglutinative mating reaction occurs almost immediately. Clots of ani¬ 
mals arc formed within a few minutes. Within an hour or two, many pairs 
are formed but these pairs are not lasting. During the late afternoon and 
in the evening the pairs break up into single animals. If such a mixture is 
placed in a moist chamber and kept from drying, the typical agglutinative 
mating reaction and temporary pair formation recur the following day and 
daily for some successive days (perhaps for many days). The following is 
the characteristic daily behavior of the animals in such a mixture. The 
agglutinative mating reaction begins at about noon. Many pairs are 
formed in the early afternoon. In the late afternoon the pairs begin to 
break up into single animals so that by evening only a few pairs may be 
found ; none are present by eleven o'doek p. ¥. 
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Similar phenomena are observed if the Irish clone is mixed with the 
following clones of the new variety: Enl, En3, En4, and En5. 

The temporary pair formation described in the present paper is similar 
to that reported by Sonneborn 8 in P, aurelia and by Jennings® and Chen 7 in 
P. bursaria . 



FIGURE l 


Diagram of the six known non-interbreeding varieties of P. bursaria . The capital 
letters are the designations of mating types in each variety: four in Variety I, eight in 
Variety II, four in Variety III, two in Variety IV, four in Variety VI. In Variety V ap¬ 
parently only one mating type is known. The figures or numbers in the lower half of 
the squares are the designations of clones that first exemplified each mating type. 


Cytological Studies .—Cytological studies were carried out to determine 
whether nuclear changes during conjugation in this variety are normal. 
The Czechoslovakian clone Ckl (mating type U) and the English clone 
Enl (type V) were used. 

These two clones differ greatly in their micronuclei and in their chromo¬ 
somes. The Czechoslovakian done has a very small, lightly staining, 
ellipsoidal micronudeus (Fig. 2), whereas the English done has a much 
larger and deeply staining micronudeus containing a much greater quantity 
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of chromatin (Fig. 3), As is seen clearly during the late prophase of the 
first progamic division in conjugation, the chromosomes of the Czecho¬ 
slovakian clone are for the most part either spherical or very short rods 
(Fig. 4), whereas most of the chromosomes of the English clone are much 
longer (Fig. 5). In this connection, it may be stated that this is the first 
variety in which I have found such great chromosomal differences between 



FIGURES 2 TO 5 


Figure 2, resting micronucleus of a vegetative animal belonging to done Ckl. Figure 
3, resting micronudeus of a vegetative animal belonging to done Gnl. Figure 4, chro¬ 
mosomes of done Ckl as seen during the late prophase of the first pregamic division in 
conjugation. Figure 6, chromosomes of done Enl as seen during the late prophase of 
the first pregamic division in conjugation. All figures X 1640. 

clones of the same variety; In my experience, the chromosomes of clones 
of the same variety are similar, though marked chromosomal differences 
may exist between varieties. For example* Varieties II and IV are charac¬ 
terized by the presence of thin and short chromosomes, whereas the 
chromosomes in Variety III are larger and much longer. 

I. Nuclear Changes during Conjugation: Nuclear changes during con- 
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jugation between these two clones are normal and typical of the species. 
They include three pregamic divisions, the exchange and fusion of pro¬ 
nuclei, and the three post-zygotic divisions. In the following paragraphs 
these nuclear changes and the time relationships of stages (at 26°C.) will 
be described. 

The first pregamic division is a long process requiring approximately 24 
hours for completion. The daughter nuclei formed as a result of the first 
pregamic division are similar in size and structure. Soon one of the nuclei 
degenerates, and the other remains to undergo the second pregamic divi¬ 
sion. 

The second pregamic division occurs 25-27 hours after the onset of con¬ 
jugation and is consummated in a short time—perhaps in one or two hours. 
The nuclei formed as a result of the second pregamic division are also 
similar in size and structure. Soon one of the nuclei degenerates; the re¬ 
maining nucleus undergoes the third pregamic division. 

The third pregamic division generally occurs at 28-30 hours. Of the 
two pronuclei formed as a result of the third pregamic division, one is 
migratory, the other stationary. Most cases of exchange of pronuclei 
were found at 30-32 hours, although some may be found as early as 29 
hours. 

After exchange, the two pronuclei in each conjugant fuse and form a 
synkaryon. Three post-zygotic divisions take place. The first division 
occurs at 32-33 hours. One of the two nuclei resulting from this division 
degenerates, and two further nuclear divisions occur at 34-38 hours. By 
the 38th hour, ex-conjugants are found. Later two of the nuclei in the ex- 
conjugants develop into tnacronuclear anlagen, the other two become the 
micronuclei. 

Even though the nuclear changes during conjugation between the English 
and Czechoslovakian clones are typical of this species of Paramecium, 
there occur conjugants and ex-conjugants in which the nudear conditions 
are abnormal, and the number of the abnormal animals is unusually high. 
Some of the abnormal nuclear conditions can be listed: (1) There are a 
number of conjugants (mostly Czechoslovakian conjugants) in which both 
of the nuclei resulting from the first pregamic division persist and undergo 
the second pregamic division, (2) There are many conjugants in which the 
pronuclei, after exchange, do not fuse together to form a synkaryon but 
each pronucleus develops into a hemikaryon * (3) The number of nudei 
in the ex-conjugants is unusually variable. In this species erf Paramecium 
the normal number of nuclei in the ex-conjugants immediately after sepa¬ 
ration is four (two of these later develop into macronuclear anlagen, the 
other two become the micronuclei). Among the ex-conjugants resulting 
from conjugation between the English and Czechoslovakian clones ap¬ 
proximately fifty per cent of the animals have the normal number of nuclei; 
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in the other fifty per cent the number of nuclei varies from two to twenty. 
It is difficult to explain the unusually high percentage of abnormal con- 
jugants and ex-conjugants. Possibly it is due to some degree of incom¬ 
patibility between these two clones or to the fact that one of these two 
clones (Ckl) is a very old clone, having been cultured in the laboratory for 
approximately twenty years. The English clone at the time of mating 
with the Czechoslovakian clone was about a year old. Jennings* found 
that in P. bursaria when an old clone conjugates with a young one, most or 
all of the ex-conjugants die (just as when two old clones conjugate to¬ 
gether). 

2. Differences between Varieties in the Rate of Nuclear Changes during 
Conjugation: In P. bursaria there appear to be marked differences be¬ 
tween certain varieties in the rate of nuclear changes during conjugation. 
For example, under comparable conditions the rate of nuclear changes 
during conjugation in Variety I is much faster than that in Variety II (at 
least in the cases studied). At 26.5°C. all of the nuclear changes during 
conjugation in Variety I are completed in 20-22 hours, whereas those 
in Variety II continue for 36 or more hours. In Variety I the first pre- 
gamic division requires but 12 or 13 hours for completion, whereas in 
Variety II it requires 20 or 21 hours. 

The rate of nuclear changes during conjugation in the new variety (VI) 
is comparable to that of Variety II; it is certainly much slower than that 
of Variety I. 

* This work has been aided by grants from the Committee for Research in Problems of 
Sex, National Research Council; from the Joseph Henry Fund of the National Academy 
of Sciences; and from the Permanent Science Fund of the American Academy of Arts 
and Sciences. 

1 Jennings, H. S., Genetics, 24, 202-233 (1930). 

* Jennings, H. S., and Opitz, P., Ibid., 20, 676-683 (1044). 

* Chen, T. T>, Stain Techn 19, 83-90 (1944). 

4 Chen, T. T., Proc. Nat . Acad. Set., 31, 404-410 (1946). 

* Sonneborn, T. M., Anat. Rec., 84 , 642-543 (1942). 

« Jennings, H. S., Biol Bull,, 86, 131-146 (1944). 

* Chan, T. T., Ibid, (in press). 
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* Jennings, H. S., Jour . Exp. Zool, 06, 243-273 (1944). 



182 


MA THEMA TICS: R. BRA UER 

* 


Proc. N. A. S. 


ON BLOCKS OF CHARACTERS OF GROUPS OF FINITE ORDER, I 

By Richard Brauer 

Department op Mathematics, University of Toronto* 

Communicated April 25, 1940 

1. The present paper is a continuation of an earlier investigation. 1 
Let G be a group of finite order g, and let r = T(G) denote the correspond¬ 
ing group ring formed with regard to an algebraic number field K. We 
shall assume that all the simple constituents of the semisimple ring T split 
completely in K. This hypothesis holds, for example, when K contains 
the gth roots of unity. 2 Let p be a rational prime number and let p be a 
prime ideal of K dividing p. The ordinary irreducible characters of G 
and the modular characters <p„ of G (for p) are distributed into a certain 
number of “blocks” 3 B h B it .. B t , each and each <p„ belonging to ex¬ 
actly one block B r . As was mentioned in A GR, these blocks are linked 
closely with the arithmetic in r. 

We are interested in obtaining relations between the blocks of G and 
those of certain subgroups N. These N will be the normalizers of the p- 
subgroups of G (and some related groups). This will mean that a number 
of important features of the characters of G are determined by the structure 
of these groups N and the position of N in G, in particular, the manner in 
which the classes of conjugate elements of N are distributed in the classes 
of G. 

2. Denote the center of the group ring T — T(G) by A = A(G). As is 
well known, a basis of A is formed by the classes of conjugate elements Ku 
K* t ... K k of G, each class K { being interpreted as the sum of all its ele¬ 
ments. We then have formulae 

K.K* = ( 1 ) 

where the a *ih are rational integers, Q'afiy £= 0* 

Let H be any subgroup of G of an order p h , h <£ 0, where p is the fixed 
prime selected above. Denote by &(H) the centralizer of H in G and by 
yi(H) the normalizer of H in G, and consider a subgroup N which satisfies 
the condition 

m(H)£N£Vl(H). ( 2 ) 

If is the part of K a which lies in $(H), then either K°„ .*■ 0 if K does 
not contain any elements of (£(//)> or IQ is a sum of complete classes of N. 
It can be shown easily that (1) implies 

* Z)°aflr ^7 (mod p). (3) 

y 

Consequently, the classes K a with K° a ** 0 form the basis of an ideal T* 
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of the center A* of the modular group ring F*. 4 On the other hand, the 
0 can be considered as the basis of a subring R* of the center A*(N) 
of the modular group ring Y*(N) of N. Now (3) yields 

R* ~ A*(G)/r* (4) 

This relation represents a connection between the group rings of G and of 
N ; it forms the basis of our work. 

3. The algebra A* (A) is commutative and splits completely, its irre¬ 
ducible characters w* are all linear. The character w* of A *(N) induces a 
character of the subring A*. Because of (4), this character may be inter¬ 
preted as a character of A *(G)/T* and hence it induces a character w* of 
A *(G) which vanishes for the elements of T*. If we know how the classes 
of N are distributed among the classes of G, we can express «* explicitly 
in terms of a>*. We have 

(mod p) (5) 

where K p ranges over all classes of N which belong to K a . 

Every ordinary character of G determines a character of A(G) 
which is given by 

«,(-£«) = ( 6 ) 

where <r a is an element in the class K m n a is the order of the normalizer of 
and s M is the degree of The modular characters co* of A*(G) are 
obtained by considering the different (mod p). In particular, two 
characters and belong to the same block B Tt if they yield the same w*. 

If 5, is a block of characters of N, there is associated a modular character 
w* of A *(N) with B v . As described above, this character <£* determines a 
character «* of A(G). Again, this character determines a block B r of G, 
We shall say that B r is the block of G determined by the block of N. It 
follows from the results of A G R that the defect d„ of B v and the defect 
d T of B r satisfy the inequality 

h & l £ d r (7) 

where p h is the order of H. 

4. In (2), the group N was left arbitrary to some extent. Choose N 
now as the normalizer §1 (IT) of H, It was shown in A G R that for a given 
block B r of G, there exist subgroups H and blocks B* of 9fc(i2) for which the 
equality sign holds in (7). If we consider conjugate subgroups of G as 
not essentially different, then H is uniquely determined. We call this 
group H the defect group H t of B r ; its order is p h with h *= d r * Again, the 
block B, of 91(AT t ) is uniquely determined. 
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Returning to the case of an arbitrary N in (2), we state 

Theorem 1: Let II be a subgroup of order p h of G, let N be a subgroup of 
G satisfying 71* (£(//) C N £ 91(77). If the block B v of N with the defect 
group H 0 determines the block B r of G with the defect group II Tt then H £ 
H# C TV, and H, is conjugate in G to a subgroup of II T . 

5. The k linear characters <*>< corresponding to the k irreducible charac¬ 
ters of G can be arranged in form of a matrix U — (»<(&;)) of degree k. 
If the block B r contains x r ordinary characters ft, then x r rows of 0 corre¬ 
spond to B r . Choose a minor \ of degree x r containing these x r rows such 
that A,, is divisible by p to the least possible power. It can then be shown 
that it is possible to make this selection of x T columns for each block B r in 
such a manner that every column appears for one and only one block. 
This result is by no means trivial; for the proof, the theory of algebras 
and the significance of blocks must be used. 

Since the columns of 12 correspond to the classes K s of G, we have associ¬ 
ated x T classes Kj with every block B t such that every class is associated 
with one and only one block. The selection of classes for the different 
blocks may be possible in more than one way. In any case, the number of 
p-rcgular classes among the classes associated with B r can be shown to be 
equal to the number y T of modular characters in B r1 and further these 
y T ^-regular classes associated with B r form a selection in the sense of 
A G R, § 3, in particular Theorem 2. 

So far we assumed that B h B it ..J3* were the blocks of ordinary and 
modular characters of G. It will be important to note that the results of 
this section remain valid if every B r is a collection of ordinary and modular 
characters of G, such that every ordinary and modular character of G be¬ 
longs to exactly one B rt and that every B r consists of one or several blocks 
of G. Again x r denotes the number of ordinary characters and y r the 
number of modular characters in B r . 

6, We shall say that a group II of order p k is the defect group of a class 
K jt if H is a p-Sylow-subgroup of the normalizer of suitable elements of JC/. 
This implies that p k is the highest power of p dividing n $ in (6); the ex¬ 
ponent h will be termed the defect of Kj. We can now state the following 
results 

Theorem 2: Let ($) be a system of subgroups H of orders l t p,p 2 t of 
G such that every subgroup of order p k of G is conjugate to exactly one H in ($). 
For every H in ($), find the collection 5 (r> of all blocks B, of Vt(H) which 
determine a given block B f of G t and select a full system of classes of 
which are associated with B {r) . Suppose that r+{M) of these dosses K p have H 

as their defect group. Different ones of these f t {B) classes M P belong to 
different classes K a of G; the dasses K* thus obtained for the different B in 
($) form a possible selection of dasses associated with B' 

As corollaries,.we have 
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Thborbm 3: The number of characters in B r is given by 

*, - 2>,(H) (8) 

a 

where the sum extends over all II in ($). 

Theorem 4 : If s T (ff) of the r r (H) classes K p in Theorem 2 are p-regtdar , 
then the number of modular characters in B r is given by 

y r = 5X (H) (9) 

H 

where II again ranges over all groups of (£>). 

Theorem 5: If in (9), H ranges only over those groups of (£>) which 
have a fixed order p h , the corresponding sum 

yi h) - Zsr(W> (H in ($); ( H : 1) - p k ) (10) 

represents the multiplicity of p h as an elementary divisor of the Cartan matrix 
C r of the block J3 r . 

It would be conceivable that the numbers r,(Ji) and s r (H) depend on 
the special selection of classes of 91(H) associated with J3 r . However, 
this is not so; we have 

Theorem 6: The numbers r r (H) and s t (H) in the preceding theorems 
depend only on the group G, the subgroup II and the block B t of G. 

7, In order to discuss our results, let us assume for the sake of sim¬ 
plicity that G does not contain any normal subgroup of an order p h > 1. 
Suppose we know: (a) A complete system of subgroups H of a £-Sylow- 
subgroup of G, (b) which of the groups H in (a) are conjugate in G; (c) the 
characters of the normalizes H ^ 1, (d) the manner in which 

the classes of conjugate elements of 91(H) appear in the classes of conju¬ 
gate elements of G. 

If H 9* 1» then, under our present assumption, 91(2?) is a proper sub¬ 
group of G. If we know the characters, we can find the modular characters 
«* of the center A*(91(H)) of the group ring of 9t(27), and this gives us the 
blocks B 0 of 91(H). Then (5) gives the modular characters w* of A*(G). 
In this manner, all the characters belonging to the different blocks B r 
of positive defect are obtained. Further, we can determine which B v 
for a fixed H ** 1 belong to 2J (T \ and then find r t (H) and s r (H). This is 
not sufficient to determine x r and y f completely, since the numbers f T (l) 
and 5,(1) remain undetermined. However, we obtain lower bounds for x r 
and y T . Further, since any p-singular class K a has a positive defect, we 
have r,(l) = 5,(1), and hence the excess x r — y t of the number x T pf ordi¬ 
nary characters over the number y Y of modular characters in B r can be 
obtained. Finally (10) gives the multiplicity of the elementary divisors 
different from 1 of C r . This shows that a number of the most important 
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invariants of the blocks are determined by the information contained in (a), 

(6), (c), (d). 

8. It had been shown in A G R, that if for a subgroup II of order p h in 
G , the group $1(11) contains q(II) blocks of defect h, then G possesses 

Efld*). (II in (*), (II: 1) = p h ) (11) 

H 

blocks of defect h. It may be remarked that the number q(II) can be 
determined by means of the group $1(11)/N «= U and its normal subgroup 
7/S (//)/// — V. The characters 6 of V are distributed in classes of charac¬ 
ters which are associated with regard to U; two characters 0 and 6i being 
associated if 

0i (it) = 6(u~ x <ru) 

where a is a variable element of V and u is a fixed element of U. Then it 
can be shown that q(H) is equal to the number of classes of associated 
characters 0 of V of defect 0, such that no element u of U exists of order p 
with regard to the subgroup V for which B(u" l <m) ~ 0(a). If h > 0, this 
result requires only the investigation of groups of smaller order than g, in 
order to obtain q(II) and (11). 

9. There does not seem to exist a similar result in the case of blocks of 
defect 0. As a substitute, we have here the theorem: 

Theorem 7: The classes of defect 0 in G form the basis of a subalgebra M 
of the center A* of the modular group ring F* of G. The number of blocks of 
defect 0 is equal to the rank of M* for sufficiently large n. 

* Part of the work on this and a following note was done while the author was a Fellow 
of the John Simon Guggenheim Memorial Foundation. 

1 "On the Arithmetic in a Group Ring/’ these Proceedings, 30, 100-114 (1944). 
This paper will be quoted as A G R. 

* Brauer, R., Am, Jour. Math., 67, 461-471 (1945). 

* See for instance, Brauer, R., and Nesbitt, C., Ann. Math., 42, 556-690 (1941). 

* We denote the residue class field of the integers of K (mod 0) by K* and the group 

ring of G with regard to K* by T*. * 


THE RATE OF GROWTH OF ANALYTIC FUNCTIONS 

By R. P. Boas, Jr. 

Mathematical Reviews, Brown University 
Communicated May 10, 1946 

This note presents a theorem of Phragmdn-Lindelof type and indicates 
how it can be applied to establish and generalize results of N. Levinson 1 on 
the determination of the rate of growth of an analytic function along a line 
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from its growth on a sequence of points. Detailed proofs will be published 
elsewhere. 

Theorem 1. Let 6(r) be a continuous function such that 0 < 5(r) < and 
J' ,x> r~ l b{r)dr diverges . Let H(z) be analytic in x > 0 and let it satisfy 

log \H{re' 9 ) \ = o{c^(r)}, r —► », w(r) * exp {J?s“ l 6(s)ds}. 

Let II(z) be bounded on the curve x = r<$(r). Then IJ(z) is bounded in x > 
r$(r). 

The proof depends on the following lemma. 

Lemma. Let u iv ~ f(z) map the half plane x > 0 on the region u > 
r$(r), r 2 = « 2 + i/ 2 . Then for sufficiently large p 

max |/(pe w )| < n(p), 

|0j £ ir/2 

where s = r?(p) is /Ac inverse of p — Cco(s), C icing an appropriate constant . 

The lemma is a consequence of a theorem of Ahlfors on conformal map¬ 
ping. 2 * * 

To prove the theorem, consider \p{z) « H(f(z)). Then H(z) is analytic in 
x > 0 and bounded on the imaginary axis, and 

log |iKre*)| * a{w(|/(rc^)|)}. 

By the lemma we have \f(re t$ )\ < ty(r) for large r. Since «(r) is a non¬ 
decreasing function, log |^(rc**)| == 0{tt(ij(r))} =* o(r). By a well-known 
theorem of Phragm^n and Lindelof, this implies that \p(z) is bounded in 
x>Q, and the theorem follows. 

Now let <p(z) be analytic in x > 0 and of exponential type there. Con¬ 
sider the problem of finding conditions under which 

lim sup x” 1 log (■p(*)| « lim sup X*” 1 log |^>(A*)|, (1) 

I.. 

where, for simplicity, we suppose here that the X, form a real increasing 
sequence and X*+, — > d > 0. We suppose that {X„} has a density, 

that is, that lim«_*«w/X» *= D,Q < D < ®, or equivalently that lim,_*<„ 
> D, where A (t) denotes the number of X, not exceeding t. It 
was shown by V. Bernstein that (1) is true if 

lim sup |y| _1 log |v»(*y)| “ (2) 

with D > L. Levinson 1 gave a simpler proof and gave sharper results for 
the case where (2) is strengthened and D * L. By the use of Theorem 1 
we can extend Levinson’s proof of Bernstein’s theorem to prove not only 
Levinson’s sharper theorems, but also more general results, including cases 
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where the hypothesis that tp(z) is of exponential type is considerably re¬ 
laxed. 

We first observe that, by replacing <p(z) by e'"*V(s), we may suppose that 
lim sup X,,*" 1 log |v>(X*)j == — c < 0. Let F{z) denote the canonical product 
with zeros =* X*. With Levinson, we consider 


4(I) , £ - mm ,, 

S l £,<« - K'lF'O-.)’ 



^(g) ~ gW 
F(z) 


From known lemmas on F(z), it follows that II(z) is analytic and of expo¬ 
nential ty|>e in x > 0. By imposing appropriate conditions on |X»} and 
on (p{iy), the latter being a strengthened form of (2), we shall have 

\ll(re i6 )\ < A exp {irL cos $ - r8(r)} + B 


for |#| near x/2, where A and B are constants and 5(r) satisfies the condi¬ 
tions of Theorem L Theorem 1 then shows that H(x) is bounded, and so 


k(*)l < A\m\ + U(*)|, 

lim sup x~ l log |v(*)| 5s 0, 


and (1) will follow. 


1 Levinson, N., Gap and Density Theorems , New York, 1940, chap. 7. 

1 NevanUnna, R., Eindcutige Analytische Funktionen , Berlin, 1936. 

1 A similar application of Ahlfors' lemma has been made by W. H. J. Fuchs, On the 
closure of , Proc. Cambridge Philos. Soc. t 42,91-105 (1946). 


A GENERALIZATION OF THE HOPF INVARIANT 

By George W. Whitehead 

Department of Mathematics, Princeton University 

Communicated April 17, 1946 

t 

In this note we define a homomorphism of the nth homotopy group of 
the r-sphere S* into the nth homotopy group of S* r ~ l for n < 3r 3. 
This homomorphism may be regarded as a generalization of tile invariant 
defined by H. Hopf. 1 This homomorphism is used to construct new 
essential maps of spheres on spheres. 

1. Let A and B be arcwise connected spaces, o« and bo points of A and B , 
respectively. Let A V B be the subset Oo X B U A X 6oof the product 
A X B; A V B may be regarded as the union of the two spaces A and B 
with just one point in Common. The homotopy groups at A X B and 
A V B are related by 



Vol, 32, 1946 MA THEM A TICS: G. W. WHJTEHEA D 189 

v r (A V B) « t t {A X B) + ir r +i(ri X B* A V B) (direct sum) (1) 

More precisely, in the homotopy sequence 

x & 

... ->T rbl(A X B,A V B) ~>*r{A V B) ~+*r(A X B) . 

M is a homomorphism onto and X an isomorphism into, while v r (A V B) 
decomposes into the direct sum of the kernel of /* (= the image of X), with 
a subgroup mapped isomorphically by /x. 

If A and B are spheres S pl and 5**, further results can be obtained. Let 
be a map of the p r cell E pi which is topological on E pi — E pi and maps 
E pi into a point; and let h be the map of E p ?+ pi = E pl X E** on S px X B* 
defined by h(x% t x *) *» (ftifo], fh[xt]). Since h maps B* + **~ l » on 

B* V S p \ it induces a homomorphism A*: —► *- M+1 

(S Pl X S**, S pl V S**). By methods similar to those of Freudentha! 3 we 
can prove: 

(1) h* is onto if n < pi + p% + min (pu pt) “ 2; 

(2) h* is an isomorphism if n < pi + p% + min (p h fa) — 3. 

It follows from (1) and known theorems that 

*.(S* V S») m ir 8 (S*‘) + *.(S*) + (» < p x + Pt + min 

(£ii Pt ) ~ 3). 

This generalizes a result of J. H. C. Whitehead. 8 

2. Let S^ 1 be an equator of 5^; identification of the points of S^ 1 de¬ 
fines a mapping </>: B 1 " V SJ, Then ^ induces a homomorphism 4>* • 

V *51). If n < 3r — 3 let ^ be the projection of r«(BJ[ V *5) 
on its direct summand ir*(*S ar ~ *); then II ® is a homomorphism of 
».(50 into 

Let/, g be mappings of 5 P into 5 V , ^ into S*, respectively. Represent 
$p+q+i as j 0 i n 0 f 5 ? w }th B 8 and B r+,+l as the join of B r and 5*. Let 
/ * g be the mapping of B p ^ +1 into B r +I+1 whic h sends the segment xy 
j {x € S* t y * S*) linearly into the segment f(x)g(y). The element of i 
(B r4 ' ,+1 ) represented by / * g depends only on the elements a « ^(B 8 ), p < 
ir^B*) represented by/and g; call it a * 0. If g = r, g — the identity map, 
then a 18 is the (.s + l)-fold Einhkngung 3 of a. 

Let /jB*" - 1 X be a mapping of type (a, 0)\ Represent 

as the join of S*~ l with B'j' 1 ; and let /* be the mapping of B p+f ^ 1 
into B* which maps the segment xy (x t S*" 1 , y « B 8 * 1 ) linearly on the great 
semicircle from the north pole to the south pole of B’ which passes through 
the point/(x, y). Then if y is the element of ir >+r -i(B r ) represented by f* 
and if p + 4 < 3r— 2, then H(y) *» a* fi. It follows from a result of S. 
Eflehberg 4 that if ct is an dement of *with Hopf invariant 1 h, then 
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JI(a) is h times a generator of ?r 2r - i(S 3r ~ 1 ). Thus II may be regarded as a 
generalization of the Hopf invariant. 

Let Rr~i be the rotation group of S'" 1 , v the mapping of Rr-i into S'" 1 
which sends each rotation r into the image under r of a fixed point yo e S’”" 1 . 
If p < 2r — 2 and/is a mapping of S p " 1 into Rr~ u then/defines a mapping 
F:S P " 1 X S' 1 S'" 1 of type (ica, 1 ), where a is the element of 

represented by/ and 1 is the element of ir r - iOS*" 1 ) represented by the identity 
map. Then F determines an element 7 of w p + r ~i(S T ) as in the preceding 
paragraph, with H(y) — the r-fold Einh«ngung Eira of ira. Since p < 
2r — 2 , E is an isomorphism 2 and it follows that if va s* 0, then 7 5 ^ 0. 
This result can be used to construct essential maps of S* into S' with n = 
12,14, Hk and IGJfe + 2, and r = 6 , 7, 4k and 8 ft, respectively. 

If r = 2, 4, 8 , Hurewicz and Steenrod* have proved that 7 r„( 5 r ) is iso¬ 
morphic with the direct sum rr n (S 2r ~ ] ) + This isomorphism 

determines a homomorphism IT of v n (S r ) into ir n (S 2T " 1 ). It is then easy to 
sec that if n < 3 r — 3, then IT = II. 

3. Let X be an arewise connected space, / a map of S n into S', and g a 
map of S' into X . The correspondence (/, g) —* gf defines an operation 
associating with a e t «(5 r ), /5 c w r (X) an element fiat 1 r n (X). It is known 
that the left distributive law fi*(at + a$) *= fi-ai + fi‘a 2 holds, while the 
corresponding right distributive law is in general false. Using the homo¬ 
morphism H defined above, we can prove: if n < Sr — 3, then 

(fii + fit)'a * fir a + fir a + [ft* ft]*jff(o[) 
where [ft, ft] is the product defined by J. H. C. Whitehead.* 

1 Math . Ann., 104,637-065 (1931); Fund. Math 25,427-440 (1935). 

* Comp. Math., 5, 299-314 (1937). 

* Ann. Math., 42, 409-428 (1941). 

* Ibid., 41, 662-673 (1940). 

* These Proceedings, 27, 60-64 (1941). 


ON THE STABILITY OF SYSTEMS OF DIFFERENTIAL 

EQUATIONS 

By Richard Bellman 


Department op Mathematics, Princeton University 
Communicated April 29, 1946 


1 . Consider the system of differential equations over the interval 
0 < / < » 


- t i - 

j -1 




dxi 

It 
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and the perturbed system 

d \j = E +Myu -. yn,t). ( 2 ) 

at j m 1 

We are interested in determining conditions on the f t and a i} (t) which 
will ensure that the solutions of (2) have properties similar to those of (f). 
The classical stability theory of Liapounoff, 4 where (1) is regarded as an 
approximation to (2), for particular /<, is included in questions of this sort, 
as is also some fairly recent work of Cesari, 8 treating the case where the / ( 
are linear in the y k . For the case of linear perturbation, a simple method of 
proof, sufficient also for the case of variable a ijf was obtained by the 
author, 1 for the particular case of nth order linear differential equations. 
The same methods apply to linear systems. 

Here, however, we are interested in a more general situation, and the 
purpose of this note is to indicate how Liapounoff’s 4 and Cesari's® investi¬ 
gations are special cases of one more general result, which can be proved 
simply and directly by use of a classical method, the Picard iteration 
process. 

For simplicity, we write the equation in vector form. Let x be the 
column vector with components x u i — 1, ../(x, /) the column vector 
whose components are/<(xi, .. .x Ht /), i * 1, .. .n, and let A be the matrix 

a jy, J **” 1, * ■ • w. 

Equation (1) becomes 

s - A * <3) 

and (2) becomes 

- Ay + (4) 

Furthermore, define 

INI - (£W*) ,A - (5) 

i 

If IM! is bounded as t —* ®, we say that the solution is bounded* The 
following results can now be stated: 

Theorem 1: If all the solutions of (3) are bounded , all the solutions of (4) 
are bounded , provided: 

(1) A is a constant matrix. 

(2) ||/{y,OII < c n 4>(t) for [|y|| < m, and 
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(3) f a p(t)dt <oo. 

(4) \\f(y,t) - || < <M>{l)\]y - sj| for M < m, and 

(5) f m +(t)dt < oo. 

Theorem 2: The same result holds if (1) is replaced by (1) 

* 

(1)' \M‘(trA)dt\<c< «, 0 </<». (6) 

Conditions (2) and (3) are satisfied if f(y, t) has all components of the 
form g(t)h(y ), where 

f m g(t)dt<«> (7) 

and k(y) has a continuous derivative with respect to y for 0 < y < 00 . 

Condition (3) is added to ensure that all solutions of the perturbed 
system are bounded. If it is a question of exhibiting perturbed solutions 
which are close to the original solution, the following result may be applied: 

Theorem 3: If all solutions of (3) are bounded, there exist bounded 
solutions of (4), provided: 

(1) it is a constant matrix. 

(2) f{y , t) is a continuous function of y, and 

(3) l|/(y,0ll £ Cmtl>(t), J' m <t>(l)dt < ®. 

Furthermore, y can be chosen to have the same value as x at a point, k* 
and for / > fo(«), || y — x\\ < 

As in Theorem 2, this result can be extended to variable it. 

If a stronger requirement is imposed upon the matrix A, a more liberal 
perturbation is allowed. Thus, if we insist that the characteristic roots of 

4^4. — xjrj == o 

all have negative real part, it is sufficient to assume merely that p(t) and 
p(t) are sufficiently small, depending upon A. It is more than enough that 
they tend to zero as t ». If we impose this restriction on A, and the 
condition on the f t that they are power series in the y*, with constant co¬ 
efficients, beginning with quadratic terms, we have a fundamental theorem 
of Liapounoff. It does not seem to have been previously noticed that the 
hypothesis of Cesari’s theorem (essentially (2) of Theorem 1) can be weak¬ 
ened to a boundedness condition if the above restriction is made upon .4. 

We shall sketch the method of proof. The differential equation (4i) is 
transformed into the integral equation 

y - * + SM)X~%)f(y(ti),ti)dlu (8) 

L _ . ■ i ... 

where X(f) is the matrix solution of (3) satisfying X(0) w /. 

If A is constant, the equation is even simpler, and becomes 

y - * + M l X{t - myUdddtx. m 
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The conditions imposed on f(y, t) and A are now sufficient to show con¬ 
vergence of the sequence 

yo = x 

yu+i = * + J?X® X~'{h)f(yn(t x ) 9 h)dh (10) 

using the classical methods. 

Theorem 3 requires use of the Birkhoff-Kellogg 3 fixed point theorem 
applied to (8). 

The Liapounoff result can be proved using the character of the solution of 
(3), for A restricted as above, and the quadratic character of the/<. 

2. Using the elementary methods mentioned previously, the following 
theorem can be obtained: 

Theorem 4: All solutions of 

~~ - (A + B)x 


are bounded , provided 


(1) A is symmetric with negative characteristic roots. 

(2) \m - (E < *■ 

w 

dB 

dt 


(3) / 


dt < OO. 


The constant 6 depends upon A. 
Corollary : 4# solutions of 


y* + (a* + 0(*))y ** 0 


are bounded, if 


( 1 ) f*ty{x)\dx < ®. 

(2) |*(x)j < 6 < a*. 


1 Bellman, R., Duke Math. Jour., 10, 643-648 (1943). 

* Birkhoff, G. D., Kellogg, 0. D., Trans. Math. Soc., 23, 90-115 (1922). 
1 Ocsari, L., Ann . Scuola norm . 8,131-148 (1939). 

*Liapounoff, a, vinsaiai Toubuse, 9,203-476 (1907). 
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In the course of experiments on the fertilizins and antifertilizins of sea- 
urchin eggs and sperm it was found 1 that an extract of eggs that had been 
deprived of their gelatinous surface coat was capable of agglutinating intact 
eggs and of forming a precipitate with the surface coat substance. Similar 
results have been obtained, although not consistently, with blood cells of 
mammals and with bacteria. On the basis of these and of various earlier 
reports in immunological literature that indicate a similar situation the 
view was proposed 1 - * that all cells contain their own antibodies. The 
ability to demonstrate antigen-antibody like systems in a cell would, of 
course, depend upon use of appropriate extraction methods and upon the 
particular properties and amounts of the substances involved. Thus, for 
example, if surface substance were present in excess, an extraction procedure 
that involved destruction of the whole cell would permit interaction of the 
complementary surface and subsurface substances and the latter would not 
be found in the extract. 

The finding of one antigen-antibody like system in a cell leads to the pre¬ 
sumption that there may be others and to the view 1, * that such systems of 
complementary substances form the basis of cell structure. The synthesis 
of specific substances of large molecular size that comprise the structural 
elements of cells is thus conceived as occurring in a manner analogous to 
antibody formation. For the latter, there is now wide acceptance of the 
general views of Breinl and Haurowitz,* Alexander 4 and Mudd* involving 
an orienting influence of antigen, and Pauling 4 has formulated and experi¬ 
mentally supported 7 a specific mechanism based on the determination by 
antigen of the pattern of folding of polypeptide chains. This has been ex¬ 
tended to the synthesis of specific substances and self-reproducing entities 
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(genes) in cells by Pauling and Delbruck 8 and Emerson* 9, 10 On a similar 
basis, schemes for the mode of action of genes and the possibility of inducing 
specific mutations by antibodies have been proposed and examined experi¬ 
mentally by Sturtevant 11 and Emerson. 9,10 

The view 1 that all cells normally contain antibodies directed against cer¬ 
tain of their constituents raises the possibility of deriving protective agents 
against pathogenic organisms directly by extraction of the organisms them¬ 
selves rather than by the usual immunization procedures. The present 
author has made a number of attempts to obtain such protective auto-anti- 
bodies from pneumococci but these have, so far, been unsuccessful. Due to 
the factors mentioned above concerning possible extraction difficulties in¬ 
volved, the negative evidence cannot, as yet, be regarded as a sufficient 
basis for abandonment of the attempts. In the meantime, it appeared de¬ 
sirable to investigate other kinds of material from the same point of view. 
For this purpose a venomous reptile, the Gila monster, was selected. In 
general, venomous animals are resistant to homologous venom (see Cal¬ 
mette, 18 Noguchi, 13 Essex 14 ) although the resistance is evidently 16 not ab¬ 
solute. Knowing this, many early workers have attempted to obtain auto- 
antivenins from the blood and organs, but with conflicting results 18, 18 ■ 14 . 
More recently Rosenfeld and Glass 16 have shown that rattlesnake blood, 
although itself lethal for mice, neutralizes the hemorrhagic principle of the 
venom. Another report, 17 from the Serum Institute in Dorpat, Esthonia, is 
to the effect that viper serum loses its toxicity upon aging or heating, and is 
capable of neutralizing homologous venom. In the Gila monster, Cooke 
and Loeb 18 concluded that no antivenin was present in the serum. How¬ 
ever, their data are not quite conclusive in that regard since, out of 17 mice 
that were given lethal doses of venom along with 1 ml. of serum, five sur¬ 
vived. In the experiments reported here a definite protective action of 
serum and of liver extract is found. 

Material and Methods .—Three Gila monsters of the species Heloderma 
suspectum were used. Two of these were injected with pilocarpine in order 
to induce copious secretion and exhaust the venom glands. The animals 
were each given an injection of 0.5 ml. of 1.3% pilocarpine on two consecu¬ 
tive days and the secretion collected each day shortly after the injection. 
The secretions were tested by intra-abdominal injection of mice. That 
collected on the first day proved lethal to mice in doses averaging 0.002 to 
0.003 ml. while the second day's secretion was non-venomous in doses up to 
0.2 ml. Soon after the second injection the animals were bled and venom 
glands, liver, pancreas, spleen and kidney removed. Later, serum was 
taken from the blood clots and the organs were washed and extracted with 
10 volumes of saline by means of a Waring blendor and centrifugation at 
2000 g. for 30 minutes. Venom, serum and organ extracts were also ob¬ 
tained from the uninjected third animal to serve as a check on possiblein* 



TABLE 1 

Tests of Various Sera and Organ Extracts for Ability to Neutralize 

Hblodbrma Venom 

(Mice injected intra-abdominally with 1 ml. of mixtures containing 8 MLD of venom 
and dilutions of test material. Mixtures allowed to stand 15 minutes at room tempera¬ 
ture. The asterisk designates tests of the toxicity of the material without venom.) 

NO. OF MICH AT 4 DAYS 


MATERIAL TESTED 

AMOUNT, ML. 

PBAD 

ALIVK 

* Serum of Heloderma or #2 

0.5 

0 

8 

Serum of Heloderma #1 or #2 

0.125 to 0.5 

0 

32 

Serum of Heloderma #1 or #2 

0.003 

6 

7 

Serum of Heloderma f \ or #2 

0.031 

11 

1 

Serum of Heloderma #1 or #2 

0.016 

8 

0 

* Serum of Heloderma #3 

0.5 

0 

4 

Serum of Heloderma #3 

0.25 and 0.5 

0 

24 

Serum of Heloderma #3 

0.125 

6 

6 

Serum of Heloderma #3 

0.003 

8 

4 

Serum of Heloderma #3 

0.031 

10 

2 

Serum of Heloderma #3 

0.010 

3 

1 

•Serum of Rabbit 

. 0.5 

0 

4 

Serum of Rabbit 

0.5 

4 

0 

•Serum of Chuckwalla 

0.5 

0 

4 

Serum of Chuckwalla 

0.063 to0.5 

20 

0 

Serum-Globulin of Heloderma #1 

0.125 to 0.25 

0 

8 

Serum-Globulin of Heloderma #1 

0.003 

3 

1 

Serum-Albumin of Heloderma #1 

0.25 

4 

0 

•Extract of Venom Gland of Heloderma #1 

0.5 

0 

4 

Extract of Venom Gland of Heloderma 

0.5 

7 

1 

Extract of Venom Gland of Heloderma #1 

0.063 to 0.25 

12 

0 

•Extract of Venom Gland of Heloderma #3 

0.5 

4 

0 

Extract of Venom Gland of Heloderma #3 

0.125 to 0.5 

12 

0 

•Extract of Liver of Heloderma #1 

0.5 

0 

4 

Extract of Liver of Heloderma #1 

0.5 

1 

7 

Extrfct of Liver of Heloderma #1 

0.25 

0 

4 

Extract of Liver of Heloderma #1 

0.125 

3 

1 

Extract of Liver of Heloderma #1 

0.063 

4 , 

0 

•Extract of Liver of Heloderma #3 

0.5 

0 

4 

Extract of Liver of Heloderma f3 

0.6 

7 

1 

Extract of Liver of Heloderma #3 

0.25 

5 

3 

Extract of Liver of Heloderma #3 

0.125 

5 

3 

Extract of Liver of Heloderma #3 

0.063 

7 

1 

•Extract of Pancreas of Heloderma #1 

0.5 

0 

4 

Extract of Pancreas of Heloderma #1 

0.5 

4 

0 

•Extract of Spleen of Heloderma #1 

0.5 

0 

4 

Extract of Spleen of Heloderma 11 

0.5 

4 

0 

•Extract of Kidney of Heloderma #1 

0.5 

0 

4 

Extract of Kidney of Helodejma #1 

0.5 

3 

1 


107 
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fluence of pilocarpine on the properties of these materials. In addition 
serum of the rabbit and of a non-venomous lizard, the chuckwalla (S&uro- 
tnalus ater) were tested. All tests were made with white mice weighing 
about 28 g. They were kept for four days following injection. In no case did 
animals that survived the first day subsequently succumb and most deaths 
occurred within six hours. The venom was titrated in each set of experi¬ 
ments. The test dose employed in the experiments listed in table 1 con¬ 
tained 6 to 10 (av. 8) MLD. In these experiments venom and test material 
were mixed and kept at room temperature for 15 minutes before injection. 
Between sets of experiments the material was stored in the frozen state. 

Results .—The site of synthesis of the venom in the Gila monster is not 
definitely known. On the supposition that it may be located in the venom 
gland, extracts of that organ were examined for the possible presence of anti- 
venin. The pilocarpine-injected animal was first investigated since the 
heavy secretion of venom induced in it offered a more favorable opportunity 
for obtaining antivenin. However, the results (see table 1) were negative. 
The efficacy of pilocarpine in exhausting the gland of venom is illustrated by 
the fact that 0.5 ml. of the extract alone proved non-toxic. On the other 
hand, the venom gland extract of the non-pilocarpine-injected animal 
(Heloderma #3) proved quite lethal. The latter extract was also tested in 
mixtures with venom, for possible mutual neutralizing action, but here, too, 
the results were negative. 

Since the location of the site of synthesis of the venom is not definitely 
known, it seemed desirable to examine serum and extracts of other organs 
for possible venom-neutralizing action. As the results presented in table 1 
show, the Heloderma's serum and liver extract proved to be effective, In 
most of these tests both the venom and serum or extract employed were de¬ 
rived from the same individual. The protective action is exhibited by 
serum of both the pilocarpine-injected (#1 and #2) and the non-injected 
(#3) animals, and by liver-extract of a pilocarpine-injected animal (#1). 
Pilocarpine alone (unlisted tests) gives no protection. Complete protection 
against 8 MLD of venom is obtained with 0,125 to 0.25 ml. of serum and 50% 
protection with 0.063 to 0.125 ml. While the serum of the pilocarpine-in* 
jected animal has given somewhat better protection than that of the non-in* 
jected animal, more data would be required before any significance can be at¬ 
tached to the difference. In the case of the liver extracts the difference ap¬ 
pears to be greater, but in view of the difficulty of maintaining identical treat¬ 
ment in preparation of the extract, it cannot as yet be concluded that liver 
from a non-pilocarpine-injected Heloderma is incapable of yielding much 
protective material. It may also be noted that the latter extractives some¬ 
what irregular results upon dilution. This may be due to a slow release of 
protective material from particulate matter in the extracts upon dilution or 
to some other unknown factor. 
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The tests with serum of the rabbit and of the chuckwalla revealed no 
neutralizing action on the part of these materials. Likewise the extracts of 
pancreas, spleen and kidney of Heloderma were found to be incapable of 
neutralizing any significant amount of venom. 

Globulin and albumin fractions were prepared from Heloderma serum by 
precipitation with ammonium sulphate. The globulin fraction, adjusted to 
original serum concentration, was found to possess approximately the same 
neutralizing power as whole serum while the albumin exhibited no protec¬ 
tive action. 

Some tests (not listed in the table) were made in which the mice (16) re¬ 
ceived injections of Heloderma serum at various times after the injection of 
venom. With 0.125 ml. of serum complete protection was obtained at 3 to 6 
minutes, partial protection at 10 to 12 minutes and no protection at 13 to 15 
minutes. 

Discussion .—The present results do not constitute direct evidence for the 
auto-antibody concept, as stated above, since for that purpose, it would be 
necessary to demonstrate the presence of auto-antivenin in the cells in which 
venom is synthesized. However, they do furnish some support for it, par¬ 
ticularly since the expectation of finding an auto-antivenin somewhere in 
the animal was based on that view. The results may, then, be interpreted 
in the following manner. Venom and antivenin, in combination, are both 
assumed to be liberated into the blood stream from the organ, perhaps the 
liver, in which they are synthesized. The venom gland then effects a sepa¬ 
ration of the two so that venom accumulates in the gland from which it is 
later secreted, while the antivenin is left in the blood. Various methods of 
testing this and other similar interpretations suggest themselves and these 
will constitute the subject of further investigations that are planned along 
this line. 

Several earlier investigations were mentioned in the previous articles 1 * 2 
as indicative of natural auto-antibodies. Since then others have appeared 
that point in the same general direction. Perhaps the most pertinent is the 
finding by Kidd and Friedewald 19 that normal rabbit serum reacts with a 
sedimentable constituent obtained in extracts of various organs of the same 
animal. This can be interpreted as due to the release into the blood of sub¬ 
stances that are formed in connection with the sedimentable constituents of 
the tissues involved and that have configurations complementary to these 
constituents. On the basis of the auto-antibody concept one would, in fact, 
expect to be able to find complementary substances for all of the large molec¬ 
ular constituents of serum, located in the tissues where the latter are 
formed. Recent evidence, 80 pointing to the lymphocytes as the source of 
gamma-globulin, leads to the expectation of finding natural anti-globulin 
therein. 

Auto-antibodies that are presumed to arise from an immunization process 
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are found in the serum of individuals having various diseases, such as: 
syphilis, infectious mononucleosis, yellow fever, acute hepatitis, malaria and 
atypical pneumonia. 21 In these cases it is generally believed that the patho¬ 
genic organism furnishes the foreign protein that serves to form a complete 
antigen with some constituent of the host tissue or that the organism pos¬ 
sesses an antigen that is serologically similar to the host tissue constituent. 
On the basis of the natural auto-antibody concept a different interpretation 
may be offered. The infectious agent is assumed to release from the tissue 
undergoing destruction, pairs of mutually complementary substances, of 
which one is quickly removed from the circulation while the other remains 
there for a time. Thus, in syphilis, it would be presumed that the spiro- 
chaete produces a lipo-protein-splitting enzyme, such as has been reported 22 
in other organisms, and that the lipid is removed from the blood leaving be¬ 
hind the complementary protein which is identified as the Wassermann 
reagin. 

Naturally occurring substances that react with hormones or enzymes of 
the same animal have been described. 28 It seems possible that these, too, 
may represent auto-antibodies. There is also some evidence 24,26 that anti¬ 
bacterial proteins such as lysozyme and diplococcin are derivable from the 
species of organism on which they act. It has, in fact, been suggested 24 that 
“Such enzymes, which in high concentration partly or completely lyse the 
organisms from which they are derived, are probably concerned with bac¬ 
terial multiplication/’ Autolytic enzymes, such as that of the pneumo¬ 
coccus, 26 may belong to the same category. 

While these various suggestions are largely of speculative nature, they 
have the advantage of being subject to experimental attack and offer the 
possibility of contributing to the analysis of cell growth and differentiation 
as well as to the practical problems of protection against infection and ab¬ 
normal growth. 

Summary .—Serum of Heloderma was found to be capable of neutralizing 
the venom of the same animal. Auto-antivenin was also found in extract of 
liver of a pilocarpine-injected Heloderma but not in extracts of venom 
gland, pancreas, spleen and kidney of this animal, nor was antivenin found 
in the serum of the rabbit and the chuckwalla. The antivenin was obtained 
in the globulin fraction of the Heloderma serum. The bearing of these re¬ 
sults on the natural auto-antibody concept, previously proposed, is dis¬ 
cussed and applications of this concept to various immunological and general 
biological problems are indicated. 

* With the aid of a grant from The Rockefeller Foundation. The author is indebted 
to Miss Margaret L. Campbell for technical assistance and to Professors A. H. Sturte- 
vant and S. Emerson for their interest and advice. 
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new type of isolating mechanism in drosophila 

By J. T. Patterson 
Genetics Laboratory, University of Texas 
Communicated June 10, 1046 

While working on the general problem of sexual isolation in the genus. 
Drosophila, the writer discovered a mechanism which forms a very effective 
harrier against the exchange of genes between certain members of this genus. 
It was first detected in the cross D, buzzatii 9 X D. arixonensis two 
members of the mulleri subgroup of species. It was later found to be opera¬ 
tive between other members of this subgroup, as well as between species 
belonging to other groups. The phenomenon stems from a reaction of the 
vagina that almost immediately follows copulation, and may be designated 
the insemination reaction . Within a very short time after mating, the vagina 
begins to enlarge and soon takes on an edematous-like condition, increase- 
ing to three or four times the normal size of this organ in virgin females. 

This change occurs in both intraspecific and interspecific crosses, but in 
intraspecific crosses (homogamic matings) the vagina returns to its normal 
size in the course of a few hours, while in interspecific crosses (heterogamk 
matings) it may remain swollen for several days and undergo deleterious 
changes which prevent it from carrying on its normal functions. In ex¬ 
treme cases, the reaction is so severe that eggs descending from the median 
oviduct may disintegrate in the vaginal cavity, or, if laid, they are not in¬ 
seminated and are sometimes abnormal. 

The buzzatii-arizonensis combination may be used to illustrate this re¬ 
action and its consequences. In previous publications from this laboratory, 
the cross D. buzzatii 9 X D. arizonensis d* was designated as “incom¬ 
patible.” This term was employed in its usual sense to indicate that such 
test crosses do not result in the production of offspring. Recent studies on 
sexual isolation now reveal that the failure to produce hybrids in this cross 
is not due to the lack of insemination, but is the result of the insemination 
reaction that follows a successful copulation. When buzzatii females were 
crossed to arizonenis males in small mass cultures of ten females and ten 
males, 88% of the females were found to have been inseminated after an 
exposure of ninety-six hours, as shown by the presence of sperm in their 
ventral receptacles. We have tested this cross repeatedly but have never 
been able to obtain hybrids of any kind, either adults, pupae or larvae. 

In studying this phenomenon, we have followed the plan of placing one 
virgin female with five males in a culture vial, and as soon as copulation 
had occurred the males and female were separated. Such females were 
dissected at given intervals of time and their reproductive tracts examined 
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for the presence of sperm and any changes that may have occurred in the 
vagina. 

In homogamic matings the vagina begins to enlarge in about four minutes 
after copulation, and continues to enlarge until it reaches the maximum 
site at the end of about one hour. Within twenty-five to thirty minutes 
after copulation the vagina turns slightly opaque and continues to become 
more and more so up to the end of the second hour. It then begins to show 
signs of clearing, and within five or six hours its opacity has completely 
disappeared. It returns to its normal size and semi-transparent condition 
by the end of eight hours. 

The behavior of the sperm following insemination is a matter of interest. 
Within five minutes after copulation the sperm begin moving along the ven¬ 
tral side of the vaginal cavity to the point of origin of the ventral receptacle 
and soon start entering that organ. They continue to pass into the recep¬ 
tacle until it may become packed with these elements. Since in species be¬ 
longing to this subgroup, the sperm rarely ever enter the spermathecae, 
there is frequently an excess of sperm left in the swollen vagina. Eventu¬ 
ally, these are expelled, together with the rest of the contents of the vagina, 
in the form of whitish droplets which are easily seen on the surface of the 
food and which may be removed to a slide and examined under the micro¬ 
scope. 1 Undoubtedly the voiding of the contents of the vagina accounts for 
the return of that organ to a normal condition by the end of the eighth hour. 
A majority of these females will, in due time, lay eggs and produce offspring 
without further inseminations. 

In heterogamic matings the behavior of the sperm and the reaction of the 
vagina are at first similar to those occurring in intraspecific crosses, but cer¬ 
tain significant differences soon appear. In the first place, the insemination 
reaction occurs somewhat more rapidly and the opacity of the vagina is 
more pronounced. Moreover, the sperm are slower in reaching the mouth* 
■of the ventral receptacle and do not begin entering that organ until about 
forty-five minutes after copulation. A large mass of sperm frequently col¬ 
lects about the opening to the receptacle, and the sperm have difficulty in 
their attempts to enter its lumen. A few sperm are usually present in the 
proximal end of the receptacle by the end of two hours, and by the end of 
three hours a few are at the distal end. While the quantity of sperm which 
finally reaches this position varies considerably, yet this amount is always 
very much less than is the case in homogamic matings. In one case, only 
two spermatozoa were present at the distal end, and in another only six. In 
practically all cases the sperm are restricted to the distal one-third or one- 
fourth of the ventral receptacle. In contrast to this condition, the re¬ 
ceptacle always contained many sperm in homogamic matings and was 
irequently recorded as being “fulT or “solid” with them. 

In homogamic matings the vagina may soon return to a normal condi- 
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tion, as stated above, but in heterogamic matings its swollen condition may 
last for several days, accompanied by certain significant changes. One of 
the first differences noted is a change in color. At the end of the third hour 
after copulation the vagina turns slightly brownish and remains so up to 
about the twenty-fifth hour, when it often appears blackish under trans¬ 
mitted light. By forty hours the contents of the vagina become localized 
and sharply delimited, occupying the antero-dorsal part of the cavity. As 
time goes on this reaction mass becomes reduced in size and pear-shaped 
with the smaller end directed posteriorly. Further reduction may occur un¬ 
til its size does not constitute more than one-fourth the volume of the va¬ 
gina. In some cases the reaction mass may undergo disintegration and en¬ 
tirely disappear, although usually traces of it can be detected. Even in such 
cases the vagina is left abnormal in appearance. In the buzzatii-arizonensis 
cross the reaction mass is usually present in females dissected on the seventh 
day after copulation. 

Since only a part, and usually a very small part, of the sperm received by 
the female ever succeeds in entering the ventral receptacle, the question 
arises as to what becomes of those remaining in the vagina. Motile sperm 
are easily seen in this organ and have been detected in practically every 
case up to about the seventh hour after copulation. They have not been 
observed after this period, although the vagina of one female of the eighth 
hour contained a group of non-motile sperm located on the ventral side of 
its cavity. No evidence was obtained that the excess sperm had been ex¬ 
pelled as in homogamic matings, but this remains as a possibility. It may 
be that these sperm are absorbed by the reproductive tract, as has been 
suggested for certain other insects. 2 

The sperm in the distal end of the ventral receptacle remain alive for at 
least 160 hours, and perhaps longer. There is, however, no evidence in the 
buzzatii-arizonensis cross that these sperm ever inseminate the eggs. The 
first egg discharged from the ovary in this series of dissections was forty- 
eight hours after copulation. It was just entering the median oviduct when 
first seen. One female dissected at fifty-six hours had laid five eggs, and two 
dissected at seventy-two hours had each laid one egg. These eggs were 
checked by the smear technique, 8 but none was found to contain sperm. 
The females had laid a considerable number of eggs by ninety-six hours, but 
most of these were transparent, like eggs laid by virgin females. A total of 
105 of these eggs were checked for the presence of sperm and all were found 
not to have been inseminated. Some of the eggs break down and go to 
pieces in the vagina, and its cavity may become full of their debris. In one 
case, parts of three eggs were found in the vaginal cavity, and eggs in various 
degrees of disintegration were sometimes observed. 

The intraspecific matings of nine different species of tire mulleri subgroup 
have been examined for the presence of the insemination reaction and with- 
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out exception all showed that it occurred in them. In interspecific crosses 
between these species, the reaction was found to occur in all combinations in 
which copulation had been successful, irrespective of whether or not such 
matings had resulted in the production of hybrids. Successful copulations 
did not take place in a majority of the combinations tested, but in all crosses 
in which it did occur, the history of the insemination reaction was essentially 
the same as outlined above for the buzzatii-arizonensis cross. In the few 
cases in which hybrids were produced, the reproductive tract of the female 
had recovered sufficiently to allow some of the eggs to become inseminated. 
In most crosses, however, the number of hybrids produced was relatively 
small, and these were sometimes abnormal or else the zygotes never de¬ 
veloped beyond the mid-larval stage. The most successful cross, in so far as 
the production of hybrids is concerned, was between the two most closely re¬ 
lated forms, D. mojavensis and D. arizonensis . 

The hybrids from the cross D. mojavensis 9 X D. arizonensis c? are fer¬ 
tile, and pair mating tests show that approximately 75% of the females pro¬ 
duce offspring, although the average number of individuals per culture is 
relatively low. In one experiment, six-day-old mojavensis females were 
crossed to arizonensis males of the same age in small mass matings, and four 
days later the females were dissected and their seminal receptacles ex¬ 
amined . It was found that 93% of these females had been inseminated, and 
of this number, the vagina was clear and normal in twenty-seven cases, 
clear and nearly normal in thirty-three others, and opaque and abnormal in 
the thirty-three remaining specimens. The ventral receptacles of all the fe¬ 
males of groups one and two contained motile sperm, and these are the fe¬ 
males that are responsible for the production of the hybrids. It is doubtful 
if the vagina in any of the females belonging to the third group would ever 
recover sufficiently to enable them to lay fertile eggs. 

This brief account of the insemination reaction in the mulleri subgroup 
raises the question as to its possible occurrence in other species of the genus. 
In past studies on members of the virilis group we had, from time to time, 
observed this reaction in interspecific crosses, but had not realized its signifi¬ 
cance. With the knowledge gained in studying the mulleri series, we re¬ 
examined the virilis group and found that the reaction also occurs among 
members of that group. However, the insemination reaction is rather in¬ 
conspicuous in homogamic matings and could be overlooked. The reaction 
is quite obvious in the heterogamic matings, although not so striking as in the 
mulleri series. 

Mr. Marshall R. Wheeler has undertaken a study of all available species 
of Drosophila in the laboratory, with the view of determining the extent of 
the insemination reaction among other members of the genus. He studied 
the intraspecific crosses only and used the method given above for obtaining 
a timed series of stages. In the list given below, members of the virilis and 
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mulleri series were examined by the writer, all others were studied by Mr. 
Wheeler, to whom I am indebted for the privilege of including his results in 
advance of publication. The several species examined are given in their 
systematic order as outlined by Stvrtevant. 4 The terms present and ab¬ 
sent are used to indicate whether or not the insemination reaction was found 
to occur in the different species. The list is not complete, but gives all forms 
thus far examined. 

Subgenus Pholadoris: present in D. victoria . Subgenus Sophophora: 
1. saltans group, absent in D. prosaltans . 2. willistoni group, absent in 
D.nebulosa . 3. melanogaster group, absent in D. melanogaster. 4. obscura 
group, absent in I X pseudoobscura. Subgenus Drosophila: 1. quinaria 
group, present in D, transverse , D. innubila , D. subpalustri$ t D. subocciden - 
talis and D. subquimria . 2. guttifera group, present in D. gutHJera . 4. vi- 
rilis group, present in D. virilis t D. americana and D. texana . 6. tripunctata 

group, absent in I), tripunctata . 7. funebris group, present in D. funebris . 
8. repleta group, absent in D. hydei; present in D. mercatorum , D. parare - 
pleta, D. hexastigma and I), gibberosa. 8a. mulleri subgroup, D. anceps } 
D. aldrichi, D. arizonensis^ DSbuzzatii, D. hamatoftla, D. mojavensis t D. pen - 
insularis , D. mulleri and D. ritae , present in all nine. 10. melanica group, 
present in Z>. melanica . 13. cardini group, absent in D . cardini. 14. immi- 
grans group, present in D . immigrans . Miscellaneous forms, present in the 
two subspecies, D. pallidipennis pallidipennis and D. p. centralis . 

This list shows that the insemination reaction was found to occur in 
twenty-eight of the thirty-five species examined. On the basis of this study, 
it seems safe to predict that it is present in all members of the quinaria and 
virilis groups and the mulleri subgroup, but probably absent in all members 
of the subgenus Sophophora . The repleta group presents ait interesting 
situation. The reaction was found to be present in thirteen of the fourteen 
species examined, with D . hydei representing the exception. There is in¬ 
complete evidence that some of the forms closely related to hydei also do not 
have the reaction. If this turns out to be true, it will be possible to divide 
the large repleta group into two main divisions, one with and one without 
the reaction. 

It is legitimate to speculate on the nature of the insemination reaction and 
its possible rdle in Drosophila speciation. It is well at first to restate briefly 
just what happens after copulation has taken place. The introduction of 
the semen with its contained spermatozoa into the vagina is followed almost 
immediately by a reaction of the mucous membrane which secretes a rela¬ 
tively large amount of fluid into the cavity. This is what brings about the 
characteristic swelling of the vagina. This membrane must be hypersensi¬ 
tive to the foreign protein, and, since the reaction occurs after the first copu¬ 
lation, its hypersensitiveness must be an inherited character* Whether the 
spermatozoa per se t or the semen, or both are responsible for calling forth the 
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reaction is a matter of considerable interest. We have observed, from time 
to time, that in some crosses the male had failed to deliver spermatozoa 
with the semen at the time of copulation, and yet the typical insemination 
reaction had occurred. The most careful examination of the freshly formed 
reaction mass in such cases failed to disclose the presence of sperm. More¬ 
over, no evidence was found of any form of lysis that might have been re¬ 
sponsible for the absence of sperm. 6 

A more convincing line of evidence that the sperm are not responsible for 
the reaction is seen in the results obtained in backcross matings of sterile 
Fi males. These males have slightly smaller testes than normal, and sper¬ 
matozoa are never formed in them. The ¥i males from the cross arizonensis 
9 X mojavmsis cT are of this type, and they will sometimes mate with 
either arizonensis or mojavensis females. Their sperm-free semen always 
brings about the typical insemination reaction. It is, therefore, certain that 
the presence of sperm in the semen is not necessary for the induction of the 
reaction. 

Another point of interest is whether the insemination reaction will be re¬ 
peated in the vagina of a female which has mated a second time. The an¬ 
swer to this question will depend on the species. In the first place, in forms 
which do not show the reaction, copulation may occur two or more times, 
and in some species at relatively short intervals. In species which show a 
weak reaction (e.g,, virilis group), the female may remate two or more 
times at intervals of several hours, and a reaction of about the same inten¬ 
sity as the first occurs after each mating. Finally, in species in which the 
reaction is severe the female may never remate, but if she does, it is only 
after a long period of time, but here too the reaction occurs, provided the 
copulation has been successful. 

Three possible functions may be suggested for the insemination reaction. 
The first of these refers to its occurrence in homogamic matings. It may 
have the effect here of preparing the reproductive tract for the fertilization 
mechanism which is to follow. It should be pointed out, in this connection, 
that eyen in forms which show no visible reaction there still may be a change 
in the mucous membrane which has the same effect. Unfortunately, this 
suggestion cannot be tested experimentally. 

A second possible r61e of the insemination reaction has a more direct bear¬ 
ing on the problem of speciation. In species which do not have this reaction, 
the female may copulate two or more times in intraspecific matings. In 
contrast to this, the female usually mates but once in species showing a 
strong reaction. In the first instance the male in the population could, and 
probably would, mate with the same female more than once, instead of fer¬ 
tilizing additional females. In the second instance the male would be 
forced to copulate with more than one female, if he were to mate more than 
a single time. This might be an advantage in a population with a restricted 
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number of males. If the insemination reaction arose as a mutation, ir¬ 
respective of any selective value it might have to the species as a whole, it 
would spread throughout the population. This is because virgin females 
might be inseminated by males either with or without the factor. Females 
fertilized by males not carrying the factor may be remated by both kinds of 
males. However, a female inseminated by a male with the factor is much 
less likely to be remated. Hence, a female mated by a male not carrying the 
factor may have progeny by several males, but a female carrying the factor 
will ordinarily have progeny by only one male. This is a very interesting 
example of how a mutation, even though it be non-adaptive, would replace 
its alleles in the population. 

A third r61e is revealed in interspecific crosses among forms which have 
the insemination reaction, for here it has the effect of either reducing the ex¬ 
change of genes, or preventing such exchanges altogether. The buzzalii - 
arizonensis cross is an excellent example of the complete elimination of gene 
transfer. Sexual isolation in this cross is weak and copulation occurs almost 
as frequently (88%) as in the intraspecific cross (97%), and yet, as a result 
of the insemination reaction, the females are unable to produce offspring. 

In conclusion, it should be pointed out that the widespread occurrence of 
this reaction in the genus would suggest that it may be present in forms 
other than Drosophila. It is possible that the results reported above may 
have some bearing on the controversial point regarding the effect of sperm 
injections on the development of the reproductive tract in immature mam¬ 
mals. 6 * 7 

It is a pleasure to acknowledge the excellent assistance given by Miss 
Johanna Blumel who cultured and collected the flies used in the experi¬ 
ments, and by Mrs. Sarah B. Martin who made most of the dissections. 

I In 1942 Dr. Wilson S. Stone and the writer observed this same habit in females of 
the virilis group. 

8 Gragg, F. W., Ind . J. Med. Res. t 8, 32-39 (1920); 11, 449-473 (1923). 

* Patterson, J. T., Science , 101, 166 (1946). 

4 Sturtevant, A. H., Univ. of Tex. Publ. t 4213, 7-61 (1942). 

I I am indebted to Dr. V. T. Schuhardt, of the department of Botany and Bacteriology, 
for valuable suggestions in preparing this account on the nature of the insemination 
reaction. 

• Green-Armytage, V. B., Proc . Roy. Soc . Med. t 38,106 (1943). 

7 Bacsick, Sharman, and Wyborn, J. Obstet. Gynaec. Brit. Emp. t 52,334 (1946). 
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HYBRIDIZATION BETWEEN RANA PALUSTRJS AND 
DIFFERENT GEOGRAPHICAL FORMS OF RANA PIPIENS 

By John A. Moore 

Barnard College, Columbia University and The American Museum of Natural 

History 

Communicated June II, 1946 

In intraspecific crosses among different populations of Rana pipiens 
Schreber, hybridization leads to progressively greater embryonic defects 
with increasing latitudinal distance between the parent populations. Ex¬ 
periments have been performed with individuals from many localities in the 
eastern and central portions of the United States with the following re¬ 
sults. 1 Normal or very slightly abnormal embryos are formed by crossing 
adults of these localities: Wisconsin X Vermont; Vermont X New Jersey; 
Vermont X Oklahoma; New Jersey X*Louisiana; Louisiana X Ocala, 
Florida; Ocala, Florida X Englewood, Florida; Ocala, Florida X Texas. 
In crosses between extreme northern and southern individuals, such as Ver¬ 
mont X Florida or Wisconsin X Texas, the hybrids are very abnormal. If 
the female parent is from the north and the male from the south, the hy¬ 
brids exhibit marked retardation in rate of development, extreme head en¬ 
largement and pronounced circulatory system defects. In the reciprocal 
cross, southern female and northern male, retardation in rate, reduction in 
head size with frequent fusion of olfactory pits and eyes, and the absence of 
a mouth are the typical abnormalities. The mortality varies in different 
experiments but is usually high. 

It has been established that crosses between Rana pipiens from Vermont 
and Rana palustris Le Conte result in healthy hybrids which can be carried 
through metamorphosis. 2 Therefore, a Vermont pipiens can be crossed 
sucessfully with a different species but not with southern members of its own 
species. This unusual situation indicated that the results of crosses between 
Rana palustris and different geographical forms of Rana pipiens would be of 
interest. To secure data on this subject the following crosses were made: 

•Vermont pipiens 9 X palustris c? (5) 

*palustris 9 X Vermont pipiens cT (6) 

■"Wisconsin pipiens 9 X palustris c? (2) 

* palustris 9 X Wisconsin pipiens cf (1) * 

'palustris 9 X Oklahoma pipiens cf (1) 

Englewood, Florida pipiens 9 X palustris rf (1) 
palustris 9 X Englewood, Florida pipiens <? (1) 

■"New Jersey pipiens 9 X palustris & (1) 

'palustris 9 X New Jersey pipiens (1) 

*Oca!a, Florida pipens 9 X palustris cT (1) 

*palustris 9 X Ocala, Florida pipiens <? (1) 

•Texas pipiens 9 X Palustris & (1) 

'palustris 9 X Texas pipiens cf (1) 
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All of the Rana palustris used in these experiments were collected in Massa¬ 
chusetts. In each type of cross marked with an asterisk, transformed young 
were secured. The figure in parentheses following each cross gives the num¬ 
ber of crosses made. In all experiments in which the hybrids were raised 
to metamorphosis, it was found that the pigment pattern of the young was 
intermediate to that of the parents. There was no evidence of differential 
mortality between hybrids and controls in any experiment. In the Engle¬ 
wood, Florida pipiens 9 X palustris cT cross, some embryos were kept 
until they were 40 mm. in length. They were then discarded, though nor¬ 
mal. In the reciprocal cross, the embryos were also normal but no attempt 
was made to raise them to metamorphosis. 

Crosses between Vermont pipiens and palustris have been described pre¬ 
viously. 2 The rate of development of the hybrids was intermediate be¬ 
tween that of the parents. No evidence of morphological defect was ob¬ 
served at any time during development. 

In crosses between Wisconsin pipiens and palustris , the hybrids exhibited 
no structural defects and some were raised to metamorphosis. The rate of 
development was not determined. The burnsi mutant 3 * 4 of pipiens was 
used in these experiments. 

The palustris 9 X Oklahoma pipiens d* hybrids were structurally nor¬ 
mal. The rate of development was not determined. Some of the hybrids 
were carried through metamorphosis. 

The crosses between palustris and Englewood, Florida pipiens are of in¬ 
terest as the Florida individuals give very abnormal hybrids with northern 
populations of pipiens . The Englewood, Florida pipiens 9 X palustris & 
hybrids were structurally normal. The rate of development was not deter¬ 
mined. As noted before, these embryos were kept until they were tadpoles 
40 mm. in length. The palustris 9 X Englewood, Florida pipiens d" hy¬ 
brids were structurally normal and developed at the same tempo as the ma¬ 
ternal controls. In a parallel experiment some sperm of this same Florida 
pipiens male was used to fertilize Vermont pipiens eggs. The resulting in- 
traspecific hybrids had greatly enlarged anterior ends, defective circulatory 
systems, and were markedly retarded in rate of development. The contrast 
between normal interspecific and abnormal intraspecific hybrids was strik¬ 
ing. 

The same palustris female was used in experiments with New Jersey, 
Ocala, Florida and Texas pipiens males* The hybrids with the New Jersey 
and Florida males developed normally. There was a possible acceleration 
in rate of development in the palustris 9 X New Jersey pipiens cf hybrids 
during neural fold stages but later these erobroyos were identical with the 
maternal controls. The palustris 9 X Texas pipiens <P hybrids were re¬ 
tarded approximately ten per cent when the controls were in stage 20.* In 
addition the anterior end of these embryos showed a slight, but definite. 
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enlargement (this type of defect is observed in close latitudinal crosses of 
Rana pipiens). Embryos from these three crosses were raised to metamor¬ 
phosis. 

The cross, New Jersey pipiens 9 X palustris d\ resulted in morpho¬ 
logically normal embryos. The rate of development was not measured. 
The embryos were raised to metamorphosis. 

The Ocala, Florida pipiens 9 X palustris c? hybrids developed at a rate 
intermediate to that of the two parental species. These embryos were 
structurally normal and some were raised to metamorphosis. In a parallel 
experiment, eggs of this same female were fertilized with Vermont pipiens 
sperm. These intraspecific hybrids were retarded in development and had 
reduced anterior ends with fused olfactory pits. 

The Texas pipiens 9 X palustris cT hybrids were retarded (as were the 
reciprocal hybrids) and the anterior end appeared to be slightly reduced in 
size. Some of these embryos were raised to metamorphosis. Eggs from this 
same female were fertilized with New Jersey and Vermont pipiens sperm. 
Both groups of intraspecific hybrids were retarded in rate and were mor¬ 
phologically abnormal. The defects were most apparent in the Texas pi¬ 
piens 9 X Vermont pipiens <? embryos, many of which lacked a mouth. 
Once again gametes from the same individual were found to be more 
compatible with gametes of a different species than with those of the same 
species. 

In summary, all of the crosses between Rana palustris and different popu¬ 
lations of Rana pipens (except Texas) give normal hybrids. The defects 
noticed in crosses with Texas pipiens are so slight that they would not have 
been detected without close study. 

The inviability observed in some Rana pipiens intraspecific crosses is 
thought to be due to complementary lethal genomes. 1 If such is the case, 
the type of incompatibility encountered when two complementary lethal 
genomes are present in the same individual would probably not result if 
either of these genomes was combined with a third genome. In the latter 
case, the genomes might be compatible, or if incompatibility was present it 
would probably be due to interaction of factors entirely different from those 
leading to inviability in the original case. The data cited in this paper indi¬ 
cate that the Rana palustris genome does not combine, with a resulting 
lethal effect, with any of the Rana pipiens genomes tested. 

A somewhat similar case, of inability of individuals to cross with mem¬ 
bers of the same species coupled with the ability to cross with members of a 
different species, has been reported in cotton. 0 ’ 7 The * ‘crumpled 1 ' condition 
of the hybrids formed in certain crosses is due to the combined action of 
complementary lethal genes Cp Q and Cp b . Cp a is found in only one strain of 
Gossypium arboreum. In all other strains of this species,and in Gassypium 
herbaceum , this locus is represented by cp+ Cp b and cp b occur with about 
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equal frequency in various strains of Gossypium arboreum and Gossypium 
herbaceum . An intraspecific cross, between an individual of Gossypium ar¬ 
boreum homozygous for cp a and Cp b with an individual of another strain 
homozygous for Cp a and cp b} would result in the “crumpled" condition. An 
interspecific cross involving either of these individuals and Gossypium her¬ 
baceum homozygous for cp tt and cp b would result in normal progeny. 

Rana palustris occurs in the eastern parts of the United States and Can¬ 
ada. Its range of distribution is entirely encompassed by the range of Rana 
pipiens The Vermont, Wisconsin, New Jersey and Oklahoma localities 
mentioned in these experiments are within the ranges of both species. *In 
the Louisiana, Texas, Ocala Florida and Englewood, Florida localities, 
Rana pipiens is found—but not Rana palustris . In the localities where the 
two species occur together, natural selection has not resulted in the develop¬ 
ment of hybrid inviability as an isolating mechanism.. It is of interest to 
note that the one strain of Rana pipiens which shows even slight incompati¬ 
bility with Rana palustris is found in a locality in which only the former is 
present. The primary isolating mechanisms between these two species are 
probably differences in spawning period combined with well-developed dif¬ 
ferences in ecological preference. The r61e of sexual selection is not known. 
The two species will mate in the laboratory. 

Summary .—Although some intraspecific crosses in Rana pipiens lead to 
hybrid inviability, every strain of this species tested can be successfully hy¬ 
bridized with Rana palustris . 

Acknowledgment .—These investigations were aided by a grant from the 
Penrose Fund of the American Philosophical Society. 
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* Moore, J. A. ( Jour . Exp. Zool , 86, 405-422 (1941). 

*Moore, J. A., Genetics , 27, 408-416 (1942). 

4 Moore, J. A., Jour . Heredity, 34, 2-7 (1943). 

* These stages are described in: Pollister, A. W., and Moore, J. A., Amt, Rec., 68 , 
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ON A THEOREM OF VON NEUMANN 
By Lynn H. Loomis 
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Comrnunicatwl June 19, 1940 

J. von Neumann pointed out in a recent talk at Harvard the need for an 
elementary proof of the following theorem, which was originally proved 
by him using the Brouwer fixedqxmit theorem. 1 * 2 The present note sup¬ 
plies such a proof. 

Theorem. Let a ij and b i} be two rectangular matrices (i — /, n; 
j = I, • * -t w) such that a tj > 0 for all i>j . Then there exists a unique Xand 
vectors x — (#i, ..., x m ), y — (y it ..., y n ) subject to x } ^ 0, y { £: 0 t I'fx, ~ 1 
and — 1, such that 

nt m 

XZaijXj S Xb tj x jt i = 1, (1) 

i”i j “i 

n n 

\2a„yt g Zb,#,, j = 1, .. m. (2) 

i «■ 1 i I 

Let X be the set of m-dunensional vectors x = (* i, ..., x m ) such that x j £ 
0 f j = 1, ..., m and 2?Xj = 1, and let V be the corresponding set of n - 
dimensional vectors. Let (2') be the inequalities (2) with X replaced by /u. 
It is evident that X and x in X satisfying (1) exist, and that u and y in Y 
satisfying (2') exist. Moreover (l) and (2') yield 

l*£2(iijyiX) § XXbtjytXj S XESn^y^fy (3) 

♦ j i j i 3 

In particular, n £ X, so that the values of X which can be used in (1) are 
bounded below, and since X is compact, the greatest lower bound Xo can 
be used in (1) for a certain vector x°. Similarly the least upper bound mo 
can be used in (2') for a certain vector y°. And mo 2» X«. 

The theorem deals with those X of (l) which arc also m of (2'). Clearly 
the only X having this property is X « Xo, and even this will not do if mo < 
Xo. Hence we must prove that mo = Xo. 



214 


MA THEM A TICS: L. H. LOOMIS 


Pxtoc. N. A. S. 


The proof of the theorem is an induction on m + n. If tn + n * 2, the 
theorem is trivial. In the general case, if equality occurs in (1) for all i « 1, 

.,., » when X « X 0 , x ** X° and also in (2') for all j = 1, ..., m when m * 
y « y°, then equality occurs in (3), so that mo ~ Xo and the theorem is 
established. It remains only to consider the case when strict in equality 
•holds at least once. We may suppose therefore that 

XoSatjXj « ZbijXj, i - 1, ... t n u 
j J 

XoSa<^c5 > 2bi)Xj t i = n x -f 1, ..». (4) 

$ J 

Let \j and mx be the extreme values of X and m in (1) and (2') for the reduced 
matrices (i — 1, ..., j 1, ..., m), Then 

Xj saS Xo, Mx s~s Mo» (5) 

For, every X and x *= (x Xl ..., x n ) satisfying (1) for i *= 1, ..., n also satisfies 
(1) for the reduced set i = 1, ..., »*. And every m and y ■* (yi, ..., y„i) 
satisfying the reduced (2') (with n replaced by »i in the sums) also satisfies 
the original (2') if y is extended to y = {y u . ■y«i, 0, ...» 0). We assert 
that in fact Xi «= Xo. Suppose, on the contrary, that Xi < Xo, and that X* 
is assumed at x ~ x\ i.e., that 

X^a^ £ * 1.. m. (6) 

Then if x «= ox° + (1 — a)x', where 0 < a < 1 (note that xtX) t we have 
from (4) and (6) that 

XoSu^Tj > IbijXj, i « 1, ..Hi, (7) 

i J 

and it follows from (4) and the continuity of the expressions involved that 
(7) remains true for i « ni + 1, ..., n if a is small enough. Hence Xo is 
not the extreme value for (1), a contradiction. Thus Xo ■* Xi. But Xi «= 
fn by the inductive hypothesis, Xj £ by (5) and fx o S Xo from (3). There¬ 
fore, mo “ Xo and the theorem has been proved. 

If fi « mo 385 Xo » X, x » x°, y » y°, then (3) becomes an equality. 
Therefore, if strict inequality holds in (1) at i « t© then y% « 0, and simi¬ 
larly if strict inequality holds in (2'). If the matrices are square and by 
is the unit matrix, it is evident from (1) that Xo(» mo) > 0, so that (2') im¬ 
plies that yj > 0 and (1) is composed of equalities. But then > 0 and 
(2') is composed of equalities. Thus we deduced as a corollary the exist¬ 
ence of a positive proper value and the associated positive proper vectors 
for a positive matrix and its transpose. 

For the application of the theorem to the theory of production, see 
reference 1. The special case where all « 1 is important in the theory 
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of games. For this see reference 3, pp. 154-155, where another proof of 
this special case is also referred to. 


1 von Neumann, J., "Cbcr ein okonomischts Gleiehungssystem, etc.,” Ergebnisse eines 
Mathenmtischen Kolloquiutns, 8, 73-83 (1937). 

2 Kakutani, S., “A Generalization of Brouwer’s Fixed Point Theorem,” Duke Math . 


Jour., 8 , 457-459 ( 1941 ). 

8 von Neumann, J., and Morgenstern, O., "Theory of Games and Economic Behavior,” 
Princeton University Press (1944). 


ON BLOCKS OF CIIARA CTERS OF GROUPS OF FINITE ORDER , II 

By Richard Bracer 

Department of Mathematics, Und'sksity of Toronto 

Communicated July 8, 1940 

1. The first part of this investigation appeared in these Proceedings, 
June, 1940, p. 182. 1 In this note, we shall apply our results to a study of 
the (generalized) decomposition numbers 2 of a group G of finite order g and 
of the arithmetic in the group ring T of G. 

Let again p be a fixed rational prime number. Select a full system II 
of elements tt 0 — 1, ttj, it*. tt;*, ... of orders 1, />, p 2 f ... such that every ele¬ 
ment of an order p a of G is conjugate in G to exactly one element of II. 
Denote by N t the centralizer of n in G. A full system 2 of elements of G 
representing the different classes of conjugate elements can be obtained in 
the following manner: Let a { i \ ■ * * represent the different /^-regular 

classes of conjugate elements of N it Then 2 consists of the elements 
7 Ti<r t. . . for i = 0, 1 , 2, .... 

2. 8 If fi, f 8> . .are the ordinary irreducible characters of G, and if 
ip\, <P 2 , ... are the modular irreducible characters of N u then for every p - 
regular element a of N t) we have a formula 

f„Oi<T) = (1) 

where the d^ v are algebraic integers, the decomposition number$ t which are 
independent of o. This formula yields a representation of the matrix Z 
of the ordinary characters of G as a product of two square matrices D and $ 

Z * D$. (2) 

We have to set a = <r ( j\ Z - where /u is the row index while 

every column corresponds to an element <r ( j\ i * 0, 1 , 2, ... ; j « 1,2, ..., 
k u where k t is the number of p- regular classes of N { . Similarly, in D « 
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(d^) t the rows correspond to the characters and the columns to the modu¬ 
lar characters <pl, of the different N{, Finally, if the rows and columns are 
arranged suitably, 

/(?? (°'i 0) )) 0 ...\ 

* = f 0 (v'M l) )) ... 1 (3) 

where, in each partial matrix (^(cr^)) in the main diagonal, the row index 
is v and the column index is j. 

The degree of all three matrices in (2) is equal to the number k of conju¬ 
gate classes of G t 

k — ko "f" k\ *4“ ...,. 

The square of the dcterininant of D is a power of p while the determinant 
of <I> is relatively prime to p . The formulae (1) show that in order to know 
the ordinary characters of G, it is sufficient to know the modular characters 

■ J * 

(pi of all the Ni including No = G, and the decomposition numbers d]^. 

Actually, the product of the column ( i , v) of D with the conjugate complex 

* 

of the column (i\ v') is 0 for i =}= V and the Cartan invariant c* of N t 
for i = i f . While this c} t y >, can be expressed in terms of the <pl, this does 
not enable us to express the decomposition numbers in terms of the <pi. 

We shall say that for fixed i the elements of G belong to the ith 
section. 

3. In the notation of I, theorem 1, we take H as the group generated 
by o if and M « S(//) == The following result can be proved (with 
considerable difficulty): 

Theorem 1: If the modular character <pl of N f belongs to a block S 0 of 
N if then can be different from 0 only for ordinary characters of G which 
belong to the block B r of G determined by B a . 

This imiffies that in each column of D we have zero except in the rows 
corresponding to the ^ belonging to one block B r of G. It follows that, if 
the rows and columns of D are taken in a suitable order, D breaks up com¬ 
pletely into t matrices T h , T h each T r corresponding to one block 

B rt (r s* 1,2, .. ., t). Since det D + 0, each T r must necessarily be a 
square matrix, of degree x rf where x T is the number of ordinary characters 
in B r . The arrangement of the columns of D here will in general not be the 
same as that used in (2). 

Originally, only the ordinary characters of G and the modular charac¬ 
ters <p° v} of G itself were distributed into blocks B r . It is now natural to 
count (pl } i s£ 0, as a character of B rf if (pi belongs to a block B v of Ni which 
determines B r in the sense of I, Then B r consists of x T ordinary charac¬ 
ters and x T modular characters In our notation, y r of these charac¬ 
ters have the upper index i — 0, These are the modular characters of G, 

* 

the other ipl are the modular characters of the groups Nt, 
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As a corollary to theorem 1, we have the following refinement of some of 
the orthogonality relations for group characters. 

Theorem 2: If the elements p and a of G belong to different sections of G, 
then 

E' $„{p)5*{°) = o 

when in the sum ranges over all the characters of G belonging to a fixed block 
B r . A 

4. We state without proof the following results which are connected 
with theorem 1. 

Theorem 3: Let B r be a block of G , and D r its defect group . If no element 
of D t is conjugate to w it then (p) = 0 for all characters of B T and all ele¬ 
ments of the section of 7r*. 5 

Theorem 4: If B r is a block of defect d 7 with the defect group D rt there 
exist blocks B„ of defect d T of N+ which determine B ri if and only if mis con¬ 
jugate in G to an invariant element of D r . If tt* is conjugate to an invariant 
element of D ri we can choose the block B 9 of defect d T of N f in such a manner 
that it determines the block B r of G, and that for every in B r there exists a 
<pl in B c such that d*^ 4= 0. 

Let p a be the exact exponent to which p divides g t 

g = p a g'< (p> «') = i 

If po is a prime ideal divisor of p in the field of characters, and if the degree 

of contains p to the exact exponent a - (e ^ 0), we may even 

state in theorem 4 that for a suitable <pl in B r we have 

d\ ¥ pfi 0 (mod />*po). (4) 

Theorem 5; If the block B„ of Ni determines the block B r of G, the defect 
of is at most equal to l t where p l is the order of a maximal p-subgroup of N { 
which is conjugate in G to a subgroup of the defect group D r of B r . If the de¬ 
gree Zp of the character of B r is not divisible by p* “ d + 1 where d is the de¬ 
fect of B r , there exists a character of N t which belongs to a block of N t of 
defect l and for which d\ ¥ is not divisible by p 0 - 

Theorem 6: If p" is the maximal order of elements of the defect group D r 
of B rt then for all f M in B ri the numbers d^ belong to the field of the p a -th roots 
of unity . The characters of B r belong to the field of the {p*g f )-th roots of 
unity . 

Theorem 7: If p & 2 f and if B r contains y T modular characters of G, then 
at least y T of the ordinary characters of B r are p-rational, that is t they lie in 
the field of the g r -th roots of unity, {g\ p) ** 1. 

In fairly general cases, the exact number of ^-rational characters in B r 
is equal to y r . 
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For p — 2, a result similar to theorem 7 can be obtained which is more 
complicated, and shall not be stated here, 

5. The previous results make it possible to prove the following theorem: 

Theorem 8: A block B of defect d contains at most p d{d + 1)/2 ordinary 

characters. 

It is probable that the bound p d{d + x)/% here can be replaced by p d , but 
I have been able to prove this stronger result only for d = 0, 1, 2. 

Theorem 8 implies that if the order g of a group is divisible by the prime 
number p to the exact exponent a , and if G contains q classes of conjugate 
elements whose order is prime to p but whose normalizer has an order di¬ 
visible by p a t then at most qp a{a + of the degrees of ordinary irreducible 
representations of G are relatively prime to p. 

6. As in I, let K be an algebraic number field in which all the simple 
constituents of the setnisimple algebra T split completely. Denote by p 
a fixed prime ideal divisor of p in K. The ideal (p) generated by p in the 
ring of integers J of T can be represented as a direct intersection 6 

(p) - 

of ideals of J f such that no 2)? r possesses a proper representation as direct 
intersection. There exists a (1 — 1) correspondence between these 
“block components" 3W r of (p) and the blocks B r of characters of G (for p). 
In particular, the number y r of modular characters of G is equal to the 
number of prime ideals of / dividing (p). Now, theorem 8 implies 

Theorem 9: No block component of (p) in J is divisible by more than 
pa{a *+* D/2 p r i me ideals of j where p a denotes again the highest power of p 
dividing g. 

The y 2 coefficients of the Cartan matrix C T of the block B r describe, to a 
certain extent, the mutual relationship between the y r prime ideal divisors 
$ of 2W r . They represent interesting arithmetical invariants. Here, C r 
is a symmetric matrix with integral rational coefficients. We can form the 
corresponding quadratic form Q. Now our results yield 

Theorem 10; To given p and given defect d, there exist only a finite number 
of classes of quadratic forms to which the Cartan form Q of a block of defect d 
can belong (for an arbitrary group G of finite order). 

We also quote the following results Which can be proved directly without 
great difficulty. 

Theorem 11: If the defect of the block B r is positive, the Cartan form Q 
does not represent the number 1. More generally, Q does not represent (in¬ 
tegrally) a form of determinant 1. 

If J3 t has the defect 0, then C T is of degree 1, and Q is the quadratic form 

7. It may be remarked that blocks of defect 1 can now be discussed 
rather completely. The results obtained earlier for the characters Of groups 
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of an order g ~ pg\ (p, g l ) ~ 1 appear as special cases of properties of 
characters of blocks of defects 0 and l. 7 

Finally, it may be mentioned as a conjecture that it appears probable 
that for a given p and d , only a finite number of matrices exist which can 
occur as Cartan matrices C r of blocks of defect d. 

1 The first part will be quoted as I, 

2 Cf. Brauer, R. ( Ann , Math., 42 , 926-935 (1941). 

* For the results quoted in this section, cf. the paper mentioned in *. 

4 In the case that p belongs to the section of the 1-element, this result has already been 
obtained in Brauer, R., and Nesbitt, C., University of Toronto Studies, Math . Set., No. 
4 , theorem VIII (1937). 

* This generalizes a result obtained in Brauer, R., and Nesbitt, C., Ann. Math. 42 , 
556-590 (1941) for blocks of defect 0. 

* Cf. Brauer, R., these Proceedings, 30,309-114 (1944), in particular, equation (2). 

7 Cf. Brauer, R., these Proceedings, 25 , 290-295 (1939), and Ann. Math . 42 , 936- 
958 (1941). 

I take this occasion to mention the following corrections in the first of these papers: 
In theorem III, the assumption should read n < (2 p + 7)/3. The left side of equation 
(4) should read r^ + r M f p . For the results of the last paragraph of section 3, it is neces¬ 
sary to assume that a suitable splitting field is used. 


EFFECTS OF EXPOSURE TO ULTRA-VIOLET LIGHT ON HUMAN 

DARK ADAPTATION* 

By Ernst Wolf 

Biological Laboratories, Harvard University* 

Communicated July 15, 1946 

* 

Previously it has been shown that the course of dark adaptation of the 
eye of the baby chick can be altered by addition of ultra-violet radiation 
between 290 and 365 ran to the visible white light of a mercury vapor lamp 
during preexposure. 1 Exposure to wave-lengths longer than 365 nyi re¬ 
sults in uniform dark adaptation curves, all curves reaching the same final 
threshold level. The addition of ultra-violet below 365 mn retards com¬ 
plete adaptation, raising the final threshold considerably above the normal. 
Extension of the ultra-violet range to about 355 mn causes an increase of 
0,3 log unit, to 315 nut an increase of 0.6 log uni* and to 290 mn an increase 
of 1.1 log units in the final threshold level. 

In the baby chick, as in all newly born animals, the absorption by the 
ocular media is small, therefore a considerable penetration of ultra-violet to 
the retina is expected. For the human eye the ultra-violet transmission 
is a function of age, 1 depending mainly upon the transparency of the lens;’ 
it is maximal in infancy and thereafter decreases so that in the adult eye 
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the lens transmission at 365 m/x is only 0.1 per cent . 4 In accordance with 
this fact one might assume a priori that wave-lengths shorter than 365 
m m can have practically no effect upon the retina. In subsequent tests it 
is demonstrated that addition of ultra-violet to the adapting light during 
prefcxposure changes the course of human dark adaptation and raises the 
final level of adaptation, and thus decreases the sensitivity of the eye. 

Light Exposure .—The observer must be fully light adapted before the 
course of dark adaptation can be studied. As light source, a 250-watt mer¬ 
cury vapor lamp (GE type H-5) is used. The lamp is mounted in a hous¬ 
ing 50 cm. behind a finely ground round Pyrex plate (transmitting from 
285 m /4 up), 30 cm. in diameter, which acts as a diffusing screen. The 
observer views this evenly illuminated screen from a distance of 50 cm., 
securing uniform light exposure of a large retinal area. Between lamp and 
screen, filters of different transmissions can be inserted which provide for 
addition of smaller or larger portions of the ultra-violet part of the spec¬ 
trum to the otherwise white exposure light. The filters used are: AO 
crown 1045, transmitting from 290 m /4 up; ordinary plate glass, transmit¬ 
ting above 316 m/ 4 ; AO Cruxite 1794 transmitting above 355 m/t; and 
Corning 3389 (Noviol, shade A), which begins to transmit at about 410 
m/x. All filters have practically the same transmission in the visible, 
therefore the color of the exposure light does not change. The brightness 
of the screen as measured with a Macbeth IUuminometer is 6250 millilam- 
berts. To this illumination varying only in ultra-violet content the ob¬ 
server is exposed prior to test for a standard period of 10 minutes. 

Measurements .—The course of dark adaptation is followed with the 
aid of a visual discriminometer , 5 an instrument of highest experimental 
rigidity, particularly in regard to fixation, retinal location of the test field, 
size of the field and control of threshold intensities of light. The instru¬ 
ment is calibrated by insertion of the illuminometer into one tube of the 
binocular head, after removal* of the eyepiece. After completion of light 
exposure the observer views monocularly a red fixation point, representing 
the center of a square test field, subtending a visual angle of 12 . 5 0 on a side. 
With good fixation and the head securely on a chin rest, the test field is 
presented by means of a shutter for */*» second, while by a neutral-tint 
wedge the operator of the instrument increases step by step the intensity of 
the field for each flash, until the critical point of first perception of the flash 
is reached. The time from cessation of light exposure and the wedge 
reading is recorded. This procedure is continued for 30 to 35 minutes, 
until there is no further increase in sensitivity at complete adaptation. 

With exposure light free from ultra-violet (Noviol A in the Sght path) 
the ensuing dark adaptation curve is duplex, separating the process of adap¬ 
tation into a cone and a rod component. The cone segment of the curve 
covers about 1.3 log units between the first leading, taken roughly at 1 
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minute, and the onset of the rod segment of the curve. The transition 
from cone to rod adaptation occurs after about 6.5 minutes. By adding 
to the exposure light ultra-violet down to 290 m/x by the insertion of 
crown glass into the light path instead of No viol, the course of adaptation 
is modified. While the general level of the cone curve remains unchanged, 
it is extended up to 8 minutes, overshooting the previous onset of rod adap¬ 
tation by l 1 /* minutes. Rod adaptation then follows a course parallel to 
that obtained without the ultra-violet but on a higher intensity levd, so 
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TIME tt4 DARK-MINUTES 

figure 1 

The course of dark adaptation of the human eye after prefixposure to light free from 
ultra-violet (Corning 3889, Noviol, shade A) in the light path (open circles) and light 
containing ultra-violet as low as 290 rap (Crown in the light path), black circles. The 
ultra-violet produces a later onset of rod adaptation and raises the threshold levels for 



the rod segment. 


that at complete adaptation the two curves are separated by 0.24 log unit 
which corresponds to an increase in threshold intensity by a factor of 1.74 
for threshold recognition. 

In figure 1 summarized data on one observer are presented. There are 
plotted 6 runs with Noviol and 8 runs with crown in the path of the expo- 
eureli^bt The observations extend over several days. A tun with crown 
may follow a run with Noviol immediately. After crown a minimum time 
of 8 hours was allowed so that no previous ultra-violet effects would inter- 
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fere with a subsequent run. The data in figure 1 represent the proto¬ 
type of the course of dark adaptation without and under the influence of 
ultra-violet in the exposure light. Altogether, measurements were taken 
on 6 observers which show in principle the same kind of phenomena. In 
each case a higher “final” threshold of the rod segment is found after pre¬ 
exposure to light filtered by crown only. The rise in “final” threshold 
varies between 0.21 and 0.29 log unit. The variation does not seem corre¬ 
lated to age, at least within the age range of the experimental group, nor 
to sex. In no case could any significant change in the level of the cone seg¬ 
ment be observed. The overshooting of the cone part might vary from 
hardly detectable to 2 minutes. Also, the separation between the two 
curves over the steep part of the rod segment up to 20 minutes might be not 
as distinct as in figure 1. At 20 minutes and beyond the separation is, 
however, always clear and becomes increasingly greater, until the final level 
is reached. The final separation between the normal level of adaptation 
and the lowest level reached at termination of the experiment after expo¬ 
sure to ultra-violet, for all observers, is given below. 


OB9HKVKR 

AOK 

8ttX 

MEAN SEPARATION 
IN LOO UNITS 

T. H. C. 

18 

m 

0.24 

M. L. 

19 

f 

0.24 

E. E. F. 

21 

f 

0.28 

D. A. J. 

25 

f 

0.24 

G. A. B. 

26 

m 

0.29 

E. W. 

43 

m 

0.23 

Mean - 0.253 


The mean increase in light intensity for threshold recognition among 6 
observers is 0.253 log unit. This indicates that roughly 1.8 times as much 
light is needed for threshold response at “complete” dark adaptation after 
preexposure to light containing wave-lengths as low as 290 

Similar effects on final dark adaptation thresholds after prolonged ex¬ 
posure to sunlight, moderately rich in ultra-violet, have been described re¬ 
cently. 6 An overshooting of the cone segment and a temporary rise of 
final thresholds of the same order of magnitude as described here are no¬ 
ticed. Ultra-violet as a cause is not mentioned. It seems probable, how¬ 
ever, according to some of our tests with preexposure to light reflected 
from snow, that the changes in final level are not due to glare, but rather 
to the ultra-violet. 

On two observers tests were made comparing the effects of light filtered 
by Noviol with those of light filtered by plate glass, which excludes the 
strong mercury lines at 297, 302 and 313 bim> but transmits the 365 m/x 
band at full strength. The data are given in figure 2. Besides a differ¬ 
ence in the onset of rod adaptation for the two observers, both show an 
overshooting of the cone segment for the plate glass curves of about 1 
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minute. The mean final threshold difference is 0.15 log unit, 0.1 log unit 
less than with crown glass, due to the reduction in effective ultra-violet 
radiation. 

Comparing AO Cruxite which transmits about 20 per cent at 365 mju 
with Noviol, the ensuing dark adaptation curves are practically identical. 
At least no final threshold differences can be noticed. There are, however, 
slight irregularities at the cone-rod transition which suggest overshooting 



TIME IN DARK-MINUTES 
FIGURE 2 

The course of dark adaptation after pretfxposure to light free of ultra-violet (open 
circles) and light filtered by plate glass (black circles). Due to the ultra-violet, the rod 
adaptation begins later and the thresholds are higher. 

of the Cruxite curve, Also the initial steepness of the rod segment might 
be less for Cruxite, From 15 minutes onward the normal and the Cruxite 
curves are, however, identical, indicating that any small ultra-violet effect 
produced by the reduced transmission at 365 m^u, recognizable at the be¬ 
ginning of rod adaptation, has disappeared at a time when previously the 
effect bf exposure to ultra-violet was most pronounced. 
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Compared with the results on the eyes of baby chicks the effect on human 
dark adaptation is considerably smaller* In the cbick an intensity in* 
crease by a factor of 12.5 was necessary (crown vs. No viol) as against 1.8 
for the human eye, a ratio of 6.6:1. Assuming that most of the effective 
ultra*violet is absorbed by the lens, one 9hould expect a considerably 



TIME IN PARK—MINUTES 

FIGURE 3 


Dark adaptation in aphaklcs: The normal (left) eye of J. W. gives curves similar to 
those presented in figure 1. For the aphakic eye the separation between the normal and 
the ultra-violet curve is considerably increased, due to more effective action of ultra* 
violet upon the retina. The same conditions are found in J. 3, B. 

greater effect in aphakics. Two observers were available. J, W., age 28, 
had the lens of his right eye removed several years ago. the left eye having 
normal vision. His normal eye gives a final threshold separation.of 0>30 








Vol, 32, 1246 


PHYSIOLOGY: E. WOLF 


225 


log unit which is slightly below the average of the group of 6 mentioned 
previously. For the aphakic eye the separation between the Noviol and 
the crown curves becomes increasingly greater after the cone-rod transi¬ 
tion, until a final separation of 0.68 log unit is reached, corresponding to an 
increase in light intensity by a factor of 4.77 for threshold recognition.. In 
J. S. B., 30 years, both eyes are aphakic; one eye having better vision is 
used for test. The results are similar to those for J. W. with the exception 
that the final separation is only 0.46 log unit, or a factor of 2.88. Even 
while there is a difference of 0.22 log unit between the two aphakics, the 
final threshold levels for both are so much higher than previously found 
that it becomes evident that much of the ultra-violet is normally ab¬ 
sorbed by the lens which otherwise would reach the retina. The data 
on the aphakic observers are presented in figure 3. 

With only 0.1 per cent transmission at 365 m/u, there is no doubt that the 
small amount of ultra-violet reaching the retina produces considerable 
physiolgical effects in proportion to its intensity. In the human eye, as 
well as in the chick, the ultra-violet effect seems entirely on the rod thres¬ 
holds, whereas the cones remain unaffected. For both types of eyes it 
may. be assumed that an effect on the cones is prevented by their dense 
filter pigments, while the ultra-violet can act upon the pigment-free rods. T 
The action of the ultra-violet might be directly upon the photosensitive 
material of the rods, or it might be due to desensitization caused by fluores¬ 
cence of the ocular media during preexposure. In both cases a longer re¬ 
covery time would be needed to regain maximal sensitivity. At present 
it can only be pointed out that ultra-violet radiation has peculiar effects 
upon the sensitivity thresholds of the rods, disregarding the loctis and mode 
of action. 

Summary .—The course of dark adaptation of the human eye is studied 
after pre&cposure to the radiation of a mercury vapor lamp, filtering out 
the ultra-violet between 290 mu and the visible to various extents. Expo¬ 
sure to light free from ultra-violet results in uniform dark adaptation 
curves. Addition of ultra-violet below 365 mu affects rod adaptation by 
causing a later onset of rod adaptation and raising the final thresholds 
appreciably above the normal level. The cone adaptation is not affected. 
The final level reached is a function of the extent of the ultra-violet spec¬ 
trum. The lens, having a high ultra-violet absorption, reduces the ultra¬ 
violet action upon the retina which can be demonstrated on aphakic eyes 
in which the ultra-violet action on dark adaptation is considerably in¬ 
creased. 

* Tbisresearch was supported by a grant of the American Optical Company. 

t The experiments were carried out with a visual discrim in ometerat the Laboratory 
of Industrial Physiology, Harvard School of Business Administration, which kindly was 
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mode available for the purpose. X feel particularly indebted to Miss D. A. Jameson 
for her generous help in these experiments. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. 
VIII. INFLUENCE OF LIGHT ON THE MATING BEIIA VIOR OF 
DROSOPHILA SUBOBSCURA, DROSOPHILA PERSIMILIS AND 

DROSOPHILA PSE UDOOBSC URA 

By Bruce Wallace and Theodosius Dobzhansky 
Department of ZoOlogy, Columbia University 
Communicated May 17, 1946 

Philip, Rendel, Spurway and Haldane 1 and Rendel 2 found that cultures 
of Drosophila subobscura Collin cannot be kept permanently in a dark room 
because no matings take place in this species in the absence of light. Fur¬ 
thermore, several mutant types with abnormal eye colors proved to be male 
sterile; for example, white eyed males, although they are positively photo- 
tropic like the wild type, do not respond to moving contours and produce no 
offspring, Rendel 2 also points out that the males of the mutant yellow (yel¬ 
low body color) are discriminated against in mating by the females of some, 
but not all, wild type strains. Yellow females produce offspring easily when 
placed with wild type males. These findings are the more interesting and 
unexpected since Mayr and Dobzhansky* found that in D, persimiiis 
Dobzhansky and Epling and in D. pseudoobscura Frolova mating and in¬ 
semination occur freely in the presence or absence of light. Cultures of 
these species can be kept in a dark room generation after generation. Fur¬ 
thermore, when females of these two species are placed, together with males 
of one of them, a significantly greater proportion of conspecific than of 
foreign females are inseminated and this selectivity of mating is hot affec¬ 
ted by light or by darkness. It follows that representatives of these species 
are able to discriminate between conspecific and foreign mates in the ab¬ 
sence of light. 



Vol. 32, im GENETICS: WALLA CE A ND DOBZHA NSK Y 


227 


D. subobscura, D. persimilis and D. pseudoobscura are three morphologi¬ 
cally very similar species; yet their mating reactions are profoundly dif¬ 
ferent with respect to at least one environmental agent, namely, light. Such 
variations in the mating reactions in related species may be very important 
biologically if they lead to sexual isolation between the species. It might be 
interesting to resolve some representative examples of sexual isolation into 
their component parts and to identify the variables which enter into a sexual 
isolation. Such differences in the behavior of related species as the depen¬ 
dence or independence of mating on presence or absence of light lend them¬ 
selves readily to quantitative and qualitative study. The results of an ex¬ 
ploratory study of this type is reported in the present paper. 

We wish to express our sincere appreciation of the courtesy of Professor 
J. B. S. Haldane who let us have a strain of D. subobscura collected in Eng¬ 
land and bred in his laboratory. Professor H. J. Muller very kindly trans¬ 
ported this strain to this countty. Professor S. Hecht and Drs. S. Shlaer 
and Ch. Hendley of the Laboratory of Biophysics, Columbia University, 
have very kindly helped to arrange the experiments on light intensities. To 
Mr. George Streisinger we are obliged for his assistance with the experi¬ 
ments at the beginning of the investigation. 

Material and Methods .—A single strain of each of the three species has 
been used in all the experiments to be described: the English strain of D. 
subobscura , D. persimilis from Stony Creek, California, and the orange mu¬ 
tant.strain of D. pseudoobscura. Adults of D. subobscura were transferred 
without etherization to fresh culture bottles at intervals of from one to 
several days and kept in a well-lighted laboratory room at ‘22°~24°C. The 
bottles with eggs deposited in them were placed in a dark constant tempera¬ 
ture room at 19°C. Cultures of D. persimilis and D. pseudoobscura were 
treated similarly except that they were allowed to develop at room tempera¬ 
ture. 

Effects of Light and Darkness on the Frequency of Insemination. —The ex¬ 
periments consisted of placing 10 to 15 females of one species with a similar 
number of males of the same or of a different species in i X 3 Vi-inch 
glass vials with food and examining the females for the presence of sperm 
after a certain number of days. At the beginning of each experiment the 
flies were not more than 24 hours old after hatching from the pupae. Some 
of the vials (light series) were placed on a shelf in the laboratory out of the 
direct sunlight but exposed to the diffuse light of the room. Other vials 
(dark series) were individually wrapped in heavy black paper and placed in 
an opaque cardboard box which was then put on the shelf with the vials of 
the light series. After a desired number of days, aU females were dissected 
and their seminal receptacles were examined under a microscope for sperm. 1 
The data obtained in the parallel experiments of the light and dark series 
are summarised in table 1. 
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TABLE 1 

Number op Females Dissected (n) and Per Cent Fertilized (%) after Several 

Days 1 Exposure in Light and in Darkness 


CROSS 

DAYS 

—LIGHT— 

H 


DAYS 

-DAM- 

n 

% 

subobscura 9 X subobscura cf 

3-4 

60 

80.0 

5-9 

72 

0.0 

persimilis 9 X persimilis cf 

3-5 

41 

75.6 

9 

22 

100.0 

subobscura 9 X persimilis cf 

7-14 

118 

8.5 

7-9 

136 

2.9 

persimilis 9 X subobscura cf 

7-13 

80 

15.0 

7-12 

80 

1,3* 

subobscura 9 X pseudoobscura cf 

9-11 

64 

21,9 

8-16 

152 

7.2 

pseudoobscura 9 X subobscura cf 

9-13 

96 

25.0 

10-16 

128 

0,0 


* A single female found to contain sperm in this cross is probably due to an experi¬ 
mental error. 


It can be seen that none of the 72 D. subobscura females were inseminated 
by males of their own species after as long as 5-9 days together in darkness. 
By contrast, about 80% of the females were inseminated after 3-4 days in 
the light. The behavior of D. persimilis is quite different since males of this 
species, as well as of D. pseudoobscura , inseminate females of their respective 
species equally as rapidly in light as in the dark (for more data on the latter 
species see Mayr and Dobzhansky 8 ). 

Hybrids of D. persimilis and D. pseudoobscura can be obtained in the 
laboratory rather easily. The viability of these Fi hybrids is not inferior to 
that of the parents* Crosses of D. subobscura with D. persimilis or with 
D. pseudoobscura never produced viable hybrids, larvae or adults, in our ex¬ 
periments. Nevertheless, as shown in table 1, cross-insemination between 
these species does occur although much less frequently than matings within 
a species. In the light, D . subobscura males have inseminated as many as 
25% of D. pseudoobscura and 15% of D . persimilis females in 7-13 days. No 
inseminations by D. subobscura males have been observed in the dark series. 
(One female of D, persimilis , among 80 females exposed for 7-12 days to 
D. subobscura males, contained sperm, cf. table 1, but this is almost certainly 
an experimental error.) 

Although D. subobscura females and males do not mate in the dark, an 
appreciable number of inseminations have been observed in the crosses that 
involve D. subobscura females and D. persimilis or D. pseudoobscura males. 
These interspecific matings have been observed both in the light and in the 
dark series but, interestingly enough, they are relatively more frequent in 
the light than in the dark. Light is essential for normal sexual activity of 
D. subobscura males. D . subobscura females accept some courting males in 
the dark although they do so less frequently than in the light: Light is not 
an essential factor for mating of either males or females of D. persimilis tar of 
D. pseudoobscura. 

The following experiment was intended to clarify the role of the light in 
the mating behavior of D. subobscura . Several vials each containing 10 
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males and 10 females of D. subobscura were prepared. These vials were 
placed in a small opaque box which was, in turn, placed in a larger box. The 
vials and boxes were kept in a drawer of a desk. Several times each day for 
8-10 days, these vials were exposed to the light of the room (several times to 
direct sunlight) until the first courtship was observed in any of the vials; 
the vials were then quickly shaken, covered and replaced in the desk. After 
8 days, 15 females were dissected and after 10 days, 18 more. None of these 
females had been inseminated. Apparently darkness prevents the comple¬ 
tion of matings which have proceeded to the courtship stage. There seems 
to be no appreciable carrying over of sexual activity from periods of light 
exposure into darkness. 

In order to test the rapidity of matings of D. pseudoobscura in the dark, 
vials with food containing 10 males and 10 females were prepared and 
placed within the series of boxes mentioned above. Females were dissected 
at the end of 1, 2, 4 and 7 hours. All of the females were inseminated in 
those vials which were left for 2 hours or more; 7 females in the vial left for 
1 hour contained sperm. Another series of vials was prepared without food 
and placed in the dark for times ranging from 15 to 90 minutes (15-minute 
intervals). The number of inseminated females varied from 8 after 30 and 
45 minutes of exposure to 4 after 1 hour. Exposure for 1 V* hours and 15 
minutes gave identical results—7 females inseminated. Activity in the 
dark, then, begins at once and proceeds at a pace comparable to that to be 
described in the next experiment. 

Direct Observations on the Sexual Behavior .—Females and males of all 
three species were aged for 1-2 weeks in isolation in a dark room at 10°C. 
Clean vials without food were placed on vial racks covered with white 
paper; 2 females of one species and 2 males of the same or of a different spe¬ 
cies were introduced, without etherization, into each vial. The behavior of 
the flies in the vials were then observed for two hours under normal day¬ 
light conditions on a table before a window (direct sunlight being avoided). 
Ordinarily 20 vials were under observation at one time; 5 vials of each of 
the four possible combinations Ac? X A9,Acf XB9,ficT X A 9, BcT X 
B 9 , where A is D. subobscura and B is D, pseudoobscura or D. persimilis . 
At times it was expedient to increase the number of vials of a certain cross at 
the expense of other crosses, but never more than 20 vials were used simul¬ 
taneously since this was found to be the maximum number that could be 
handled efficiently* 

Three stages can be distinguished in the mating of Drosophila: court¬ 
ship, copulation and insemination. The occurence or non-occurrence of the 
last of these stages, insemination, can be determined with certainty by dis¬ 
section of the female and microscopic examination of her sperm receptacles 
and vagina. It is slightly mote difficult to decide whether copulation has 
or has not taken place. As a nile, absence of space between the tips of the 
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abdomens of the flies involved and difficulty of the female in dislodging the 
male were taken as evidence that copulation had occurred. The occurrence 
of courtship is the most difficult to ascertain and much depends upon an in¬ 
dividual observer. Detailed descriptions of the courtships of D. subobscura 
has been given by Rendel 2 and of D. persimilis and D. pseudoobscura by 
Mayr. 4 These descriptions have been confirmed by us. The courtships in¬ 
volve males sparring with females, wing flicking, wing extension and vibra¬ 
tion, and finally circling and mounting. All three species indulge in spar¬ 
ring, i.e., exchanging of taps with the forelegs. D. subobscura males flick 
their wings while males of the other two species do not. Wing extension in 
D. persimilis and D . pseudoobscura consists of extending one wing parallel 
to the female's body, usually anteriorly, while the male stands facing the 
female from either side. In D. subobscura wing extension occurs while the 
male stands in front of and facing the female and consists of extending both 
wings at right angles to the male's body. 

Males often court other males but such courtships were not included in the 
data. Since courtships are not always continued after sparring and since 
sparring is of short duration and liable to be overlooked, sparring alone 
was not counted as courtship. D. subobscura males often indulge in wing 
flicking on occasions other than courtships, hence flicking was not con¬ 
sidered to constitute a courtship unless the male did it insistently before 
a female. Extending and vibrating a wing(s) was taken in all cases to 
be a bona fide courtship. If a courting pair separated and there was no 
attempt on the part of the male to continue the courtship, that courtship 
was regarded completed. If, after a lapse of time, the same male resumed 
courting, this fact was recorded as a separate courtship. However, if the 
male followed a female and his behavior seemed to indicate a continuing 
interest in her, his entire performance was considered a single courtship. 
The total results of the two-hour observational periods are given in table 2. 
Table 3 shows some of the data reported in table 2 recalculated for a single 
female for the four consecutive half-hour periods of observation. 


TABLE 2 

Number or Courtships, Copulations and Inseminations during Two-Hour 
Exposure Periods of Aged Flies under Normal Daylight Conditions 


prualrs 

COURTIfilPB 

COPULATIONS 

UnWMtttATZONS 

caofta Kxpoaao 

TOT At 

ru 9 

TOTAL 

m 9 

TOTAL 

PAN 9 

subobscura 9 X subobscura & 

86 

118 

1.37 

17 

0.20 

* 1 

* i 

persimilis 9 X persimilis & 
pseudoobscura 9 X pseudoobs¬ 

60 

<51 

1.02 

32 

0.S3 

* * 

f * 

cura <? 

66 

104 

1.68 

40 

0.61 

t * 

' 4 

subobscura 9 X persimilis d* 

60 

52 

0.87 

0 

0 

0 

0 

persimilis 9 X subobscura <? 

60 

186 

3,10 

60 

0.83 

6 

0.10 

subobscura 9 X pseudoobscura 

70 

81 

1.16 

0 

0 

0 

0 

pseudoobscura 9 X subobscura 

68 

88 

1.29 

5 

0.07 

0 

0 
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TABLE 3 

Courtships (Crt) and Copulations (Cop) per Female by Half-hour Intervals 

of Exposure 


CROSS 

subobscura 9 X sttbobscura cf /Crt 

\Cop 

persimilis 9 X persimilis <? /Crt 

\Cop 

pseudoobscura 9 X pseudoobscura cf /Crt 

\Cop 

subobscura 9 X persimilis & /Crt 

\Cop 

persimilis 9 X subobscura & /Crt 

\Cop 

subobscura 9 X pseudoobscura d* /Crt 

\Cop 

pseudoobscura 9 X subobscura cf /Crt 

\Cop 


1st 

2nd 

3kd 

4m 

TOTAL 

riNAtn 

ftXFOSBD 

0.46 

0.23 

0.13 

0.18 

0.98\ 

56 

0.07 

0.02 

0.02 

0.02 

0.13/ 

0.67 

0.37 

0.10 

0.08 

1.17\ 

30 

0.63 

0.30 

0.07 

0 

0.90/ 

0.59 

0.47 

0.32 

0.20 

1.58\ 

66 

0.30 

0.14 

0.11 

0.06 

0.61/ 

0.17 

0.13 

0.30 

0.07 

0.67\ 

30 

0 

0 

0 

0 

0 / 

1.73 

0.73 

0.60 

0.33 

3.40\ 

30 

0.60 

0.20 

0.07 

0.07 

0.93/ 

0.27 

0.26 

0.34 

0.29 

t,16\ 

70 

0 

0 

0 

0 

0 / 

0.37 

0.40 

0.24 

0.29 

1.29\ 

68 

0.03 

0.04 

0 

0 

0.07/ 


An inspection of table 2 reveals facts that could not have been predicted 
on the basis of the data presented in table 1, which shows interspecific in¬ 
seminations to be much less frequent than intraspecific ones. Table 2 shows 
that the number of courtships per female is of the same order of magnitude 
in all crosses. In fact, the greatest number of courtships per female occur 
when D. subobscura males are placed with D. persimilis females and the 
smallest number in the reciprocal cross. Table 3 indicates, however, that 
this uniformity is arrived at differently in the interspecific and intraspecific 
crosses. When the females and males belong to the same species, the num¬ 
ber of courtships declines rapidly in the consecutive half-hour periods. 
When the females and males belong to different species, the frequency of 
courtships remains more nearly constant throughout the two hour period. 
The most probable explanation of these relationships lies in that a much 
higher proportion of intraspecific than of interspecific courtships result in 
copulations. (See bdow.) Consequently, the courtship behavior subsides 
more rapidly in the vials containing conspedfic females and males than in 
vials containing representatives of different species. 

During the first half hour of observation, when few of the individuals had 
copulated previously, a high proportion of the courtships between males and 
females of the same species are followed by copulations. Data in table 3 
Show that the ratio eopulations/courtships is highest in D. persimilis, 
intermediate in 2?. pseudoobscura and lowest in Z>. subobscura . Behavior 
within the three spedes is similar: genita a are brought into contact, the 
nude mounts and the pair remains qtuet from S 4o 10 minutes (average 6 1 /* 
minutes) after whkh separation occurs. Whenever dissected the females 
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contained spermatozoa. In the combinations of D. subobscura females with 
D. persimilis or D. pseudoobscura males (tables 2 and 3), no normal copula¬ 
tions at all have been observed although they must take place as insemi¬ 
nations have been recorded for these crosses (table 1). The female runs away 
from the courting male, repulses him by extending her middle leg toward 
him, rotates her abdomen, or else the male breaks off the courtship without 
attempting to mount. If he mounts, as he frequently does, the pair separate 
immediately. The situation, therefore, is analogous to that found by Mayr 4 
in the crosses of D. persimilis and D. pseudoobscura. The precise nature of 
the difficulty which prevents the copulation from being successful is not 
clear. It may be noted that the external genitalia are morphologically iden¬ 
tical in D . persimilis and D. pseudoobscura , while those of D. subobscura 
males differ in several characters both of the genital arch, the anal tubercle 
and the penis apparatus. 

When D. subobscura males and D. pseudoobscura or D. persimilis females, 
expecially the latter, are involved, things go differently. The male mounts 
and copulation seems to be successful but in a few seconds the female begins 
to struggle in violent efforts to free herself from the male. The pair fre¬ 
quently falls on the bottom of the vial, the male attempting to maintain his 
position and the female striving to dislodge him with kicks by her hind legs. 
The female succeeds in freeing herself in from a few seconds to about two 
minutes after the start of the struggle; less than 30 seconds is required in 
the majority of cases. 

Only 6 out of the 50 D. persimilis females and none of the D. pseudoob¬ 
scura females which have copulated with D. subobscura males contained any 
spermatozoa on dissection. This means that a majority of the interspecific 
copulations do not result in sperm delivery. It can be surmised that in¬ 
semination occurs only in those cases when copulation lasts longer than the 
average. 

Intensity of Illumination and Sexual Activity of D. subobscura. —The 
courtships and copulations of D. subobscura males and females were ob¬ 
served by placing vials each containing 2 females and 2 males at various 
distances (1-5 meters) from a 150-watt Reflectorflood bulb in a dark room 
at the Department of Biophysics of Columbia Univesity. Observations 
were made by walking from vial rack to vial rack. Bach experiment lasted 
for two hours. Ordinarily two vials were placed at each position. Inas¬ 
much as a courtship is of such short duration that it can begin and end in 
the time it takes an observer to make a circuit of all vials (*» l min.) while 
a copulation lasts for several minutesH&fae ratios copulations/courtships 
in the present data are not comparable to those obtained from the above 
data. Table 4 summarizes the results of these obseiwatioas, 
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TABLE 4 

Courtships and Copulations in D. subobscura at Different Light Intensities 

(Foot* Candles) 


LIOHT 

TOTAL 

COURTSHIPS 

COPULATIONS 

INTKNSITY 

rBMALEH 

TOTAL 

PUR 9 

TOTAL 

t’Rfl 9 

85.4 

22 

8 

0.30 

2 

0.09 

27.0 

22 

59 

2.08. 

8 

0.36 

10.3 

22 

29 

1.32 

1 

0.05 

4.5 

22 

7 

0.32 

2 

0.09 

2.5 

20 

14 

0.70 

1 

0.05 


Table 4 shows that both very bright and dim light are unfavorable for 
sexual activity. The flies were most active when placed in light of 27 foot- 
candle intensity.' Sexual activity seems to be correlated in this case with 
mobility of the flies because in the vials in which many courtships were tak¬ 
ing place, the flies were moving about to a greater extent than in the others. 
The latter point is borne out in that flies placed behind a black screen in the 
same dark room and observed by light reflected from a white card were very 
quiet, moved very slowly if at all, and never sparred, courted or copulated. 
It must be admitted, however, that it is difficult to observe the behavior of 
flies accurately in light of less than 2.5 foot-candles intensity. 

Behavior of D. subobscura in Red Light. —Berthoif* has shown that 
wild type D. melanogaster flies are relatively insensitive to red light and that 
the upper limit of sensitivity lies at 050-675 u wave-length. Observations 
on the behavior of the flies in red light, therefore, should give an approxi¬ 
mate idea about their behavior in the absence of light. A glass filter trans¬ 
mitting light of 600-610 m was placed in the lamp used in the previous ex¬ 
periments. Energy and intensity measurements were not made; intensity 
of red light in foot-candles is meaningless and energy is unimportant inas¬ 
much as a point of non-activity rather than a threshold was what was de¬ 
sired. 

When the two vials each containing two pairs of D. subobscura were 
.placed at the distances from the light source mentioned above, no sexual 
activity of any type was observed. The flies remained quiet or moved 
slowly in the vial. There was no orientation of the flies with respect to the 
light. 

When the flies used were D. pseudoobscura t courtships and copulations 
proceeded as they do in the light. Although, in general, there was no change 
in behavior, male flies were observed on two occasions extending and vi¬ 
brating their wings towards the posterior end of the females and at¬ 
tempting to mount the anterior end. 

Since the absence of activity in D, subobscura and the presence of activity 
in D. pseudoobscura in red light resemble the situation existing in the ab¬ 
sence of light, vials containing five females of one species and five males of 
the same or the other species were prepared and observed for two hours. 
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There was no indication of courtships on the part of D. subobscura males 
either with their own or with D. pseudoobscura females. D, pseudoobscura 
males courted and copulated with their own females and courted D. sub - 
obscura females. As in the observations recorded in table 2, no copulations 
of D> pseudoobscura males with D. subobscura females were seen; each court¬ 
ship was terminated when the female moved away or rotated her abdomen. 

Summary . —Mating takes place with or without light in Drosophila per - 
simiUs and D. pseudoobscura, while D. subobscura mates only in the presence 
of light. Males of D. persimiUs and D. pseudoobscura inseminate some D. 
subobscura females, the frequency of this cross-insemination being greater in 
the light than in the dark. D. subobscura males inseminate some females of 
the other two species in the light but not in the dark. Light intensity of the 
order of 30 foot-candles was found to be close to the optimum for mating in 
D . subobscura , but no mating and no courtship take place in this species in 
red light of an intensity which permits observation. Direct observations 
disclose that, in the light, males of any one of the three species court about 
equally frequently females of their own and of the other two species. How¬ 
ever, interspecific copulation occurs only seldom, and if it does the female 
dislodges the male in usually less than 30 seconds, ordinarily before sperm 
ejaculation takes place. 
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NOTE ON THE LOCA TION OF THE ZEROS OF THE DERIVA TIVE 
OF A RA T10NAL FUNCTION HA VING PRESCRIBED SYMMETR Y 

By J. L. Walsh 

Department ok Mathematics, Harvard University 
Communicated July 20, 1940 

The object of this note is to state without detailed proof some new 
results, representing a sharpening of some known results on the subject 
of the title. 

Jensen’s theorem is classical: If f(z) is a real polynomial , then all non - 
real zeros of the derivative f{z) lie on or within the circles (Jensen circles) 
constructed with diameters the segments joining pairs of conjugate imaginary 
zeros of f(z). 

For any fixed polynomial f(z) which has non-real zeros, the point set 
assigned to zeros of f f (z) by Jensen’s theorem is unnecessarily large, and 
can be made smaller by use of Lucas’ theorem, that if a convex region K 
contains the zeros of a polynomial /(z), then K also contains the zeros of 
the derivative /'(«). In one special case the theorem of Jensen can be con¬ 
siderably improved: 

Theorem I. Let f(z) be a real polynomial with precisely one pair (<*, a) 
of conjugate imaginary zeros . Let Zq be the algebraically least and %t the 
algebraically greatest of the real zeros of f(z ). Let At {k ** 0,1) be the circular 
arc bounded by a and a of angular measure less than v and tangent to the 
lines az k and &z k . Then all non-real zeros of f'(z) lie in the closed lens- 
shaped region bounded by Ao and A%. 

Theorem I admits of extension to the case where/(a) has more than one 
pair of non-real zeros. Here to modify one Jensen circle the rAles of and Zi 
of Theorem 1 may be taken by real zeros of f(z) or by points easily con¬ 
structed from other Jensen circles. The extended theorem assigns a point 
set for possible positions of zeros of f f (t) which cannot be improved by use 
of Lucas’ theorem. 

Jensen’s theorem (like Lucas’ theorem) admits extension to the non- 
Bhdrdean (hyperbolic) plane; 

Theorem 2. £etf(d) be a real rational function which has no poles interior 
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to the unit circle C and whose tens are inverse to its poles with respect to C. 
Denote by Jensen circles the non-Euclidean circles constructed using non- 
Euclidean segments joining pairs of Conjugate imaginary tseros of /(*) as non- 
Euclidean diameters. Then all non-real zeros of f'(e) interior to C lie on or 
within these Jensen circles. 

Theorem 2 may be proved by considering in the extended plane the 
field of force due to suitable repelling and attracting partides situated at 
the zeros and poles of f(z ); all zeros of f(t) not zeros of /(s) are positions 
of equilibrium in this field of force. At an arbitrary point s interior to C 
but not on Ox nor on or within a Jensen tircle, the force has a non-zero 
component away from Ox in the direction of the non-Euclidean line through 
t perpendicular to Ox, and this is true for the total resultant force, or for 
the force due to a pair of partides on Ox situated in a corresponding zero 
and pole of /(z), or for the force due to four partides situated in a pair of 
conjugate imaginary zeros of f(e) and their corresponding poles. 

Jensen’s theorem is a limiting case of and can be proved from Theorem 2. 

It may be noted that Theorem 2, generalized by a conformal map, can 
be expressed as follows: 

Let R be a simply connected region which is symmetric in Ox, and let the 
function f(») be real on Ox, analytic interior to R, continuous in the corre¬ 
sponding closed region, and of modulus unity on the boundary of R, Then 
all non-real zeros of f'(z) lie on or within the non-Euclidean circles constructed 
on the pairs of non-real zeros of f(z) as non-Euclidean diametrically opposite 
points. 

A different type of symmetry leads to different conduaions: 

Theorem 3. Let f(z) be a rational function whose poles are symmetric to 
its zeros in the origin 0. Let the halves of a double sector with vertex 0 contain, 
respectively, all the zeros of f (z) and all the poles of f(z). Then all the zeros of 
f(z) also lie in this double sector. If the angle of the double sector is not 
greater than x/2, then any circle whose center is 0 containing all [or no] zeros 
of f(z) contains all [or no] zeros of f(z). 

If the angle of the sector here is greater than */2, a new drde can be 
assigned containing all [or no] zeros of /'(«). 

There are two categories of results concerning the location of zeros of 
the derivative of a rational function: (a) those which do not depend on 
the relative multipliaties of the zeros (although symmetry may he pre¬ 
scribed) and (b) those which do depend on the multipliaties. Illustrations 
of (a) are Theorems 1, 2 and 3. In the study of the location of the zeros 
of the derivative /'(*) of a rational function /(*), we ordinarily interpret 
the zeros of/'(*) which are not also zeros of /(z) as the positions of equilib¬ 
rium in the field of force due to suitable positive particles at the 

zeros of /(*) and'negative partides at the poles of /(«). W he ne v er sitaa* 
ttons of type (a) are studied, it is useful to separate the zeros and pales at 
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the given f(z) into groups, chosen as small as possible yet retaining the 
prescribed symmetry and serving as components in the construction of 
/(«). For instance in Jensen's theorem a group of zeros of f(z) consists 
either of a pair of conjugate imaginary zeros or of a single real zero; all 
poles of f(z) are at infinity* In the general case, for each pair of groups 
we define the W-curve, namely, the locus of all positions of .equilibrium in 
the field of force due to the two groups of particles where the particles are 
considered fixed in position with arbitrary (i*e., not necessarily integral) 
variable multiplicities; but in varying the multiplicities it is not intended 
that a pole of f(z) should be allowed to replace a zero or reciprocally. Then 
for the given positions of zeros and poles but with arbitrary multiplicities, 
the locus of the zeros of f f (z) is bounded by the W-curves taken for all possible 
pairs of groups of zeros and poles of f(z) t 

In the simplest cases, such as that of Lucas, or the case of a rational 
function whose zeros are symmetric to its poles with respect to a circle, 
or the case of a polynomial whose zeros occur in pairs symmetric with 
respect to a point—in these cases the W-curves and lines of force coincide. 
In more involved cases such as those of Jensen’s theorem or the new results 
of the present note, the set of lines of force is different from the set of W- 
curves, and this fact makes proofs more complicated. Nevertheless the 

W-curves yield important information concerning the zeros of f(z). 

* 

Theorems 1, 2 and 3 can be applied to the study of the location of the 
critical points of harmonic functions under corresponding conditions of 
symmetry. 

The writer plans to publish elsewhere detailed proofs of the theorems 
stated and others, with references to the literature. 


ON A THEOREM OF GELFAND AND NEUMARK 

By Richard Arens 

Institute for Advanced Study, Princeton* N. J, 

Communicated July 26, 1946 

• Our purpose is to discuss the proof of the following theorem of Gelfand 
and Neumark: 1 

Let A be a complex Banach space which is at the same time a commuta¬ 
tive ring with unit, multiplication satisfying 

llAll S ll/ll llfll. 

and in which there is defined an automorphism (*) such that 

\m\ -ll/ll llrll. 


( 1 ) 
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(/«)* - /V> 

(v+f)* - xr + «*, 
r* 

Then there exists a compact Hausdorff space U such that A is the ring of 
all continuous complex-valued functions on Q, and 

11/11 - sup |/(*)|, 

* t 0 

fix) - fix). (2) 

The proof of Gelfand-Neumark uses the simple and elegant technique 
of normed rings due to Gelfand and others, except in one instance: the 
hypothesis (1) is used to establish (2) as a result of the existence of a unique 
minimal closed set OoCQ having the property 

ll/ll « sup|/(jc)|, for each f t A. 

x « Ot 

The authors refer to a rather inaccessible publication for the proof of the 
existence of this set Qo» 

fcWe shall give here another way of deducing (2). In order not to repeat 
obvious portions of reference 1 which do not involve (1) we shall suppose 
that 

|/(x)| £ ||/||, for f*A and x «fi, 

has been already established, 0 being the space of maximal ideals of A* 
Now suppose / € A and x € ft, and 

f{x) » a + bi t 

fix) * c + di. 

* 

If b + d p* 0, define 

g “ (J + f* — au — cu)/(b + d), 

where u is used to denote the unit element in A. 

Then g m g* and g(x) — t. This means g — has no inverse in A. 
Therefore (| — *«)* *■ £ + *« has no inverse, whence it lies in some nuudr 
mal ideal y. Thus (g + iu)(y) « 0 or g(y) *■ 

Since for any real positive N, 

(g + Niu)(x) = *(1 4- N), 

(g - Niu)(y) - -*( 1 + N), 

i + N* lk + jy'H|,|i«-^jr 


we have 
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(1 + N)* £ ||c + Mfo|| |lc - 2Wu||. 

By (1), the right member 

* | |g* + JV**#| | £ N + N*, 
where we have now selected N > 

The contradiction (1 + N)* £ N + N* shows that b + d « 0. Applying 
the same argument to if shows that a « c, whence /*(») « /(i). 

1 Oelfand, I., and Neumark, M., “On the Imbedding of Normed Rings into the Ring 
of Operators in Hilbert Space," Rec. Math., 18 (84), 197-213 (1943). 

PREVENTION OF ADRENAL CORTICAL CARCINOMA BY 

DIE TH YLSTILBESTROL * • t 

By George W. Woolley and C. C. Little 
Roscoe B. Jackson Memorial Laboratory, Bar Harbor, Maine 

Communicated August 8,1946 

It has been observed that adrenal cortical carcinomas, normally expected 
in JAX strain ce mice when gonadectomized soon after birth, did not 
appear following treatment of such mice with a synthetic estrogenic hor¬ 
mone, diethylstilbestrol. 

In the present experiments fusion pellets, 25 per cent diethylstilbestrol 
in cholesterol, av. wt. 4.8 mg., were used. 1 These were introduced into 
the subcutaneous tissue of the right axilla when the mice were approxi¬ 
mately 7 weeks of age. Only one pellet was used at this age in each mouse 
and none were implanted later in life. 

Experimental mice were prepared by removing the gonads of strain ce 
mice immediately after birth. Adrenal cortical carcinomas had previously 
been observed in 100 per cent of gonadectomized female mice of this strain 
6 months of age and older.* In gonadectomized male mice these tumors 
also had occurred starting at 7 months.* 

Diethylstilbestrol treated mice of both sexes observed up to 14 months of age 
did not have these tumors (table 1). 

Diet and other environmental factors were kept as near constant as 
possible in all groups. 

Although time has not been sufficient for protection to be observed for 
mice of extremely advanced ages, the present results are encouraging for 
continued protection, since nodular hyperplasia of the adrenal cortex 
vddch preceded the occurrence of carcinomas in previous experiments was 
also prevented by the use of diethylstilbestrol pellets. 
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Further study needs to be made to find a protective agent for tumors 
of the adrenal cortex which will not at the same time cause other serious 
body disturbances. In the present experiments pituitary tumors of the 
type caused by estrogenic hormones were observed in the diethylstilbestrol 
treated mice as early as 7 months of age. 

The problem of whether the presence of pituitary tumors is related to the 
direct tumor inhibitory action of stilbestrol on the adrenal cortex or whether 
stilbestrol impairs pituitary action on the adrenal cortex depends for its 
solution upon further investigation now being planned. 

The possibility that the inhibitory action may result from certain effects 
of a grossly unchanged pituitary must also be considered. 


TABLE 1 

Effect of Diethylstilbestrol in Preventing the Occurrence of Adrenal 

Cortical Carcinoma 


«-GONADECTOMttRO FKMALRft-—* 

MOUTHS , NON-TR BATED-STILBBRTROL TREATED 

OF AGE AT TOTAL. NO. WITH TOTAL NO. WITH 
AUTOPSV NO. TUMOR NO. TUMOR 


,-OONADKCTOMtZBD MALES-—-* 

✓ NON-TRBATED-* STILBESTROL TREATED 

TOTAL NO. WITH TOTAL NO. WITH 
NO. TUMOR NO. TUMOR 


2 

3 

4 

5 

6 

7 

8 
9 

10 

12 

14 


2 

3 

4 
1 

5 
4 
1 
2 


0 

0 

0 

0 

5 

4 

1 

2 


2 2 
6 6 
2 2 


1 

1 

1 

1 

0 

2 

1 

1 

1 

1 

1 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


4 

2 

4 

1 

6 

2 

1 

6 

4 

5 
1 


0 

0 

0 

0 

0 

2 

1 

3 

4 

5 
1 


1 

1 

1 

1 

0 

2 

1 ' 
1 
0 
1* 
1 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


* This animal was a little under 12 months of age. 


The effectiveness of stilbestrol as a substitute for natural gonadal secre¬ 
tion in preventing adrenal cortical tumor formation is, however, clear. 

* This work has been aided by grants to the Roscoe 8. Jackson Memorial Laboratory 
from the Commonwealth Fund, The Anna Fuller Fund, The International Cancer 
Research Foundation, The Jane Coffin Childs Memorial Fund and The National Ad¬ 
visory Cancer Council. 

t Technical assistance of Miss Margaret M. Dickie is gratefully acknowledged. 

1 These pellets were kindly prepared by Dr. Michael B. Shim kin, National Cancer 
Institute, Bethesda, Mtf. 

* Woolley, G. W., and Little, C. C., Cancer Research, 5 (4), 193-202 (1945). 

* Woolley, G. W„ and Little, C. C., Ibid., 5 (4), 211-219 (1945). 



Vol. 32, 1946 GENETICS: C, A. VILLEE 241 

THE GENETIC CONTROL OF GROWTH METABOLISM * 

BV CLAUDB A. ViLLBB 

Department op Biological Chemistry, Harvard Medical School 

Communicated July 17, 1946 

In analyzing the effects of genes on development, one basic approach is 
a determination of the effects of a gene on the metabolic activity of a par¬ 
ticular group of cells as reflected by their rate of oxygen consumption. 
Goldschmidt suggested years ago 1 that genes produce their effects in de¬ 
velopment by altering the rate of chemical reactions, and more recently 
the idea that each gene regulates a particular step in a particular bio¬ 
synthesis has gained favor. 1 * In most animals it is impossible to locate 
exactly the cells which will give rise to a particular structure, but in Drosoph¬ 
ila each adult organ develops from a discrete group of cells, an imaginal 
disc, which can easily be dissected out of the larva. The development of 
the Cartesian diver ultramicrorespirometer* provides a means for determin¬ 
ing the oxygen consumption of very small pieces of tissue such as these 
imaginal discs, 

A study was undertaken of the oxygen uptakes of the imaginal discs 
of wild type and certain mutant stocks of Drosophila. From these one 
can determine the effect of the substitution of a mutant gene for its wild 
type allele on the metabolism of the particular group of cells which give 
rise in the adult to the morphologically altered structure. Thus one more 
fact can be added to our knowledge of the relation between gene and pheno¬ 
type. This paper gives the results of a study of the metabolism of wing 
and leg discs of normal flies and of certain mutant stocks with wings of 
reduced size. Other experiments are under way to test the effects of the 
“growth rate” genes, dachs, dachsous, four-jointed, and combgap, and the 
homoeotic genes, bithorax, tefcraltera, and aristapedia, on the metabolism 
of the imaginal discs involved. It is possible to adapt the Cartesian diver 
apparatus to test for certain enzymes and coenzymes 4 and in later experi¬ 
ments it may be possible to identify the enzyme system affected by the 
mutant gene. 

Methods .—The stocks of Drosophila melanogaster used in the present 
study were an isogenic wild stock established previously* and the mutant 
stocks “vestigial” (vg, chromosome 2, locus 67.0) and “mimatum” (w, 
chromosome 1, locus 30.1). Miniature produces wings which are shorter 
and narrower than normal but of approximately normal shape. Vestigial 
wings are reduced to small stumps, which are held outstretched. Adult 
miniature wings are about two-thirds normal size and vestigial wings are 
less thanone-quarter normal Size. . 

Two types of imaginal discs were studied, the ventral mesothoracic disc, 
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which gives rise to the mesothoradc leg and a part of the ventral meso- 
thoradc wall, and the dorsal mesothoradc disc, which becomes the wing 
and dorsal mesothoradc wall. In the late larva, the dorsal mesothoradc 
disc has a dearly marked circular region in its posterior part, called the wing 
bud, from which develops the wing. 

Larvae and prepupae were dissected in a drop of phosphate-Locke’s 
s ol uti on * (pH 7.4), the desired disc was removed and transferred by means 
of a calibrated braking pipette described by Holteri to the diver. The 

TABLB 1 


Respiration op Imaowal Discs 





MO. op 

DVTSMQ* 

AV. OXYGEN UPTAKE 

m duc per mi. 

AV. PRY WBIOHT 
OP DWC * S.E., 

0ot, 

MM.* Ot/ 

DISC 

STOCK 

AOB 

HATTONS 

As 8.B., ICM.VhR. 

JIG. 

HR./MO. 

Wing 

Wild 

1 hr. after pupation 

3 

0.028 * 0.0016 

1.35 * 0.03 

20.7 

Wing 

m 

X hr. after pupation 

2 

0.026 *0.0011 

18.5 

Wing 

n 

X hr. after pupation 

2 

0.018 *0.0007 


9.2 

Wing 

Wild 

At pupation 

2 

0.026 *0.002 

1.32 * 0 04 

19.6 

Wing 

m 

At pupation 

2 

0.024 * 0.0000 


18.1 

Wing 

H 

At pupation 

2 

0.012 * 0.0007 


8.8 

Wing 

Wild 

2-4 hrs. before 
pupation 

4 

0.020 * 0.0005 

0.95 * 0.03 

20.5 

Wing 

m 

2-4 hr*, before 
pupation 

4 

0.019 * 0 0006 


10.5 

Wing 

vg 

2-4 hrs* before 
pupation 

3 

0,009 *0.0003 


9.8 

Wing 

Wild 

5-10 hrs. before 
pupation 

4 

0.017 * 0.0008 

0.90 * 0.04 

10.1 

Wing 

m 

5-10 hrs. before 
pupation 

4 

0.019 *0.001 


17.3 

Wing 

n 

5-10 hrs. before 
pupation 

5 

0.008 * 0.0013 


9.5 

Leg 

'Wild 

1 hr. after pupation 

4 

0.012 *0.0017 

0.58 * 0.03 

20.1 

Leg 

m 

1 hr. after pupation 

4 

0.013 *0.002 


22.7 

Leg 

n 

1 hr. after pupation 

2 

0.012 *0.002 


20.1 

Leg 

Wtid 

2 hrs. before pupa* 
tion 

7 

0.0094 *0.0009 

0.40 * 0.04 

r 

19.1 

Leg 

m 

2 hrs. before pupa* 
tion 

3 

0.0086 * 0.0006 


17.9 

Leg 

vg 

2 hrs. before pupa¬ 
tion 

4 

0.0094 * 0.001 


10.1 


divers bad a total volume of 8 cu. mm. and contained 1.1 <cu. mm. phos* 
phate-Locke’s solution in the bulb and 0.9 cu. mm. alkali and 0.9 at. nun. 
oil seals in the neck. The "diver constant" 1 of the divers used was 7.8 X 
10-*. All respiration determinations were made at a temperature of 
26.8°C. 

The quartz fibre balance described by Lowly* was used to obtain the 
weights of the discs. Discs were rinsed several in glass redistilled 
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water to remove the phosphate-Locke’s solution and transferred to a 
quartz loop in a drop of distilled water. They were dried in an oven at 
100°C. for 30 minutes and then weighed. The hooks were cleaned and 
reweighed to check the zero point. The balance was calibrated by putting 
known volumes of standard salt solutions on the hooks, drying and 
weighing. 

Results .—The data of the experiments are given in table 1. At each 
stage of development the rate of oxygen consumption of the wild type 
wing discs and of the leg discs of all stocks used varies only slightly from 
20 cu. mm. Oj per hour per milligram of tissue. The Qot of the miniature 
wing discs at each stage of development is slightly less,than that of the 
wild type discs and averages about 18 cu. mm. Oi per hour per milligram 



Oxygen uptake in miilimicroliters of wild type, vestigial and 
miniature wing discs dissected out 1 hour after pupation. 

of tissue. The differences, though slight, are in the same direction and of 
about the same magnitude at each stage of development tested and are 
significant. The Qos of the vestigial wing discs is less than half that of the 
wild type discs and averages about 9 cu. mm. Os per hour per milligram of 
tissue. Both the weight of the wing discs and the rate of oxygen con¬ 
sumption per disc increase sharply in the two-hour period before pupation, 
but since they increase proportionally, the Qot remains constant. Pre¬ 
vious embryological studies 14 have shown this period to be one in which a 
great deal of morphological differentiation occurs. 

In all the determinations of oxygen consumption, the experiments were 
continued from 120 to 240 minutes. The rate of oxygen uptake of the 
din™ was constant for the first 120 minutes or so of each experiment but 
decreased slightly thereafter (Fig. 1). The discs contain considerable 
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reserves of substrate and will respire in the divers for twelve hours or more. 
One wild type wing disc left in a diver overnight consumed so much oxygen 
that a reading could not be taken, but it had used at least 450 mpl. of 
oxygen. 

Discussion .—The development of the Cartesian diver apparatus and 
the quartz fibre balance and the peculiarities of the mode of development 
of Drosophila and other Diptera afford a new approach to the study of 
gene action. It is possible with this technique to study the effects of 
particular genes on the rate of metabolism and on the enzyme constitution 
of the groups of cells which give rise to particular adult organs. Since 
each gene is believed to function by affecting the nature or quantity of a 
particular enzyme-controlled biosynthesis, this permits a new attack on 
the problem of gene physiology. The present study shows that the mutant 
genes affecting wing size produce their effects by altering the rate of some 
chemical reaction in the wing disc of the larva which is reflected in a 
lowered rate of oxygen consumption. These results do not mean that 
the m and vg genes affect the same chemical reaction in development, but 
simply that in affecting different processes they each lower the over-all 
metabolic rate of the disc. It is interesting to note that the metabolism 
of the leg discs and probably of the other discs of vestigial larvae is not 
changed, although the cells, of course, contain vg genes. The vestigial 
gene therefore produces its physiological as well as its morphological effects 
only in certain cells of the body, presumably due to the interaction of the 
gene or gene products with specific components of the cytoplasm of those 
cells. 

The marked increase in the rate of oxygen uptake and in the weight of 
the wing discs which occurs in the two hours before pupation correlates 
closely with the rapid differentiation of the discs at that time found by 
morphological studies. The time of pupation is clearly marked by the 
eversion of the anterior spiracles and the cessation of motion of the larva; 
the age of the fly relative to this can be determined by inspection. The 
wing discs are growing more rapidly than the leg discs in the period be¬ 
tween two hours before and one hour after pupation. The wing discs 
show a 43 per cent increase in oxygen uptake and a 42 per cent increase 
in weight in this period and the leg discs have only a 24 per cent increase 
in oxygen uptake and an 18 per cent increase in weight. This may be 
correlated with the morphological finding 11 that the wing buds are more 
advanced than the leg buds at pupation and have invaginated into the 
body cavity. 

The weights of the wing discs of wild, miniature and vestigial flies taken 
at corresponding ages were very similar and showed the same range of 
variation, so they were averaged together (table 1). This finding corrobo¬ 
rates Auerbach’s statement 1 * that vg wing discs are the satne size as wild 
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type discs but show less differentiation at corresponding ages. Chen 18 
had previously stated that vestigial discs were smaller than wild discs of 
corresponding ages. 

Summary .—The rate of oxygen uptake per gram dry weight of the wing 
and leg discs of wild type, ‘'miniature” and “vestigial” Drosophila was 
determined by the Cartesian diver ultramicrorespirometer. Miniature 
produces a slight and vestigial a marked decrease in the oxygen consump¬ 
tion of the wing disc but neither one affects the respiration of the leg discs. 
The mutant genes therefore produce their physiological as well as their 
morphological effects only in certain cells of the body, presumably by an 
interaction of the genes or gene products with specific cytoplasmic con¬ 
stituents of those cells. 

* I am indebted to Drs. E. G. Ball and C. B. An tin sen for their helpful suggestions and 
advice in the course of this work, and to C. Lloyd Claff for the use of the Cartesian diver 
apparatus. 

1 Goldschmidt, R., Die quantitativen Grundlagen von Vererbung und Artbildung, I. 
Springer, Berlin, 1920. 

* Beadle, G, W., and Tatum, E. L., these Proceedings, 27, 499-506 (1941); Tatum, 
E. L., and Beadle, G. W., Growth, 6, 27*35 (1942). 

* Linder$tr0m-Lang, K., Nature, 140 , 108 (1937); Linderstr^Tn-Lang, K., and Glick, 
D. ( C. r . Lab . Carlsberg , Sfr. chitn., 22, 3(H) (1937); Hotter, H., Ibid., 34,399-478 (1943); 
Boell, E. J., Needham, J., and Rogers, V., Proc. Roy . A*;., Ser. B., 127, 322* 356 (1039); 
Boell, E. J., and Needham, J. ( Ibid., 127* 363-373 (1939). 

* Anfinsen, C. B., Jour, Biol. Chem., 152, 285-291 (1944), 

* Villee, C. A., Genetics, 31, 428-137 (1946). 

a 1.497 g. KH,P0 4( 6.248 g. Na,HP0 4 , 4.092 g. NaCl, 0.373 g. KC1, and 0.147 g. 
CaCls,2HjO per liter H a O. 

7 Holter, H., C. r. Lab. Carlsberg, Str. chim., 24, 399-478 (1943). 

8 Linderstr0m-Lang, K., Ibid., 24, 333-398 (1943). 

9 Lowry, O., Jour. Biol. Chem., 140, 183-189 (1941). 

» Chen, T. V., Jour. Morph., 47,135-199 (1929); Robertson, C. W., Ibid., 59,351-400 
(1936); Auerbach, C., Trans . Roy. Soc. Edinburgh , 58, 787-815 (1936). 

11 Auerbach, C., loc. cit. 

18 Auerbach, C., loc. cit. 

18 Chen, T. Y., loc. cit. 
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LEAF HOP PER TRANSMISSION OF CORN STUNT* 

By L. 0. Kvkkbl 

Department op Animal ani> Plant Pathology, The Rockefeller Institute for 

Medical Research, Princeton, N. J. 

Communicated July 24, 1946 

A new com disease prevalent in the Rio Grande Valley of Texas and the 
vSan Joaquin Valley of California has been under study since June, 1946, 
when affected plants were first received from Dr. A. A. Dunlap of the 
Texas Agricultural Experiment Station, College Station, Texas. The 
disease caused yellows-type symptoms and resembled, superficially, yellow 
9tripe of com, transmitted by the leafhopper Peregrmus maidis (Ashm.). 1 
However, the conspicuous cell inclusion bodies associated with that disease 
were not found in the plants from Texas and California. 

The disease was described from California by Frazier 2 under the name 
“streak” in March of last year. Altstatt,’ a little later in the season, 
described it from Texas. Since the name “streak’* already had been 
applied to another disease of com, transmitted by the leafhopper Cicadulina 
mbiia Naude/ the writer designated the new disease as “stunt” in reference 
to the shortening of interaodes and the general stunting it caused. From 
the descriptions of Frazier and Altstatt and from observations on symp¬ 
toms, it was concluded that stunt had not been described previously. It 
also was concluded that Frazier and Altstatt probably were correct in 
suggesting that it might be a virus disease. 

Efforts to transmit stunt by the rubbing method with juice from diseased 
plants were unsuccessful. Also, attempts to transmit it by dodder, Cuscuta 
campestris Yuncker, failed, Frazier stated that high populations of the 
leafhopper Baldtdus maidis (De L. and W.) were frequently found in fields 
where the disease occurred. Hence an effort was made to transmit stunt 
by this insect. A virus-free colony, obtained by taking newly hatched 
nymphs from a diseased corn plant before they had an opportunity to feed, 
was maintained on healthy com plants and used in all tests, reported below. 
The tests were carried out with potted plants in large, wood and screen 
cages and in lantern globe cages in greenhouses. 

In one transmission experiment 14 healthy sweet com plants of the 
variety Golden Bantam were exposed for 4 days to approximately 160 adult 
leafhoppers that had been hatched and reared on a diseased com plant. 
Fourteen other com plants of the same age and variety were exposed to 
about the same number of virus-free adult leafhoppers for 4 days. All 
of the plants exposed to the first colony came down with stunt in from 5 
to 6 weeks after exposure. All of the plants exposed to the control colony 
remained healthy during a three-month period that they were kept under 
observation. 
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Iti another experiment 7 of 16 New Jersey No* 2 hybrid field corn plants, 
exposed for one day to a colony of 200 adult leafhoppers that had been 
hatched and reared on a diseased plant, came down with stunt in from 34 
to 38 days after exposure* All of 16 similar plants of the same hybrid 
exposed to 200 virus-free leafhoppers for one day remained healthy during 
a period of 85 days that they were under observation. 

In still another experiment 15 virus-free leafhoppers were allowed to feed 
on a diseased corn plant for 5 days and were then transferred to 26 healthy 
New Jersey No. 2 hybrid field corn plants. Fifteen other virus-free leaf¬ 
hoppers were allowed to feed on a healthy com plant for 5 days and were 
then transferred to 26 other healthy corn plants of the same hybrid. After 
feeding on the two sets of plants for 30 days both groups of insects were 
removed and destroyed. In from 28 to 40 days thereafter 15 of the 26 
plants exposed to the insects that had fed on the diseased corn plant, came 
down with stunt. The other 11 plants and the 26 control plants remained 
healthy during a period of 60 days that they were kept under observation. 

These experiments and other similar experiments have proved that corn 
stunt is readily transmitted by Baldulus maidis . 

* The writer is indebted to Drs. A. A. Dunlap and G. E. Altstatt for specimens from 
Texas and to Dr. N. W. Frazier for diseased plants from California; he is also indebted 
to Dr. P. W. Oman for identifying the leafhopper used. 

* Kunkcl, L. O,, Hawaiian Planters* Record, 26, 58 (1922). 

* Frazier, N. W., V . S. Dept. Agrit., Plant Dis. Reptr 29, 212 (1945). 

* Alstatt, G. E., Ibid., 29, 533 (1945). 

< Storey, H. H., and McCiean, A. P. D., Ann. Appl Biol, 17,691 (1930). 


SOME PROPERTIES OF A GENETIC CYTOPLASMIC FACTOR IN 

PARAMECIUM* 

By J. R. PrEER* ' 

Dbpartmbnt op ZoOlooy, Indiana University 
Communicated August 8,1946 

f 

Recent work by Sonnebom, 1 ' *• * Lindegren/ Spiegelman* and JL’H4ritier 
end co-workers 8 ' 8 has focused attention on the r&le of the cytoplasm in 
the determination and inheritance of characters. The present paper deals 
with the same subject from a new point of view and using new techniques. 
As a consequence it has been possible to estimate the number of particles 
of a particular kind of cytoplasmic factor in Paramecium aurelia and to 
study the rate at which the particles increase while the parameda them¬ 
selves are reproducing by fission at a different rate. These studies turned 
out not only to be of interest in themselves, but also to bring out certain 
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remarkable facts concerning the inheritance of the character determined 
by the cytoplasmic factor. By taking advantage of the differential rate 
of increase of the particles of the cytoplasmic factor in relation to the 
rate of fission of the paramecia, it became possible, on the one hand, to free 
the paramecia from the particles and so produce strains permanently 
lacking them and the character they control; and, on the other hand, to 
induce cultures which had lost the character because of considerable re¬ 
duction (but not total loss) of their particle number, to reacquire the 
normal number of cytoplasmic factor particles and the character associated 
with them. Finally a technique was devised which demonstrated that a 
single cytoplasmic factor particle in an animal is sufficient to give rise to 
the normal number of particles. 

Our knowledge of cytoplasmic factors in P. aurelia began with 
Sonnebom’s 1 investigation of the determination and inheritance of the 
character known as “killer/' Organisms of this sort alter the fluid in 
which they live so as to make it poisonous to non-killer or “sensitive" 
stocks. The full genetic analysis has been carried out only for killers of 
variety 4 of this species. This killer character depends upon the presence 
of a cytoplasmic factor termed “kappa" which is maintained and increased 
only in the proper genetic background, namely in the presence of a domi¬ 
nant gene, K. If K is replaced by its recessive allele, k, kappa disappears 
in the course of a few fissions and the resulting clone lacks the killer charac¬ 
ter; in fact, it becomes sensitive to the action of killers. If the gene K 
is reintroduced into such a sensitive, the killer character does not reappear. 
Gene K cannot initiate the production of kappa, it can only control the 
maintenance and increase of kappa when some is already present. The 
killer character can be restored to sensitives with gene K by reintroducing 
some cytoplasm from a killer during conjugation, and kappa and the re¬ 
stored character are thereafter maintained permanently during reproduc¬ 
tion. 

Four killer stocks of P. aurelia (stocks G, H t 36 and 50) have been em¬ 
ployed in this study. They all belong to variety 2, a member of the same 
group of varieties as the variety 4 reported on by Sonnebom. (For an 
account of the varieties of P. aurelia see Sonnebom and Dippell. 9 ) Variety 
2 is sexually isolated from the other varieties. Each of these four killers 
and the variety 4 killers differ in the manner in which they affect sensitive 
animals. The action of the variety 4 killers and certain of the variety 
2 killers has been described by Sonnebom. 4 * 10 

The determination and inheritance of these killer characters in variety 
2 has not been reported except for Sonnebom’s 1 remark that the observa¬ 
tions thus far made agree with the findings in variety :'4'and indicate the 
presence of cytoplasmic factors. This remark (Sonnebom, persond com 
munication) is based simply on the observation that in the Pi from a Cross 
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of stock G by stock //, the two members of each conjugant pair produced 
clones with killer characters like the parent from which they derived their 
cytoplasm. This result is comparable to Sonneborn’s 1 results in crosses 
of variety 4 killers to sensitives, in which the killer conjugant produced 
a killer clone, the sensitive conjugant a sensitive clone. In view of what 
is known further in variety 4, it therefore seems likely that cytoplasmic 
factors are also involved in the determination of the killer characters in 
variety 2. The word “kappa" will be used here as a general term to refer 
also to the various cytoplasmic factors associated with killing in variety 2. 
It is not meant to imply that these factors are identical in the various 
killer stocks. 

The Control of Killing in Variety 2 .—Soon after this study was begun a 
fundamental difference between the variety 2 and variety 4 killers became 
apparent. Killer stocks in variety 2, in striking contrast to those in 
variety 4, commonly give rise to non-killer, sensitive progeny. An in¬ 
vestigation of the factors responsible for this production of sensitives 
revealed the following: (1) When animals are fed only a small amount of 
food so that a slow rate of fission is maintained (one-half fission per day, 
for example) all stocks remain pure killer indefinitely. On the other hand, 
when more food is made available and the rate of fission is increased, 
cultures of all four killer stocks lose their ability to kill and then become 
sensitive. Loss of killing is accomplished in 6 to 8 fissions at 3 fissions per 
day. The maximum rate of fission at which the stocks can grow and 
remain pure killer is apparently greatest for stock G. (2) Non-killer and 
sensitive cultures produced in this manner will revert back to killer after 
a few days when their growth is slowed or stopped, unless the fast growth 
has been maintained beyond a certain critical point. (3) The longer and 
the faster the rapid fissions are maintained, the longer it takes the animals 
in the cultures to revert to strong killers. (4) If rapid fissions are main¬ 
tained for long enough, killing will never return. There seems to be but 
one reasonable explanation for these four facts. The hereditary basis for 
killing, kappa, fails to keep pace with the rate of growth of the animal; 
the amount per animal is progressively reduced in quantity by successive 
fissions; and finally animals are produced which have none at all. 

Estimation of the Number of Particles of Kappa and Their Rate of In - 
crease .—It should be possible to measure how long and how fast a strong 
killer has to be grown in order to rid it of kappa, and then to use this in¬ 
formation to estimate the original number of particles and their rate of 
increase. An experiment designed to supply this information was started 
by isolating 192 of the progeny of a single original killer of stock G which 
had undergone eight rapid fissions at 27°C. Every time each isolation 
underwent 4 or 5 more fissions, one animal was transferred from each culture 
and a new set of 192 isolations was made. The remaining animals in each 
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of the 192 discard cultures left from each transfer continued for about 4 
more rapid fissions when growth was suppressed to allow animals capable 
of reverting to killer to do so. It was then determined what proportion 
of each set of 192 discard cultures contained no killers. The proportion 
obtained for each set represents the proportion of isolated individuals 
which were incapable of producing killer progeny. If one assumes that 
one particle is sufficient to enable an animal to revert to killer and that 
particles are neither lost nor destroyed, then this proportion of animals 
producing no killer progeny is also the proportion of animals with no 
particles. Evidence in support of these assumptions is given in the next 
experiment. The data showed that after the original killer had under¬ 
gone 12 fissions (in 3.6 days) the proportion of the 192 animals producing 
no killer progeny was 0.01; after 16 fissions (in 4.7 days), the proportion 
was 0.245; after 21 fissions (6.2 days), 0.74; after 26 (7.7 days), 0.93; 
after 31 (9.2 days), 0.97; and after 36 (10.7 days), 0.99. 

If the distribution of the number of particles among the animals in the 
culture at any time is random, then the Poisson distribution ca n be used 
to determine the mean number of particles per animal from the observed 
proportion of animals with no particles. This can be done by making use 
of the first term of the Poisson series which relates the number of individuals 
with no particles (P 0 ) to the mean number of particles per animal (to) by 
the equation P 0 (where e is the base of natural logarithms). The 

applicability of the Poisson distribution, however, depends upon the condi¬ 
tion that kappa is distributed randomly as discrete particles. Evidence 
that this is the case will appear subsequently. To Prof. H. J. Muller of 
Indiana University the author is indebted for pointing out that a correction 
must be introduced into the Poisson series to account for the slight non¬ 
randomness introduced by the increase in number of the particles as the 
animals increase by fission. For the present, we will neglect this correc¬ 
tion, and later on consider its magnitude. After 16 fissions, when Po 
was 0.245, it can be calculated, using the relation Po * that m was 
1.4; and after 21 fissions, when Po was 0.74, m was 0.30. But in going 
from 16 fissions to 21 fissions each animal produced 32 animals and its 
mean particle number of 1.4 must have produced 0.30 X 32 ~ 9.6 par¬ 
ticles. If 1.4 partides produced 9*6 particles, then 1 partidc produced 
9.6/1.4 * 6.9 partides. So the rate of increase erf the partides may be 
expressed by saying that one particle produces 6.9 partides while the 
animals are going through 5 fissions in 1.5 days. Or it cast be converted 
and expressed as 1.9 duplications per day for the partides while the animals 
are undergoing 3.3 fissions per day. This rate can now be used to predict 
the mean number of partides and also P* for any other fission, assuming 
the rate is constant. For example, the mean can be calculated to tie 0*965 
after the 26th fission, and this leads to a value of 094 for P* as compered 
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with an observed value of 0.93. All predicted values give good agreement, 
indicating that the assumption of the constancy of the rate is valid and 
also supporting the assumption of random distribution of discrete particles 
of kappa. If one assumes that the rate of 1.9 duplications per day has been 
constant during all the fissions back to the start df the experiment, the 
number of particles in the original killer (mean number after 0 fissions) 
can be computed in a similar manner. This number varies very slightly 
with the particular method used to make the calculation, but good agree¬ 
ment is obtained with a number of 180 particles. It is considered likely 
that the rate is probably somewhat less than 1.9 for the first few fissions, 
but it is thought that the error introduced into the estimate of 180 particles 
is probably small. 

It was indicated above that an error was introduced into the calculations 
by the fact that the Poisson distribution does not fit the situation exactly. 
An approach has been made to this problem by a purely empirical method. 
A 1 ‘pencil and paper" trial was run starting with a hypothetical animal 
with 180 particles. The particles were divided at random (use was made 
of Tippett’s 11 “random sampling numbers") into two groups corresponding 
to a fission of the animal, and this was repeated for each fission. After 12, 
10, 21, etc., fissions the number with no particles was compared with the 
experimental data.. It was also necessary, of course, to increase the num¬ 
ber of particles between each fission to simulate the calculated rate of 6.9 
particles from 1, each 5 fissions (or 2.8 duplications for 5 fissions or 0.56 
duplications for 1 fission). Actually, agreement was not good when a rate 
of 1.9 duplications per day and a particle number of 180 was used, due to 
the fact that these values were calculated on the basis of the Poisson dis¬ 
tribution which is not strictly applicable. Different trials, however, 
showed excellent agreement if the rate was taken as 1.9 and the particle 
number as 256. These last values are thus considered to be the best solu¬ 
tion to the problem. 

Demonstration That a Single Particle of Kappa Is Sufficient to Enable an 
Animal to Revert to Killer .—An experiment was designed to test the as¬ 
sumption that one particle is aU that is necessary to enable an animal to 
revert to killer under conditions of arrested growth. A number of rapidly 
dividing animals were originally isolated into separate containers and 
allowed to go through various numbers of fissions ; all of the progeny of 
each original animal were kept in the container to form a culture. If the 
assumption is correct and no appreciable number of particles is lost or de¬ 
stroyed, then we Would expect that any original animal containing a par- 
tide would give rise in the culture derived from it to at least some animals 
capable pf reversion to killer. So that if, for example, 10% of the original 
animals had no particles, then 10% of the cultures would have no particles 
and hence ho animals capable of reversion. Purtitermore, this percentage 
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should be independent of the number of rapid fissions each original animal 
went through after isolation in the container. On the other hand, if more 
than one particle is necessary, then the percentage of the original animals 
giving rise to exclusively permanent sensitive progeny should increase 
as successive fissions cause the number of particles in all the progeny to 
drop below the number necessary for reversion. 

The critical experiment was done starting originally with animals of 
stock G whose number of particles had been reduced by a Series of rapid 
fissions. (These animals were obtained from a single killer which was 
allowed to go through 16 fissions at a rate of 3.3 fissions per day.) A num¬ 
ber of these original animals were then removed individually to separate 
containers and allowed to undergo different numbers of rapid fissions at a 
rate of 3 fissions per day; then growth was stopped and it was determined 
whether any of the progeny of each of the original animals reverted to killer. 
It was found that 10.9% (14 out of 128) of the original animals after 8 
rapid fissions gave rise to cultures of exclusively permanent sensitive prog¬ 
eny. And 10.2% (13 out of 127) of the original animals after 15 rapid 
fissions gave rise to exclusively permanent sensitive progeny. The fact 
that the percentage was not greater following 15 fissions than following 8 
fissions is in agreement with the assumption that one particle is sufficient 
for reversion. 

Summary and Discussion .—It has been shown that the cytoplasmic factor 
responsible for the killing phenotype in stocks of variety 2 of P. aurelia 
cannot increase as fast as the animals can be grown. By taking advantage 
of this differential growth rate it has been possible to reduce the number of 
particles of the cytoplasmic factor until the ability to kill is lost, and even 
to free animals of particles completely. Likewise, it has been established 
that animals which have been reduced to only a single particle will regain 
their normal number and become killers again when the fissions are slowed 
or stopped entirely, A study of the time and fission rate required to free 
animals of the particles has made it possible to estimate the number of 
particles as approximately 256 in one particular individual and also to 
calculate that the duplication rate of the particles was about L9 times per 
day while the paramecia were dividing 3.3 times per day. 

It has been noted that the variety 4 killers never lose their killing power 
no matter how fast they are grown, as was pointed out by Sonnebom. 2 
This is an important difference between the two varieties. 

Sonnebom 2 * 2 has discussed the possibility that the cytoplasmic factor, 
kappa, is bound to the gene K in the macronucleus where it is reproduced 
as a part of the gene. He has also considered that it can only pass from 
the nucleus into the cytoplasm at nuclear reorganization when the macro- 
nucleus breaks down. The reduction in number of particles by rapid 
growth described here for variety 2 is not in agreement with this view as 
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Stated for variety 4, for in variety 2 the particles can be removed from the 
animals without the occurrence of macromiclear breakdown. In order 
to make this hypothesis fit the variety 2 situation the assumption would 
have to be made that in variety 2, unlike variety 4, the particles readily 
dissociate from the macronudeus and pass into the cytoplasm during 
vegetative reproduction/ 

L’H6ritier and Tessier 6 - 7 have reported on a “genoid” or cytoplasmic 
factor determining sensitivity to carbon dioxide in Drosophila. L‘H6ritier 
and Sigot 8 have shown that when small amounts of the cytoplasmic factor 
are introduced along with the sperm into the egg at fertilization, the in¬ 
hibitory effect of extreme temperature reduces the rate of increase of the 
cytoplasmic'factor to less than the division rate of the embryonic cells. 
They have shown that this results in the production of many cells lacking 
the cytoplasmic factor. This situation is remarkably similar to the re¬ 
duction of the number of particles of the cytoplasmic factor in the variety 
2 killers which was also accomplished by differential growth rates. 

The behavior of the cytoplasmic factor described here calls attention 
to the significant fact that self reproducing cytoplasmic components may 
not increase at a rate strictly correlated with the growth rate of the cdl. 
They may increase faster or slower, depending upon conditions. This 
cannot only cause a great variation in the amount of these components 
and their associated effects, but it can even result in their complete and 
permanent loss. 

I am most grateful to Dr. T. M. Sonneborn for his invaluable suggestions 
and to his staff for technical assistance. 
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ON THE SINGULAR SOLUTIONS OF CERTAIN DIFFERENTIAL 

EQUATIONS OF THE SECOND ORDER 

By J. F. Ritt 

Department of Mathematics, Columbia University 
Communicated August 28, 1946 
L We consider a differential equation of the form 

E(y\ y>x) -.0 , (1) 

in which F is a polynomial in y v and y whose coefficients are functions of 
x which are analytic in some area. We assume F to be algebraically 
irreducible in a given differential field containing its coefficients. The 
singular solutions of (1) are those which annul dF/dy*. In studying a 
singular solution, it is legitimate to assume the solution to be given by 
y » 0. In the particular case in which y * 0 does not belong to the 
general solution of (1), F , considered as a polynomial in y" and y, contains 
a term in y alone, that is, a term free of y", which is of lower degree than 
every other term of F. 1 If then we solve (1) for y” as a function of x and 
y for the neighborhood of y ** 0, we obtain a set of expansions for y* of 
the type 

■ y' « £ a t (x)/ p+i)/r , . (2) 

i **0 

•v 

where, in each expansion, p and r are positive integers with p < r and 
ao(x) is not identically zero. Naturally, p and r may be different for 
different expansions of the set. 

Adopting now a more general point of view, we start with a differential 
equation given by (2), with the second member a series as just described, 
not necessarily derived from an algebraic differential equation. It is finder* 
stood then that p and. r axe positive integers with p < r and that, a repre¬ 
senting y 1/T t the second niember is analytic in x and v at some point x — 
d, v ,*■. 0, Without loss of generality, we assume that, a *• 0 and that 
4X0 
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We are going to show that y ^ 0 is an envelope of two one-parameter 
families of solutions of {2), in general distinct from each other , but coincident 
in a very special case . Where a curve of one of the families contacts y » 0, 
the curvature of the curve is zero. 

The problem treated here may be considered as coming under the theory 
of the movable singularities of a pair of equations of the first order Malm- 
quist 2 has written on this question, but his procedure does not lead to the 
result presented here. 

2. We shall assume that p + r is even. Where this is not so at the 
start, it can be brought about by doubling the numerators and denomi¬ 
nators in all exponents. On the other hand, we assume that, if, in the 
exponents effectively present, the numerators all have a factor greater 
than unity in common with r , that factor is 2 and (p + r )/2 is odd. 

We are going to find two differential equations 
■ 

/ - f &(*)y #+0/ ' (3> 

$m0 

with q « (p + r)/2, whose solutions are solutions of (2) For the solution 
of an equation (3) which vanishes at x « c, an expansion in powers of 
x — c is found by putting y «* if in (3) and then considering x as a function 
of v. The existence theorem gives an expansion for x in terms of v which 
is readily inverted to give 

y m £ At(c)(x - (4) 

i-0 

As r/(r — q) ** 2 r/(r — p) > 2 , the solution y «■ 0 of ( 2 ) is seen to be an 
envelope of the solutions of (3), For x c, the first and second derivatives 
of y in ( 4 ) are zero. 

3. We must equate the second member of (2) t 6 

£ 0,'y { * +i)/r + r-»[£ (q + i)^ a ~ r+i)/, T £ P ( y it+i)/, \ (5) 

We put h^q — p — r — q. From (2) and (5), we obtain equations for 
the which change in form when i reaches the value h. 

We have 


0 o 2 “ rq- l ota, fafc » r(2q + (6) 

For ap even value of i less than h, with i 2j, 

2m + 2Mt-i + ... + 20 ,- 10^1 + 0 ,* - 2r(2q + i)~W (7) 
For an odd value of i less than h, with i ** 2j — l, 

20 o 0 ( + 2010J-1 + • • • + 20^10, *■ 2r{2q 4 * f)" 1 ***. ($) 
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For i * h -f t with’ < ^0, 

+ • • • ■“ 2r(2j + A + 0“*(<#*+« ** £/)* (9) 

These equations determine the ft in succession. We obtain two equa¬ 
tions (3). In the special case in which the a { are all constants, the second 
members of the two equations will be negatives of each other, for the 
0/ in (9) will all be zero. 8 If, in addition, r is even, the two second mem¬ 
bers, under the assumption that they are convergent, can be seen to rep¬ 
resent the same r -valued function. 

It remains to be proved that the second members of the equations (3) 
are convergent in the neighborhood of x * y » 0. This we do by a 
majorant process. 

4. We write (2) in the form 

y = /(*» v) . (io) 

with i' = y x/r ■ Under the substitution x «= ax u y = b'yi, v = bv\, with 
a and b constants, (10) goes over into 

yi* “ a z b~*f(axu bv L ). 

We may take a and b as small as we please. It is thus legitimate to assume 
that/(#, t) is analytic for \x\ £ 1, |t>| £ 1 and that a 0 (#) in (2) is distinct 
from zero for |x| £ 1. The region of analyticity of f(x, v) gives that 
function a majorant of the form 

Mv*( 1 — x)~ l (1 — 

We shall take M so that M 1. Each ot)(x) in (2) will have M( 1 — x)“ l 
as a majorant. Then, a fortiori , iorj ^ 2, aj will have M( 1 — x) 2 “^ as 
a majorant. 

From (6) we see that Po(x) is analytic, and distinct from zero, for \x\ £ 1. 
We may thus suppose M to be such that l/Po(x) has M{1 — ac)" 1 for ma¬ 
jorant. We shall suppose also that fa* and ft have M{ 1 — x)~ l for ma- 

H ■ 

jorant. 

5. We now consider the equation for an unknown function u 

«* + 4ry(l - + 4r(l - x) a ~* k y 1+it/r \M + M~ l ) - 

Af-»(1 — x)*yr r - 2M£y<* 4+,+1Vr (l - x)-* { . (11) 
We seek a solution of (11) in the form 

«- f 7(wy^ o/f . (i2) 

We 'find that 70 * “ ■’*(1 — x) a and that, for 0 < * <<k, 

, ■ L ' < ' 

: 2yt,y t + , .1 - -2Af(i - xy a ~**. 
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We let 7 o ■ — Af~ x (l " x ) and find for 7 * the equation 

2707 * + ... “ — (2 + 4r)Af(l — x) 2 “ 2 \ 

For 7 *+ ( with t > 0, we find 

2 W *+, + ... - -2M(1 - *)-«*+'-» - 4ry,(\ - x) 1 "” 

The first member of the equation for any 7 * is obtained by replacing ft 
by 7 everywhere in the first member of the equation for the corresponding 

A* 

For every j ^ 1 , we find that 7 , * c*(l — with c^a positive con¬ 

stant. We have 

71 * Jlf*(l - *)-i or 71 « (1 + 2r)M a (l - *)~ l 

according as A > 1 or A « 1. In any case, because M(1 — is a ma¬ 

jorant for ft and Jlf ^ 1 , it follows that 71 is a majorant for ft. 

Suppose that A > 2 , We compare ft and 72 . As 2 g * p + r, we have 
2r/(2q + 2) < 2. Using the fact that M(1 — a )*" 1 is a majorant for 
1 /ft, we find 72 to be a majorant for ft. Continuing, we find y t to be a 
majorant for ft for i « 1 , ..k — 1 . 

Let us compare ft and 7 * for A > 1 . We have arranged so that M( 1 — 
ac)~ l is a majorant for ft'. In addition, 4r > 2 rj (2 q + A). It follows that 
7 * is a majorant for ft when A > 1 . We already know this to be true for 
A « 1. 

We now carry out an induction, using any A > 0* Let t be any positive 
integer. Let us suppose that 7 *+/ is a majorant for ft+* for j «* 0, .. 

/ — 1. We shall prove that y h + t is a majorant for ft** 

We know that y t is a majorant for ft. As y t » c f (l — tf) 1 "* 21 , we see 
that 

(2 1 *— l)7i(l ** 

is a majorant for ft'. Because 

4 > 2(2/ — \){2q + h + t)~\ 

it follows that 7 *+ ( is a majorant for ft +l * 

As (11) is merely a quadratic equation for u, the series (12) which we 
have obtained represents a function of x and v which is analytic for x ** 
v « 0. The same is then true for the second member of (3). 

1 Ritt, Ann. Malh. t 37, 562 (1036). 

* Sur Us points singulars des Equations diffirentielUs, Afkiv mat., astr.fysik t T7 (1021). 
9 When the <*t are constants, the series in (3) are merely square roots of twice the 
integral with respect to y of the series in (2). 
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FINITELY ADDITIVE SET FUNCTIONS AND STOCHASTIC 

PROCESSES 

By S. Bochner 

Department of Mathematics* Princeton University 
Communicated September 9, 1946 

We will randomize finitely additive set functions and in this way obtain 
a general type of stochastic process which includes most processes known, 
discrete or subdivisible. From our approach it is very easy to form 
Stiel tjes-i ntegrals with random functions of unbounded variation in con¬ 
nection with a new concept of stability; and to interpret Fourier analysis 
of random functions as an isomorphic replacement of one stochastic process 
by another equivalent one; usually, but not necessarily, of a continuous 
process by a discrete one. 

At first assume that a probability is already given. We thus have at 
our disposal all Lebesgue measurable (almost everywhere) functions /(X) 
on a measure space {X} of total measure 1. Now take an arbitrary point 
set S and a collection of its subsets {£}. The collection shall be a comple¬ 
mented lattice B . With each E we associate one of our random functions 
/(£; X) and we assume that for E h ...,£* disjoint we have 

f(Ex + £*+...; X) - /(£,; X) + ... + /(£.; X) 

almost everywhere. Such a function /(£; X) we consider to be a stochastic 
phenomenon . For instance, any sequence /»(X), n « 1, ..., is such a 
phenomenon, if 5 is the sequence (1,2, .,.) and £ is an arbitrary finite 
subsequence with F(£; X) ” /** + ... + /**. In this “discrete" case, 
the complemented lattice B is not also a Boolean algebra which contains 
S itself; if it were so, then this would roughly correspond to a process of 
finite duration, which an unending sequence usually is not. 

A partition 5 shall be any finite number of disjoint elements £i, ...,£* 
of B. A second partition S' ** (E m l ) is a subpartition of 5, S' > 8, if each 
£* is a union of one or several Em 1 , with perhaps some £»* left over al¬ 
together. With each 8 we associate the joint distribution function of the 
n functions y k ** /(£*; X), k * 1, ...» n, and we introduce the 
n-dimensional Fourier transform (characteristic function) of that dis¬ 
tribution, denoting the characteristic function by 

.... «•). (*) 

Now, if S' > 8, then the function tp^a) arises from by a certain 

inverse transformation 

“* h l fj 
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in which each c m is either 0 or 1. These transformations constitute 
consistency conditions. 

Now, conversely, we start from S and B, and we take any directed set 
of partitions {6}, no matter how small or how large, and we assume that 
corresponding to those partitions there exists a family of characteristic 
functions (*) which are so consistent. Then, following Kolmogoroff, 
it can be shown that there exists a measure space (X} and a stochastic phe¬ 
nomenon f(E; X) which is compatible with (*). For that reason, we look 
upon any collection of functions (*) of the stated description as a stochastic 
process as such, and on any corresponding function f(E; X) as its phenom¬ 
enological realization. 

A homogeneous process arises if there exists an additive weight (measure) 
n(E) on B —not to be confused with the probability measure on {X(—and 
a function p(<x) such that 


ipi(au . • < Xn ) “ njLi exp ( — tx(E,)\l/(ot y )). 

Wiener's differential space arises if p(a) = a 2 , and a more general Levy- 
space arises if p(a) « a| ff , 0 < q < 2. Wiener has shown that, in his 
case, f(E; X) has unbounded variation on B for almost all X. We show 
that this also holds for 1 < q < 2, thus in particular also for the Cauchy 
distribution q *= 1, but that for 0 < q < 1 almost all X do have bounded 
variation. 

As soon as a weight fx{E) exists, even if the process is not homogeneous, 
and if it has a (r-extension, we can define on S numerical L p -functions 
relative to m(E), for p > 1. For a step function h(x), the Stieltjes integral 

f (X) - f s h(x)dF(E; X) 


is defined as a finite sum, and we say that our process is I^-stable, p > 1» 
if for any sequence of step functions which converge in Lp-horm, the 
integral converges in measure. If mCE) is bounded on B, then Wiener 
space is stable for every p > 2, and Levy space for p > max. (1,2). This 
is no longer so for unbounded n{E)> that is, for a process of infinite dura¬ 
tion; however, even then the space is still Z ff -stable, q > 1, and there are 
many ^-stable processes which are not even homogeneous. 

If \h n (x )} is a complete orthogonal system on S we can form the 
expansion 


df (x, X) 
d s 


~ 2 /*(X)A n (a;), 


where /*(X) « J*h n df f and the sequence of random variable {/*(X)} can be 
interpreted as a new discrete stochastic phenomenon, whose underlying 
process is a dual to the original one* Thus, in particular, a time-limited 
subdivisible differential (Wiener) space is dualised into another differential 



Vol. 32, 1946 


GENETICS: F. J . KK47Y, £r,4L. 


261 


space, the dual being a discrete one. However, for infinite duration the 
dualism is a self-dualism in the following sense. 

A Wiener differential process on the half line 0 < x < °° is its own cosine 
and sine transform , as a process. 

Finally from our approach we are able to analyze Khintchine’s stationary 
processes very systematically, although none of the results can be strictly 
new, since these processes are more or less included in the theory of Hilbert 
space. 

A full account will appear in another journal. 


MUTATIONS INVOLVING THE REQUIREMENT OF URACIL IN 

CLOSTRIDIUM* 

By Francis J. Ryan, Lillian K. Schneider and R. Ballentine 

p j 

Department of Zoology, Columbia University 
Communicated September 13, 1946 

Some of the variations which occur during the growth of bacteria are 
due to the selection of types which arise at random by mutation. In the 
case of resistance to phage 1 and radiations 2 in Escherichia coli and penicillin 
resistance in Staphylococcus aureus 3 these changes behave like genic muta¬ 
tions in that there is a finite probability for each individual bacterium to 
undergo an hereditary change in the course of its lifetime. These changes 
are not induced by the unfavorable agents but occur in their absence. 
Phage radiation and penicillin simply select those resistant organisms which 
arise at random. With respect to nutritional requirements the demon¬ 
stration of the genic nature of mutation is not so clear. Roepke, et al.f 
found that mutants of E, coli with specific growth factor requirements 
appeared after x-radiation. However, they were unable to attribute the 
changes to the x-radiation because of the incidence of spontaneous muta¬ 
tions. This was also the experience of Gray and Tatum 6 with E. coli but 
these authors showed that growth factor deficiencies were induced in 
Acetobacter melanogenum by x-radiation. Later, when more material 
was available, Tatum 6 was able to show that x-radiation significantly raised 
the frequency of nutritional mutants in E. coli. By analogy with the 
production of biochemical mutations in Neuro$pora f 7 a sexual organism, 
the latter authors suggest that biosyntheses in bacteria are controlled by 
specific genes. We have been able to show that a strain of Clostridium 
septicum mutates to a condition where it is no longer able to synthesize 
the pyrimidine, uracil, but requires it in the medium for growth. Con¬ 
versely, the uracil-dependent strain mutates to a state where uracil is 
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synthesized and need not be supplied. These mutations occur throughout 
the growth of the culture and even in the presence of uracil. Thus, these 
changes in nutritional requirement satisfy criteria for gene mutation which 
can be tested in an organism in which sexual reproduction has not been 
demonstrated. 

Strain 59 Li of Cl. septicum will grow in a chemically defined medium 
which contains salts, sugar, purified Bacto-casamino acids, glutamine, 
tryptophane, cystine, cysteine hydrochloride and the vitamins panto¬ 
thenic acid, nicotinic acid, pyridoxine, thiamin and biotin. 8 However, 
on this basal medium we found growth to be erratic and inconsistent among 
similar tubes in the same experiment. 9 The time of initiation of growth 
varied considerably and not infrequently growth failed to occur (table 1). 

TABLE 1 

Variation in the Onset or Growth of Strain 59 Li on Chemically Defined Medium 

APPEARANCE * OP CULTURE® AT VARIOUS HOTTER AFTER INOCULATION 


TUBE 

1 

2 

8 

22 

34 

SI 


— 

4* 

>s|** 

3 

A 

— 

— 

««|w 

■ i|hii ^|ipi 

*t 

5 

— 

4* 

4*4-4* 


6 

— 

w|l «|»* 

4 , 4*4* 

laja* 

7 

— 

4- 

4-+ + 

4*4*4* 

8 

— 

■jv wjw 

pj'S ^ 

4*4*4- 

9 

— 

4* 

4*4*4* 

+4*4* 

10 

— 

— 

+ 

4*4-4- 

11 

— 

— 

— 

* 

12 

* 

— 




* — designates no growth; increasing densities of bacteria are represented by +» 
+4* and ++4** 

But when growth did occur, irrespective of when it started, the rate of 
growth during the logarithmic phase and the final crop off bacteria were 
the same in similar tubes. The average time for one generation to be 
produced during the logarithmic phase of growth was 80 * 4(v„) minutes. 
After growth was complete the cultures contained on an average 13.0 * 
1.0 mg. of bacterial nitrogen per 100 ml. 

It was found that this variation in the lag period could be eliminated by 
the addition to the medium of the pyrimidine, uracil, 

HN—CO 

I I 

OC CH 

I II ■ 

, " HN—CH . 
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or to a lesser extent by its related purine, xanthine, 

HN—-CO 

OC C—NH\„„ ' 

i ii y* 

(table 2). . In the presence of an optimum concentration of 10 7 per ml. of 
uracil growth was completed in every case and generally in less than 18 
hours. The rate of growth and the yield of bacteria were the same in the 
presence as in the absence of uracil (table 3). The role of uracil is in the 
reduction of the length of the lag phase and in the assurance that growth 
will occur. 


table 2 

The Time in Hours Required bv Strain 59 Li to Rbach Almost Complete Growth 
(+- f+) in the Presence op Different Combinations of Pxjrinbs and Pyrimidines, 
Each Present in the Concentration of 5 y per Ml. Each Time Is the Average 

Obtained from 3 to 8 Cultures 



0 

ADR NINE 

GUANIJfV 

XANTKTNI 

URACIL 

XASTKNB 

UKACtL 

OOAMXMR 

URACIL 

XANTUNB 

OUANIMB 

0 

43 

66 

43 

30 

21 

* * 

• * 

* a 

Adenine 

* * 

II 1 

37 

76 

37 

17 

33 

72 

Guanine 

* * 

* 4 

* * 

39 

25 

24 

* * 

* t 

Xanthine 

■m * 

* m 

t a 

■ i 

19 

■ t 

24 

* • 

Uracil 

t a 

* 4 

t a 

• a < 

* * 

• * 

• * 

24 


TABLE 3 

The Effect op Uracil on the Growth of Uracil-Dependent Strain, 59 Li B 


VIAOL, 

t/ul. 

KXHUTB8 TO 2 MO. 
NITROOBN * AVERAGE 

GENERATION 

MO. NITROGEN 

OBVIATION 

TIMS, MINUTES 

AFTER 48 HOURS 

0 

1630 - 600* 

' 79 

12.0 

10 

800 * 182 

78 

12.5 


* This figure is the average of observations on six cultures from two different experi¬ 
ments. Of the remaining tubes in the first experiment, one grew during the third day 
after inoculation, one during the fourth day and three had not grown on the fifth day 
when they were discarded. In the second experiment, one culture grew during the fourth 
day, one during the fifth and one, which had not grown, was discarded on the fifth day. 
None of these very long lag periods were included in the average. 

One explanation of this phenomenon involves the assumption that a 
culture of strain 59 Li of Cl. septicum contains two types of organisms, one 
type requiring uracil in the medium and the other being independent of 
an external supply of uracil. The two types arise from one another by 
mutation. An inoculum of attain 59 Li, therefore, may contain some 
uracil-independent organisms. If this number is huge, the inoculum on 



264 


GENETICS: F. J. RYAN, ET AL. 


Prog. N. A. S. 


out minimal medium will grow up rapidly; if small, growth will start slowly. 
If there are no uracil-independent organisms the inoculum will not grow 
unless one or more of its members mutates. Verification of this hypothesis 
demands a demonstration of the two types of bacteria and their origin by 
mutation. 

A culture of 59 Li which, after a lag period of variable length, has grown 
on medium devoid of uracil will contain, on this basis, at least a reasonably 
large number .of uracil-independent bacteria. An inoculum from such a 
culture proved to be independent of uracil on our basal medium and upon 
repeated transfer showed regular growth and a short lag period. This 
uracil-independent strain was plated on blood-agar and thirteen single 
colonies were isolated. All of these new strains behaved like their parent 
and grew regularly and rapidly in the absence of uracil. Indeed the 
addition of 10 7 per ml. of uracil to the medium on which one of these 
strains, 59 Li A, was grown was without effect (table 4). Therefore, the 
independent component of strain 59 Li has been identified. 

TABLE 4 


The Effect of Uracil on the Growth of Uracil-Indeprndbnt Strain, 59 Li A 


URAClt., 

t/mL. 


MINUTES TO 2 MO. 
NITROGEN AVERAGE 
DEVIATION 


GENERATION MO. NITROGEN 

TIME, MINUTES AFTER 48 HOURS 


0 690 * 40 69 

10 739 * 40 62 


14.9 

14.5 


The dependent component has also been recovered in the form of single 
colony isolates obtained from blood-agar plates of strain 59 Li. Of 23 
such isolates 7 were dependent. These dependent strains behaved in their 
growth like the parent, 59 Li. Growth was erratic in the absence of uracil 
but regular in its presence. The fact that these dependent strains grew 
at all in the absence of uracil must have been due to the presence of some 
uracil-independent organisms. Since each of these dependent strains 
was isolated from a single colony their dual composition resulted from 
mutation of one type to the other—probably from dependence to inde¬ 
pendence. This mutation could have occurred during growth or in the 
spore stage in egg-meat medium, during growth of the inoculum in com¬ 
plete medium or while the inoculum was suspended in the uracil-free 
medium.* The erratic nature of the lag period could have been due to a 
variation in the number of independent organisms in the inoculum or to a 
variation in the time at which mutation occurred in the uracil-free medium. 
One of the new dependent strains, 59 Li B , 10 was itself plated onto blood- 
agar. Isolation of single colonies yielded 2 strains which were uracil- 
dependent and 4 which were independent of uracil. Consequently, both 
types of cells were present in a culture not many generations from isolation 
as a single colony. Since care was taken to isolate well-separated colonies 
in single spherical zones of hemolysis on the blood-agar plates, since even 
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after repeated plating all of the dependent strains developed independence 
of uracil and since microscopic observation showed that agar did not cause 
a clumping of bacteria, it is unlikely that any colony arose from more than 
one organism. 

Conversely when the new independent strain, 59 Li A t was plated onto 
blood-agar, 1 of 64 isolated strains proved to be uracil-dependent. This 
strain must have arisen by mutation from a uracil-independent organism 
and when replated gave rise to both uracil-dependent and uracil-inde- 

FIGVRB 1 

Changes in the Uracil Requirement of Clostridium septicum 

59 Li DEP.-► INDEP. 

/ \ i 

INDEP. <- DEP. INDEP. INDEP. 

(66 Li B) (59 Li A) 

/ \ / \ 

INDEP. <- DEP. INDEP. INDEP. <-DEP. INDEP. 


INDEP. <-DEP. INDEP. 



INDEP. «-DEP. INDEP. 

A 

INDEP.«-DEP. INDEP. 

(S9 Li C) 



represent the eventual growth of some inocula from.a uracil-dependent 
. ■> strain on uracil-free medium. 


represent plating in the presence of uracil. 


pendent strains. This repeated plating of dependent organisms was carried 
out two more times with the same results, making it highly improbable 
that the dependent colonies arose from more than one organism. A sum¬ 
mary of these isolations is given in figure 1. 

The dual compositions of the dependent and independent strains must 
have resulted from the mutation of one type to the other. Thus the 
demands of the hypothesis have been fulfilled. The uracil-independent 
bacteria mutate to uracil-dependence and the uracil-dependent bacteria 
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mutate to a condition in which they are independent of uracil. This 
would account for the sudden growth which sometimes occurs in uracil- 
free medium after a period as long as 5 days. In an organism with a 
logarithmic generation time of about 80 minutes and where only about 10 
generations need occur between the inoculum and final growth, 5 days 
seems an unreasonably long lag period on any other basis. However, we 
have attempted and failed to demonstrate that mutations occur while the 
bacteria are suspended in uracil-free medium. 

The chance that a mutation will occur in a culture is a function of the 
number of organisms present. In a very small inoculum of dependent cells 
suspended in uracil-free medium, mutation, and hence growth of the cul¬ 
ture, should be a very rare event. On the other hand in the presence of 
uracil such small inocula should grow regularly. Consequently, the be¬ 
havior of uracil-dependent inocula of various sizes was studied in the ab¬ 
sence and presence of uracil. When the inoculum was large and contained 
about 10* organisms or more (washed free of uracil by centrifuging and re¬ 
suspending in uracil-free medium three times) growth took place regularly 
and rapidly both in the presence and in the absence of uracil. When the 
inoculum contained between 10 s and 10* organisms, although growth was 
rapid and consistent in the presence of uracil, in its absence growth was as 
variable as that shown in table 1. The number of organisms contained in 
the loop inocula which we routinely used is about 10*. When the inoculum 
size is as small as 10* organisms growth fails to occur not only in the ab¬ 
sence of uracil but also in its presence, Apparently in the large inoculum 
there was a sufficiently large number of uracil-independent organisms to 
permit rapid growth. As the size of the inoculum decreases this number 
becomes so small that the time of onset of growth from tube to tube is 
variable. This variability seems to be a consequence of the number of 
uracil-independent cells already in the inoculum and not, at least in most 
cases, upon mutation in organisms suspended in the uracil-free medium. 

However, there is one major difficulty with the application of this inter¬ 
pretation by itself—the proportion of uracil-independent organisms in a 
uracil-dependent inoculum is too high. A summary of the proportions of 
two types of organisms in dependent inocula determined by isolations from 
the platings described in figure 1 indicate that 68% of the cells were uracil 
independent (70 out of 103). In other determinations the likely average 
proportion of uracil-independent organisms was 77%. It may be as low 
as 60% or as high as 100%. In the latter case growth in uracil-free me¬ 
dium would be regular and rapid, an event Which rarely but definitely does 
occur with some inocula. Although these inocula are not dependent them¬ 
selves they are derived from stock cultures of spares in egg-meat medium 
which previously and subsequently yielded uradl-dependeht inocula. In 
view of the high average proportion of uracil-independent organisms in 
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uracil-dependent cultures it is difficult to understand how inocula con¬ 
taining about 10* cells would vary sufficiently to account for the observed 
variation in the onset of growth in uracil-free medium, especially when the 
lag may sometimes be as long as 5 days. 

Undoubtedly some other factor is involved in the variation in the onset 
of growth. It is probably the result of the fact that our usual inoculum of 
10* cells is too close to the minimum size. The fact that there is a minimum 
inoculum size of more than one organism indicates that our chemically de¬ 
fined medium is not optimum. A certain number of cells must be present 
to modify the medium and permit growth. In a small inoculum where the 
cells are in dilute suspension there may be too slow a synthesis or too 
rapid a loss of some essential substance. Be that as it may, we occasion¬ 
ally do not provide enough uracil-independent cells for growth to occur. 
At other times the marginal number of uracil-independent organisms in 
the inoculum may recover and grow after a variable interval in uracil-free 
medium. On the other hand, in rare instances, even with an inoculum of 
about 10* organisms, the dependent strain will grow up rapidly in a series 
of tubes containing uracil-free medium, although on further test the strain 
will prove to be dependent. Presumably in such cases the inoculum con- * 
tained close to 100% independent cells. Although the proportion of in¬ 
dependent organisms and, perhaps, mutation to uracil-independence are 
involved in the variation in the onset of growth, the major factor is prob¬ 
ably the absolute number of uracil-independent organisms in the inoculum. 

Regardless of the role that mutations in uracil requirement play in the 
variable growth of CL septicum their properties are in themselves interest¬ 
ing. The organism is able to undergo a reversible change in its ability to 
synthesize uracil. If we assume that there is no selection in favor of 
either of the two types of organisms when together in the presence of 
uracil, we may conclude on the basis of the frequencies of the two types 
that mutations to uracil-dependence are much less frequent than mutations 
to uracil-independence. The equilibrium proportions seem to involve a 
preponderance of uracil-independent organisms. About 98% (03 out of 
64) of the isolates from platings of 59 Li A were uracil-independent. An 
independent determination of the proportion was made by comparing the 
number of organisms from the same culture which would form colonies in 
the presence of uracil, with the number which formed colonies in its ab¬ 
sence. Ten cultures were examined and again 98% of the organisms were 
uracil-independent. When determined by this method cultures derived 
from dependent strains and grown to completion contained about 77% 
uracil-independent cells. Isolate counts indicated the presence of about 
4)8% independent organisms. Judging from these proportions equilibrium 
must nearly be attained during the growth of the inoculum to completion. 
The equilibrium may sometimes be achieved in the stock culture in egg- 
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meat medium. Some cultures when tested within a few days after they 
were established from isolates may prove to be dependent upon uracil. 
But after a week or longer they may contain a proportion of uracil-inde¬ 
pendent cells so large as to yield inocula which grow rapidly and regularly 
in the absence of uracil. Other stock cultures remained uracil-dependent 
for periods of many months on egg-meat medium where the equilibrium 
proportion apparently was not achieved. Frequently as many as 5 serial 
transfers of some uracil-dependent strains on chemically defined medium 
containing uracil did not result in the assumption of equilibrium. This 
behavior (due to mutation rates or selection) is probably a function of 
variability among the organisms, but it is poorly understood. 

By means of a statistical procedure devised by Luria and Delbriick 1 it 
is possible to discriminate between the random and the induced nature of 
these mutations. This procedure is based upon the clonal mode of repro¬ 
duction in bacteria. A mutation occurring early in the growth of a culture 
will be represented at final growth by more mutant organisms than ' ill 
represent a later mutation (i.e,, assuming no selection). If the mutations 
are * ‘spontaneous/ * and have a given chance of occurring per organism per 
unit time throughout the growth of the culture, a great deal of variation 
in the proportion of mutants from culture to culture would be expected at 
final growth. On the other hand, if the mutations are induced and each 
bacterium has a given chance of responding by mutation to the testing 
conditions, similar proportions of mutants should be found from culture to 
culture. To test the applicability of these two interpretations of mutation 
comparisons can be made between the variation in the proportions of mu¬ 
tants in a series of different cultures with the variation in a series of samples 
from the same culture. 

When this method is applied to organisms mutating to a complete re¬ 
quirement for some growth factor, only mutations in the presence of that 
growth factor can be studied, for unless the factor is supplied by the in¬ 
vestigator or excreted into the medium during the growth of the growth- 
factor-independent cells the mutant organisms will not duplicate. The 
infrequent occurrence of uracil-dependent mutants in our cultures may 
have been due to spontaneous mutations in the presence of uracil although 
the frequency with which they occurred was too small to enable demon¬ 
stration of this. On the other hand mutation from uracil-dependence to 
uracil-independence seems to be very rapid. Dependent cultures derived 
from freshly isolated colonies contain a majority of uracil-independent 
organisms. Nothing is known of the role of selection between the two 
types of cells although by itself one independent strain grew faster and 
farther than a dependent strain (tables 3 and 4). The study of mutation 
to uracil-independence must also, of course, be made on cultures grown in 
medium-containing uracil. 
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The testing medium, on the other hand, since it is to contain no uracil, 
must have a chemically defined composition* We have found it very 
difficult to secure reproducible data when colony counts were made of pour 
plates containing our chemically defined medium in agar. 8 Therefore 
recourse was had to the use of 0.15% semisolid agar medium in test tubes. 
The colonies formed in such a loose gel were easy to count and perhaps be¬ 
cause of the depth of medium the proper anaerobic conditions were main¬ 
tained to sdlow for consistent results at several dilutions. A uracil-de¬ 
pendent strain of Cl. septicum, 59 Li C, was diluted with medium to which 
uracil had been added to contain about 10 3 cells per 2 ml. Ten 2-ml. lots 
of this suspension were incubated until growth was complete. Then from 
each of 9 tubes a 0.1-ml. sample was taken and added to 100 ml. of medium 
devoid of uracil. From the tenth 2-ml. tube nine 0.1-ml. samples were re¬ 
moved and likewise diluted to 100 ml. From each of these dilutions 1 ml. 
was taken and added to 9 ml. of semisolid agar medium containing 10 
7 uracil per ml. in test tubes. From each of these 1 ml. of the mixed sus¬ 
pension was removed and added to another 9 ml. of semisolid agar plus 
uracil. This procedure was repeated until semisolid agar tubes were ob¬ 
tained containing dilutions between 10~~ 8 and 10” 7 . From the last series 
of tubes 1 ml. was discarded. A similar series of dilutions was made from 
each of the original 100-ml. dilutions in semisolid agar tubes containing 
medium devoid of uracil. After 24 hours’ incubation the cells, which 
were separated by careful mixing, had formed discrete colonies which were 
counted. The results are shown in table 5. 

There is a 0.24 probability that the distribution of proportions of uracil- 
independent bacteria among the 9 samples taken from the single tube was 
due to chance variation such as sampling error. On the other hand, 
there is only a 0.007 probability that the distribution of proportions among 
the 9 separate tubes has a similar cause. More probably the fluctuations 
from tube to tube reflect the distribution of mutations at different times 
during the growth of the culture. In this experiment it was impossible to 
start the growth with an inoculum of purely uracil-dependent organisms. 
Hence the differences from culture to culture are obscured by. the uracil- 
independent organisms already present in the inoculum and the variation 
although larger than the sampling error is less than that observed in other 
instances. 1 * 3 * 8 

Hence/it appears as though mutations to uracil-independence occurred 
throughout the growth of uracil-dependent cultures in the presence of 
uracil (although not necessarily at random). These mutations were 
selected for and not induced by the absence of uracil in the testing medium. 
In our studies on the back-mutation of strains of E. coli which have been 
induced by radiation to require various amino acids for growth we have 
been able to demonstrate a similar spontaneity of mutation. In the case 
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of some strains of E. colt where there is no selection for or against the mutant 
organisms and where the frequency of mutations in a full grown culture is 
so small as to permit the preparation of inocula which contain no inde- 
pendent organisms, the variance from culture to culture is enormous and 
may be hundreds of times the mean. These studies will be reported else* 
where. 


TABLE 6 

. ... ' 

Proportion of Uracil-Independent Bacteria in Samples prom Different 
Cultures, and in Samples from a Single Culture 

.—SAMPLES PRO ¥ DIPPBKBNT CUlTVXBt— .—lAMPUM FROM A BINOU CVI.TUHR—« 


BAKTLI 

HUMBKK 

TOTAL 

NUMBBX 

OF OX* 
GANI8M8 
FXX 
BAMFLX 

X V* X 
itr* 

NUMB** 

OF UXACtL* 
XNDB* 
PBNDBXT 

oxoAHiaua 

Fax 

BAMPLB 

X V» X 
itr» 

PBXCBNTAGB 

UBACXL~IN* 

dkprndvnt 

oxgamtomb 

PXX BAMFLX 

BAMPLB 
NUMB BX 

TOTAL 
NUMBBX 
OF OK* 
OANXBMB 

fbx 

BAMFLX, 

X Vtt X 
io~» 

NUMBBK 
OF UXAOL- 
IND&- 
FBNDBNT 
OKQANXBMS 
FBX 

BAMPLB, 

X 1C^” x 

FBKCBNTAOB 
UXACIL-IN* 
1>BPBNI>BNT 
OXOANtBMB 
FBX BAMFLX 

1 

0.06 

0.05 

83 

11 

28 

23 

82 

2 

10 

7 

70 

12 

28 

28 

100 

3 

15 

10 

67 ' 

13 

46 

35 

76 

4 

16 

15 

94 

14 

48 

42 

88 

5 

3 

2.3 

77 

15 

30 

21 

70 

6 

3.1 . 

1.5 

48 

16 

17 

15 

88 

7 

14 

13 

93 

* 17 

22 

20 

91 

8 

47 

34 

72 

18 

38 

27 

71 

9 

2.2 

1.6 

73 

19 

44 

41 

93 

Average 


76 




84 

Variance 


198 




106 

X* 

j 


21.10 




10.12 

P 



0.007 




0.24 


The mutations in nutritional requirement in bacteria are similar to 
mutations of genes in sexual organisms. The inherited biochemical de¬ 
ficiencies involved are similar to those shown to be associated with single 
genes in Neurospora and they can be similarly induced by chemicals and 
radiation. 1 * Moreover, the mutations are spontaneously reversible in 
the sense that the complete re-acquisition of synthetic capacity is inherited 
and is not induced by the absence of the required substance from the 
medium. The same is sometimes true of mutants of NeurosporaA* These 
similarities allow the conception of biosyntheses of bacteria under the con¬ 
trol of specific self-duplicating factors. These factors, are capable of being 
brought to a state where, although they no longer enable the biosynthesis 
to be carried out, they continue to self-duplicate and can mutate to tire 
original condition. An understanding of the mode of transmission of these 
hereditary units awaits the results of future research. 

Conclusion .—The pyrimidine, uracil, is required for the growth of a strain 
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of CL septicum, Organisms of this strain have a given chance to back- 
mutate to a condition of uracil-independence in the course of their life¬ 
time. This mutation is spontaneous in the sense that it is not induced by 
the absence of uracil. Uracil-independent organisms can also mutate to a 
condition of uracil-dependence. During the growth of this strain of Clos¬ 
tridium there is a tendency to reach an equilibrium proportion of the two 
types of organisms which is well in favor of the uracil-independent form. 
This tendency is probably due to a differential in mutation rates although 
selection may play a role. 

In 10 ml. of liquid medium an inoculum of at least ca. 1000 cells is re¬ 
quired for the initiation of growth. The variable time until the onset of 
growth of the dependent strain in the absence of uracil is mainly due to the 
variable number of uracil-independent organisms in the inoculum. These 
organisms arose by mutation from uracil-dependent cells, 

* This work was supported in part by a grant from the Josiah Macy, Jr., Foundation. 

1 Luria, S. B., and' Delbruek, M., Genetics, 28, 491 (1943). 

* Wilkin, E. M., these Proceedings, 32, 59 (1946). 

* Demeree, M., Ibid., 31, 16 (1945); Ann. Mis. Bot. Card., 32, 131 (1945). 

< Roepke, R. R., Libby, R. L., and Small, M., Jour. Bad., 48, 401 (1944). 

* Gray, C. H., and Tatum, E. L., these Proceedings, 30, 404 (1944). These authors 
claim that x-ray treatment was responsible for the mutant strains they obtained in 
E, coli. However, the incidence of mutations in their x-ray-treated bacteria was not 
significantly greater from that in the control bacteria (x* “ 2.0; P *» 0.15). In A. 
melanogenum the difference was significant (x* « 8.0; P ** <0.01). 

* Tatum. E. L. # these Proceedings, 31, 215 (1945). 

1 Beadle, G. W. ( and Tatum, E. L., Ibid., 27, 499 (1941). 

* Ryan, F. J., Ballentme R., and Schneider, L. K., in press. 

* Unless otherwise mentioned the various strains of Cl. septicum were maintained 
as spores on egg-meat medium and inocula were prepared by transferring some egg-meat 
into a complete (yeast ex tract-tryptose) broth.* Loop inocula were used. Growth was 
measured turbidometricaliy by means of a densitometer calibrated in terms of mg. of 
Cf. septicum nitrogen. 

10 Proof that 59 Li A and 59 Li B were actually derived from 59 Li and arc not con¬ 
taminants lies in a series of similar properties. All are gram-positive anaerobic rods 
which grow to about the same extent on our basal medium. Hence, their vitamin re¬ 
quirements are not more extensive than those of 59 Li. Moreover, both can utilize 
pantoyl lactone instead of pantothenic acid but not 5-alanine (cf. Ryan, F. J., Ballentine, 
R* f Stolovy, E., Corson, M. E., and Schneider, L. K., Jour, Am, Chem, Soc., 67, 1857 
(1945)). 

11 Redowitx, E., A met. Jour, Clin . Path., Technical Supplement, 5, 26 (1941.) 

l * Tatum, E. L., C, S , H, Symp . Quant, Biol , 13, in press (1946). 

M Ryan, F. J., and Lederberg, J., these Proceedings, 32,163 (1946). 
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INHERITANCE OF SEX IN FUNGI 

By H. N. Hansen and W. C. Snyder 

jr 

Division of Plant Pathology, University of California 
Communicated September 9, 1946 

The fungus Hypomyces solani f. cucurbitae S & H is composed of two kinds 
of haploid thalli, usually designated as A and a, which must be brought 
together to produce the perithecial stage. A and a represent allelomorphic 
compatibility factors which are inherited independently from the factors 
for sex. In defining sex in haploid thalli we would say that a female thallus 
is one that produces receptive structures (perithecial primordia), a male 
thallus is one that produces potent fertilizing (spermatial) elements, a 
hermaphroditic thallus one that produces both and a neuter thallus one 
that produces neither. Each normal thallus of this fungus is hermaphro¬ 
ditic, self-sterile and inter-fertile, that is, A X A and a X a are sterile 
while A X d and a X A are fertile. When such hermaphroditic thalli are 
grown to maturity and have receptive structures (perithecial primordia) 
then the transfer of conidia from A to a or from a to A will result in fer¬ 
tilization and the production of perithecia. Any living, nucleated part 
of the thallus can function as the male fertilizing element. 

It has been shown 1 that this fungus frequently mutates from the her¬ 
maphrodite to the unisexual male and that the progeny from the cross her¬ 
maphrodite X male occur in the ratio of one hermaphrodite to one male 
indicating that the factors for these two characters are alleles. Recently 

t 

we have obtained another mutant of this fungus which is identical with 
the normal hermaphrodite in the production of microconidia, macro- 
conidia, perithecial primordia and in ability to become fecundated by 
conidia from the opposite compatibility group, but differs in that its 
conidia and other parts are unable to function as male elements. This 
isolate then is in effect a unisexual female and when it is mated with a 
hermaphrodite the progeny occurs in the ratio of one female to one hermaph¬ 
rodite, indicating that the factor for female, like that for the male, is also 
allelomorphic to the factor for hermaphrodite. Hence the factors for 
male and female should also be alleles and when crossed their progeny 
should consist of males and females in the 1:1 ratio. This however, did 
not occur for when 200 single-ascospore thalli from that cross were tested 
four sex types appeared as follows: 84 males, 64 females, 24 hermaphro¬ 
dites, and 28 neuters. These neuters though they produce both macro 
and microconidia in abundance are unable to function either as males or 
females. 

The above results indicate that the factors for male and female are not 
alleles but that they occupy loci some distance apart in homologous chromo- 



Vol. 32, 1946 


GENETICS: K. W. COOPER 


273 


somes, that crossing over between these two loci occurs and is responsible 
for the appearance of neuters and hermaphrodites in the progeny from 
the cross female X male. 

Perhaps the complicated mating behavior observed in the higher ba- 
sidiomycetes and in other fungi can be accounted for by assuming an ar¬ 
rangement of sex factors in their chromosomes similar to that shown above. 

1 Hansen, H. N., ancl Snyder, W. C., “The Dual Phenomenon and Sex in Hypomyces 
solanif . cucurbitaeAmer. Jour . Bot. » 30, 419-422 (1943). 


DETACHMENT FREQUENCY OF ATTACHED-X CHROMOSOMES 
IN A UTOSOMAL STRUCTURAL IIETEROZ YGOTES OF 
DROSOPHILA MELANOGASTER* 

By Kenneth W. Cooper 
Department of Biology, Princeton University' 

Communicated September 3, 1946 

Segregation in XX females of Drosophila melanogaster is almost exclu¬ 
sively XX- Y, 1 giving as a result regular progenies consisting of matro- 

clinous females and patroclinous males. Very rarely XX -chromosomes 
become detached by an exchange of limbs with Y* Such detachments, 
when recovered, are easily detected owing to the consequent occurrence 

of exceptional offspring carrying an X Y s ~ or X F^-chromosome from the 
mother and a normal X - or F-chromosome from the father. Whether or 
not this exchange is an act of meiotic crossing-over, or crossing-over during 
the odgonial divisions, or possibly of both is still undecided. But since 
there is a tendency for the clustering of multiple occurrences of exceptional 
offspring in the families of certain females, it seems reasonable to conclude 
that the event can occur prior to meiosis.* 

It has been shown that when crossing-over is reduced or inhibited in 
one pair of large autosomes in the female there is an attendant increase 
of crossing-over in the other pair of large autosomes. 4 This negative 
correlation of crossing-over between non-homologous pairs of chromosomes 
has also been shown to exist between the autosomes and the JV-chromo- 
somes. 8 Accordingly an experiment was arranged (table 1) to determine 
whether autosomal inversions have any pronounced effect upon the rate 

of detachment of XX by exchange with F. Such an effect may be ex¬ 
pected if true crossing-over is involved because the regions of.F partici- 

S 

paling in exchanges with XX are necessarily genetically and structurally 
identical with those of X* 
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The fact that in table 1 the females are lower in numbers than the males 

is accounted for by the fact that the XX offspring, being homozygous for 
five recessive genes, are less viable than the wild-type regular males. Since 
exceptional (detachment) males are hcmizygous for the same five mutants 
their recovery is probably also lowered by iriviabilitv. Now inasmuch 
as the greatest difference in detachment rate (i.e., between A and C) is 
only 1.4 times the standard error of the difference, for which P ~ 0.085, 
it may be concluded that these experiments provide no acceptable evidence 

for a difference in detachment rate of XX in structural homozygotes and 

heterozygotes. Indeed the rates of exchange of XX with F in these experi¬ 
ments are not noticeably different from those obtained by other investi¬ 
gators whose values for XX, Y; +/+ ; +/+ range from 0.035% to about 
0.18%, with an average value of approximately 0.063%. 6 

TABLE 1 

y*, w* cv v f, Y Females Are Used as Mothers Throughout. The Second Chromo-' 
some Inverted Sequence (Indicated as Cy) Is: Ins(2L 4 - 2R)Cy, aP IP L A sp *. The 
Third Chromosome Inverted Sequence (Indicated as Cx) Is: In(3LR)Cx, D. A 
Normal Autosomal Sequence Is Represented by The Male Parents 

Were Canton-S, Wild-Type, The Per Cent Exchange of XX with F Is Equal 
to: 200*/2r 4* e, Where e Equals the Number of Exceptions Recovered, r the 

Number of Regular Offspring 


AUTOSOMAL 
CONSTITtrTtOK OT 

TOTAL 

DETACH. 

TOTAL 

detach. 

%-SXCHANOB OF 


MOTHER 

9 9 

9 9 

cfd" 

&& 

jot WITH y * rp 

M) 

4*74*; 4*/4* 

2982 

3 

3.193 

4 

0.11 * 0.042 

(B) 

Cy/ 4-; 4-/4- 

2151 

2 

2,407 

* ■ 

0.04 * 0.030 

(C) 

4-/4-; Cx/ 4* 

2201 

2 

2,441 

k t 

0.04 * 0.029 

(D) 

Cy/ 4-; Cx/ 4- 

1851 

2 

2,282 

2 

0.097 * 0.048 


Totals 

9245 

9 

10,323 

6 

0.077 * 0.020 


Consistent with these results are the propositions that: (1) detachment 

of XX by exchange with Y is a mitotic rather than a meiotic process, or 
that detachment does not take place by ordinary crossing-over, and that 

^-V , * 

(2) segregation of XX from Y at ineiosis is not dependent upon crossing- 

over between XX and F 7 . The alternatives of these statements are not 
favored by the evidence because, on analogy with what is known generally 
of crossing-over in Drosophila melanogaster , and without the introduction 
of subsidiary assumptions, it would be expected that the rate of detach- 

ment of XX by true meiotic crossing-over with the Y would increase in 
correlation with the complexity of autosomal structural heterozygosity* 
Hence these results are consistent with the series of cytblogical and genetic 
tests* -which collectively invalidate Darlington's hypothesis 10 of the con¬ 
junction of X- and F-chromosomes by reciprocal chiasmata in brachy- 
cerous diptera. 
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* This work was done in the Wm. G. Kerckhoff Laboratories of the California In¬ 
stitute of Technology during tenure of a John Simon Guggenheim Memorial Foundation 
Fellowship (1945). 

1 Bridges, C. B.. and Gabritschevsky, E., Z.i.A. V 46 , 231-247 (1928); Stern, C„ 
Biol. Zentrlbl., 49 , 718-735 (1929). 

* Kaufmann, B. P„ these Proceedings, 19, 830-838 (1933); Neuhaus, M., Z.i.A.V., 
71 , 265-275 (1936); Genetics , 22 , 333-339 (1937). 

* Muller, H. J., and Dippel, A. L., Brit. Jour . Exp. Biol., 3, 86-122 (1926); Rhoades, 
M. M. ( Genetics, 16, 375-386 (1931); Neuhaus, M., Z.i.A.V., 71, 266 276 (1936). 

4 The first case of such interchromosomal effects was discovered by Sturtevant, A. 
H., Cam. Inst. Wash. Pub., 278, 305-341 (1919). That it is a general phenomenon in 
Drosophila melanogaster was first demonstrated by the experiments of J. Schultz and 
H. Redfield; see Cam. Inst. Wash. Yrbk 31, 303-307 (1932); Ibid., 32, 298-302 (1933). 

* Siderow, B. N., Sokolow, N. N., and Trofitnow, I, Eu, Genetica, 18,291-312 (1936); 
Steinberg, A. G., Genetics, 21, 615-624 (1936); Steinberg, A. G., and Fraser, F. C., 
Ibid., 29, 83-103 (1944). 

* E.g., see Anderson, E. G., Genetics, 10, 403-117 (1926); Rhoades, M. M. r Ibid., 

16 , 376-386 (1931); Schultz, J., in: Kaufmann, B. P., these Proceedings, 19, 830-838 
(1933); Neuhaus, M., Z.i.A.V., 71 , 265 275 (1936); Mainx, F„ Ibid., 78 , 238-245 
(1940). _ 

7 The general problem of segregation in XX, Y females and the light it throws upon 
the mechanism of X-Y conjunction in meiosis of the male is discussed in: Cooper, 
K. W., Genetics, 29, page 559 (1944). 

8 So far as Steinberg's data 8 are concerned, the general increase in crossing-over of 
the X in autosomal heterozygotes is apparently uniform along the right end of X al¬ 
though no markers of the inert region itself were involved. But in the third chromosome 
Steinberg and Fraser 8 found that the regions close to the kinetochore, as compared with 
more distal regions, have disproportionately heightened crossing-over in heterozygotes 
for inversions in the other chromosomes. 

* Cooper, K. W., Genetics, 29, 637-668 (1944); Ibid., 30, 472-484 (1945); Ibid., 31, 
181-194 (1946). 

w Darlington, C. D., Jour. Genetics, 24, 65-96 (1931); Genetics, 19, 95-118 (1934); 
Roller, P. C., and Townson, T., Proc. Roy. Soc. Edinb., 53, 130-146 (1933). See foot¬ 
note 7. 
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DETERMINATION OF THE SECOND HOMOLOGY AND 
COHOMOLOGY GROUPS OF A SPACE BY MEANS OF HOMOTOP Y 

INVARIANTS 

By Samuel Eilknbkrg and Saunders MacLane 
Department of Mathematics, Indiana University and Harvard University 

Communicated August 28, 1940 

1, Introduction .—The purpose of this note is to give a description of 
the 2-dimensional homology and cohomology groups of a topological 1 
space in terms of homotopy invariants. Besides using the first and the 
second homotopy groups the description uses a certain new 3-dimensional 
invariant which will be described below. 

The method utilizes the cohomology theory of abstract groups recently 
developed by the authors. 2 Given a group ir and an additive abelian 
group G with ir as (left) operators, we define the group C Q (i r, G) of q- 
dimcnsional cochains as the group of all functions of q variables in ir with 
values in G. The coboundary 6/ of a <jf-cochain / is defined by 

((-Tli ■ • • j 3C,+ l) ” X\${xit . ■ . f Xgt- 1) 

<z 

“h - ("“ i)yo^ii * * * ? • * *» 

i-i 

+ (-l)« +I /(xi, .. x«). 

Cochains / with 6f ®* 0 are called cocycles; they form a subgroup Z*(ir, G) 
of C Q (ir t G). Cochains of the form 6f, where / c G) are called co¬ 

boundaries, form a subgroup 23*(ir, G) of C q (ir, G). Since 6$/ = 0, B q is 
a subgroup of Z a . The quotient group Z*/B* is called the qth. cohomology 
group of t over G and is denoted by i^(ir, G). 

2. The Invariant It*, Let X be an arc wise connected topological space 

with base point jco. Consider the fundamental group m Xo). For 

every w e in select a path (i.e., a singular 1-simplex) R(w) representing the 
dement w. Given two elements w u vh € *i, and given an ordered 2-simplex 
St with vertices vo» vu v%, construct a singular 2-simplex R(wi, w*): ► X 
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such that the edges iw'i, tw* and v 0 v 2 are mapped according to R(wf), R(wf) 
and R(wiwf), Now let w u w 2i w 9 e *u and let s 3 be a 3-simplex with ordered 
vertices v 0l v u v 2t v%. Consider the faces iW’s, v^v 2 v 9l VoWs and vqVxV 2 of $* 
and map them into X according to the maps Riwz, wf) t R(wiw 2l wf) t 
R(w\> w 2 w 3 ) and R(w u wf), There results a map R(w\, w 2i wf) of the 
boundary B ( 53 ) of s& into X. Regarding flo as the base point of B(sf), this 
determines uniquely an element k z (wu w 2t wf) of the second hoinotopy 
group 8 tt 2 = tt 2 ( X f xf). We shall regard k* as an element of the group 
C*(iri, irf) of the 3 -dimensional cochains of m with coefficients in 7 r 2 , with 
tti operating on ir% in the usual way. 

Theorem 1. k 9 is a cocycle . A change of the representatives R(w\) and 
R(w u W'>) alters k z by coboundaries . Thus k' A determines uniquely a co¬ 
homology class ft 8 e IP(v lf 7r 2 ) which is a topological invariant of (X, xf). 
Moreover, given any cocycle k* e Z 3 (xi, 7r 2 ) belonging to the class A 3 , there is a 
choice of representatives R(w), R(wu wf) which produce k *. 

To see that k 8 is a cocycle, let w h Wz, w 9i w A € n, and consider a 4-simplex 
Si with ordered vertices v 0 , v u v 2t v\. It is possible to map the boundaries 
of faces vmvzViy W 2 W 4 . Vtf)\V 2 Vi, twites by the maps R(w 2f w it wf) t 

R{w\W%, wzy wf)y R{wu w 2 w Z y wf) and R(wu w 2 , wf. There results a map into 
X of the 2 -dimensional skeleton of ^ 4 . From the definition of addition in 
7 r* and of the operators it can be shown that 

Wlk*{w 2 y W 2 y Wi) “ k'^WlWjy W Z y Wi) + k\W\y W 2 W 9 y W A ) — k\W\, Wj, W 9 W A ) + 

k*(w u w 2t wf) = 0; 

i.e., 6k z = 0 . 

Suppose that, while keeping the representatives R(w) unchanged, we 
replace R(w h w 2 ) by new representatives R f (w 1 , w 2 ). The two maps of 
the 2 -simplex s 2 determine an element h(w u w 2 ) of ir 2 , and again from the 
definition of ir 2 it follows that 

w 2t wf) — k n {w h w 2 , wb) « W\h{w 2} wf) — h(wiw 2t wf) + 

h{wu WiWf) - h(w u wf ); 

i.e., that k * — k n * 5h. Since h can be chosen arbitrarily, k z may be 
altered by an arbitrary coboundary. 

Finally, if the representatives R(w) are replaced by then, since 

R(w) and R f (w) are homotopic (with end-points fixed), new representatives 
R'(wu w s ) may be chosen in such a way that k ,% fe*. 

3. The Second Homology Groups of X .—In terms of in, ira and the new 
invariant k 9 e H*(vu we can describe the 2 -dimensional homology and 
cohomology groups of X. 

Let k 9 € Z % (*u ir 2 ) be a cocycle in the class k\ and let G be a (topological) 
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abelian group selected as coefficient group for cohomologies. Consider 
the additive group of pairs (gi, £ 2 ) such that 

(3.1) £1 € C 2 (tti, G); i.e., g\ is a function of two variables in with 
values in G, 

(3.2) £2 e Hom(ir 2 , G); i.e., £ 2 is a homomorphism of ir 2 into G, 

(3.3) (5gi)(wi a tvtf Ws) ** g 2 (k*(w } , w 2t w H )) t 

(3.4) g 2 (wa) = g 2 (a) for W€ir h at tt 2 . 

Let IP( tti, ir 2> ft 5 , G) be the quotient group of all these pairs (gi, g 2 ) by 
the subgroup of pairs of the form (5h, 0 ) where h e C l (vi t G). 

Theorem 2 . The Second cohomology group IP(X t G) of X over G is iso¬ 
morphic with the group IP (v 1 , 7 r 2 , ft 8 , G). 

Let / e Z 2 (A r , G) be a singular cocycle. / induces a homomorphism of 
the integral homology group // 2 ( X) G; combined with the natural 
homomorphism tt 2 —* H%(X) this produces a homomorphism g 2 (/): ir 2 —» G 
which satisfies (3.4). 

Given the cocycle ft 3 eZ 5 ( 7 n, ir 2 ), it follows from Theorem 1 that the 
representatives R(w) and R{wu w 2 ) may be selected to produce ft 5 . The 
value of the cocycle / on the singular 2 -simplex R(wu u> 2 ) gives an element 
gt(f) of C 2 (ri, G ). The pair gs{f)) satisfies conditions (3.1)-(3.4). 

If / = 5/' for a singular 1-cochain /', then (gi(/), £a(/)) = (Sh f 0) where 
h(w) is the value of f on the singular 1 -simplex R(w). The correspondence 
/ (gi(/), £a(/)) thus yields a homomorphism IP(X , G) 7 r 2 , ft 8 , 

G)* The proof that this is an isomorphism onto is straightforward. 

Tlie results for the homology groups follow by the application of the 
Pontrjagin character theory. 

4 . Decomposition of the Second Cohomology Groups ,—Let ir 2 0 denote 
the subgroup of spanned by the elements a — wa t a e ir 2l w € irj. 

The correspondence (gi, g 2 ) £2 maps IP(t u ir 2> ft 8 , G) homomorphically 

onto a subgroup J of Horn (*•*, G). The kernel of this homomorphism is 
the cohomology group IP(r u G). In the cohomology group JFP(X t G) 
this kernel corresponds to the subgroup A*(A r , G) consisting of those co¬ 
homology classes which annihilate all integral spherical cycles. The iso¬ 
morphism G) « A*(A, G) is known. 4 

The quotient group JFP(Xj G)/A*(X, G) is isomorphic with the subgroup 
J of Horn (tra, G). In view of (3.4) every homomorphism in J must an¬ 
nihilate t 2 °. A homomorphism g: ir 2 —> G that annihilates t 2 ° induces a 
homomorphic mapping g*: H*(iru r 2 ) —> IP(r\ f G), The group J consists 
of those homomorphisms g: *2 —► G which annihilate ir 2 ° and for which 
g*k* «■ 0. 

If It 1 « 0, then G) is a direct summand of IP(v i, ir 2> ft*, G), and J 
consists of the annihilators of ir 2 °. In this case we then have a direct sum 
decomposition 
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IP(X t G) rn IPG n, G) + Horn (ir 2 /ir 2 0 , G). 

This implies that in this case ir 2 ° is the kernel of the natural homomorphism 
of 7 t 2 into the 2 -dimensional integral homology group of X. Comparing 
this with recent results of Hopf 5 yields numerous examples of spaces 
with k 3 5 ^ 0 . 

5. Generalizations .—1 0 : The construction of k* generalizes in an obvious 
fashion to yield a cohomology class fc w+1 e iZ B+ 1 (iri, 7 r„), provided that 
tti = 0 for 1 < i < n. Theorems 1 and 2 generalize accordingly. 

2°: Assuming 7 rs = 0, the groups IP(X } G) may be expressed by means 
of ttu tt 2 and k*. The algebraic constructions involved are quite cumber¬ 
some, 

3 °: If iri acts as a group of operators on G, and JP(X t G ) denotes the 
cohomology group of X with G as local coefficients , 6 Theorem 2 is> still 
valid provided that (3.4) is replaced by g'i(wa) = wg 2 («). 

4 °; Instead of working in the space X itself, as above, one could use 
the universal covering space X of X and regard ic\ as a group of operators 
on X. In this approach homotopy arguments are replaced by homology 
arguments, and some additional generality is gained. This approach 
will be used in the full exposition elsewhere of the results. 

1 Singular homologies and cohomologies arc used throughout; for these concepts 
see Eilenberg, S., Ann. Math., 45, 407-447 (1944). 

4 Eilcnberg, S., and MacLane, S., Bull. A met. Math. Soc., 50, 53 (1944); Proc. Nat. 
Acad. Set. U. S. A 29, 155 158 (1943); Ann. Math., 46, 480-509 (1945); also forth¬ 
coming papers in Ann. Math. m 

* See Robbins, H. t Trans. Atner. Math. Soc,, 49, 319 (1941). 

4 Hopf, H. ( Comment. Math, lielv., 14, 257-309 (1942); Ibid., 15, 27-32 (1942); Ibid., 
17, 39-79 (1944); sec also papers in reference 2; Frcudcnlhal, H., Ann. Math., 47, 
274-310 (1940); Eckmarm, B., Comment. Math. Helv., 18, 232-282 (1946). 

& Hopf, H. ( Comment. Math. Helv., 17, 307-326 (1945). 

* Stceurod, N. E., Ann. Math., 44, 610-627 (1943); Eilenberg, S., Homology Theory 
of Spaces with Operators I, Trans. Amer . Math. Soc. (in print). 


RATIONAL FUNCTIONS OF A COMPLEX VARIABLE AND 

RELATED POTENTIAL CURVES 

By Edward Kasner and John De Cicco 
Department of Mathematics, Columbia University 
Commmunicated October 10, 1946 

* 

1. We shall study curves related to rational fractional functions of a 
complex variable z « x + iy. Our new theorems are extensions of known 
results concerning curves related to rational integral functions of s. 
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2. Curves defined by setting the real part of a polynomial (rational 
integral function) in z equal to zero, are well known. These were studied 
initially by Briot and Bouquet, and Bocher; and later were characterized 
completely by Kasner. These curves were called algebraic potential 
curves by Kasner in 1901. This term is used in later papers by Loria and 
in the German Encyclopedia. In the present article, we shall find it 
convenient to use the terminology: polynomial potential or harmonic 
curves. 

We shall say that an algebraic curve is a rational potential or rational 
harmonic curve if it is obtained by setting equal to zero the real part of a 
rational fractional function of z. The class of rational harmonic curves 
of course includes the class of polynomial harmonic curves. 

By the degree r of a rational function is meant the maximum of the two 
degrees of the numerator and denominator. 

If the degree of the rational function of z is r, the rational harmonic curve 
is given by the equation: P(x, y) = 0, where P is a polynomial, in (x t y) of 
degree ( 2r — k) where 0 £ k S r. 

in general, P(x, y) does not satisfy the Laplace equation, but it does 
satisfy a certain partial differential equations of fourth order. 

3 . A rational harmonic curve of degree {2r — k ) has k real asymptotes. 
If 2 & k g r, the k real asymptotes are concurrent ami make equal angles with 
one another. The angle between consecutive asymptotes is ir/k. The re¬ 
maining 2(r — k) asymptotes are minimal. This last result remains valid 
even if hen k — 0 or 1; and also the first result remains true trivially. 

When k ~ r, this new theorem reduces to the theorem of Briot and 
Bouquet concerning the asymptotes of a polynomial harmonic curve. 1 
In this case, there are no minimal asymptotes. 

4. An algebraic curve is rational harmonic of degree not exceeding (r -f- 5 ) 
where r > 1 and s > 1, if and only if it passes through the r 2 foci of a curve 
C T of class r and the s 2 foci of a curve C H of class s such that no minimal line 
contains a focus of C r and a focus of C*. 

Two analytic curves are said to be conjugate if they are obtained by set¬ 
ting the real and imaginary parts of an analytic function of z equal to zero. 

A pair of algebraic curves of degree not exceeding (r + s )> ore conjugate 
rational harmonic if ami only if they intersect orthogonally in the r 2 foci of 
a set of confocal curves C T and in the s 2 foci of another set of confocal curves 
C» suck that no minimal line contains a focus of a C r and a focus of a C,. 

When 5 or r is zero, these characterizations of rational harmonic curves 
by focal properties reduce to the corresponding theorems obtained by 
Kasner for polynomial potential curves. 2 

5. Characterizations of polynomial harmonic curves have been given 
by Kasner by use of the concepts of apolarity and polarity. We shall dis¬ 
cuss the apolar and polar properties of rational harmonic curves in later 



282 


HA THEM A TICS: KA SNER A ND DE CICCO Proc. N. A. S. 


work. It is remarked that although the polars of any polynomial har¬ 
monic curve are also polynomial harmonic; the corresponding result for 
rational potential curves is not true; that is, the polar of a rational harmonic 
curve is not rational harmonic in general. 

6. The degree of the Schwarzian reflection or conformal symmetry with 
respect to a rational harmonic curve of degree not exceeding (r + s)» where 
0 £ s £ r, is exactly r 2 . The satellite of a rational harmonic curve is the same 
curve. 

When s *= 0, this result reduces to the corresponding theorem of Kasner 
with respect to the polynomial potential curves. 8 

7. We shall say that an algebraic curve is inverse rational (or inverse 
polynomial) harmonic if it is obtained by setting equal to zero, the real 
part of the inverse of a rational fractional (or integral) function of z. 

All inverse rational harmonic curves are unicursal. Conversely all uni- 
cur sal curves can be identified with inverse rational harmonic curves. 

A relationship between an inverse rational harmonic curve and its 
associated rational function of z is given by the following result. 

If the rational function of z is of degree r, the degree of the inverse rational 
* harmonic curve is ( 2r — k) where 0 k r. There are exactly 2(r — k) 
minimal asymptotes and at most k real asymptotes. 

Of course, a pair of conjugate inverse rational harmonic curves of degree 
(2r — k) will intersect orthogonally in (2r — k ) 2 points, at most. 

All inverse polynomial harmonic curves of degree r are the special unicursal 
curves tangent to the line at infinity in one real pointy the order of contact being 
{r - 1 ). 

8 . The only conic sections which are rational harmonic are the circles 
and equilateral hyperbolas. The latter are the only conics which are 
polynomial harmonic. 

All conic sections are inverse rational harmonic. Parabolas are the only 
conic sections which are inverse polynomial harmonic. 

If a cubic curve is rational harmonic, it is either a special circular cubic 
or else it is a cubic curve with three real asymptotes which are concur¬ 
rent and make an angle of ir/li with one another. The cubic curves of the 
latter type are the only polynomial harmonic cubic curves. 

1 Briot and Bouquet, Theorie des fonctions elliptiques, Book IV, Chapter II f p. 226. 
Paris-Gauthier-Villar (1876). See also Bocher, Guttingen prize memoir. 

* Kasner, "On tlu: Algebraic Potential Curves,’' Bull. Amer. Math. Soc., 7, 392-399 
(1901). Also "Some Properties of Potential Surfaces/' tbid,, 8, 243-248 (1902). 

8 Kasner, "Algebraic Curves, Symmetries and Satellites/’ these Proceedings, 31, 
250-262 (1946). Also La satelite conforme de una curve algebraica general , Revista de 
la Union Matematica Argentina, 2, 77-83 (1946) (Buenos Aires). 
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INTEGRAL AND RATIONAL NUMBERS IN THE NUCLEAR 

DOMAIN AND TIIEIR SIGNIFICANCE 

By Enos E. Wither 

Randal Morgan Laboratory op Physics, University of Pennsylvania 

Communicated September 30, 1946 

Using the value of the fine structure constant given by Birge 1 in 1941 

hc/e 2 ~ 2ir/a « 860,986 * 0.1 Oh * (1) 

This number is so very close to an integer that it is natural to assume that 

hc/e 2 - 861 (2) 

exactly. In this paper we shall assume that equation (2) is true and 
significant . Note that 


861 - 72(42 X 41) (3) 

so that 861 is of the form */ 2 n (» — 1) with n « 42. Both these numbers 
861 and 42 turn up in very interesting ways in connection with nuclei 
and elementary particles, as will be shown in the sequel. Also 42 = 
6X7 and the number 7 also appears frequently in connection with some 
of these quantities. The quantities concerned ore the masses and binding 
energies of nuclei, both in the ground state and in excited states, the 
magnetic moments of nuclei and the ratios of the masses of the proton 
and neutron to that of the electron. 

The mass of the H 1 atom on the physical scale is 1.00813 =*= 0.000017 
according to Birge. 1 Subtracting the mass of the electron on the physical 
scale, the mass of the proton is 

M p = 1.00758 =*= 0.000017 in. u. (4) 


Now 

2Jlfp/861 = 0.00234040 m. u. (5) 

which is the binding energy of the deuteron within the limits of experi¬ 
mental error. 

Using as the mass of the H 1 atom the value given above and as the 
moss of the neutron 1.00893, table 1 gives the binding energies of the 
nuclei up to He 4 on the supposition that the constituents are protons and 
neutrons. The values of the atomic masses used are taken from Appendix 
6 in Applied Nuclear Physics by Pollard and Davidson. 2 
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TABLE 1 


IftOTOPS 

ATOKXC 

MASS 

binding 

BMHJtGY IN 

U. ». 

BINDING 
BNBXtOY + 

0.0023405 

12 X 

COLUMN 4 

NBMMT 
INTBOBk TO 
COLUMN 5 

H* 

2.01472 

0.00234 

1.000 

12.00 

12 

H* 

3.01704 

0.00865 

3.824 

45.89 

46 

He* 

3.01701 

0.00818 

3.495 

41.94 

42 

He* 

4.00388 

0.03024 

12.920 

155.04 

155 


The numbers in column five of table 1 are integral within the limits of 
error of column three. These integers are given in column six. This 
table suggests that 2 M*/861 and M p /6 X 861 are natural units for the bind¬ 
ing energies of nuclei. 

ATp/6 X 861 - Afp/5166 - 0.000195041 m. u. (6) 

However, someone may suggest that since the mass of the neutron, 
Mm is not very different from the mass of the proton that the quantities 
2M n /861 and M n /5166 would serve just as well or better than the quantities 
above. Actual trial shows that in that case the numbers in column five 
would not approximate integers as closely as those in table 1. 

For convenience in further discussion names must be chosen for these 
units. 2M„/861 will be designated a deuterium unit, which will often be 
abbreviated to D. U. in writing. This shall be regarded as a unit of mass 
or energy as circumstances require. 

l /n D. U. ~ Mp/5166 (7) 

shall be designated a prout, the abbreviation for which shall be Pr. First 
note that 

M p - 5106 Pr. * 7 X 738 Pr. 

Now consider the mass of the neutron. 

Mn - Mp « 0.00135 m. u.) 

« 0.92 Pr. / 

Within the limits of experimental error (M n — M v ) is 7 seven prouts and 
we shall assume that it is 7 exactly so that 

M n - 5173 Pr. - 7 X 739 Pr. • (9) 

exactly. Note the two occurrences of the number 7 in equations (8) and 
(9)< 

These results combined with the results in table 1 lead to the conclusion 
that the masses of ail the nuclei in table 1 m the ground state are an integral 
number of prouts . 

This suggests the working hypothesis that the masses of all stable nuclei 
in the ground state are an integral number of prouts (H* is of course not stable# 
but it fits into the integral rule nevertheless, judging by table 1). 


( 8 ) 

(8a) 
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It is now very easy to calculate the nuclear mass in prouts of all the 
isotopes in table 1. 

The sum of the nuclear masses of H l , n, H®, H 8 , He 3 and He 4 is 72,118 
prouts exactly. The sum of these nuclear masses is 14.06586 m. u. Hence 
by division 

1 Pr. « 0.0001950396 m. u. (10) 

And 

M p - 1.007574 m. u. (11) 

M« « 1.008940 m. u. (12) 

These values should be good to seven significant figures. 

A good nucleus on which to test our idea that all masses of stable nuclei 
are an integral number of prouts is that of 0 lft , since by definition its mass 
is exactly 16.000000 m. u. Using (11) and (12) its binding energy is 
0.136504 m. u., which by equation (10) gives 699.878 prouts. There is 
no difficulty in identifying this as 700 prouts exactly. 

With this information it is possible to calculate astoundingly accurate 
values of 1 prout, 1 D. U., M v and M n . Using Birge’s value 1 of the mass 
of the electron on the physical scale and estimating the binding energy of 
the electrons in O 18 as 0.0000020 m. u., the nuclear mass of O 18 is 15.9956130 


* 0.0000021 m. u. (13) 

The nuclear mass of 0 18 is 82,012 prouts. Hence by division 

1 prout - 0.000195039909 * 26 X 10*” 12 m. u. (14) 

1 D. U. * 0.00234047891 * 31 X 10~ n m. u. (15) 

M p * 1.00757617 * 13 X 10~* m. u. (16) 

M n « 1.00894145 * 13 X 10~ 8 m. u. (17) 

Mass of H 1 « 1.00812478 *,13 X 10 ~* in, u. (18) 


If one uses these very accurate values to calculate the binding energies 
of nuclei up to Ne 21 from the experimentally determined atomic masses 
and then reduces these binding energies to prouts, one finds that in all 
except a few cases the results are remarkably close to an integral number 
of prouts. We will cite only two cases. Ewald 8 has determined the mass 
of C 18 as 13.007581 * 0.000025. This yields a binding energy of 531.974 
prouts,* which is easily identified as 532 prouts. His value for N 18 is 
15.004934 * 0.000030, which yields a binding energy of 633.046 prouts, 
which is very close to 633 prouts. The evidence is very strong in favor 
of our hypothesis, but it is too extensive to be given here. Above Ne 81 
the present atomic mass values appear to be less accurate, but it is natural 
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to assume that our hypothesis is valid throughout the entire range of 
nuclear masses. 

It is interesting to note that out of a total of 18 nuclear masses which 
were determined in integral prouts, 6 of the values were divisible by 7. 
It seems to be true also that the nuclear masses in prouts of all the most 
abundant isotopes are divisible by 7, although the converse of this is not 
true. Using the values in equations (14), (17) and (18), the binding 
energy in prouts per particle was calculated for a very large number of 
nuclei scattered throughout the periodic table. Below Ne 21 these values 
can be obtained exactly, above Ne 21 in most cases only approximately. 
It seems to be true that this quantity can never exceed the integral value 
of 48 prouts (4 D. U.) per particle, although it comes very close to 48 in 
a number of cases. In fact this quantity probably lies between 47 and 48 
for all stable nuclei between Z = 22 and Z « 42. Between Z « l and 
Z *= 21 it rises from 6 to a value between 47 to 48. Between Z 42 and 
Z *» 84 it drops gradually to about 42 prouts per particle. Above Z » 84 
it may fall below 42 prouts per particle. 

The results just given together with other evidence lend some support 
to the idea that each "shell” of protons in the nucleus has 42 protons. 
For it is at Z « 43 that the binding energy per particle begins to fall below 
the plateau value between 47 and 48. 

Summing up the results so far, there is very considerable evidence for 
the following ideas: 

1 . Th^re is a natural unit of mass and energy for the proton, neutron 
and all other stable nuclei, which we have designated the prout. In terms 
of this unit the masses of the neutron and all stable nuclei in the ground 
state are integral numbers. 

2. The binding energies of stable nuclei in the ground state are an 
integral number of prouts. 

3. The integers 42 and also 7, 861, 5166 and 5J73 play an important 
r6le in “explaining 11 the masses of the proton, neutron and all nuclei. As 
mentioned before the number 42 plays an important rdle in the behavior of 
protons when combined into nuclei. One may therefore say that 42 and 
also probably 7 plays an important r61e in the basic structure of the 
universe. 

It is perfectly clear that the masses of nuclei in excited states cannot 
always be an integral number of prouts, although this might be and evU 
dently is true for some excited states. For the experiments with slow 
neutrons demonstrate the existence of energy levels with a spacing As small 
as 10 electron volts. This immediately suggests a natural generalization 
of the working hypotheses considered above. It is: 

4. The binding energies of unstable nuclei and of nuclei in excited states, 
are always a rational number of prouts. 
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5. The masses of unstable nuclei and of nuclei in excited states are 
always a rational number of prouts. 

If these assumptions are correct then the disintegration energies in 
a-ray emission and the energies of 7 -rays must be a rational number of 
prouts. These conclusions have been tested on some of the best data for 
a-rays and 7 -rays and conclusions 4 and 5 are corroborated in sufficient 
number of cases to lend plausibility to these conclusions. Naturally the 
test can be satisfactory only when the denominator of the rational number 
mentioned is not too large when the rational number is expressed in its 
lowest terms, and also when the experimental data are sufficiently ac¬ 
curate. It can be shown that 1 prout is about 0.18163 Mev. We con¬ 
sider the evidence to be in favor of conclusions 4 and 5. 

The magnetic moments of nuclei appear to be integral multiples of 
Mat/ 4 X 42, where mjv is the nuclear magneton. The experimental evidence 
for this is quite good. 

The experimental value of 0 as M p /m is compatible with the assumption 
that it is (16/15) X 42 X 41. If this is so, the mass of the electron is given 
by m « 45/16 prouts. 

The value of the pure number 

7 13 GMJ 

is in the neighborhood of e* X43 . All this shows the great importance of 
the number 42. 

These results naturally suggest the idea that perhaps all intrinsic ob¬ 
servable nuclear quantities are rational multiples of a natural unit for 
that quantity. The term intrinsic nuclear quantity does not include such 
quantities as cross-sections where interaction with an external entity is 
involved. 

The nature of the numerical relationships stated in this paper appears 
to require that certain integers like 42 and 7 enter somehow into the funda¬ 
mental equations of physics. With one or two exceptions to be men- 
tioned immediately, this is the first time in the history of physics that 
particular integers or rational numbers have entered into the fundamental 
equations of physics. One exception is the spin of the ultimate particles 
in Bohr units, which is */, for the proton, neutron and electron. The second 
exception, at least it can be counted as such, is the three dimensions of 
space and one of time. The integral and half-integral quantum numbers 
of quantum physics are not a case in point, because in that case the whole 
set of integers or half-integers enter into the fundamental theory and not 
merely certain ones. This appears to be an item of the utmost importance, 
because it may and probably will require a change in the kind of mathe¬ 
matical system used in formulating basic theory. 
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It seems improbable on the basis of these results that any theory of 
nuclear forces can be correct that does not at the same time account for 
the masses of the proton and neutron, and possibly all the other elementary 
particles, even mesotrons. None of the existing theories fulfil this criterion. 
The natural conclusion is that they are all inadequate. This does not 
necessarily mean that the existing theories are of no value whatsoever. 

It seems altogether improbable that results such as those given in this 
paper could be obtained from a theory of the nucleus in which the con¬ 
stituent particles are held together by forces which are continuous func¬ 
tions of contiguously varying space coordinates, even with quantization . 
It seems probable that the observed results can be obtained only from 
some theory in which all the quantities involved are rational or integral 
numbers. This seems to point to the necessity of “quantizing” the space 
and time coordinates. We use the word “quantization” here to mean any 
theory which by its very nature implies the existence of a minimum meas¬ 
urable distance and/or gives a discrete character to space-time. What 
the detailed nature of such “quantization” is remains to be seen. 

Now this idea fits in quite well with the importance of the number 42. 
For the Riemann-Christoffel tensor of space-time has 21 different com¬ 
ponents. The Riemann-Christoffel tensor is one of the* most fundamental 
tensors of a space. If we multiply 21 by 2 for some reason, possibly spin, 
we get the mysterious number 42. Since in the special theory of rela¬ 
tivity the Riemann-Christoffel tensor is zero, this leads us to the idea that 
the explanation of nuclear forces requires a general theory of relativity, 
but a general theory in which space-time is “quantized.” Now in Ein¬ 
stein's theory of general relativity it is not the Riemann-Christoffel tensor 
that is important, but the contracted Riemann-Christoffel tensor. This 
leads ns to propose the idea that nuclear structure depends on the Rie- 
mann-Christoffel tensor of a quantized space-time. Thus a particle will 
be some kind of singularity in a quantized space-time and will have a finite 
size because of the quantization of space-time. Gravitation of course 
will also be determined by this Riemann-Christoffel tensor, and in fact in 
such a way that in the limit when the atomic structure of matter i9 neg¬ 
lected we will obtain the Einstein equation of gravitation. 

It is hoped that our long article on this subject will appear very soon. 
It is our intention to continue our study of the experimental data of nuclear 

physics and to seek to develop a theoretical scheme along the lines indicated 
here. 

1 Birge, R. T., Reviews of Modern Physics , 13, 233-230 (1041). 

* Pollard, K., and Davidson, W, L., Applied Nuclear Physics , John Wiley & Sons 
Inc., New York (1942). > 

1 Ewaid, Heinz, Zeits. f. Naturforschung, 1 , 131-136 (1946). 
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ON BEHRBOHM AND PINLS LINEARIZATION OF THE 
EQUATION OF TWO-DIMENSIONAL STEADY POLYTROPIC 

FLOW OF A COMPRESSIBLE FLUID 

By C. Truesdell 

Theoretical Subdivision, Mechanics Division, Research Department, Naval 

Ordnance Laboratory, Washington 26, D. C. 

Communicated October 14, 1946 

The equation for the velocity potential of a compressible fluid in two- 
dimensional steady polytropic flow in Cartesian coordinates x, y is 

[X + (m — l)4v* + — 2*t>z4>y4>w + [X + (m — l)^* 2 + m</>x 2 ]4>w ~ 0, 

( 1 ) 

where 



Co and g 0 being reference sound and flow speeds, and k the polytropic ex¬ 
ponent . 1 In a recent paper Behrbohm and Pinl , 2 observing that when 
X * 1 and ju * 1 the equation ( 1 ) reduces to that satisfied by minimal 
surfaces, have generalized the Minkowski support function 2 to achieve a 
“new” linearization of the Equation ( 1 ). They have shown that if «(a, 
/3, 7 ) is a function homogeneous of degree 1 satisfying the equation 


d 2 w 




_1_ 

X + fci - 1) 


«» + 

yt 


d a w 

dy 2 






then a solution of the equation ( 1 ) may be obtained in the parametric 

£ _ - .. 

norm 


x 




4>{k, y) ■» 




provided that after all differentiations have been carried out the parameters 
at, 0, y are connected by the relation 

*t(« J + 0 s ) + \y * - (2m - 1)V* B . (5) 


In the present note we proceed to show that the equation (3) is a simple 
alternative form of the equation obtained by the familiar linearization of 
the equation (1) by means of the Legendre transformation, that the equa¬ 
tion (3) is superfluous, that hence we may set y equal to 1 and obtain a 
physical interpretation for the variables a and 0 as Cartesian components 
of the velocity vector, and finally that the most natural method of solution 
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of the equation (3) leads directly to Tschaplygin’s classical solutions of the 
equation ( 1 ). 

As our point of departure we take the linearization of the equation ( 1 ) 
which is obtained by the Legendre transformation: If/(#, v) satisfies the 
equation 

[X + (m - l)v 2 + + 2 uvf w + [X + ( M - 1 )« 2 + W*}f„ m 0, ( 6 ) 

*then a velocity potential y) in Cartesian coordinates may be found 
from the parametric equations 

X «/*, y * u <t>( x f y) « / - «/• - (7) 

The variables w and i> are the Cartesian components of the corresponding 
velocity vector. Suppose now we introduce new variables a and j 8 by the 
transformation 


u 




where 7 is a parameter. Suppose 


«(«» ft t) 



( 8 ) 

a 

(9) 


Then w is a homogeneous function of degree 1; the equations (7) become 
•the equations (4); also 

111 

* “ /imii * ,/*«> U)£0 ■* /"w (10) - 


Substituting these expressions in the equation ( 6 ) we find that 

f \ + (** — 1) U — j[oJ aa + Ufifi] + I« S «aa + 2a/S»«4 + m 0. 

(ID 


But the homogeneity of u(a, 0, y) implies that ‘ 

■ 

t 

«*««» + 2 afiwaf + 0 i utf «■ y*»yy<> (12) 

If we substitute this formula in the equation (11) we have at once Behr- 
bohm and Pinl’s equation (3). If we regard y as a given function of a 
and 0 rather than as an independent variable, after a more extended 
computation we reach the same result. The interesting geometric and 
algebraic apparatus used by Pint and Behrbohm in their derivation, as 
well as their restriction (5), is' now seen to be superfluous. AS our steps 
are reversible, so that the equations (3) and (6) are simple transforms of 
each other. 

There are only two independent variables in our original problem, but 
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solutions of the system of equations (3), ( 12 ), will involve three. These 
variables may be left free, or they may be normalized in gpp; convenient 
way. In the minimal surface problem it is customary to impose the re¬ 
lation a 2 + 0 s + 7 * * 1 so as to make them direction cosines of the normal 

n 

to the surface, but in the compressible flow problem it is more natural to 
put 7 equal to 1 and thus by equations ( 8 ) to make a and 0 the Cartesian 
components of the velocity vector. 

Behrbohm and PinTs result is in fact not a new linearization of a non¬ 
linear equation, but rather a transformation of an old one, an illustration 
of a general transformation principle in which the general linear differential 
equation of the second order in two independent variables may be reduced 
to a system of two linear partial differential equations of the second order 
in three independent variables. In the special problem we are considering 
here we merely make two observations. First, the degree of homogeneity 
of the function a>(ct, 0 , y) is not essential. Suppose we have some solution 
of the equation ( 11 ) homogeneous of any degree, say k; if we divide it 
by it becomes homogeneous of degree 1 , and remains a solution of 
the equation ( 11 ). The type of solution obtained is of course the same since 
in the end we put y equal to L Second, the homogeneity of «(«, 0, 7 ) 
has been used in the definition (9) and in the partial differential equation 
( 12 ), but only the latter is essential, since if a function w(a, 0 , 7 ) satisfies 
both the equations ( 3 ) and ( 12 ), it will certainly satisfy equation ( 11 ), 
and hence w(x, y t 1) will satisfy our original equation (7). The equation 
(12) is satisfied not only by functions given by the formula (9), but also 
by functions of form 

w(a, 0, 7 ) * /(a 7 , £ 7 ), (13) 


or by a linear combination of such functions with functions homogeneous 
of degree 1 . 

Behrbohm and Phil's paper contains a second linearization of the equa¬ 
tion ( 1 ) of a similar type, which I conjecture also to be a simple equivalent 
to the equation ( 6 ), but it is* sufficiently complicated that it is unlikely 
to be useful in the computation of flows, so we shall not consider it here. 

Although nothing can be learned from this “new” linearization which 
cannot be discovered by the ordinary hodograph method, we may regard 
the equation ( 3 ) as a convenient formal device to enable us to obtain solu¬ 
tions of the equation ( 6 ). 

It is natural to seek solutions of the equation (3) in cylindrical coordi¬ 


nates ; 
where 


0){a t 0, 7) r*(p, 7) £ 4 * cos kB rf* B* sin k&], 

r 

s 

p* m a? ■+■ /!*, tan®**-. # 

' •• ;U ■ ■ 


(14) 

(15) 

4 
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The equation for r*(p, 7) then is 

dVjb 1 dffit ft 2 ----- d*g > 

, dp 2 p dp p* * X + (p “ 1 ) J>7* 


0. 



The most general function homogeneous of degree 1 in p and 7 must be 
of the form 

**(p» 7 ) “ 7 q*f*(q), (17) 

where 


P 

fl 5E-* 

7 


(18) 


Equation (16) now yields an ordinary differential equation for f k (q ): 

* 

g[\ + m2 2 ] -jt: + [(,2k + 1)(X + m 2 s ) 2*] + *(* ~ 1)2/* “ 0, 




which by the substitution 


dq 


(19) 


U f 

5 sSE ——(7 i 

X 


( 20 ) 


reduces to the hypergeometric equation 


d% 


5(1 “ s) + 1 k + 1 


1) 




4m 


0. 

(21) 


Accordingly the most general solution homogeneous of degree 1 of the 
equation (3) which can be obtained in the form (14) is given by superposi¬ 
tion of terms of the form 


w*(p» 7 ) “ yC k 


feM 


2 4m + 2 ’2 ' S 


1 


?(?)■) 


1; *4-1; 


Jfe 1 1, 

2 4m 2'’ 


1 — ft; ** * ( 7 ) ( 22 ) 


where 


!-V*‘(l-i) + i. 


(23) 


provided k is Hot an integer. If k is an integer the second solution will 
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involve a logarithmic term. After we place the inessential variable y 
equal to 1, the solutions derived from this potential by the aid of formula 
(4) becomes identical with the classical solutions of Tschaplygin. 4 

In deducing the preceding solution we have used the homogeneous form 
(9) but we could equally well have used form (13); since tan 6 = (fiy)/ 
(c*y), instead of the formula (17) we should have had 

f*(p. y) = ( py) k Mpy ), (24) 

and in the end our result would have been the same. In both cases, of 
course, the kth power of the variable is introduced as a matter of con¬ 
venience only. 

There are other coordinate systems in which the equation (3) will 
separate. One variable may be split off in any system in which azimuthal 
planes are one of the families of coordinate surfaces, but when the in¬ 
essential variable y is put equal to 1 the resulting solution will of necessity 
reduce to Tschaplygin’s solution (22). 1 think it likely, but have so far 

been unable to prove, that in fact it is impossible to separate variables in 
the equation (3) in any system of coordinates in which azimuthal planes 
are not one of the coordinate families, and hence that Tschaplygin’s solu¬ 
tions of the hodograph equation are the only ones obtainable by separation 
of the variables. 

1 The polytropic exponent is usually denoted by y in English usage, but we follow the 
notation of reference (2) throughout. 

* Behrbohm, H., and Pinl, M ., “Neue Linearisierung dcr Grundgleichung der cben 

adiabatischen kompressiblen Potential stromung,” 21, 193-203 (1941). 

* Courant, R., and Hilbert, D., Methoden der Mathematischen Physik, Vol. 2, Berlin, 
1937, pp. 44—40. 

4 Tschaplygin, S., Gas Jets, Moscow University Scientific Memoirs, 1902, pp. 1-121, 
translation published as N.A.C.A. Technical Memorandum No. 1003, Washington, 
1944; see p. 19. 


EKRA TUM 

In the article, “Reverse-Mutation and Adaptation in Leucineless Neuro- 
spora," these Proceedings, 32, 163 (1946), lines 17-20 on page 165 should 
read: "In the 25 asci and among the 158 additional spores listed in table 2 
there were no recombinations. Since these numbers test for 129 chances 
for recombination, of which none were fulfilled, the genes involved are 
probably alleles.” 




PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 32 December 15, 1946 Number 12 

Copyright 1947 by thg National A cad*my of Sd*ncet 


THE FREQUENCY OF X-RAY-INDUCED CHROMATID BREAKS 
IN TRADESCANTIA AS MODIFIED BY NEAR INFRARED 

RADIATION 

By C. P. Swanson* and Alexander Hollarndrr 
Industrial Hygiene Research Laboratory, National Institute of Health 

m 

V . S. Public Health Service, Bethrsda, Md. 

Communicated September 20, 1940 

A modification of the frequency of x-ray-induced chromatid breaks 
can be achieved by varying the environmental conditions before, during 
or after x-radiation. All organisms, however, do not respond in like 
fashion to the same environmental changes. Sax and Enzxnanu 1 have 
shown that low temperatures (ca. 3°C.) effectively increase the frequency 
of x-ray-induced breaks in Tradescantia; high temperatures (ca. 38°C.) 
were shown to have the opposite effect. In Drosophila, temperature 
changes have been demonstrated to be ineffective in altering break fre¬ 
quencies, 2, 8 although earlier studies suggested that low temperatures can 
lead to an increase in x-ray-induced rearrangements. 4, 5 

The use of other types of radiation in combination with x-rays has 
opened a new avenue of attack on the problem of x-ray effects in that the 
results relative to chromosomal break frequencies do not appear to be 
additive. Ultra-violet radiation (2537 A), which can, itself, induce chroma¬ 
tid deletions, 7 has been shown to produce a significant decrease in x-ray- 
induced rearrangements in both DrosophiUi % and Tradescantia} Whether 
this can be attributed to an effect on the nucleic acid constituents of the 
nucleus remains to be determined. Near infrared radiation (<20,000 A), 
on the other hand, has quite the opposite effect. Ineffective in inducing 
breaks or rearrangements when used alone, and as detected by present 
cytological techniques, it considerably enhances the action of x-rays on 
the chromosomes of Drosophila if given before or during recombination 
of broken chromosome ends. 8, 10 Whether these data may be interpreted 
in terms of a local physical-chemical change reciting from a preferential 
absorption of energy by some chromosomal component* or in terms of a 
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more general cellular phenomenon, is as yet unknown. The present 
report deals with a preliminary study made of the modifying effect of near 
infrared radiation on x-ray-induced break and rearrangement frequencies 
in the microspore chromosomes of Tradescantia . The Drosophila results 
have been confirmed, and the investigation has been extended to other 
phases of the problem which are more readily studied in Tradescantia. 

Material and Methods .—A clonal line of Tradescantia paludosa, Anders 
and Woodson, served as the experimental material for this study. 11 

The x-ray treatments were given by using a Coolidgc-type tube with a 
tungsten target, operating at 170 kv. and 20 ma M and fitted with two 
filters, one of copper 0.25 mm. thick and the other of aluminum 1.06 mm. 
thick. At 40 cm., the distance from the target at which the inflorescences 
were treated, the dosage was 95 r units per minute, as measured by a 
Victorcen dosimeter. Only doses of one-lmlf and one minute were used 
in the present study. All x-ray treatments were made by Mr. Henry 
Myers of the National Cancer Institute. 

The method of applying the near infrared radiation was similar to that 
used by Kaufmann, Hollaender and Gay, 10 and described in greater detail 
by Hollaender, Kaufmann and Andrews. 12 The radiation from,a 750-watt 
medium prefocus filament projection lamp was focused by means of a 
plano-convex glass lens through an iodine-saturated carbon tetrachloride 
filter 1 1 / 2 cm. deep and a Corning heat-resistant glass filter No. 242. The 
inflorescences were placed at the bottom of a large culture tube which 
rotated slowly in the focus of the infrared beam. The culture tube was 
cooled by running tap water during the exposure of seven hours in the 
infrared beam. (Preliminary experiments had shown that maintaining 
the inflorescences in running tap water (18-19°C.) either before or after 
x-radiation did not significantly alter the frequency of induced breaks and 
rearrangements.) An interval of 5-30 minutes usually elapsed between 
the end of one type of radiation and the beginning of the other. 

The treated anthers were smeared, fixed in 3:1 alcohol-acetic and stained 
with aceto-carmine 22-23 hours after x-radiation. This time was selected 
because Sax 13 has shown that during the summer months chromosome, 
as opposed to chromatid, breaks appear at about 27 hours after x-raying; 
therefore, the appearance of chromosome breaks would have indicated 
that the rate of cell division had been speeded up by the application of 
infrared radiation. No chromosome breaks of any kind were observed, 
however, indicating that if infrared does speed up the rate of cell division 
it was counteracted by the cording effect of the running tap water, or else 
it was not accelerated to any detectable degree. 

The Effect of Pretreatment with Near Infrared Radiation .—Kaufmann, 
Hollaender and Gay 10 have shown that pretreatment with near infrared 
radiation significantly increases the frequency of detectable x-ray-induced 
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chromosomal rearrangements in Drosophila as compared to the frequency 
obtained from the x-ray controls. Dominant lethals, however, which 
supposedly result from inviable types of breaks, appeared not to be affected 
under the conditions of their experiments. In Tradescantia , where it is 
possible to detect most types of viable and inviable breaks and rearrange¬ 
ments, it was found that all detectable types of breaks were increased 
when infrared radiation was given prior to x-radiation (table 1). Single 
and double (isochromatid) deletions were increased in frequency approxi¬ 
mately ]()()% over the x-ray controls when a dosage of 47.5 r units was 
used, while the exchange type of rearrangement, either within or between 
chromosomes, revealed a considerably greater increase in frequency. This 
was again found to be true when the x-ray dosage was doubled (95 r). It 
would appear, therefore, that rearrangements between chromosomes, or 
between arms of the same chromosome, were increased disproportionately 
more than single or double deletions when infrared pretreatment was 
given to x-rayed microspores, but when it is considered that the frequency 
of this type of rearrangement is a function of the square of the dosage 
while the frequency of single and double deletions is a linear function of 
the dosage, 13 the disproporlionality of the exchange type of rearrange¬ 
ments in table J is readily explained. These data appear to be best in¬ 
terpreted in terms of a generalized “sensitization” of the chromosomes to 
x-rays rather than in terms of a differential effect on various types of breaks 
and rearrangements. 10 


TABLE 1 


Frequency or Chromatid Aberrations Induced by X-rays and as Modified by 

PRKTRBATMBNT WITH NEAR INFRARED RADIATION; DATA IN % 


TKBATKRNT 

SINGLE 

lXJLMTlONS 

DOURI.K 

I1KC.KTION8 

UXCHANOKft 

TOTAL 

CHROM. 

TOTAL 

HKKAKAOB 

47.5r 

2.80 

1.72 

0.20 

2094 

4.87 * 0.46 

Infrared + 47.5 r 

5.03 

2.68 

1.72 

1902 

10.50 * 0.70 

Infrared + 47.5 r 

5.02 

3.40 

2.72 

2352 

11.13 * 0.65 

95 r 

0.27 

6.80 

2.16 

1578 

14.32 * 0.88 

Infrared + 95 r 

11.48 

0.84 

11.88 

1404 

33.19.* 1.23 


The data presented in table 1 do not exclude from consideration the 
possibility that the increased break frequencies obtained when infrared 
pretreatment was combined with x-radiation might be related to a general 
temperature change induced within the cell. Measurements were there¬ 
fore made in the test tube during the infrared treatment, and a fall of 
2-3°C. below room temperature was recorded, the fall being due to the 
cooling effect of the running tap water. This was paralleled by a similar 
drop in temperature in the interior of the buds as determined by hicans 
of a thermocouple designed by Dr. J. Gordon Carlson. To be doubly 
certain, however, that the effects of infrared radiation were not related 
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to a general temperature effect (as opposed to a highly localized tempera¬ 
ture change due to selective absorption), several groups of buds were given 
seven hours of pretreatment at various controlled temperatures before 
x-radiation, and then kept at room temperature for 22 hours, at which 
time they were smeared, fixed and stained. 


TABLE 2 

Frequency of X-ray-Induced Chromatid Aberrations as Modified by Prbtreat- 
ment at Various Temperatures for Seven Hours; 47.5 r; Data in % 


TRBATUBNT 

SINGLE 

DELETIONS 

DOUBLE 

DKLKTION8 

EXCHANGES 

TOTAL 

CHSUM. 

TOTAL 

BKBAKAGH 

6°C. 

1.04 

3.21 

0.00 

1404 

4.86 * 0.66 

20 

2 44 

3.32 

0.00 

1080 

6.77 * 0.67 

25 (room temp) 

2.01 

4 02 

0.00 

996 

7.23 * 0.82 

34 

1.34 

3.03 

0.99 

2016 

5.35 * 0.61 


The data are presented in table 2. The rate of breaks and rearrange¬ 
ments did not approach the level obtained when infrared radiation pre¬ 
ceded x-raying, but the data indicate that a possible rise in exchange 
rearrangements may follow a rise in temperature, due possibly to a more 
actively dividing cell. That a generalized temperature change does 
not account for the modification of break frequencies as shown in table 1 
is, however, evident. 

TABLE 3 


Frequency of Chromatid Aberrations Induced by X-rays and as Modified by. 
Pretreatment with Infrared Filtered through 11 Cm, of Water; Data in % 


TEAATMENT 

SI NOLB 
DELETIONS 

DOUBLE 

DELRTXONft EXCHANGES 

TOTAL 

CBfXOH. 

total 

BKSAKAOB 

47.5 r 

2.47 

2.17 

0.50 

2028 

6.27 * 0.60 

Infrared -f 47,5 r 

5.36 

3.32 

2.78 

1860 

11.47 * 0.74 

Kaufmann, Hollaender and Gay 12 

stated that the region of effectiveness 


in the infrared spectrum lies in the neighborhood of 10,000 A. This is 
the region most readily transmitted by the filter system which they used, 
and which is similar to that used in this study, However, some energy 
from longer wave-lengths up to 20,000 A was transmitted. In an effort 
to determine the effective region more exactly, the infrared radiation was 
filtered through a round flask 11 cm. in diameter filled with distilled water. 
No other filter was used. According to Brackett, 14 this filter system should 
absorb all wave-lengths longer than 11,500 A. The flask was water cooled 
to prevent it from becoming a secondary radiator. The inflorescences 
were irradiated as before for seven hours, and the data are contained in 
table 3, No significant deviations from the data in table 1 were obtained, 
indicating that wave-lengths longer than 11,500 A are relatively ineffective 
in modifying the frequency of breaks. The filter systems which have 
been used have thus restricted consideration to those wave-lengths which 
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lie between 6000 and 11,600 A. Further work is being carried out to 
determine the effectiveness of different wave-lengths within, as well as 
outside, this range. 

The Effect of Post-treatment with Near Infrared Radiation .—Kaufmann, 
Hollaender and Gay 10 have shown that, in Drosophila , post-treatment of 
males with near infrared radiation led to a reduction in the frequency of 
detectable x-ray-induced chromosomal rearrangements, but this was 
subsequently interpreted as the result of a rapid maturation of sperm 
which were immature (and less sensitive to x-rays) when the flies were 
x-rayed, thus giving a heterogeneous sperm mixture at the time of copula¬ 
tion. Later Kaufmann* showed that the treatment of inseminated females 
with infrared radiation just prior to ovipositicm could modify the frequency 
of chromosomal changes in much the same manner as did pretreatment 
of males with infrared radiation. 


TABLK 4 


Frequency of Chromatid Aberrations Induced by X-rays and as Modified by 
Post-treatment with Infrarkd Radiation for Seven Hours; Data in % 


fUNGLK DOVHLB TOTAL 

TREATMENT DELETIONS DELETION* EXCHANGES CHROM. 


TOTAL 

breakage 


47.6r 2.21 2.65 0.28 2898 5.15 * 0.41 

47.5 r + infrared 4.90 2.62 1.89 4056 9.47 *0.43 


Since an interval of 22 hours existed between x-radiation and fixation of 
the chromosomes, there was an opportunity to alter the environmental 
conditions during the time when recombination is taking place. This was 
done with near infrared radiation, the length of treatment being seven 
hours. The data are given in table 4. The total frequency of chromatid 
changes was slightly lower than that obtained with pretreatments with 
infrared radiation, but an analysis of the individual types of changes 
indicated that the lowered frequency was due entirely to a lack of increase 
in the double deletions, the percentage remaining the same as that obtained 
from the x-ray controls. Single deletions and the exchange type of re- 
arrangements were significantly increased, with the proportion of increase 
being comparable to that obtained with pretreatment of infrared radiation. 
From these data it may be inferred that double deletions are realized 
immediately on x-radiation, and hence are not subject to modification by• 
post-treatment, whereas the type (or types) of break which gives rise to 
single deletions and exchange rearrangements is capable of remaining 
. "open” for some time following x-radiation, and therefore its capacity for 
restitution or recombination can be .readily altered by environmental 
conditions. These interpretations agree also with that obtained pre¬ 
viously in Tradescantia when ultra-violet light, in combination with x-rays, 
served as the modifying influence.’ 

The Permanency of the Effect of Near Infrared Radiation .—The question 
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as to the permanency of the effect of infrared radiation on chromosome 
“sensitivity’' can be readily answered merely by varying the time interval 
between pretreatments with infrared and x-radiation. This has been done 
in a very preliminary manner, but the data (table 5) are presented because 
they do yield some information relative to this aspect of the problem. 

In this experiment a 250-watt, 120-volt reflector-drying lamp of the 
commercial variety was used as a source of near infrared, with the same 
filter system previously described being employed. Because of the greater 
output of transmitted energy, the time of exposure was reduced to ap¬ 
proximately three hours. The infrared radiation was given prior to x- 
radiation, and the intervals of time between radiations were 16 and 21 
hours, respectively. As with the other experiments, the treated anthers 
were smeared 22-23 hours after x-radiation. 

TABLE r , 


Frequency or X-ray-Induced Chromatid Aberrations When a Delay Exists 

DETWEEN THE TIME OF NEAR INFRARED RADIATION AND TlMB OF X-RADIATION,' DATA 

IN % 


THHATlUmr 

OltLAY, 

HRS. 

KINOLfcC 

OKLKTIONH 

OOURI.CC 

UKLKTIONS 

RXCttANGKS 

TOTAL 

CKKOM. 

TOTAL 

BHKAKAGR 

47.5r 

■ * 

1.09 

1.30 

0 130 

1470 

3.1ft 


0.46 

Infrared 4- 47.5 r 

0 

4.42 

3.47 

1.77 

1584 

ft.66 


0.74 

Infrared -f 47.5 r 

10 

4 89 

3.83 

1.89 

1800 

10.61 

db 

0.73 

Infrared *f 47.5 r 

21 

4.39 

3.73 

0.88 

1368 

K.ftft 


0.77 


The data obtained showed that the effect of near infrared radiation on 
the chromosomes was not dissipated within a short time, but rather that 
the “sensitization” of the chromosomes persisted for at least 21 hours, 
with all types of rearrangements showing a definite increase in frequency 
as compared with the x-ray controls. From these data it can be inferred 
that the effect of infrared radiation is not achieved by general temperature 
changes, or by a greater cell activity, but rather by a definite chemical or 
physical change within the cell which is reflected in the increased response 
of the chromosomes to x-radiation. 

Discussion .—An intelligent discussion of the effects of near infrared 
radiation on the modification of the frequency of x-ray-induced chromo¬ 
somal breaks and rearrangements is hindered and obscured by a lack of 
definite knowledge of the effects of this type of radiation on biological 
systems and processes. It is known that near infrared energies (1.2^ 
electron volts for wave-lengths in the neighborhood of 10,000 A) are 
insufficient to produce a dissociation of molecular structures, differing in 
this respect from the ionizing action of the more penetrating forms of 
radiation, and the photochemical action of the shorter ultra-violet. That 
some change, however, is produced, and that this change, reflected in an 
increased breakability of the chromosomes when exposed to x-radiation, 
is not of momentary duration but one of relative permanency, and hence 
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probably of a physical-chemical nature, is evident from the data presented. 
The data, on the other hand, yield no evidence as to whether or not the 
effect on the chromosomes is direct or indirect, although it is logical to 
assume that it is the chromosome rather than some cytoplasmic com¬ 
ponent which is altered. Since absorption of the near infrared can lead 
to molecular vibration and rotation, the possibility remains that macro- 
molecular systems such as are known to be present in chromosomes may 
undergo some structural change, resulting in a “sensitized” structure 
which is more readily disrupted by x-rays. 10 The concept of a sensitized 
structure, however, does not appear to explain satisfactorily the data 
obtained from post-treatment experiments since one must consider here 
the effect on breaks, potential or otherwise, which are already available 
for recombination. Post-treatment effects may be due to a mechanism 
which alters chromosome movement, as suggested by Kaufmann, 8 but most 
certainly the fact that a delay of 21 hours between pretreatment with infra¬ 
red radiation and x-radiation does not materially alter the rate of increase 
in break frequency as compared to that when x-radiation immediately 
follows infrared treatment precludes any consideration of chromosome 
movement as an explanation for the data obtained from the pretreatment 
studies. The possibility of two distinct mechanisms therefore exists. 

The following hypothesis suggests itself as an explanation by which both 
pre- and post-treatment data may be related to a single mechanism. If 
both infrared and x-rays are capable of weakening the chromosome struc¬ 
ture (this in addition to the normally realized x-ray breaks) in a manner 
which would not be detectable as distinct breaks, and which would not 
be realized unless further disturbed by the addition of the other type of 
radiation, then an additional increase in break frequency would be ex¬ 
pected with both pre- and post-treatments with infrared radiation. The 
failure to obtain an increase in the frequency of double deletions following 
post-treatment is readily explained by assuming that this type of breakage 
and recombination is realized immediately on x-radiation, and is thus not 
subject to modification by subsequent treatment. 

Summary, —Experiments are reported in which it has been shown that 
near infrared radiation, when combined with x-rays, significantly increases 
Itfie frequency of x-ray-induced breaks and rearrangements in the micro¬ 
spore chromosomes of Tradescantia . All types of detectable alterations 
ate increased by pretreatment, while post-treatment increases the fre¬ 
quency of single deletions and exchanges but does not increase the fre¬ 
quency of double deletions. A delay of 21 hours between pretreatment 
with infrared and x-rays does not appreciably decrease the effectiveness of 
infrared, suggesting that the change induced by infrared is of a relatively 
permanent nature. The nature of the effect of infrared is poorly under¬ 
stood at the present time. 
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REACTION AND SCATTERING CROSS-SECTIONS 

By E. P. Wigner 

Monsanto Chemical Company, Knoxville, Tennessee 
Communicated October 24, 1946 

1 . It was attempted, in two recent papers, 1 to give a formulation to the 
resonance theory of nuclear reactions* which is free from artificial as- 
sumptions. This theory deals with reactions in which two nuclei collide 
and either reseparate without any change (elastic scattering) or undergo 
a reaction so that the pair separating after the collision is different from 
the colliding pair (nuclear reaction or excitation). If the energy of the 
system does not make the second alternative possible, we shall speak of 
a one alternative reaction which is, in reality, elastic scattering. If the 
collision can yield, instead of the original pair of nuclei, another pair or 
two alternative pairs, we shall speak of a two or three alternative reaction. 
Thus, e.g., the collision of Be 9 and a neutron, which can yield either Be 9 + 
neutron, or Li 8 4 H 9 , or He 8 4 He 4 , or Be 10 4 7 -ray, will be called a four 
alternative reaction. The number of alternatives of the reaction which 
we investigate will be denoted by n. Contrary to what may seem from 
the above examples, this is usually not a very small number because most 
reactions can yield the end-products in numerous different states of excita¬ 
tion which are to be considered all as different alternatives. Reactions 
which yield more than two particles (e.g., H s + H l «* H l 4* H* 4* neutron) 
are excluded from the present treatment 
One arrives at a rather definite energy dependence of the cross-sections 
of reactions of the above nature if one assumes, as was done in the paper 
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of reference 1 (a), that the wave function of the compound nucleus (i.e., 
the wave function in that part of configuration space where all particles 
are close together) is, in first approximation and apart from an energy de¬ 
pendent coefficient, independent of energy. On the other hand, if one 
admits, as was done in 1 (b) f that the wave function of the compound 
nucleus may be a linear combination of several, or even infinitely many, 
energy independent functions with energy dependent coefficients, the con¬ 
clusions for cross-sections, etc., become much less definite. This is quite 
natural since this last assumption is in reality no assumption because 
every wave function, and hence also the wave function of the compound 
nucleus, can be written as a linear combination of a definite set of func¬ 
tions. Any specialization contained in the second of the above papers 
is contained in the discussions in which assumptions are made about the 
order of magnitude of the constants occurring in the expressions for cross- 
sections, etc. The most important assumption discussed is that the dis¬ 
tance of the resonance levels from each other is greater than their width. 

However, even if one does not make any such assumptions, the results 
of the second paper are not vacuous but contain at least three general 
statements. The first two of these are: 

(i) That the elastic scattering cross-section does not vanish in general 
for any value of the energy, except in one alternative reactions. 

(ii) The reaction cross-section vanishes for discrete values of the energy 
in two alternative reactions. In three and more alternative reactions no 
reaction cross-section (and because of, (i) no scattering cross-section) 
vanishes in general for any value of the energy. 

The third result is more difficult to formulate and will not be taken up 
at this occasion. However, a proof which is independent of the formalism 
employed in reference 1 will be given for the above assertions which will, 
at the same time, generalize them inasmuch as the assumption of zero 
angular momentum of the colliding particles will not be employed. 

2. It is well known that the total effective cross-section of a reaction, 
such as the transformation of a pair j into a pair l f is a sum of several partial 
cross-sections even if all particles which participate in the reactions have 
zero spin. These partial cross-sections correspond to the different angular 
momenta 0, h , 2 h, 3 h t ..., Lh> ... of the colliding particles around their 
common center of mass: 

( 1 ) 

L 

The partial cross-sections can be expressed in terms of the matrix elements 
of the collision matrices U L 

« — (2L + l)|tV - M*. 


(la) 
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The collision matrices are ft dimensional unitary symmetric matrices and 
they depend on the energy, k $ is the wave number corresponding to the 
relative motion of the colliding particles and h)i is zero except in the case 
of elastic scattering, i.e., if j ** l. Equations (1) and (la) are valid not 
only if the spins of all colliding particles and reaction products are zero 
but also if there is no interaction between orbital motion and spin. It 
follows from the conservation law for angular momentum in both cases 
that the relative angular momentum of the reaction products is equal to 
the relative angular momentum of the colliding particles. 

The above two rules (i) and (ii) will be shown to hold for the partial cross- 
sections rather than the total cross-section <r^. Since the <r jt L vanish, 
in general, only for isolated values of the energy, the < r 3 i itself will not vanish, 
in general at all. However, as long as the total energy of the system is 
low, for L > 0 will be very small and the vanishing of <rrf will entail 
the vanishing of <tji also. Even if several a Jt L contribute substantially to 
the total cross-section, the vanishing of one of them has some observable 
significance because the can be separated to some extent due to the 
different angular distributions with which they are connected. 

If some of the reaction products or colliding particles have spins and if 
these interact with the orbital motion, the situation is even more com¬ 
plicated and will not be described in detail. The total cross-sections will 
become sums of even more terms than (1) indicates. All the partial cross- 
sections will be connected with matrix elements of a .collision matrix in a 
way similar to (la) and the rules (i) and (ii) remain valid for the partial 
cross-sections. However, the decomposition of the total cross-section 
into partial cross-sections will be even more difficult experimentally than 
in the above-described simple case. It will probably be possible only for 
low energies when only particles colliding with zero angular momentum 
can react with each other. 

3. The rules (i) and (ii) will be demonstrated now by the method of 
counting the number of free parameters (a) in a general symmetric unitary 
matrix, (6) in a symmetric unitary matrix the jj element of which is 1, 
and (c) in a symmetric unitary matrix of which an off diagonal element 
vanishes. First we prove that: 

The characteristic vectors of a symmetric unitary matrix can be as¬ 
sumed to be real. From !/*=£/' follows U* « and from U*U « 1 
then U*U — 1. Hence from Uv » oyo follows U*Uv « v * coU*v or, 
taking the conjugate complex w*Uv* * v*. Since for the characteristic 
value « of a unitary matrix w* ® the last equation states that v* is 
a characteristic vector of U and that it belongs to the same characteristic 
value to which v belongs. It then follows that the real vectors v + v* 
and i(v* — v), i.e., the real and imaginary parts of i\ are also characteristic 
vectors of U so that the characteristic vectors can all be assumed to be real. 
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(As a matter of fact, the derivation of the symmetric nature of U shows that 
this nature is a consequence of the real character of its characteristic vec¬ 
tors.) As a result, U can be written in the form 

V « R'toR (2) 

where 12 is a diagonal matrix with diagonal elements of modulus 1 and R 
is a real orthogonal matrix. Conversely, R'ilR is evidently both sym¬ 
metric and unitary. 

The number of real parameters in 12 is to, in R it is Va«(« — 1) so that U 
can be characterized by */*to(» + 1) real parameters. 

Let us now consider a real symmetric matrix for which Ujj * 1. It 
then follows from the unitary condition that all Uy and Uji with l ^ j 
vanish. As a result, the number of free parameters in an n dimensional 
matrix U with U SJ =» 1 is the same as in a general to — 1 dimensional U, 
i.e., y 2 (« — 1 )to, One therefore has to fix */*(» + l)w — V*(n — l)n — w 
parameters to make an elastic scattering cross-section vanish. If one has 
only one parameter (the energy) at one's disposal, this will be possible only 
if w « 1, i.e., in one alternative reactions, that is, if, for reasons of energy, 
only elastic scattering is possible. This concludes the demonstration of (i). 

When considering the case of a vanishing reaction cross-section, i.e., 
Va » 0 with j 9* l> we can assume, without loss of generality that j «=• 1, 
2 — 2 so that Uiz = 0. 

If U is two-dimensional Un ** 0 means that U is a unitary diagonal 
matrix. Since the modulus of the diagonal elements must be 1, such a 
U will have two free parameters. The general two-dimensional symmetric 
unitary matrix has three free parameters so that it will be possible, in 
general, to make Uu vanish by a suitable choice of the energy. This con¬ 
cludes the discussion of the first part of (ii). 

A three-dimensional symmetric unitary U with Uu «= 0 has one of the 
two forms 

a>w'* cos <p 0 a> sin <p co* 0 0 

0 co* 0 or 0 coco'* cos <p co sin tp (3) 

co sin ip 0 —coco' cos <p 0 co sin <p -~coco , cos *p 

Since the modulus of all co must be 1, both forms (3) contain four real 
parameters. The general three-dimensional symmetric unitary U has six 
parameters so that it will not be possible, in general, to make Uu - 0 
by varying a single parameter. This demonstrates (ii) for three alterna¬ 
tive reactions* (It also shows that if, for whatever reason, U x % « 0, either 
£7j» or Uis must vanish also.) 

If £/has to «* 4 or more dimensions, Uu 30 0 can be expressed, by means 
of (2), as 

Uu « y^Rnicos ipf + i sin tp$)R$% ** 0, 


(4) 
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where the diagonal elements of 8 were denoted by cos <?j + i sin <fj. As is 
well known, the number of real parameters in if, if (4) is not fulfilled, can 
be counted as follows: the first column Rji is an n dimensional vector of 
length 1, giving n — 1 parameters; the second column is of length 1 
and is orthogonal to the first column giving w — 2 parameters; the third 
column of R must be a unit vector orthogonal to the first and the second 
column, giving w — 3 parameters, etc. Altogether if has n~l + (n — 
2) + (« — 3) + ... + 1 ® 1 /*(n ~ 1)» parameters. If (4) is fulfilled, 
the second column must be orthogonal to the first column and to the 
vectors with the components if ; i cos <pj and Rji sin <pj. It has, therefore, 
if these three vectors are linearly independent, only « — 4 parameters 
instead of the n — 2 as above. Hence, the condition C /12 = 0 fixes two 
parameters and cannot be satisfied, in general, by varying the energy. 

If only two of the vectors Rji f Rn cos p Jt Rji sin <p } are independent, 
Rj 2 still has to be orthogonal to one more vector than if the condition 
U 12 * 0 is not imposed. In addition, the linear relation between the 
vectors Rju Rji cos <p j$ Rji sin <pj gives at least one additional condition so 
that the number of free parameters in U with Uu * 0 is, in this case, at 
least two smaller than it is in the general U . If both Rj\ cos and Rji sin 
(pj are multiples of Rji, all <Pj are equal which involves certainly more than 
two conditions. This shows that the conclusion of the preceding para¬ 
graph is valid in general and completes the demonstration of (ii). 

1 (a) E. P. Wigner, Phys. Rev., 70, 15 (1940); (6) to appear in the November, 1946, 
issue of Phys. Rev. 

* Breit, G., and Wigner, E., Ibid., 49, 519, 642 (1936). For further literature see, 
e.g., reference 1 (a). 


ALGEBRAIC MATRIC GROUPS 
By E. R. Kolchin 

Department of Mathematics, Columbia University 
Communicated October 24, 1940 

Let ® be a multiplicative group of square matrices (a t j) of degree n ^ 1 
with elements a tj contained in an algebraically closed field 6. ® is called 
algebraic if there exists a set 9 of polynomials in C[., x#, .,such that: 
(a) for each (a<>) in ® andeach/(..., x iit .. .) in 9 wehave/(.. a i$) ...) ** 
0 ; (b) every non-singular matrix (0^), with elements in © such that 

■ • •) “0 for each/(..., xa, ..in g, is in ©♦ Such algebraic matric 
groups are encountered in the Picard-Vessiot theory of homogeneous 
linear ordinary differential equations, where they play a rdle similar to 
that played by finite permutation groups in the Galois theory of algebraic 
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equations. Any attempt to clarify and rigorize the Picard-Vessiot theory 
must include an adequate treatment of algebraic matric groups, and 
preferably (if the Picard-Vessiot theory is to be completely algebraic) an 
algebraic one, independent, of the theory of Lie groups. The present 
communication describes some results along these lines. A description 
of an algebraic development of the Picard-Vessiot theory is contained 
in the note immediately following. 

If we take g as large as possible, so that it is unique, then © consists of 
the algebraic manifold of g (called the underlying manifold of ®) with a 
lower-dimensional algebraic manifold deleted. It turns out that the 
irreducible components of the underlying manifold of © are pairwise dis¬ 
joint (except for singular matrices) and all have the same dimension, and 
the irreducible component containing the identity matrix e is the under¬ 
lying manifold of a normal algebraic subgroup of © of finite index (= num¬ 
ber of irreducible components). Definitions: this subgroup is the com¬ 
ponent of the identity of © (notation: ©°); © is connected if © *= ®°; 
the dimension of © is that of its underlying manifold. 

We call © anticompact if 0 contains no matrix ?*€ of finite order not 
divisible by the field characteristic p, and call © quasicompact if every 
algebraic subgroup of © of order > 1 contains such a matrix. By making 
joint use of the algebraic manifold properties and group properties of ® 
we can prove: (1) © is anticompact if and only if each matrix of © is re¬ 
ducible to special triangular form (Q’s below the main diagonal, Is on it), 
i.e., if and only if each matrix in © has all its characteristic roots equal to 
1. (2) ® is quasicompact if and only if each matrix in © is reducible to 

diagonal form . 

® is called solvable if ® has a normal chain in which all the factor groups 
are abelian (here “normal chain” signifies a normal chain in the usual sense 
plus the restriction that all members of the chain be algebraic). ® is 
solvable if and only if its sequence of commutator subgroups terminates 
with the identity group (the commutator subgroup ©' of © is the smallest 
algebraic subgroup of ® containing m^T" 1 for all <r and r in ©). Using 
several lemmas it is possible to prove that if © is connected and solvable 
then © is reducible to triangular form (0's below the main diagonal). The 
proof employs a double induction on the matrix degree n and the normal 
chain length r. For n ** 1 there is nothing to prove. Letting « > 1 and 
supposing the result verified for matrices of lower degree, we can assume 
that © is irreducible (this requires a lemma asserting that the blocks of a 
reduced algebraic matric group are themselves algebraic matric groups, 
connected when the given reduced group is). For r * 1 (t.e., for abelian 
@) the result is an easy consequence of Schur's lemma. Letting r > 1 
and supposing the result verified for matrices of degree n with lower values 
of r, we see that the second member ©i of the normal chain for © of length 
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r is reducible to triangular form (this requires a lemma asserting that 
is connected whenever (M is, permitting the assumption that ©1 is con¬ 
nected), Then an argument making use of the reducibility of ©i to 
triangular form and the abelian nature of ©/(fy leads to a contradiction. 

Using this theorem and the results 1 and 2 above, it can be shown that 
® is solvable and anticompact if and only if ® is reducible to special triangular 
form , and if © is reducible to triangular form and is quasicompact then © is 
reducible to diagonal form . 

Finally, we investigate the extent to which the concepts '‘solvable/' 
“anticompact/’ and "quasicompact" are broadened by the introduction 
of apparently more inclusive definitions by means of conditions on a normal 
chain 

© “ @0 2. ©1 3i . * ■ — ®r~l 2 ©r — S. 

Using above-mentioned results concerning ®° and ©' it is not hard to 
show that if every factor group ©*-i/©< is abelian or finite then ©° is solvable . 

If the definitions of anticompact and quasicompact are extended to factor 
groups in the obvious way, it can be proved (using a slight generalization 
of result 1 above) that: if every factor group is anticompact or 

finite then ©° is anticompact; if every © r ~i/®< is anticompact then © is, 
too . Analogous to the second part of this theorem is the result that if 
every is quasicompact; then © is, too. I do not know whether the 

analog to the first part is true or false (for p = 0 it is obviously true, as a 
finite group is then quasicompact; for p > 0 a finite group may not be 
quasicompact, e.g., a group of order divisible by p). 


THE PICARD-VESSIOT THEORY OF HOMOGENEOUS LINEAR 

ORDINA R Y DIFFERENTIAL EQUA TIONS 

By E. R. Kolchin 

Department of Mathematics, Columbia University 
Communicated October 24, 1946 

The Galois theory of homogeneous linear ordinary differential equations 
as developed by Picard and Vessiot is founded on the theory of Lie groups 
and on the general theory of differential equations/ Because of the loose 
state of the Lie theory at the time, the weakness then of the theory of 
differential equations with respect to its algebraic aspects, and the over¬ 
intimate connection with the analytic point of view, the Picard-Vessiot 
theory suffers*from a certain lack of rigor, completeness and simplicity. 
The present communication describes an attempt to algebraize, rigorize, 
round out and extend the Picard-Vessiot theory. Use is made of the Ritt 
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theory of algebraic differential equations 2 (unavailable, of course, to Picard 
and Vessiot), and some results concerning algebraic groups of matrices 
developed for the purpose. 8 

Let be a differential field (ordinary or partial) of characteristic 0, 
9 a differential extension field thereof. A set of isomorphisms of g over 

(i.e., isomorphisms of g under which each element of is invariant) will 
be called abundant if for each differential field fft between ff and g and 
each element a in g — ffi there is an isomorphism in the set under which 
a is not invariant but every elment of fFi is. By a previous paper 4 such sets 
of isomorphisms always exist, g will be called a normal extension of 
if the group of all automorphisms of g over is abundant. 

Let g be a normal extension of and let ® be an abundant group of 
automorphisms of g over 5 (not necessarily the group of all such auto¬ 
morphisms). For any differential field between and g let @(ff|) 
denote the group of all automorphisms in ® which leave invariant each 
element of (thus ®(ff) = © and ©(g) = ©, the identity group). Then 
it is easy to show that the mapping #1 ®(ffi) is a one-to-one correspondence 
between the set of all differential fields between ff and g and a certain set of 
subgroups of @. Furthermore: ©(£L) is a normal subgroup of © if and 
only if affi * for every <r in ©; when this condition is satisfied then is a 
normal extension of and ®/®(ffi) is isomorphic with an abundant group of 
automorphisms of over I do not know, in the case in which ® is the 
group of all automorphisms of g over ff, whether ®/®(ffi) is isomorphic 
with the group of all automorphisms of over ff. 

Henceforth, suppose that is an ordinary differential field of charac¬ 
teristic 0 with an algebraically closed field of constants 6, and consider a 
homogeneous linear differential polynomial L{y) = y (n) + piy {n ~~ l) + 

*.. + p*y (each pi in ff). If ni» ...» are n solutions of L(y) * 0, linearly 
independent over C, which are contained in some extension of SF, and if 
the differential field g obtained by adjoining i?i, .,., rf n to ff contains no 
constants not in <B, then g will be called a Picard - Vessiot extension of ff. 
It turns out that every Picard - Vessiot extension g of & is normal , and the 
group ® of all automorphisms <r of g over ff is (isomorphic with) an algebraic 
group (also denoted by ®) of matrices (k i3 ) t with each k ti in C, such that 
Wi ** (j * I> . * *» «). For the special case of Picard-Vessiot 

extensions it can be proved that the set of all groups ®(ffi) with between 
$ and 9 is identical with the set of all algebraic subgroups of ®, that when 
®(ffi) is a normal subgroup of ® then ®/©(ff0 is isomorphic with the group 
of all automorphisms of ffi over ff, and that the dimension of the algebraic 
matric group @ equals the degree of transcendency of 9 over 

An element a of an extension of 2F is called an integral of an element a 
of that extension if a' ® a; a is called an exponential of an integral of a 
if a' * act, A differential extension field X of ff will be called liouvilHan 



310 MA THEM A TICS: R. R. KOLCHIN Prog. N. A. S. 

if: (a) every constant in 3C is in <3; (6) <5 is an extension of ff by means of 
integrals, exponentials of integrals, and algebraic functions, i.e., there is 
a monotonic sequence of differential fields (F a fFo £ ^ £ ... £s ffr * 3C 
such that for each i > 0 is obtained from by the differential field 
adjunction of a single element which is either an integral of an element of 
9F*- 1 , an exponential of an integral of an element of or algebraic over 

We shall have occasion to distinguish ten types of liouvillian extension, 
namely, extension by: 

(1) integral, exponentials of integrals, and algebraic functions (i.e., 
any liouvillian extension), 

(2) integrals and exponentials of integrals, 

(3) exponentials of integrals, and algebraic functions, 

(4) integrals and algebraic functions, 

(5) integrals and radicals, 

(6) exponentials of integrals, 

(7) integrals, 

(8) algebraic functions, 

(9) radicals, 

(10) rational functions (i.e., not a proper extension at all). 
Corresponding to these ten types of liouvillian extension we consider ten 
types of algebraic matric groups defined by properties of the component of 
the identity ©° and of © itself : 

(1) ©° is solvable, 

(2) © is solvable, 

(3) ©° is solvable and quasicompact, 

(4) ©° is solvable and anticompact, 

(5) © is solvable and ©° is anticompact, 

(6) © is solvable and quasicompact, 

(7) @ is solvable and anticompact, 

(8) ® is finite, 

.(9) © is finite and solvable, 

(io) © « e. 

It is now possible to state the following extension of Vessiot’s big theorem 
on “solvability by quadratures/’ If the Picard-Vessiot extension 9 is con¬ 
tained in a liouvillian extension of then ®° is solvable , Conversely, if ®° 
is solvable then g is a liouvillian extension of ff. In either case the liouvillian 
extension is of one of the types ( 1 )-( 10 ) if and only if the algebraic matric 
group & is of the corresponding type ( 1 )-( 10 )+ 

1 For the literature of the Picard-Veasiot theory see: Vessiot, Encyclopidie des 
sciences mathSmatiques pares et appliqufes , tome II, vot. 3, fascicule 1, 68-170, cap. pp. 
152-165 (1910). 

• A general account of this theory as of 1938 is contained in: Hitt, J. F„ American 
Mathematical Society Semicentennial Publications, II, 35-55 (1938). 
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* See the immediately preceding note. Familiarity with the results of that note will 
be assumed in the present communication. 

4 Kolchin, E. R„ A finals of Mathematics , 43, 724-729 (1942). 


A CHARACTERIZATION OF A SIMPLE PLANE WEB 

By R. L. Moore 

Department op Pure Mathematics, University op Texas 

Communicated Oct. 14, 1946 

The compact continuum M is said to be a simple web if there exist an 
upper semicontinuous collection G\ of mutually exclusive continua, and 
another such collection G 2 , such that (1) each of these collections fills up 
M, (2) each of them is a dendron with respect to its elements and (3) if 
gi is a continuum of G\ and g 2 is a continuum of G 2t the common part of 
gi and g% exists and is totally disconnected. 

In his thesis, 1 R. H. Bing has shown that in order that the compact 
plane continuum M should be a simple web it is necessary and sufficient 
that it should be a continuous curve which remains connected and locally 
connected on the removal of any countable point set. In the present 
paper* another characterization will be given. 

Theorem 1, Every two points of a simple plane web are separated from 
each other in it either by each of uncountably many mutually exclusive arcs 
or by each of uncountably many mutually exclusive simple closed curves , 

Proof . Suppose M is a simple web in the plane £. The point set M 
is* a continuous curve and 4 the boundaries of its complementary domains 
are simple closed curves no two of which have more than one point in 
common. Bing introduces and makes extensive use of the notion of a 
subcontinuum of M which is maximal with respect to being the closure of 
a connected point set which is the sum of a countable number of points 
and boundaries of complementary domains of M. Let H denote the set 
of all such continua. Every element of H is a continuous curve every 
non-degenerate cyclic element of which is a simple closed curve bounding 
some complementary domain of M and the collection II is contracting. 
Let G denote the collection whose elements are the continua of H and the 
points of M that belong to no continuum of H. Suppose A and B are 
points of M. 

Suppose first that A and B belong to the same continuum h of the 
collection H. There exists a non-degenerate cyclic element J of h such 
that if A-J exists no component of its closure contains both A and B . Let 
W denote the collection of all continua w such that w is either (1) a con- 
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tinuum of the collection G distinct from h 9 (2) a component of the closure 
of h-J, (3) a point of J which is not a limit point of any component of 
h-J or (4) a point of D } the complementary domain of M of which J is 
the boundary. The collection W is upper semicontinuous and there exists 
a reversible transformation T throwing the continua of W into the points 
of a spherical surface S , or into those of a plane 5, and such that (1) if J f 
denotes the set of all continua of the collection W that intersect J, T(J') 
is a circle and (2) T is reversibly continuous in the sense that the sequence 
W\, W 2 , Wz, ... of continua of the collection W converges to a subcontinuum 
of the continuum w of W if and only if the sequence T(w i), Tiw^), T(w*), 
... of points of 5 converges to the point T(w) of 5. Let A 9 and B ' denote 
the continua of the collection W that contain A and B t respectively. In 
5 the point T(A f ) belongs to the circle T(J '). Let Z denote the set of all 
circles lying on S t with center at T(A ') and with radii less than the distance 
from T(A f ) to T(B'). For each circle z of the collection Z, let a x denote 
the arc of z which contains no point of T(D) but has, as its end-points, 
two points of T(J'). Let Q denote the collection of all such arcs a z for 
all circles z of the collection Z. Each arc of the collection Q separates 
T(A f ) from T(B') in 5 — T (D). But the collection Q is uncountable and 
the set of all non-degenerate continua whose images under T are points of 
S is countable and thus all but a countable number of the arcs of Q are 
images under T of arcs in the plane E. But since every arc of Q separates 
T(A f ) from T{B f ) in S — T(D) therefore A is separated from B in M by 
every arc of which an arc of Q is the image under T, It follows that there 
are uncountably many mutually exclusive arcs each separating A from 
B in M. 

Suppose now that no continuum of the collection II contains both A 
and B. In this case there exists a transformation T throwing the continua 
of G into the points of a sphere S and such that T is reversibly continuous 
in the sense described above. Let A f and B f denote the continua of G 
that contain A and B t respectively. On the spherical surface 5, T(A') 
is separated from T{B f ) by every circle on S with center at T(A) and 
radius less than the distance from T(A') to T(B'). All but a countable 
number of these circles are images under T of simple closed curves and 
every one of these simple closed curves separates A from B in M . 

Theorem 2. If every two points of the compact continuum M are separated 
from each other in M by each of uncountably many mutually exclusive sub- 
continua of M but M has no cut point then M is not separated by any countable 
point set . 

Proof . Since every two points of M are separated from each other in 
M by a continuum, M is 6 a continuous curve. Suppose the points A and 
B are separated from each other in M by a countable point set 2L Then 
there exists a dosed non-degenerate subset H of K such that H separates 
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A from B in M but no proper subset of II does so. Every point of II is 
a limit point of both M A and M Bt the components of M — H that contain 
A and B, respectively. By hypothesis, II is non-degenerate. Let E and 
F denote two of its points. There exists a subcontinuum L of M separat¬ 
ing E from F in M and containing no point of K. Since E + F + Ma 
and E + F + Mb are connected subsets of M } L intersects both M A and 
Mb . Hence L + M A + M B is connected. But it contains A and B and 
no point of II. This involves a contradiction. 

Theorem 3. If every two points of the compact continuum M are separated 
from each other in M by each of uncountably many mutually exclusive sub - 
continua of M and M has no cut point then if e is a positive number there 
do not exist in M infinitely many mutually exclusive arcs of diameter more 
than e such that each of them is the sum of a countable number of continua t 
such that t is either a point or a subset of the boundary 6 of some complementary 
domain of M . 

Proof. Suppose that, for some e f M contains infinitely many mutually 
exclusive arcs satisfying these conditions. Then' there exists a sequence 
ai t • • of them converging to sonic non-degenerate continuum N . 

Let E and F denote two points of N. There exists a subcontinuum T of 
M separating E from F in M and such that, if T intersects a nt every com¬ 
ponent of T . a H is a subset of some segment of a n lying on the boundary 
of some complementary domain of M. There exist circles J B and Jf with 
centers at E and F t respectively, and a sequence of mutually exclusive 
arcs E\F X , E 2 F^ t ... such that, for each n, EnF n is, for some m, an interval 
of a m lying wholly without each of the circles J K and Jf, except that E n 
and F n belong to Jg and J Fy respectively, and furthermore T intersects 
every arc of the sequence E\F\ t E^Fz, .. . and lies wholly without both 
Jg and J F . There exist two integers i and j } less than or equal to 3, and 
arcs EiE) and F { Fj lying on J s and Jf, respectively, such that T intersects 
both /, the interior and E t the exterior, of /, the simple closed curve E t Fi + 
FiFj 4~ EjFj + RiEj. It follows that some component Q of T.J, and 
therefore either of T. (EiFt) or of T. (EjF/) , contains both a limit point of 
of T.I and a limit point of T.E. But Q is a subset of a segment of E t F< 
or of EjFj lying on the boundary of some complementary domain D of 
Af. The domain D contains a point of M. This involves a contradiction. 

Theorem 4, If every two points of the compact continuum M are separated 
from each other m M by each of uncountably many mutually exclusive sub - 
continua of M but M has no cut point then if K is a countable subset of M t 
M — K is locally connected . 

Proof . A point set will be said to be of Class 1 if it is the sum of a count¬ 
able number of continua such that each of them is either a point or a 
subset of the boundary of some complementary domain of M. 

For each point P of M let M * denote the point set consisting of P and 
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all points X of M, if there are any, such that X and P are the extremities 
of an arc of Class 1. * 

Suppose P is a point of M. Suppose A is a limit point of Mp not belong¬ 
ing to it. There exists a sequence Pi, P$, P*, . *. of distinct points of 
Mp — P converging to A. For each n there exists an arc PP n of Class 1. 
Let n% denote 1, let B ni denote P and let n% denote the smallest positive n 
such that P m does not belong to PP„, for any m greater than pr equal to n. 
Let B n , denote the first point in the order from P„, to P that PP», has in 
common with PP ni and let B n ,P n% denote the interval of PP Ml whose end¬ 
points are B ns and P rtt There exist an infinite sequence of positive integers 
n%, n%> #a, . *., an infinite sequence of points 5 *,, J 3 * t , B .,. and an infinite 
sequence of arcs B ni P ni , B nt P nt , .., such that (1) B nx > B nt are as described, 
(2) for each j, tij+i is the smallest positive integer n such that P m does not 
belong to PP ni for any m greater than or equal to n, and i less than or 
equal to j, (3) Bn^ x is the first point, in the order from P« J+l to P on 
PPn ;+j that PPn^i has in common with the point set B nj P ni + B nt P nt + 

... + BnjPnj and (4) is the interval of PP» J41 whose end-points 

are J3* y+1 and P nj No two of the arcs B ni P nit B nt P n „ B nt P n » . .. have 
more than one point in common. Suppose there exists a positive number 
e such that, for infinitely many integers i, the diameter of BntPui is greater 
than e. Then for each i there exists an interval of BniPn t of diameter 
more than e and having neither Bn x nor P«< as an end-point. This is con¬ 
trary to Theorem 3. It follows that no arc of the sequence B ni P nv B nr Pnv 
. intersects more than a finite number of the others. Hence there exists 
an infinite sequence (?i, Qz, Q^ f ... such that (1) for each n t Q n is a finite 
collection of one or more arcs of the sequence B Hl P nt , B nr P nv ..., (2) 
B Ht P ni is the only element of Qu (3) each arc of () n+1 intersects some arc 
of Q n , but intersects no arc of Qn-i if n > 1, (4) each arc of the sequence 
B ni P ni , B nt P nv .. . belongs to some collection of the sequence <?i, (?*, Qt, 
.... There exists 7 an infinite sequence nti, m%, m*, ... of distinct integers 
of the sequence m, . such that, for each j, Bm^Pm^ belongs to Qj 

and intersects Bm J4 iPm^ lt If, for each j, denotes the point Bm } or the 
interval BmsBm^ x of Bm j Pm i according as Bm f is or is not identical with 
Bmj+ U then A + a\ + a 2 + ... is an arc from P to A. But it is of Class 1. 
Hence A belongs to M P and M P is closed. 

With the aid of Theorem 3 and the fact that every two points of Mp are 
the extremities of an arc of Class 1 lying in Mp, it may be shown 8 that if 
A is a point of M P and e is a positive number there exists a positive number 
fie such that every point of Mp at a distance less than fi« from A lies together 
with A in on arc of Class 1 of diameter less than «. It follows that not only 
is Mp a continuous curve but every two points of a connected open subset 
of Mp are the extremities of an arc of Class I lying in that subset. 

Suppose AX J} is an arc of Class 1 lying in Mp and suppose no boundary 
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of a complementary domain of M contains a segment of AXfi containing 
X. Suppose X does not separate A from B in M P . Then, since M P is a 
continuous curve, if D is the component of M P — X that contains A, D 
is an open subset of M P — X containing B and therefore it contains an arc 
A YB of Class 1. The point set AXB + A YB contains a simple closed 
curve J of Class 1 containing a segment of AXB containing X . The curve 
J is not the boundary of any complementary domain of M. But it is 
the sum of two mutually exclusive point sets N\ and N$ such that N\ is 
countable and N 2 is the sum of two or more segments each of which is a 
subset of some complementary domain of M. If / and E denote the 
interior and exterior of / the point sets M.I and M . E exist and Ni sepa¬ 
rates them from each other in M. But this is contrary to Theorem 2. 

If A and B are points of M P and the boundary of no complementary do¬ 
main of M contains both of them there exists an arc ACB of Class 1 lying 
in Mp and there exists a cut point X of ACB belonging to no segment of 
A CB which is a subset of the boundary of a complementary domain of M. 
Furthermore if a point X of M P is common to Ji and J 2t the boundaries 
of two different complementary domains of M t and A and B are points of 
Ji and J 2% respectively, distinct from X , and AX and BX are arcs lying on 
J\ and J 2t respectively, then AX + BX is an arc of Class 1 and the point 
X belongs to no segment of AXB which is a subset of any complementary 
domain of M. It follows that (1) if two points of M P do not belong to the 
boundary of the same complementary domain of M they are separated 
from each other in M P by some point and (2) if the boundaries of two com¬ 
plementary domains of M have a point of M P in common that point 
separates M P . Furthermore if the boundary of a complementary domain 
of M intersects M P it is a subset of M P . Hence every cyclic element of 
M P is a simple closed curve which is the boundary of some complementary 
domain of M. 

Let G denote the collection of all continua g such that, for some point 
P of M t g is M P . The continua of the collection G are mutually exclusive 
and if « is a positive number there are not more than a finite number of 
them of diameter more than «, and no continuum of G separates any two 
continua of G from each other in the plane. Furthermore G fills up M 
and the boundary of each complementary domain of M is a subset of some 
continuum of G. Hence G is upper semicontinuous and with respect to 
its elements regarded as points, G is topologically equivalent to the surface 
of a sphere. With the help of this fact and the fact that the surface of a 
sphere remains connected and locally connected on the removal of a 
countable point set, it may be shown that if If is a countable subset of 
M and H is the set of all elements of G that intersect K then (1) M—H** is 
connected and (2) it is locally connected at every one of its points not 
belonging to a non-degenerate continuum of G. But every point of a 
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continuum of H is a limit point of M — H*. Hence, M — K is locally 
connected at every point of M — K belonging to no non-degenerate con¬ 
tinuum of G. Suppose now that P is a point of M — K belonging to the 
non-degenerate continuum g of the collection G. If L denotes the point 
set (M — g) + P and N denotes L ~ K- (M — g) then both L and N are 
locally connected at P and every point of g that does not belong to K is 
a limit point of N. Hence M — K is locally connected at P. Thus the 
omission of any countable point set leaves M locally connected* 

The following theorem has now been established. 

Theorem 5. In order that the compact non-degenerate plane continuum 
M with no cut point should be a continuous curve which remains both con¬ 
nected and locally connected on the removal of any countable point set t it is 
necessary and sufficient that for every two points X and Y of M there should 
exist uncountably many mutually exclusive continua each separating X from 
Y in M. 

1 Bing, R. H., "Concerning Simple Plane Webs/' Trans. Am, Math, Soc., 60, 133-148 
(1940). 

* 2 In this paper, except where there is some indication to the contrary, it will be under¬ 

stood that space is a Euclidean plane E. 

9 Moore, R. L., "Concerning Webs in the Plane,” these Proceedings, 29, 389-393 
(1943). 

4 Bing, R. H. ( loc, cit. 

4 Moore, R. L., "A Characterization of a Continuous Curve,” Fundamcnta Matke - 
maticae, VII, 302 -307 (1925). 

8 Since the continuous curve M has no cut point, therefore, by Theorem 9 of my 
paper "Concerning the Common Boundary of two Domains,” Ibid., VI, 203-213 (1924), 
the boundary of every complementary domain of M is a simple closed curve. Since 
M is not separated by any pair of its points, no two of these boundaries have more than 
one point in common. Cf. R. H. Bing, loc . cit. 

7 This may be established by an argument strictly analogous to that given to prove 
Theorem 78 in Chapter I, of my book "Foundations of Point Set Theory,” Am, Math . 
Soc. Colloquium Pub., Vol. XIII, New York (1932). 

* This may be done with the aid of an argument having much in common with the 
argument given to prove Theorem 8 in Chapter II of the book cited in footnote 7. 

® The notation H* is used to denote the sum of all the point sets of the collection H. 
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CYCLOTOMY AND TRINOMIAL EQUATIONS IN A FINITE 

FIELD 

By H, S. Vandiver 

Dept, ok Applied Mathematics, University ok Texas 
Communicated September 23, 1946 

H. H. Mitchell 1 considered a finite field of order g* where q is any prime 
and q/ — 1 * ev. Since the group formed under multiplication by the 
non-zero elements of the field is cyclic we may represent all such elements 
as powers of one element, say g. Denote the number of solutions of the 
congruence 

1 + <?i (1) 

by [it j] where <r 4 denotes any element whose index is congruent to i modulo 
e . 

Represent also the residue of index (—1), modulo e, by e, so that if q 
is odd c 553 0, e/2 according as v is even or odd, whereas if q « 2, e » 0. 

He then found 

£fc0]-r-l; Z[i,j]~v (2) 

i j 

and also the following quadratic relations 

£[*, j)[k-i,m-i) = £[t, k)[j — i, m — i], (3) 

i i 

* 

where i s 0, 1, 2, ..., e — 1; j %aa 1, 2, — 1 (mod e ), whereas if 

j »0,m ssi (mod «), we must add p to the left-hand side of the equation, 
and if k jss 0, m sj (mod e), we must add p to the right-hand side. 

The equation (1) may also be written in the form 

1 -f gH*r« *= (4) 

and we may note that [i, j] is the number of solutions g T t of (4), if r, 

(f — j 

5 « 0, l v 2, .. 5 -1. In other papers 2 the writer considered the 

e 

number of solutions g f , g w , of 

1 + * g*' 4 '***. (5) 

If we denote the number of solutions of (5) by (/, A), then we shall show in 
another paper that quadratic relations, of a bit different type from (3), 
exist involving such symbols. In the present paper we develop some 
formulae which we shall need in the later paper. For this purpose we 
shall employ some of the principles of the theory of cyclotomic fields. 

Let p be an odd prime belonging to the exponent t modulo l and such 
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that p* * 1 + cl with l an odd prime and (e, /) » 1. Write 0 ■■ f/3, where 
f is a primitive /th root of unity and is a primitive cth root of unity. 
Set 

**,*(*) - W 

a 2 s* 0 , J > 2 srf 0 , a 2 + h & 0 (mod cl) } i, j — 0 , 1 , ,.., cl — 1 . 

We have, as is known (Mitchell 1 ), 

22:3 ( 7 ) 

where [< # j] is defined as before with e replaced by cl, v by /, and q by p . 
Set in (6), 62 * W, a* + 62 « aiC with 61 & 0 (mod c) t a\ & 0 (mod /) and 
this agrees with the restrictions a% & 0, bi ^ 0, a 2 + b% & 0 (mod c/). Hence 
( 6 ) may be written 

***(•) - 2 >\ 


or 

*«,*(*) - EPJJr**-** 

We now write a in lieu of ajc and 6 in lieu of — b\l and put 

+*mW - ERilW (8) 

fl 0 (mod l), b 0 0 (mod c). 

Set j « r + Ih with h in the set 0 , 1 , 2 , ..c — 1, and 0 & r < l. Then 
the right-hand member of ( 8 ) becomes 

SEEK rm°'. 

r i h 

Similarly write i « j; + ck; 0£v<c,0&k< l. Then the above may 
be written as 

E EEE If + ck.r + lh]ff”P', 

r v A ** 0 A ■» ' 

By our* theorem on trinomial equations we have 

c-l l-l 

E E t* + ck, r + lh ] 

n-0A-0 

is the number (t», r) of distinct solutions (g a , g 7 ) of 

1 4” g c *^* ■* g r ‘^* Y 
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a in the set 0, 1, 1, and y in the set 0, 1, .... c — 1. Hence (8) 

gives 

- ZdJWTt (9) 

ij 

i ranging over the set 0, 1, . . ., c — 1, and j ranging over the set 0, 1, ..., 
l - 1. 

This function may also be written, if i ranges over the values 0, 1, .. ., 
cl — 1 excepting (; p 1 — l)/2, 

* 

Hence we have the 

Theorem I. If p is an odd prime belonging to the exponent t modulo l 
and such that p % ~ 1 + tl with l an odd prime and (c f l) « 1. Write 6 — 
wfore f in primitive Ith root of unity and 0 is a primitive oth root of 
unity . Let g be a primitive root of the finite field of order p\ and denote by 
(t>, r) the number of distinct solutions g a t g 9 of 

\ gV+Ca sts jfT+ly 

a in the set 0, 1, ..,, 1 — 1 and y in the set 0,1, ... c — 1. Associated with 
this number (v, r) is the cyclotomic function 

+•. »W - E(*\ 

with a p* 0 (mod l),b r* 0 (mod c), i ranging over the set 0,1, ... c — 1 o«d 
j ranging over the set 0, 1, .. .1 — 1. Said function has the property 

» Mitchell, Math., 17, 166-177 (1916). 

• These Procbbdinos, 31, 170-175; 189-194 (1945). 

'Ibid., 32, 51 (1946), Theorem I. 
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ON SOME SPECIAL TRINOMINAL EQUATIONS IN A FINITE 

FIELD 

By H. S. Vandiver 

Department op Applied Mathematics* University of Texas 


Communicated September 30* 1946 


In another paper 1 

we obtained results concerning the relations 


and 

au* + W + vfi 0 

(i) 


au* + bv* + 1 =* 0, 

(2) 


in a finite field, F t of order p n t designated by F(p n ) t where abuvw ^ 0, 
a and b given elements of F. In the case where » » 1 explicit expressions 
were found giving the number of solutions u* t v r , w° in (1) and u* f v* in (2). 
In another paper 2 we considered the equation 

C\X i fl i + OX 2 al ... + c&f* + c 9+1 * 0, (3) 

where the a’s are integers such that 0 < a £ p n — l;s ^ 2, the c'sbelong 
to F; and c lt c% ... c#\X %... x a 0 in F(p n ). It was there shown (Theorem 
I) that the number of solutions of (3) may be determined if we know the 
number of solutions of 

ky m + lz m + 1 ** 0, (4) 

for any given k and l in F(p n ) where (p n — 1, at) » d\\ i — 1, 2, ..., s; 
and m is the L.C.M. of du . .., provided we have a table of indices 
for the elements of the field under multiplication. As (1) and (2) are 
special cases of (3) the method of the second paper applies to each of the 
former. But the use of the latter method, convenient as it appears, gives 
us no information in some cases concerning the number of solutions of (1) 
or (2). This is emphatically brought out by the following investigation. 
In (1) set / =* g and we obtain 

au* + W + w* * 0. (5) 

* 

further set ef ** p n — 1 with (e,f) 1. This is the special case of Theorem 

I of the first paper herein mentioned, with/ 38 g*cf * p n — 1 and (e,/) =» 1. 
If we apply the method of the second paper to (5) we note that since the 
least common multiple of e and / is p n — 1 then the equation (4) reduces 
to k + l + 1 « 0, and this means that we have to know what various equa¬ 
tions of this type exist for classes of values k and l % which reduces to the 
problem we started with. However, the use of another method determines 
the number exactly as we shall now show. 
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Consider 


1 + bx* (6) 

where x f ranges over all e possible values in the field. Each value, unless 
it is zero in the field, may be expressed in the form: 

since the multiplicative cyclic group of the non-zero elements of the finite 
field F(p n ), generated by p, can be expressed as the product of two cyclic 

groups of orders e and /, noting that (e, f) « 1. If 

* 

1 + bx f » — ay*z f , (7) 

say, then it follows that 

(s~*y + b{xz~ l ) { « —ay*, 

which has the form (5). Conversely if (5) holds, then 

1 + b(vw~~ l Y * — a(w~ i yu 9 t 

which has the form (7). Hence there is a one-to-one correspondence be¬ 
tween the possible values u t v and w in (5), and the values x , y and z in (7). 
Since ef ® p n 1, then there are e solutions of (7), except when there 
exists an x such.that 1 + bx r = 0. In the latter case — bx f * 1, and raising 
each member of this equation to the eth power, we have, since x ef — x pn ~ l = 
1, the condition (— b) e * 1. 

Hence we have 

Theorem I. If ef ~ p n ~ 1 (e,f) * 1, pis an odd prime then the number 
of solutions u* t t/ f of the equation 

au* + bi? + v/ « 0; abuvw j* 0, 

with a, b, u, v and w quantities in the finite field of order p n , a and b given , 
is e, unless (—6)* * 1 in the field and then the number is e — 1. 

This is apparently a very special result, but if we apply the methods 
employed 2 (pp. 48-49) elsewhere we see that the theorem will give the 
exact number of solutions of the equation given, when e and / are replaced 
by any of their divisors, so our result has a variety of consequences. In 
our first paper we proved a Theorem I which gave a direct method for 
obtaining a residue of the number of solutions of (1) if the present paper 
modulo p. We were led to Theorem I of the present paper by pursuing 
this scheme originally. Now we shall write p n « 1 + cl with / an odd 
prime and (c, /) ** 1. To conform to notation used elsewhere, we shall, 
from now on, use g to denote a multiplicative generator of F(p n ) instead 
of p. If we have an element a of F(p n ) and g* * a we write k -« ind a. 
Consider the relation 
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g i+ * - 1 - (8) 

and denote the number of solutions in g*, g, by (i, k). We shall prove 
that 

ind (*« - 1) - £ Hi, h), (9) 

h *• 1 


modulo L From (8) there are (i, 1) solutions g*' such that 

ind (g <+ "J — 1) sbb 1 (mod /)*, 
and in general there are (i, j) solutions g*i such that 

ind (g <+c# / — 1) sj (mod /). 

Now altogether the values of s u $ 2 > ..are congruent to the / — 1 
numbers 1, 2, 3, — 1, modulo Hence 

E ind (g-« - 1) « E itti). (10) 


modulo Now we have if A and B are elements, 5^0, of F(p n ) 

ind A + ind B sss ind {AB) (mod /), 
and the left-hand member of (10) may then be written 

ind (t rgMg* - g“^0)» 

i j 

noting that 


gi+cl _ 1 


* g~ e V - g -1 *)- 


We have 


where w 


= r Im = 1. 

J 

(l - l)/2. Also 


*■(£' - £*) « (g* “ 1), 

y 

since g~^ satisfies jc* «■ 1 in the field for any j. This gives (9). 

In another paper the writer showed that if (a(a -f- 1), p) «■ I then for 
some k in the set 0, l y 1, we have 


and for any »n in the set 0,1, 1 with m V s k we have 

,5 (m + sf) 0,1 * °( mod 
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Here 



if w > v. We shall now extend the ideas in the proof of this by considering 
the special equation 

g* + g* - g T \ (12) 

in F(p n ) t where d =* cl/(p — 1), and obtain other congruences involving 
the number of solutions of (11) and binomial coefficients. We also arrive 
at a number of congruences involving binomial coefficients alone. Take 
p to be a primitive root of / so that p 1 '” 1 — 1 ** lc. We represent the finite 
field Fip 1 " 1 ) by means of the set of residue classes with respect to p, a prime 
ideal factor of (p) in the algebraic field &(£) where £ — Since p is 

a primitive root of l then p » (p) and from (g**)*” 1 ss 1 (mod p) we may 
replace g 94 by a non-zero rational integer, undetermined. Also we may 
select the generator (primitive root) g to be such that g° £(mod p). 
Hence, the problem of finding the number of solutions of (12) is equivalent 
to the problem of finding the rational integers v, t and r such that 

i 

1 + v£* 3s //(mod p), (13) 

where p is a primitive root of the congruence oc° ^ l(mod p) in &(£). 

We now consider the solutions of (13) with v fixed. There is at least 
one solution given by 1 + v sss po(mod p), where p/ l(mod p), since 
p — 1 & 0 (mod /) and hence any rational integer is congruent to an Ith 
power modulo p. This may be the only solution of (13) for v fixed, but if 
there is another it must be of the type 1 + Pal Pa l(mod p); 

a s* 0(mod /)• If in the last congruence involving v we use the substitution 
(£*/£), i •» 1, 2, ... / — 1 we obtain, since p = (p ), the relations 

1 + vf* m p if (14) 

4 « 0, 1, 1; pf be l(mod p). If (14) exists then it is called an 

A-set corresponding to v . Now consider the case where v «■ p — 1 in 
particular. Here l + ne0,so that (14) does not exist for i * 0, but the 
other congruences in (14) may hold. If this is the case we say that there 
is a B-set corresponding to p — 1 > If there is a v, say v%, which does not 
satisfy (14) for i * 1, then there is just one relation involving v h namely 

1 + vi * p*\ (p , )° ss l(mod p) 

of the type (13). Then there is said to be a C-set corresponding to v%. Now 
take all the possible values of v in (13), namely 1, 2, — 2, and also 

ip — 1) provided t & 0(mod /). Let n be the number of ^4-sets existing, 
riien there are p — 2 — n, C*sets. 
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We shall derive a criterion for the existence of a B-set. In that case 
we have 

1 -f" (P — 2® Pi P e ~ I 

1 - t* 3* p(mod p), 
f V ‘- f V ‘) » p(mod p), 
and using the substitution we have, if p{ ^ 1, 

r ,/, (f ,/ * - r v *) « pi (mod p). 


whence 

—£ p/pi (mod p), 

and 53 l(mod p). And since p is prime to l, then c ss 0(mod /). But 
from the fact that this gives 

f ~ <A “ f </s sa p'(mod p) 

we obtain, if (p') c ss 1, 

1 — ss f </a p'(mod p) 


or 

1 - (P - Df‘ » r <A p'(mod p) 

Hence a necessary and sufficient condition for the existence of a B~set is 
that c H 2 E 0(mod /). 

We now assume that (c, l) — 1 so that no B-set exists. In view of this 
there exist n, A -sets and p — 2 — n, C-sets so that the number of solutions 
JVo in v # p, of (13) is 


iVo = p — 2 — n + n/. 



We now proceed to find another expression for No. Using the method in 
another paper 1 we have where now i ranges over 0, 1> . . p — 2, 

£ (1 - (1 + hr - • (16) 

u 


modulo p, where A is a primitive root of p in the rational field, i ranges 
over the set 0, 1* 1, and s over the set 0, 1, ...» c — 1. This 

reduces, using the methods of the same paper, modulo p , to 



In the same way we reduce the expression 

n, - £ a* - r(i + hr - p*)’ 1-1 - 1 ), 

< t s 


( 17 ) 
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where i, t and s range as in (16), which is congruent modulo p to the sum 
of the eth powers of all the possible values of £ in v, £, p, of (13), modulo p to 

" - % „?.C. +X -«)- <iw 

where s e is selected so that s e he 0(mod p — 1) and also s t ss —e(mod /) 
for any e such that 0 £ e< l. But if e & 0(mod /) the sum of the e-th 
powers of the solutions £ f in (13) is easily seen to be p — 2 — », so that 

N 0 ns — 2 — n(mod p), (18) 

c — 1, 2, — 1. Eliminating n from the congruences (15) and (18) 

gives 

N* + (l- 1 )N, a — 2/(mod £) (19) 

e 0(mod /). 

We shall now find some other relations involving Nq. The expression 
1 + vf 1 , as v ranges over 1,2, — 1 and t over 0,1, 1 inde¬ 

pendently can in general be expressed in the form £>, where p c 1, pro¬ 
vided (c, 0 s *!* Hence we have 


(1 + vf *y c ^£ rf (mod p). (20) 


Assume / 0(mod /). Then let v and t range as above indicated and add 
together the resulting congruences. Corresponding to each v for which 
an 4-set exists the sum for these congruences on the right is /, so for all 
such v’$ the sum on the right is nl. For a v such that we have a C-set the 
quantities on the right are !,£,£*, ...» £ <_l in some order and the sum is 
zero. The other possibility is when v — p — 1 and then the sum on the 
right for this value of v is (—1). When we add the congruences in (20) 
on the left for the various values of f and t each term involving these is 
zero except those whose binomial coefficients have the form 

(«/(/- 1 ))’ 

and we then find 

(p - „?,(«/(/- 1 )) & nl - ! > 


modulo p. Since we have noted that (12) and (13) are equivalent, and 
using (15) we then obtain 

Theqrem II. If pis a prime and a primitive root of the prime l , p l ~ l — 
1 Icy (/, c) » 1 , g a primitive root of the finite fidd then the number 

of solutions in g\ g*, g f of the equation 
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in F(p l ~ l ), where d = d/(p — 1), is p — 2 + (l — l)n, where n is the least 
residue 0 of 

-c - B„ 

modulo p, and where 



Also, modulo p, 

Bi as B a ; o* 1,2,...,/ — 1. 

1 These Proceedings, 31, 170-172 (1945). 

J Ibid., 32, 47-62 (1946). 


A PARTIAL DIFFERENTIAL EQUATION OF FOURTH ORDER 
CONNECTED WITH RATIONAL FUNCTIONS OF A COMPLEX 

VARIABLE * 

By Edward Kasner and John De Cicco 
Department of Mathematics, Columbia University, New York, N. Y. 

Communicated October 30, 1946 

I 

1. We shall consider the class of polynomials y) which are obtained 
as the numerator of the real part of a rational function of a complex variable 
z * x + iy. This new class contains the harmonic polynomials as a 
proper subset. In general, a polynomial y) of this new class does not 
satisfy the Laplace equation. We find that it does obey a certain partial 
differential equation of fourth order. Essentially we are dealing with the 
numerators of all rational solutions of the Laplace equation. 

2. Harmonic polynomials are well known. 1 These are obtained as the 
real part of a polynomial or rational integral function in s. They con¬ 
stitute the class of polynomial solutions 4>(x t y) of the Laplace equation 

4>*x 4 “ ** 0 . ( 1 ) 

3. Consider a rational function w « f(z) of the complex variable z. 
This is expressed as the quotient of two relatively prime polynomials in z. 
The degree r of f(z) is the maximum of the two degrees of the numerator and 
denominator. 

Upon decomposing this rational function /(*) into its real and imaginary 
parts, we see that it can be written in the form 


m 


»(*. y) , >(«> y) 

D(X, y) * D(x, y y 


( 2 ) 
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where <f>(x, y), ip(x f y), D(x t y) are real polynomials in.the real variables 
( x , y) such that the numerator and denominator of each of the fractions 
appearing in the above equation have no common factors. Of course, 
D(x, y) can vanish only at the poles of /(g). 

The degree of <t>(x t y) (or >p(x, y) or D(x t y)) is 2 r — k where 0 S k g r. 

The new class of polynomials that we wish to study are all the poly¬ 
nomials 4>(x, y)(or $(x , y)) which are obtained in this way. 2 Of course 
each of the component fractions in equation (2) satisfies the Laplace 
equation, but the polynomials <fr(x t y)t yp(x, y), D(x, y), do not obey the 
Laplace equation in general . Obviously the harmonic polynomials are a 
proper subset of our new class. 

4. Fundamental Theorem, A polynomial <f>(x, y) is the numerator of 
the real (or imaginary) part of a rational function of a complex variable if 
and only if it obeys the partial differential equation of fourth order 

T 5 2 b 2 1 

L&r 2 5y 2 J ^ + $v 2 )] 381 0. (3) 

In expanded form , this is 

\<t>(<t>xx + 4> vv ) — (0/ + 4> y 2 )) \4>zxxx + 2<*W + 4wJ 

— 4>[(4> XX t + <t>xttv) 2 + (&XXV + “ 4> Vif )(<t>xxx + 4>xv v ) + 

"t* (*bztz "t* 

(4>xx <t>vv) ($t*V + <t>yyy)] (&XX + 4> W ,)[(</>« "" + ^4>xy % \ ** 0, (4) 

Moreover , lAe bracketed expression of second order in (3) is not zero , and is 
always negative for real polynomials <t>(x,y). 

The denominator D(x, y ) satisfies this partial differential equation. As 
a matter of fact, it annuls the expression of second order appearing in (3). 
That is, D(x, y) is any polynomial solution of the partial differential 
equation of second order 

+ < f > w ) — ($# 3 + <!>**) * 0. (5) 

5. The polynomials <f>(x, y) and \j/(x r y) are the numerators of the real and 
imaginary parts of a rational function of a complex variable if and only if 
they obey the system of partial differential equations of second order 

+ <t>w) ~ ($•*■+ 4***) *“ tf'W'** + i'w) ~ (^** + W)> 

'K<t>xz + <t>ft) + 4>(^xs + ^n) “* + fy'f'v)- 

In general, the two families of curves 0(x, y) ** const, and y) *» 
const, are not orthogonal. However, the two algebraic curves <£(*, y) » 0 
and ip(x, y) ■* 0 intersect orthogonally in [r 8 + (r — A) 2 ] points. 

6. TAe rtfoi and imaginary parts of the special class ( M) of polygenic 
functions defined as the product of an analytic function of % «* x + iy by 
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another independent analytic function of z « x — iy, constitute the totality 
of analytic solutions of our partial differential equation (3) of fourth order . 

We observe that for this class (M) of polygenic functions, the equations 
(6) play the r61e of the Cauchy-Riemann equations and the partial differen¬ 
tial equation (3) or (4) of fourth order is the analogue of the Laplace equation. 

• 

* Presented to the American Mathematical Society, February, 1947. 

1 The curves defined by setting a harmonic polynomial equal to zero were studied by 
Briot and Bouquet, Bocher, and Kasner. See Briot and Bouquet, Theoric des fonctions 
ellipiiques, Book IV, Chapter II, p. 22b (1875). Kasner, “On the Algebraic Potential 
Curves," Bull. A mer. Math. Soc. t 7,392 -399 (1901). Also “Some Properties of Potential 
Surfaces,” Ibid., 8, 243-248 (1902). 

* The curves obtained by setting any polynomial y ) of this class equal to zero, 

are being studied by the authors. See Kasner and De Cicco, “Rational Functions of 
a Complex Variable and Related Algebraic Potential Curves,” these Proceedings, 32, 
280-282 (1946). See abstracts in Bull. A mer. Math. Soc., 1946-1947. 


A REDUCTION THEOREM CONCERNING THE 
REPRESENTATION PROBLEM FOR FR&CHET VARIETIES 

By J, W. T. Youngs* 

Department of Mathematics, Indiana University 
Communicated October 21, 1946 

The object of this note is to prove a reduction theorem which will be 
employed in a forthcoming paper to solve the representation problem for 
a wide class of Frochet surfaces. The reduction theorem itself is true in 
ultimate generality within the class of Fr&het varieties; consequently 
the discussion here is not restricted to Fr^chet surfaces. 

A first obligation is to define the terminology employed. If fi(X l ) C 
Y 3 MX 2 ) are mappings (« continuous transformations) from Peano 
spaces X 1 and X 2 t then MX 1 ) is said to be Frtchet equivalent to MX 2 ) if 
and only if, for every t > 0 there is a homeomorphism h&X 1 ) ** X 2 such 
that pl/iCr 1 ), hK(x x ) j < e, for x l « A 1 , (Notation: f% ~M) This equiva¬ 
lence relation partitions the totality of mappings from Peano spaces into 
equivalence classes [f]. Each equivalence class j/] is known as a Frtchet 
variety V, while any mapping in [/] is said to be a representation of the 
Frdchet variety V. It is clear that if MX 1 ) and fz(X 2 ) are representations 
of the same Frdchet variety V, then: (i) the range spaces X 1 and X 2 are 
topologically equivalent, (ii) the image spaces MX 1 ) and MX 2 ) are 
identical. Hence with each Fr&het variety V there is associated a pair 
of Peano spaces: the first, V, is topologically equivalent to the range 
space of any representation of V; the second, | V |, is the common image 
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space of any representation of V. (The topological properties of V serve 
to catalogue Fr6chet varieties; for example, if V is a 2-manifold, M, then 
V is said to be a Fr6chet surface of the topological type of M.) 

The representation problem for Fr4chet varieties is the problem of de¬ 
termining the totality of representations of a Frdchet variety V upon 
being given any one representation, /, of V. In other words, the problem 
is to determine a criterion which will serve to obtain the totality of solu¬ 
tions, g y of the relation g~^f. Such a criterion will be called an F-criterion. 
The importance of the problem is due to the fact that given one representa¬ 
tion of a Frdchet variety there may be more favorable representations. 

The definition of Fr&het equivalence itself, of course, serves as an F- 
eriterion, but in applications it is often impossible to decide on the basis of 
the definition alone whether two given mappings are equivalent or not. 
Hence, the problem really asks for an effective solution, effective in the sense 
of its applicability. 

For a short history of the problem one may consult a paper by Youngs. 1 
Suffice it to say that the only solution to date is for the case in which V is 
of the topological type of a 2-sphere; that is, V is a 2-sphere. This note 
serves the purpose of recording a reduction theorem in the sense that the 
problem of finding an F-criterion for general mappings is reduced to the 
problem of finding an F-criterion for monotone mappings. 

The statement of the reduction theorem requires a factor theorem due 
to Eilenberg and Whyburn. For a proof of the theorem, and the defini¬ 
tions of the terms involved, one may consult Whyburn, 2 pages 141-143. 

Factor Theorem. If f(X) « Y is a mapping from a Peano space , then 
there is a monotone mapping m(X) <= £ and a light mapping /(£) = Y 
such thatf(x) « Im (x), x e X. 

A monotone-light factorization of f(X) is simply a factorization of the 
above type. (If f(X) - hmi(X)> m x {X) « P and j(X) - hntt(X) 9 
m%(X % ) « £ 3 are two monotone-light factorizations, then there is a unique 
homeomorphism &(£*) * £* such that hm\{x) m%{x) y x e X, and /^(y 1 ) » 

Reduction Theorem. Two mappings f\(X x ) and fa(X 2 ) from Peano 
spaces X 1 and X 2 are Frichet equivalent if and only if there are monotone- 
light factorizations f\(X l ) = lmi(X l ) and f%(X 2 ) ** /w 2 (X 2 ) such that m\{X l ) 
and m%{X 2 ) are Frichet equivalent . 

Proof . Suppose first that there are monotone-light factorizations of the 
above type. Then m\(X l ) » £ = m%(X 2 ) $ and as / is continuous on the 
Peano space £ it is uniformly continuous. Hence, for any < > 0 there is 
a 6 such that pf^, y*} < 8 implies p{/($i), J(&)1 < e. Since mi ~ m 2 there 
is a homeomorphism h$(X l ) =» X 2 with the property that p{mi(^x 1 ), m%h B 
(x 1 )} < 8, x 1 ei 1 . Therefore, p\Mx l ) t fJ$ t (x 1 )} ■* p{lmi(x l ) t Irn^ix 1 )} < e, 
&*X\ and so/i ~ 
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The converse follows as a direct consequence of a theorem of Rad6* 
(page 425) or Youngs 1 (page 714). The development of Rad6 is to be 
preferred and will be used here. The basic statement is the following: 

Lemma of Rad6. If lgn(X) t g n (X) *■ I, n » 1, 2, 3, ... is a sequence 
of equicontinuous mappings from a Peano space X and the mapping l is light, 
then \g % \ is also a sequence of equicontinuous mappings . 

Since ft ~ f* for each n there is a homeomorphism h n (X l ) — X* such 
that f>\fi(x } ), fih n (x *)} < 1/n, x l cX\ In other words, ftKix 1 ) ztfi(x l ), 
x l tX' (® fzhnix 1 ) converges unifonnly to fi(x l ) on X 1 ). Let / 2 (X 5 ) * 
lm<i(X' l ) % m 2 (Y 2 ) ® I be a monotone-light factorization. Now InhKix 1 ) 
fi(x l ), x l eX\ and so { lmj % n } is a sequence of equicontinuous mappings. 
Consequently, by the lemma of Rad6 quoted above, {m 2 h n \ is also a se¬ 
quence of equicontinuous mappings. Since X is Peanian, the sequence 
[m<ih n ] contains a uniformly convergent subsequence, and it may be as¬ 
sumed that the notation ( mdi n } refers to this subsequence, while m\ denotes 
its limit. It is important to notice that each mapping is monotone, 
consequently the statement mih n (x l ) Wi(x l ), x ] € X x has several im¬ 
mediate implications. 

(i) mi ^ m 2 , 

(ii) mzhniX 1 ) - X, hence m\{X y ) — J is monotone by a theorem of 
Whyburn 2 (page 174). 

(iii) lmjtn(x l ) =* /mi(.r'), x x e XK On the other hand, ImthJ^x 1 ) “ 
fiK(x') /i(x l ), x l *X\ and so/i(x l ) -» lmi(x l ), x'tXK 

This shows that there are monotone-light factorizations f\(X l ) » 
/wi(X l ) and / 2 (X 3 ) - ImziX 2 ) such that Wj ~ m 2 . 

In conclusion it should be explicitly stated that the argument used in 
the second half of this theorem is the argument employed by Rad6 8 (page 
426). The only conclusion drawn here which is not mentioned by Rad6 
is that mi ~ m 2 . On the other hand, Rad6 proves a simple but funda¬ 
mental statement (not recorded here) on the basis of which he is able to 
prove the most general theorems known concerning the cyclic additivity 
of the Lebesgue and de Geocze areas of a Fr£chet surface-^-a beautiful 
result. In view of these comments it is not unlikely that this reduction 
theorem, which will be of fundamental importance in the proposed solution 
of the representation problem, has apparently escaped mention because 
there was no intention to apply it. It is exhibited here as the key to a 
proposed body of research, 

* Fellow of tfee John Simon Guggenheim Memorial Foundation. 

1 Youngs, J. W. T. ( "The Topological Theory of FHschet Surfaces/’ Annals Math,, 
45, 753-785 (1944). 

1 Whyburn, G, T., "Analytic Topology/’ American Mathematical Society CoUo* 
quiurn Publications, Vol. 28 (1942). 

* Rad6, Tiber, "On Continuous Mappings of PeanO Spaces/’ Trans, Anter. Math . 
Soc, 58. 420-454 (1945). 
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ON SETS OF INTEGERS WHICH CONTAIN NO THREE TERMS 

IN ARITHMETICAL PROGRESSION 

By F. A. Bbhrbnd 

Department op Mathematics, The Univbrsitv op Melbourne 

Communicated October 18, 1946 

Let S be a set of non-negative integers <N no three of which form an 
arithmetical progression (i.e., A + A f 2A* for any three distinct terms 
of S). Let u(N) denote the maximum number of terms of such a “pro¬ 
gression-free” set. Salem and Spencer 1 proved that for « > 0 and suffi¬ 
ciently large N 

1 - lo g 2 + • 

v(N) > N \og\ogN t 

I will show in this note that, by a modification of their method, the better 
estimate 

i _ ± * 

v(N) >N ViSKr 


can be obtained. 

For any integers d ^ 2, n ^ 2, k < n(d — 1 ) 2 consider the set S* (n,d) 
of all numbers of the form 


A « ai + <h(2d — 1) + ... + a n (2d — 1) B ~ 1 
where the “digits” a* are integers subject to the conditions 

0 < a%< d 
(norm A) 2 » k 

where 


(i) 

(H) 


norm A » + a** + ... + a,,*. 

This set is progression-free; for suppose A + A' ~ 2A* for ,4, A', 4* in 
d) then 

norm (-4 + 4') « norm (24 r ) » 2 vX 
norm A + norm ^4 ; » 2 VX 


and 


Thus, in the triangular inequality 

norm (A + A') < norm A + norm A* 

equality holds which is only possible if (ai, a*, .. a n ) and (a/, a*', ., 
OnO are proportional and, as their norms are equal» identical, i.e., if A ■» 
A' * 
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There are d n different systems ( a \, a 2 , ..., a„) satisfying (i) and 
n(d — l) 2 + 1 jx>ssible values of k; hence for some k * K, S k (n t d) must 
contain at least 


d n 


d n " 2 


n(d — l) 2 + 1 n 

terms; as all these terms are <(2 d — l) fl we have 

d B “ 2 


v((2d -!)*)> 


n 


Let N be given; choose n 


4 


2 log N 


Then, 


L 1 log 2 
(2d - l) n < N< (2d + 1)*. 


, and d such that 


(m/n _ 1 \n-“2 AH-(2/») 

>(*) ^ K(2d - l) tt ) > — > - — r — - (1 “ 


» 


«2 


w2*' 


and, for sufficiently large N, 


7\TJ -*(2/n) , __ 2 l og n (w - 1) log 2 2^2 log 2 + « 

»(A0 > - '- JV ” fo «" > N 1 

tl& 

for any € > 0. 

1 Salem, R., and Spencer, I). C. f "On Sets of Integers Which Contain No Three Terms 
in Arithmetical Progression," these Proceedings, 28, 661-563 (1942). 



INDEX 


Actinomycin (Waksman, Geiger and Rey¬ 
nolds), 117. 

Adaptation in neurospora (Ryan and 
Lederberg), 163. 

Adaptation to dark (Wolf), 219. 

Adrenal cortical carcinoma (Woolley and 
Little), 239. 

Albino chromosome (Castle), 33. 

Algebraic matric groups (Kolchin), 306. 

Allels, normal and mutant (Stern, 
Schaeffer and Heidenthal), 26. 

Analytic functions (Boas), 186. 

Anubrson, K. H. Growth Requirements 
of Virus-Resistant Mutants of 
Escherichia Colt Strain “B," 120. 

Angles, distortion of (Kasner and De 
Cicco), 94. 

Aiitibiotic substances (Waksman, Geiger 
and Reynolds), 117. 

Antitoxin, staphylococcus (Johnson and 
Wright), 21. 

Anti-venin (Tyler), 195. 

Area, intrinsic (Busemann), 5. 

Arens, R, On a theory of Gelfand and 
Neumark, 237. 

Arithmetical progression (Behrend), 331. 

Auto-antibodies (Tyler), 195. 

Autosomal heterozygotes (Cooper), 273. 


Ballkntine, R. See Ryan, F. J., 261. 

Bateman, H. An Extension of Schuster's 
Integral, 70. 

Bchrbohm and PinTs linearization (Trues- 
dell), 289. 

Behrend, F. A. On Sets of Integers 
Which Contain No Three Terms in 
Arithmetical Progression, 331. 

Bellman, R. On the Stability of Sys¬ 
tems of Differential Equations, 190. 

Boas, R. P., Jr. The Rate of Growth of 
Analytic Functions, 186. 

Bochner, S. Finitely Additive Set Func- 
, tions and Stochastic Processes, 259. 

BoxjrGxn, D. G. On Certain Sequences of 
Functions, 1. 

Braver, R. On Blocks of Characters of 
Groups of Finite Order, I, 182; II. 
215. 

Burr, H. S. See Nelson, O. E n Jr., 73. 

Busemann, H, Intrinsic Area, 5. 


Carcinoma, adrenal cortical (Woolley and 
Little), 239. 

Cartography (Kasner and Dc Cicco),94. 

Castle, W. E. Linkage in the Albino 
Chromosome of the Rat, 33. 

-. Genes Which Divide Species or 

Produce Hybrid Vigor, 145. 

Characters of groups (Brauer), 182,215. 

Chen, T. T. Varieties and Mating Types 
in Paramecium bursaria, I. New 
Variety and Types, from England, 
Ireland and Czechoslovakia, 173. 


Chromatid breaks (Swanson and Hol- 
laender), 295. 

Chromosome, albino (Castle), 33. 

Chromosome regions (Gersh and 
Ephrussi), 87. 

Chromosomes, detachment frequency 
(Cooper), 273. 

Clostridium, mutations in (Ryan, Schnei¬ 
der and Ballcntine), 261. 

Coefficients of Schlicht functions 
(Schaeffer and Spencer), 111. 

Conjugates, sets of (Miller), 149. 

Contact transformations (Kasner and De 
Cicco), 152. 

Convergence, mean (Pollard), 8. 

Cooper, K. W. . Detachment Frequency 
of Attached-X Chromosomes in Auto¬ 
somal Structural Heterozygotes of 
Drosophila melanogaster , 273. 

Corn smut (Kunkel), 246. 

Cross-sections, reaction and scattering 
(Wigner), 302. 

Cyclotomy (Vandiver), 317. 

Cytogene, Mendelian segregation of 
(Lindegren), 68. 

Cytoplasmic factor in Paramecium 
(Preer), 247. 


Dark adaptation (Wolf), 219. 

De Cicco, J. See Kasner, E., 16,94.152, 
280, 326. 

Dbmerbc, M. Induced Mutations and 
Possible Mechanics of the Transmis¬ 
sion of Heredity in Escherichia coli t 36. 

Denaturatlon of staphylococcus antitoxin 
at 65.°C. (Johnson and Wright), 21. 

Derivative, zeros of (Walsh), 235. 

Detachment frequency of chromosomes 
(Cooper), 273. 

Diethylstilbestrol and prevention of carci¬ 
noma (Woolley and Little), 239. 

Differential equations (Bellman), 190; 
(Ritt), 255; (Kolchin), 308. 

Diophantine equations (Vandiver), 101. 

Distortion of angles in general cartography 
(Kasner and De Cicco), 94. 

Dobzhansky, T. See Wallace, B., 226. 

Dominance and segregation (Lindegren), 

68 . 

Drosophila (Patterson), 202. 

Drosophila, mating behavior (Wallace and 
Dobzhansky), 226. 

Drosophila melanogaster (Cooper), 273. 

Drosophila nebulosa (Pavan), 137. 

DrosophUa pscudoobscura and persimilis 
(Mayr), 57, 128. 

J Drosophila replete and neorepleta (Sturte- 
vant), 8C 

Dynamical systems (Thomas), 106. 

Eilbnbbrg, S., and MacLanb, S. Deter¬ 
mination of the Second Homology and 
Cohomology Groups of a Space by 
Means of Homotopy Invariants, 277. 



334 


INDEX 


Proc. N! A. S. 


Electromotive forces and growth (Nelson 
and Burr), 73. 

Ephrussi, B. See Qersh, E. S., 87. 

Equations, diophantine (Vandiver), 101. 

Equiareal perspectives (Kasner and De 
Cicco), 16. 

Ergodic theorem (Halmos), 156. 

Erratum, 293. 

Escherichia coli (Demerec), 36; (Witkin), 
59; (Anderson), 120. 

Field, finite (Vandiver), 47, 317, 320. 

Finitely additive set functions (Bochner), 
259. 

Fluid, flow of compressible (Truesdcll), 
289. 

Fr6chct varieties (Youngs), 328. 

Functions, analytic (Boas), 186. 

Functions, rational (Walsh), 235. 

Functions, Schlicht (Schaeffer and Spen¬ 
cer) ,111. 

Functions, sequences of (Bourgin), 1. 

Fungi, inheritance of sex (Hansen and 
Snyder), 272. 

Gbxger, W. B. See Waksman, S. A., 117, 

Gelfand and Neumark, theorem of (Arens), 
237. 

Gene theory (Lindegren), 68. 

Genes (Castle), 145. 

Genetic control of growth (VUlee), 241. 

Genetic cytoplasmic factor (Precr), 247. 

Gkrsh, E. S., and Ephrussi, B. The 
Mechanism of Position Effect—Ex¬ 
periments on the Phenotypic Expres¬ 
sion of Position Effects in Relation to 
Changes in Pairing of Neighboring 
Chromosome Regions, 87. 

Gila monster (Tyler), 396. 

Gnomic perspectives (Kasner and De 
Cicco), 16. 

Groups (Miller), 53. 

Groups, characters of (Brauer), 182,215. 

Groups, homology (Eilenberg and Mac- 
Lane), 277, 

Groups, matrie (Kolchin), 306. 

Growth correlates of E. M. F. (Nelson and 
Burr), 73. 

Growth metabolism (Villee), 241. 

Growth requirements (Anderson), 120., 

Halmos, P. R. An Ergodic Theorem, 
156. 

Hansen, H. N., and Snyder, W. C, In¬ 
heritance of Sex in Fungi, 272. 

Hbidbntiial, G. See Stern, C., 26. 

Hbins, A. E., and Wienbr, N. A Gen¬ 
eralisation of the Wiener-Hoff Inte¬ 
gral Equation, 98. 

Heredity, transmission of (Demerec), 36. 

Heterochromatin iu Drosophila nebulosa 
(Pavan), 137. 

Hollaender, A. See Swanson, C. P,, 295. 

Homology groups and homotopy invar¬ 
iants (Eilenberg and MacLane), 277, 


Hopf invariant (Whitehead), 188. 

Human dark adaptation (Wolf), 219. 

Hybrid vigor (Castle), 145. 

Hybridization in Rana (Moore), 209. 

Hybrids in Drosophila (Mayr), 67. 

Hybrids, maternal effect in (Sturtevant), 
84. 

Induced mutations (Demerec), 36. 

Inheritance of sex in fungi (Hansen and 
Snyder), 272. 

Inherited differences in sensitivity (Wit- 
kin), 59. 

Infrared radiation and chromatid breaks 
(Swanson and Hollaender), 295. 

Integers, sets of (Behrend), 331. 

Integral and rational numbers in nuclear 
physics (Witmer), 283. 

Integral equation, Wiener-Hoff (Heins and 
Wiener), 98. 

Integral, Schuster's (Bateman), 70. 

Integrals, quadratic first (Thomas), 10. 

Intersexes (Sturtevant), 84. 

Intrinsic area (Busemann), 5. 

Invariants, homotopy (Eilenberg and 
MacLane), 277. 

Isolating mechanism in Drosophila (Pat¬ 
terson), 202; (Mayr), 128. 

Johnson, F. H., and Wright, G. G. In¬ 
fluence of Hydrostatic Pressure on the 
Denaturation of Staphylococcus Anti¬ 
toxin at 65°C., 21. 

Kasner, E., and De Cicco, J. Converse 
Theory of Gnomic and Equiareal 
Perspectives, 16. 

-. The Distortion of Angles in Gen¬ 
eral Cartography, 94. 

-.. Comparison of Union-Preserving 

and Contact Transformations, 152. 

-. Rational Functions of a Complex 

Variable and Related Potential 
Curves, 280. 

—*—. A partial Differential Equation* of 
Fourth Order Connected with Ra¬ 
tional Functions of a Complex Vari¬ 
able, 326. 

Kolchin, E. R. Algebraic Matrie 
Groups, 306. 

——. The Picard-Vessiot Theory of 
Homogeneous Linear Ordinary Differ¬ 
ential Equations, 308. 

Kunkel, L. 0. Leafhopper Transmission 
of Com Smut, 246. 

Leafhopper transmission of smut (Kun- 
kel), 246. 

Lbdbrberg, J. See Ryan, F. J., 163,293. 

Leucineless neurospora (Ryan and Leder- 
berg), 163,293. 

Light, effect on mating (Wallace and 
Dobzhansky), 226. 

Lindegren, C. C. A New Gene Theory 
and an Explanation of the Phenome¬ 
non of Dominance to Mendelian 



VOL. 32, 1946 


INDEX 


335 


Segregation of the Cytogene, 68, 

Linearization of equation of fluid motion 
(Truesdcll), 289. 

Linkage (Castle), 33. 

Little, C, C. See Woolley, G. W,, 239. 

Liver extract (Tyler), 195. 

Loomis, L. H. On a Theorem of von 
Neumann, 213. 

MacLane, S. See Eilenberg, S., 277. 

Maize seeds (Nelson and Burr), 73. 

Maternal effect in hybrids (Sturtevant), 
84. 

Mating behavior of Drosophila (Wallace 
and Dobzhansky), 226. 

Mating types in Paramecium bursaria 
(Chen), 173. 

Matric groups (Kolchin), 306. 

Mayr, E. Experiment on Sexual Isola¬ 
tion in. Drosophila. VI. Isolation 
Between Drosophila f>scudoobscura 
and Drosophila pcrsttmlis and their 
Hybrids, 57. 

-, Experiments on Sexual Isolation in 

Drosophila. VII. The Nature of 
the Isolating Mechanisms Between 
Drosophila pscudoobscura and Dro¬ 
sophila persimilis f 128. 

Mendelian segregation of cytogene (Linde- 
gren), 68. 

Metabolism, growth (Villee), 241. 

Miller, G. A. Prime Number of Con¬ 
jugate Operators in a Group, 53. 

-. Prime Number of Operators in 

Sets of Conjugates, 149. 

Moore, J. A, Hybridization between 
Ram palustris and Different Geo¬ 
graphical Forms of Rana pi picas, 209. 

Moore, R. L. A Characterization of a 
Simple Plane Web, 311. 

Mutant allels (Stern, Schaeffer and 
Heidenthal), 26. 

Mutations in Clostridium (Ryan, Schnei¬ 
der and Ballentine), 261. 

Mutations, induced (Demerec), 36. 

Mutants, virus-resistant (Anderson), 120. 

Nelson, O. E., Jr., and Burr, H. S. 
Growth Correlates of Electromotive 
Forces in Maize Seeds, 73, 

Neurospora, leucineless (Ryan and Leder- 
berg), 163, 293. 

Normal alleles (Stern, Schaeffer and 
Heidenthal), 26, 

Nuclear numerical relations (Witmer), 
283. 

Operators (Miller), 53, 149. 

Orthogonal series (Pollard), 8. 

Paramecium (Freer), 247, 

Paramecium bursaria (Chen), 173. 

Patterson, J. T. A New Type of Isolat¬ 
ing Mechanism in Drosophila, 202. 


Pavan, C. Two Types of Hetero- 
chromatin in Drosophila nebulosa, 137. 

Perspectives, gnomic and equiare&l (Kas- 
ner and Dc Cicco), 16. 

Picard-Vessiot theory of differential equa¬ 
tions (Kolchin), 308. 

Plane web, simple (Moore), 311. 

Pollard, H. The Mean Convergence of 
Orthogonal Series of Polynomials, 8. 

Polynomials (Pollard), 8, 

Position effects (Stern, Schaeffer and 
Heidenthal), 26; (Gersh and 
Kphrussi), 87. 

Potential curves (Kasner and De Cicco), 
280. 

Prber, J. R. Some Properties of a Gen¬ 
etic Cytoplasmic Factor in Para¬ 
mecium, 247. 

Preventiou of carcinoma (Woolley and 
Little), 239. 

Prime number of operators (Miller), 149 

Quadratic first integrals (Thomas), 10. 

Radiation, sensitivity to (Witkin), 59. 

Rana palustris and pipiens (Moore), 209. 

Rat (Castle), 33. 

Rate of growth of analytic functions 
(Boas), 186. 

Rational functions (Kasner and De Cicco), 
280. 

Reaction and scattering (Wigner), 302. 

Reduction theorem (Youngs), 828. 

Representation problem (Youngs), 328. 

Reverse-mutation (Ryan and Lederberg), 
163, 293. 

Reynolds, D. M. See Waksman, S. A., 
117. 

Rrrr, J. F. On the Singular Solutions of 
Certain Differential Equations of the 
Second Order, 255. 

Ryan, F, J., and Lederberg, J. Reverse- 
Mutation and Adaptation in Leucine¬ 
less Neurospora, 163, 298. 

Ryan, F. J., Schneider, L. K., and Bal- 
/V LBNTJNB, R. Mutations Involving 
the Requirement of Uracil in Clos¬ 
tridium, 261. 

Scattering cross-sections (Wigner), 302. 

Schaeffer, A. C M and Spencer, D. C. 
The Coefficients of Schlicht Func¬ 
tions, III, 1U. 

Schaeffer, E. W. See Stern, C„ 26, 

Schlicht functions (Schaeffer and Spen¬ 
cer), 111, 

Schneider, L. K. See Ryan, F. J., 261. 

Schuster's integral (Bateman), 70. 

Seeds, maize (Nelson and Burr), 73. 

Sensitivity, inherited differences in (Wit* 
kin), 59, 

Sequences of functions (Bourgin), 1. 

Set functions (BochnerL 259. 

Sets of conjugates (Miller), 149. 



330 


INDEX 


Proc. N. A. S. 


Sets of integers (Behrend), 331. 

Sex in fungi (Hansen and Snyder), 272, 

Sexual isolation in Drosophila (Mayr), 57, 
128; (Wallace and Dobzhansky), 
220 . 

Singular solutions (Rill), 255. 

Smut, corn (Kunket), 240. 

Snyder, W, C. See Hansen, H. N., 272. 

Solutions of equations (Vandiver), 47, 101, 
317, 320. 

Species (Castle), 145. 

Specificity, strain (Waksmun, Geiger and 
Reynolds), 117. 

Spencer, D. C, See Schaeffer, A. C., 111. 

Stability of systems (Bellman), 190. 

Staphylococcus antitoxin (Johnson and 
Wright), 21. 

Stern, t\, Schaeffer, E. W., and 
Heidknthal, G. A Comparison Be¬ 
tween the Position Effects of Normal 
and Mutant Allels, 20. 

Stochastic processes (Bochner), 259. 

Strain specificity (Wakstnau, Geiger and 
Reynolds), 117. 

Sturtbvant, M. A. Intersexes Depend¬ 
ent on a Maternal Effect in Hybrids 
Between Drosophila Repleta and D. 
Neorepleta, 84. 

Swanson, C. P., and Hoi-laendbr, A. 
The Frequency of X-Ray-induced 
Chromatid Breaks in Tradescantia as 
Modified by Near Infrared Radia¬ 
tion, 295. 

Thomas, T. Y. The Fundamental The¬ 
orem on Quadratic First Integrals, HI- 
' . The Transformation of Dynamical 
Systems of Two Degrees of Freedom, 
106. 

Tradescantia, chromatid breaks in (Swan¬ 
son and Hollacnder), 295. 

Transformation of dynamical systems 
(Thomas), 100, 

Transformations, union-preserving and 
contact (K.asner and De Cicco), 152. 

Trinomial equations (Vandiver), 317,320. 

Trubsdell, C. On Behrbohm and Pinl’s 
Linearization of the Equation of Two- 
dimensional Steady Polytropic Flow 
of a Compressible Fluid, 289. 

Tyler, A, On Natural Auto*Antibodies 
as Evidenced by Anti-Venin In Serum 
and Liver Extract of the Gila Mon¬ 
ster, 195. 

Ultra-violet light and dark adaptations 
(Wolf), 219. 

Union-preserving transformations (Kasner 
and De Cicco), 152. 

Uracil requirement (Ryan, Schneider and 
Ballentine), 261, 


Vandiver, H. S. On the Number of Solu¬ 
tions of Some General Types of Equa¬ 
tions in a Finite Field, 47. 

.—On Classes of Diophantme Equa¬ 
tions of Higher Degrees Which Have 
No Solutions, 101. 

.. Cyclotomy and Trinomial Equa¬ 
tions in a Finite Field, 317. 

— -. On Some Special Trinomial Equa¬ 
tions in a Finite Field, 320. 

Viixek, C. A. The Genetic Control of 
Growth Metabolism, 241. 

Virus-resistant mutants (Anderson), 120. 

von Neumann, theorem of (Loomis), 213. 

Waksman, S. A., Geiger, W. B., and 
Reynolds, D. M. Strain Specificity 
and Production of Antibiotic Sub¬ 
stances. VII. Production of Ac- 
tinomycin by Different Actinomy- 
cetes, 117. 

Wallace, B., and Dobzhansky, T. Ex¬ 
periments on Sexual Isolation in 
Drosophila. VIII. Influence of 
Light on the Mating Behavior of 
Drosophila suhohscura, Drosophila 
persimilis and Drosophila, pseudoob - 
sour a, 220. 

Walsh, J. L. Note on the Location of the 
Zeros of the Derivative of a Rational 
Function Having Prescribed Sym¬ 
metry, 236. 

Web, simple plane (Moore), 311. 

Whitehead, G. W. A Generalization of 
the Hopf Invariant, 188. 

Wiener, N. See Heins, A. E., 98. 

Wiener-Hoff integral equation (Heins and 
Wiener), 98. 

Wignbr, E. P. Reaction and Scattering 
Cross-Sections, 302. 

W xtkxn, E. M. Inherited Differences in 
Sensitivity to Radiation in Escherichia 
coli , 59. 

Wither, E. E. Integral and Rational 
Numbers in the Nuclear Domain and 
Their Significance, 283. 

Wolf, E. Effects of Exposure to Ultra¬ 
violet Light on Human Dark Adapta¬ 
tion, 21?. 

Woolley, G. W., and Little, C. C. Pre¬ 
vention of Adrenal Cortical Carci¬ 
noma by Dicthylstilbestrol, 239. 

Wright, G. G. See Johnson, F. H., 21. 

X-ray-induced chromatid breaks (Swanson 
and Hollaender), 295. 

Youngs, J. W. T. A Reduction Theorem 
Concerning the Representation Prob¬ 
lem for Frlchet Varieties, 328. 

Zeros of the derivative (Walsh), 235. 



PROCEEDINGS 


OF THE 

National Academy 

of Sciences 


OF THE 

UNITED STATES OF AMERICA 

VOLUME 33, 1947 



EXECUTIVE COMMITTEE 
or the Proceedings 

Edwin Bid well Wilson, Managing Editor 
R. A. Millikan D. W. Bronk 


PUBLISHED MONTHLY 

Publication Office: Mack Printing Company, Easton, Pa. 

Editorial Office: Harvard School of Public Health, Boston 15 

* 

Home Office of the Academy: Washington 25, D. C. 

< 1 






CONTENTS 

MATHEMATICS 


Page 

Algebraic Topology and Integration Theory. By Hassler Whitney I 

Geometric Methods in Cohomology Theory. By tiassler Whitney 7 

Complexes of Manifolds. By Hassler Whitney 10 

On Totally Positive Functions, Laplace Integrals and Entire Functions 

of the LaGuerre-Polya-Schur Typb. By /. J, Schoenberg 11 

On the Location of the Critical Points of Harmonic Measure. 

By J. L. Walsh 18 

Theory of Harmonic Transformations. .By Edward Kasner and John De Cicco 20 

Complete Convergence and the Law of Large Numbers. 

By P. L. Hsu and Herbert Robbins 25 

Green's Functions for Linear Differential Systems of Infinite Order .... 

' By D. V. Widder 31 

Special Values of e kw t Cosh (kr) and Sinii (Jfer) to 130 Figures. 

By Horace S. Uhler 34 

Curvature Theorems on Polar Curves .. By Edward Kasner and John De Cicco 47 


Weak Compactness in Banach Spaces 1. By W. F . Eberlein 51 

Note on the Critical Points of Harmonic Functions. By J. L . Walsh 54 


A Uniqueness Theorem for Eigenfunction Expansions. 

By S . Minakshisundaram 76 

On the Characteristic Classes of Riemannian Manifolds. 

By Shiing-shen Chern 78 

d 

On the Functional Equation — F ( z , <*) « F { z , <* -f 1). By C , Truesdell 82 

oz 

An Expression of Hopf’s Invariant as an Integral. . By J . H . C. Whitehead 117 

Cohomology Invariants of Mappings . By N. E. Steenrod 124 

The (I.*)-Space of Relative Measure. .By Philip Hartman and Aurel Wintner 128 

On the Maximum Partial Sum of Independent Random Variables. 

* By Kai Lai Chung 132 

Some Results on Additive Theory of Numbers— - % By J ^ oo-Keng Hua 136 

A General Class of Problems in Conformal Mapping. *. . 

By A . C . Schaeffer and D . C . Spencer 185 
Perturbations of Discontinuous Solutions of Non-Linear Systems of 

Differential Equations. By Norman Levinson 214 

On the Asymptotic Solution of the Differential Equation for Small 

Disturbances in a Laminar Flow. By Wolfgang Wasow 232 

Abstract Group Generated by the Quaternion Units. By G . A. Miller 235 

Limits for the Number of Solutions of Certain General Types of Equa¬ 
tions in a Finite Field. . v . . By H . S. Vandiver 236 

Characteristic Coordinates for Hyperbolic Differential Equations in the 

Large..... By T , Y. Thomas 242 

Multiply Values Harmonic Functions. Green's Theorem. .By G. C . Evans 270 

On Complexes Over a Ring and Restricted Cohomology Groups. 

By Beno Eckmann 275 

Interpolation and Uniqueness of Entire Functions. . .By R, Creighton Buck 288 

On a Theorem of Banach.. - By R. Salem and A . Zygmund 293 

The Inversion of a Generalised Laplace Transform. By D . V . Widder 295 

The Problems of Congruent Numbers and Concordant Forms. 

By J2, r. Belt 326 




























iv 


CONTENTS 


proc. n. a. a 


On a Theorem op von Neumann. . .By Lloyd L . Dines 329 

Note on Continuous Representations op Lib Groups. By Lars G&rding 331 

On Lacunary Trigonometric Series. By R . Salem and A . Zygmund 333 

On Infinite Complexes with Automorphisms. By B . Eckmann 372 

An Oscillation Theorem for Continuous Spectra. 

By i\ Hartman and A . Wintner 376 

On the Composition op Quadratic Forms. By H . C . Lee 379 

On the Problem op Similar Regions. By E . L . Lehmann and H . ScheffS 382 

A Proof op Lower Semicontinuity. By E . Pitcher 386 

ASTRONOMY 

A 

On the Distribution op Titanium Oxide and Carbon Stars in Our Part op 

the Milky Way. .By Oliver J . Lee , Greenville D . Gore and Thomas J . Bartlett 67 

PHYSICS 

On the Multiplicity of Steady Gas Flows Having the Same Streamline 

Pattern. By M . Munk and R. Prim 137 

Continuous Particles. By M . Hessaby 189 

Radio-Wave Propagation and Electromagnetic Surface Waves. 

By Paul S . Epstein 196 

A Minimum Problem About the Motion op a Solid Through a Fluid. 

By G . PSlya 218 

Physical Curves. By Edward Kasner 246 

Transformation Theory of Physical Curves... 

By Edward Kasner and John De Cicco 338 

CHEMISTRY 

Forces Between Polyatomic Molecules. By J . H . Hildebrand 201 

Nutritional Life History as Influenced by Dietary Enrichments. I. 

By H . C . Sherman and C. S . Pearson 264 
Further Studies on the Inpluence of Nutrition Upon the Chemical Com¬ 
position op the Body. By If . C. Sherman and M . 5. Ragan 266 

Nutritional Life History as Influenced by Dietary Enrichments* II. 

Body Weight and Body Calcium in Casks op Protein-Accelerated 

Growth. By H , C. Sherman and C . 5. Pearson 312 

Effect of Increasing Food Protein Upon the Calcium Content op the Body 

By H . C . Sherman , M , S . Ragan and M . E . Bal 366 

GEOPHYSICS 

Wind-Driven Currents in a Baroclinic Ocean ; with Application to the 

Equatorial Currents of the Eastern Pacific___ .By H . U \ Sverdrup 318 

BOTANY 

On the Evolution of the Genus Nicotian a. .By T . H . Goodspeed 168 

Antibiotic Substances from Basidiomycetes I. Pleurotus grisbus. 

By William J , Robbins , Frederick Kavanagh and Annette Herpey 171 
























You 33, 1947 


CONTENTS 


v 


A NT1HIOTIC6 FitOM B ASIDIOM YCETES 11 . POLYPORUS BIFORMI9.. 

By William J. Robbins, Frederick Kavanagh and Annette Hervey 
Chromosome Structural Changes in Traduscantia Microspores Produced 

by Absorbed Radiophosphorus. By Norman H . Giles , Jr. 

The Relationship of Growth Hormones and Fruit Development. .. 

By Robert M. Muir 


176 

283 

303 


ZOOLOGY 

Turbulence as an Environmental Determinant of Relative Growth in 

Daphnia.. By John L. Brooks 141 

A Direct Demonstration of the Phosphorus Cycle in a Small Lake. 

By G. Evelyn Hutchinson and Vaughan T. Bowen 148 

The Pole Cells of Diptera, Their Fate and Significance. 

By D. F. Poulson 182 

The Iodine Metabolism of Drosophila Gibberosa Studied by Means of 

Radioiodine I 181 . By Bernice M. Wheeler 298 

The Energy Source for Bioluminescence in an Isolated System. 

By William D . McElroy 342 


GENETICS 

A Reverse Mutation to a "Remote” Allele in the House Mouse. 

By C , C . Little and K . P . Hummel 42 

Chromosomes ok the Mink. By Richard M . Shackelford and Louise Wipf 44 

The Production of Mutations in Staphylococcus Aureus by Irradiation of 

the Substrate ... By Wilson S , Stone , Orville M'yw and Felix Haas 69 

* 

Hybridization Between Rana Pipiens From Vermont and Eastern Mexico 

By John A . Moore 72 

Blood Groups of the Rat (Rattus Norvbgictjs) and Their Inheritance. ... 

By S . 0 . Burhoe 102 

The Domestication of the Rat. By W , E . Castle 109 

Influence of Humidity on the Survival of Different Chromosomal Types 

in Drosophila Pskudoobscura. By M . J . Heuts 210 

A Suppressor in Nrurospora and Its Use as Evidence for Allrusm. 

By Mary B . Houhhan and Herschel K . Mitchell 223 
X-Ray and Ultraviolet Studies on Pollen Tube Chromosome. II. The 
Quadripartite Structure op the Pro phase Chromosomes of Trapbs- 

cantxa.;. By C . P . Swanson 229 

Cytolooical Phenomena and Sex in IIypomycbs Solani F. Cucurbitab. 

By Hilde E . Hirsch 268 

Depletion Mutation in Saccharomycks.. 

By Carl C . Lindegren and Gertrude Lindegren 314 

The Effects of Isolates on the Frequency of a Rare Human Gene. 

By L . C . Dunn 359 

The Nature of Gene Action as Shown by Cell-limited and Cell-diffusible 

Gene Products.. By D . F . Jones 363 

The Influence of X-rays and Near Infra-red Rays on Recessive Lethals 

in Drosophila Melanogaster . ByB . P . Kaufmann and Helen Gay 366 

BIOCHEMISTRY 

Studies on the Biochemistry of Tetrahymbna. IX. Folic Acid Com¬ 
ponents and Conjugates. By G . W , Kidder and Virginia C . Dewey 96 






















vi 


CONTENTS 


Proc. N. A. S. 


KyNURBNINB A3 AN INTERMEDIATE IN THE FORMATION OP NICOTINIC ACID PROM 

Tryptophane by Nburospqra. 

By G. W. Beadle , H. K. Mitchell and J. F. Nyc 156 
Studies on the Biochemistry op Trtrahymena. X. Quantitative Re¬ 
sponse to Essential Amino Acids. By G. W. Kidder and Virginia C. Dewey 347 

PATHOLOGY 

The Spread op Measles in the Family. By Edwin B. Wilson 63 

Urethane (Ethyl Carbamate) Therapy in Spontaneous Leukemias in Mice 

By L. W. Law 204 

BACTERIOLOGY 

Reactivation op Irradiated Bacteriophage by Transfer op Self-Reproduc¬ 
ing Units.. By S. E. Luria 253 






PROCEEDINGS 

■ * 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 33 January 15, 1947 Number I 


ALGEBRAIC TOPOLOGY AND INTEGRATION THEORY 

By Hassler Whitney 

Department op Mathematics, Harvard University 

i 

Communicated December 10, 1946 

► 

1. Introduction . We give here a preliminary account of a study of 
that side of integration theory which is useful particularly in differential 
geometry and fields centering around Stokes's theorem and the like. The 
subject is integration over r-dimensional domains (or, more generally, 
over r-chains) in an n-dimensional manifold or more general space (see 
below); the, methods are direct, and are carried out largely without using 
coordinate systems. There are connections with real variable theory, but 
the problems are in general of a different nature. The methods are based 
on the fundamentals of algebraic topology in fact, the work may be 
looked upon as the study of algebraic topology with real numbers as 
coefficients. 

The integral f A X of a function X over a domain A corresponds to the 
1 ‘scalar" or "Kxonecker” product X'A of a cochain X and a chain A; 
we shall write X*A in place of f A X. The values of integrals are real 
numbers, but could equally well be elements of a Banach space. The 
work is largely a matter of proving inequalities; to make this possible, 
Lipschitz conditions are used throughout. In particular, cells <r used for 
domains of integration will be images of Euclidean cells <ro under "Lipschitz 
mappings"/: 

ditst\f(p),f(q)] £ N dist(p, q) for some N. 

The smallest possible such N is the expansion £(f, cr<>) of / in <r<,. (Though 
the inequalities depend on the metric in the space, the results are inde¬ 
pendent of Lipschitz changes of metric.) With this notion, a definition of 
the size \A j of a chain A is given; for usual domains, this is the r-dimen- 
sional volume of the domain. The integral corresponds to that of a 
bounded function: S 1\T|A| for some iW The extension to the 

unbounded case trill not be considered here . 
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The most general space to which our results apply is a “Lipschitz space"* 
R t defined as follows. It is a metric space (assumed compact for sim¬ 
plicity), for which there is an imbedding f into some Euclidean space 
E* , both f and f~~ y being Lipschitz. Further, f(R) is supposed “locally 
Lipschitz connected" in each dimension r. That is, for some n > 0 and 
some N r , any singular (r *- l)-sphere *$ v “ l of diameter < 17 in/(f?) bounds 
a singular r-cell Q T in f(R) such that 

cliam ( Q r ) S N r diam 

There is then a retraction p of a neighborhood U of f(R) in E n into f(R) 
such that p is Lipschitz. 

2 . Lipschitz chains. By vol (a/) we mean the usual r-volume of a 
Euclidean simplex ao r in metric Euclidean space. We define |cr r j for a 
Lipschitz singular simplex e r = /(<r 0 r ), i.e,, image of a Euclidean simplex 
o o r under a Lipschitz mapping /, as follows. Consider subdivisions <ro r * 
of <7<> r into Euclidean simplexes and affine mappings g { of Euclidean 
simplexes r/into 0 w r ; set f t (p) /(&(£)) in r f f ; then 

M - GLSZtU* r t ) vol (r<) # 

t 

taking the greatest lower bound over all such expressions. For a Euclidean 
simplex or smooth simplex <r, \<r\ «* vol (<r). To extend the definition to 
Lipschitz singular chains A = 2a f <r ( r * Xa t f(<r 0 /), consider simultaneous 
subdivisions of the <W, and proceed as above, using |a,|; coefficients 
must be collected over the singular simplexes occurring . 1 

,3. Lipschitz cochains. A Lipschitz r-cochain X r in R is a real-valued 
function X A r of Lipschitz singular chains A r in R, with the following 
properties: For some numbers N, N' f 

(a) X*(-<r) - -X*<r, 

(b) |X*<r| S JVM, 

(c) N’\a\. • 

Here, b<r denotes the boundary of an (r + 1)-simplex a. We let \X | and 
|Mf| denote the least possible values of N and N\ respectively* X t 
defined for simplexes, becomes a linear function of Lipschitz singular r- 
chains by setting X^arf * ZaJC-tr/. Now \X}A | S \X\ \A \. 

The coboundary 6X of X is defined by 

*X r -A’+\m X r t>A r + l . 

Written in the form S A bX » ft> A X, this becomes Stokes's theoremu 
If / is a Lipschitz mapping of R into R% it carries cochains X 9 ** X* r 
of R' into cochains /*jr of R, defined by f*X''A - X’+fA. We have 
Sf*X 9 - jTMTV and 
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Wl & t{f) \X '\, \5f*X f \ £ f+»(/)|«^ / |- 

A 0-cochain X is simply a point function: X(p) » AT * />, Its coboundary 
is given by $X'(pq) ~ X-d(pq) ** X q — X-p> 

4. Definition for polyhedral chains . Let -4 » /4o be a Lipschitz chain 
in R , expressed as the image of the chain 4o in the simplicial complex Ao. 
Let Ki be a simplicial subdivision of AY Let © 4« be a subdivision of 
A 0 . Construct the cartesian product / X A 0 of the unit interval I — 
(0, 1) and A 0 ; consider Ao as 0 X A 0 and Ki as 1 X A 0 . We may sub¬ 
divide it simplicially so that 

&©(/ X 4 0 ) - ©4 0 - 4« - @(I X d4 0 ). 

Map / X Ao into A by setting F(t t p) «* /(/>). Then for each r of ©(/ X 
Aq) not in 0 X Ao or 1 X A 0 , | F(r)| =»(), It follows from (6) and (c) that 

X-GA m X'F&Ao - X-FAo - X-A. 

Thus X'A is independent of subdivisions of A , and may be defined for 
“polyhedral singular chains’' 4* 

Essentially the same method (with Ai « A' 0 ) shows that X A is con¬ 
tinuous under deformations of 4. 

For n-coehains X in E n (or in an n-manifold) we may define X Q for 
open sets Q; thus, X gives rise to a Lebesgue integral X Q » J % qD x (p)dp i 
with the ordinary Lebesgue measure. Such a theorem is unknown for 
X r in £*, 1 <f <«. 

5. Special cochains; the de Rham Theorem , For an oriented n-simplex 
c n in metric oriented E\ let [<?”] be * vol (<r*) according as o n and E n are 
oriented alike or unlike. Write I n <r n * [<r M ]; then I* is the unit n-cochain 
of metric oriented B*. For any 0-cochain W* and r-cochain X r , we may 
define the r-cochain W>X' by letting (W*X r )-<r r - (W«-p)(X r >e r ) ap¬ 
proximately > for p in if <r f is small; the definition is completed by a 
passage to the limit (using subdivisions of <r). Now, with a notation from 
§4, X* m D X I * in 

A cochain A is a cocycle if SX * 0; A and Y are cohomologous if Y — 
X ~ hZ for some Z> The classes of cohomologous cocycles are the ele¬ 
ments of the rth Lipschitz cohomology group of the space. 

In a simplicial complex A, to each Lipschitz cochain X corresponds an 
algebraic cochain <frX defined by 4>X * a/ m X ‘ a/ for each r-simplex erf of 
A. This defines an isomorphism between the Lipschitz and the algebraic 
cohomology groups . This is the counterpart of the de Rham Theorem 2 
(origimdly expressed in terms of homology theory). See also §§7 and 8. 

In the proof, we define for each algebraic cochain X a Lipschitz cochain 
ipX as follows. It is sufficient to define ^A*r far simplexes r lying in 
sin^plexes of A (compare |6\ If we define p<r r for each o* t $X for all 
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X will be defined. Take a r — p a . . ,p r , and any r r = go .. .q, in a simplex 
of K. If t is not in the star of a, set pa-r => 0. Otherwise, say r is in 
<r* -pa.. .p T pr +1 . ■ .p.- Set 

l 

po-r « [g„... q r p ,+,.. ./>,)/[*]. 

This is independent of the (Euclidean) metric employed* We may prove: 
MX - X, ty* * MX, 

6 . Lipschitz skeleton cochains. A Lipschitz r-cochain X must have 
a value for all Lipschitz r -chains A; these chains form a very large dass 
of objects. We shall show that Lipschitz cochains may be derived from 
"Lipschitz skeleton cochains/' defined for a much more restricted class of 
objects. 

A skeleton r-simplex <r f in a metric space R is a set of r + 1 points po, 
... > p T in R. It is oriented like an abstract simplex. A defining set of sides 
of a r is a set PmPm such that if the pt are put in E\ the vectors Vt « pn t — 
Pm (i *** 1. ... > r) are independent. The potentiality of <r is 

Pot («r) » - min dist p m )... dist (p Kr , p»), 
rl 

taking the minimum over defining sets of sides of a. 

A Lipschitz skeleton cochain x is a function x°<t such that (a') x ° {~cr) « 
— roo*, and 

(b') \x<xt \ £ N Pot (<r), (c') |ro dor) g N f Pot (<r), 

for some N, N' t as before. Again xo « So^ocr/. 

We shall use a standard sequence of subdivisions 11 Ki, K%, ..., of a complex 
K»: only a finite number of shapes of simplexes may occur in all the K 4 . 
If A fAo, A 9 in Kq, and is the subdivided chain in K n , etc,, as in 
§4, then 

x*A w* lim xof^Ao 

exists, and f is a Lipschitz cochain X, depending on x only. Conversely, 
any X gives rise to an x for which S =» X. 

Skeleton cochains x, y are equivalent if £ — J. This holds if for each 
e > 0 there is a S > 0 such that 

| y®<r — x°<r\ § t Pot (<r) if diam (ir) < i. 

7. Tensor cochains. For simplicity, we shall remain in £*. A Lipschitz 
tensor cochain is a function Tip; Vi, v,) of the point p and vectors 
Vi, ..., Vr, which (a') is linear and alternating in the vectors, and such that 

(b') I Tip; *u .. :,*) |S JVIt.,1 .• ..KI, 

H ■ ■ ■ ’ , J , - 

<C') \TiP’; vu .. .) - np; Vi ,,)|$ N'W - p\ KK•. 
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We may define Tip; V) where V is a eontravariant r-vector, i.e., alternat¬ 
ing product, v*.. .v, (or a sum of such). For fixed p, T is a covariant r- 
vector. 

For a point function u(p) and a vector v, set 

V,w(p) — lim [u{p + to) — u(p)]/t. 

The covariant derivative of T is, if T is differentiable, 

V\, . £ (""" nT(pj V \. , .jpg. . .Pr+i) i 

v t denotes that this term is to be omitted. 

To any oriented Euclidean simplex a r « po .. ,p f in 2S* corresponds a 
eontravariant r-vector ja y }, defined by 

{*'} ~j\ipi-fa)...(Pt- po)', 


if Vi, ..., v r is any defining set of sides of <x r , { <r r ] « . ,v T . The center 

of a* is p 9 « 2p t /{r+l). 

To each T corresponds a Lipschitz skeleton cochain x =* QT defined by 

er-<r - Tip,) {<r}). 

In the proof that (c') holds and for other matters, the following combi¬ 
natorial theorem (corresponding to Stokes’s theorem) is needed. Let 
Lo,‘ ..., L r be covariant r-vectors. Let <r T ■» p ».. .p, be a simplex, with 
a defining set of sides v t ■■ p H — p\,(i ■> 1, ..r). Let <r t be the face 
of <r opposite p t . Then 


( — 1)* Lt {v<} 

<■*0 


— (-1)<[L^(.. .V,...) - !*,(.. ..)). 


Thoug h SQT 9* Q& T in general, they are equivalent (if T is differentiable); 

hence S6T t&T «■ QST, as Lipschitz cochains. Using QT defines an in¬ 
tegration process without using codrdinate systems. 4 With a coordinate 
system, the theory becomes ordinary integration; the theory of the 
Jacobian, Stokes’s theorem, etc.', follows simply. 

The "tensor cohomology groups" again are isomorphic to the algebraic 
cohomology groups. (The deRham Theorem is for the case that the tensors 
are differentiable.) 


8. Products of cochains. The product o Itensor cochains is well known. 




conditions: 


(«) PF is an (r •+■ r)-cochain, Hnear in both X* and P. 
{?) X>Y> is as defined in $5. 
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(y) \X'V\&N n \X*\\Y‘\. 

(«) a(X f F') * sx’Y' + (-iyjra\ 

For general Lipschitz cochains, the products with these properties exist 
and are uniquely determined. (This holds in a Lipschitz space.) The 
usual properties hold: 

( XY)Z * X(YZ); Y*X r « (-1 ) r *X f Y*; 

for Lipschitz mappings/, f*(XY) - (f*X)(f*Y). 

The product corresponds (under the operation <f> of §5) to the product* 
X ^ Fof algebraic cochains. Hence the cohomology rings in the algebraic, 
Lipschitz and tensor cases are isomorphic, completing the de Rhatn 
Theorem for these cases. 

The fundamental tool for this section is the approximation to a cochain 
X by a set of coboundaries Z\. Taking R in E n > let p be the retraction of 
§1. Cut U into small pieces Q t ; take p t in Q v and set 

- X-pJ(Pu 

for any <r r ~ l in Q f ; J denotes the join. Then \X — SZ { \ is small in Qt. 

9. The continuity theorem . A continuity theorem was mentioned in 
§4. We state a much more general (and difficult) theorem. Let A be a 
Lipschitz chain in R . For any e > 0 and N , there is an y > 0 with the 
following property. For any Lipschitz chain B satisfying \B\ < N, 

| i)B | < N, and one further condition described below, 

\X-B ~ X*A\ & max. (pfl, 

The further condition is: there exist chains (not necessarily Lipschitz) 
C within/?? of £)A and D within y of A such that 

B - A m bD+ a 

Letting 17 0 is interesting: two chains A and B are “homology equiva¬ 

lent,“ i.e., C and D exist for all 17 > 0 , if and only if X*A ** X*B for all X* 

10. Stokes's theorem . With the help of methods described above 
(including the continuity theorem), a very general form of Stokes’s theorem 
may be proved. We shall npt give details here. 

1 See, for instance, Seifert-Threlfall, Lehrbuch for Topologie, Leipzig, 1934, Chapter IV. 
1 See G. de Rham, Jour, fo Moth. (10), 9, 115-300 (1931). 

* See H, Freudenthal, Annals Math., 4&i 580^582 (1942), 

4 In an earlier version of this work, a large part of the theofy was worked out 
Paul Oium (1940, unpublished). See In this connection H. Whitney, Duke Math. Jour,, 
4, 495-528 (1938), HH. 12. 

1 See, for instance, H. Whitney, Annuls JlfaM., 39 , 397-432 (1938); see also H. 
Whitney, Bull. Am* Moth. 43, 785-808 (1W7), p. 803. 
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GEOMETRIC METHODS IN COHOMOLOGY THEORY 1 

By Hassler Whitnby 

Department op Mathematics, Harvard University 
Communicated December 10, 1940 

1. Introduction . In algebraic topology, the concepts of chains and 
cycles have considerable geometric content. Singular chains and cycles 
carry this content over to more general spaces such as polyhedra and 
absolute neighborhood retracts (ANR’s). Cochains and cocycles, alge¬ 
braically as simple as chains and cycles, did not appear until about 1935, 
in part because of the lack of a geometric interpretation. We give such 
an interpretation here; 2 it is, we believe, the natural one. Geometric 
cochains will be functions of singular chains in “general position.“ 

The theory should apply to ANR*s R; at present, some of the basic 
theorems are proved only for polyhedra P. Full details will be given 
elsewhere. The coefficient group II will be supposed discrete. If II is 
continuous, for example, if it is the group of reals, the '‘nuclear system” 
(see b&ow) may be discarded in whole or in part. 8 

2. r-thin subsets of R. A subset N of R is r-thin in R if any singular 

r-cell <j t — /(oo r ) in R may be pulled away from N by an arbitrarily small 
deformation /<; H N — 0. For example, a fc-plane in w-space E* 

is ( n~k -* l)-thin in The set N and its complement may be very com¬ 

plicated. 

Let / map the polyhedron P into P'; let N be r-thin in P'. Then there 
is an arbitrarily small deformation f t of / such that is r-thin in P. 

(This has not been proved for A NR* s). 

Let N , N* be point sets in P. The singular chain A in R is in general 
position relative to (N, N l ) if A and bA do not intersect N* and N, re¬ 
spectively. 

3. Geometric cochains . A geometric r~II-cochain X * X r in R is a system 
of the following sort. It has u nucleut X and a nuclear boundary X' C X; 
X and X 9 are dosed, and are (r — l)-thin and r-thin, respectively. For 
apy singular r-chain A , with integer coefficients, in general position relative 
to (X> X')> X*A is defined* .and is in H; this is a homomorphism of the 
group of these chains into IL Further, 

(а) X r \A f » 0 if A f does not intersect X , 

(б) X fm - bA ** 1 0 if A r * x does not intersect X\ 

The coboundary SX of X, with nuclear system (X\ 0 ), is defined by 

Clearly X is determined by its values for arbitrarily small singular cells 
n^ar points of X — X' Keeping all chains in general position, X*A is 
easily pinved indef^denVof subdiv^si<ms and d^ 
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If X • <r * 0 for all <r in some neighborhood U of p in X, the points of X 
in U may be dropped out. In this way, we obtain the irreducible nucleus 
of X. Note now that X*A is always defined if hX ** 0, Z>A **“ 0. 

For a simple example, let X be a square in JS 8 ; let X } be its boundary. 
Let u be a normal vector to X. Then if A 1 is a segment cutting through 
X, let X* '<4* be 1 or —1 according as A 1 is directed like u or unlike u . If 
A 2 is a disc cutting X\ 6X l -A 2 - X l >bA* - *1. 

Without further conditions, a cochain may be very complicated. For 
example, in E n (n £ 1), X"-^ may have arbitrarily large values for arbi¬ 
trarily small <r* near a given p in X. 

4. Standard cochains in a complex . In a complex K the “dual" £ r < of 
a cell <r r i of K consists of simplexes of the first derived of K f of various 
dimensions in general; it forms a point set which is (r — l)-thin in K. It 
forms the nucleus of a cochain Xf ** #<r< f such that X{'<j? *= h#. Setting 
4iZai<ri « XOiXit we have 60X * <f>6X for algebraic cochains X of IC. 
These standard cochains operate on the algebraic chains of X, thought of 
as singular chains, just as the algebraic cochains do. 

5. Mappings and deformations . Let / map P\ into P*. Then given 
Xi in Pa, we may deform / into f\ (see §2) to make (fi~ l (Xt), /"K-SY)) the 
nuclear system of a cochain Xi * fi*X* in Pi, defined by 

fi'XvAi « Xj-Mi. 

Then 5/i*Xa « If /,(/?) in Pi, 0 2* t ^ 1) is a deformation, such 

that fo*Xn and /i*X 2 are defined, we may “deform'* the deformation for 
0 < l < 1, and then define an (r — 1)-cochain such that 

- fx*X t - /o*X 2 - //*6X 2 . 

* 

6. .4 /oca/ property of cochains. Given X r in R (r > 0), and pin X — X’, 
let ft be a deformation of the identity in R such that fi(p) is not in X. Say 
p is in U, fi(U) n X - 0, and f t (U) ft X’ - 0 for all t. Now/** X - X, 
f\*X « 0 in U, and ft*iX «* 0 in U; hence, by the relation above, X = 
Sfi*X in U. Thus, every geometric cochain of dimension > 0 is locally a 
coboundary. 

7. Geometric cohomology groups in a complex. Let X r (r > 0) be a 
geometric cochain in the complex K such that SX is standard ((4)* With 
methods above, and other tools, we may show that there is a standard Y 
and a geometric Z such that X — Y ■* 8Z. It follows that the geometric 
and algebraic cohomology groups of K are isomorphic. 

8. Properties of singular chains in terns of geometric cochains. Condi¬ 
tions that a cochain X be 0, or a cocyde, or a coboundary, are expressible 
in a simple manner in terms of X-A for various A; we shall state some 
corresponding theorems for singular chains. Say At and At are essentially 
equal! At ■» *4*, if, for arbitrary neighborhoods U erf Ai U At and U* 
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of bAi U i>A%, there are singular chains B C U and C C V* such that 
Ax ~ At » dB + C. (This relation i$ not transitive, unless some as¬ 
sumption to eliminate chains with space-filling characteristics is made.) 
Now the conditions A — f), dA ~ J0 t A m t dB for cycles A, are equiva¬ 
lent to X»A ®» 0 1 hX'A * 0, X*A ** 0 if 3X «■ 0 , for all cochains X of 
the proper dimension in general position relative to A. 

9. Products of geometric cochains. We first give an example. Let 
X and ¥ be squares in E* t as in § 3 ; let them intersect in a segment 2 . 
(Do not let X* and F* intersect.) Take p in 2; let u and v be vectors at 
p normal to 2 , and lying in F and X, respectively. If A 1 is a segment 
cutting X in the direction of w, say X A l = a; define ft similarly for F 
and v. Then if A 2 is a disc cutting 2 at p and containing u and v, and A 1 
is oriented by the ordered pair («, v) t set Z 2 A 2 ** afi. We set 

z»ivF;2,xnU’»(jfn?')U {X 9 n F). 

We now discuss the general situation. Say X 7 and F* are in general 
position if 2 and 2' defined above are (r + s — l)~tbih and (r + $)~thin, 
respectively, and X* 0 F' is (r + s + l)-thin. (Given arbitrary X and 
F, slight deformation^ f t and g t of the identity /o — go will bring fx*X and 
gi*F into general position.) Given any p in 2 — 2\ define Z in a small 
neighborhood U of p as follows. First, if r ** 0, 

* (X°-p)(Y 9 '<r') t a* in IL 

For r > 0 , say X » 5Xi, 5F « 0 , in 17 (see § 6 ); using induction, set 

Z'+’-<r r +' m (Xx r ~ l w F')-d in U . 

The proof of existence and uniqueness, together with the usual properties 
of the product, is carried out with the help of induction. 

10. The usual products in a simpHcial complex. If K is a simplicial 
complex with ordered vertices, there is a simple way of defining twosystems 
of duals iy/ (see §4) so that any corresponding ^X r t F* are always 
in general position . 4 Now for any algebraic X r and Y' t and any simplex 
o r +* of K, which we may think of as a singular simplex, 

is defined, and is the same as the usual algebraic product (X ^ Y*) • tr f+ *. 

1 Presented to the Am. Math. Society, Feb. 21, 1941, under the title “Geometric 
methods in combinatorial topology. 1 * 

1 For earlier work along these lines, see S. Wylie, Proc. London Math , Soc., 46,174-198 
(1940). An application will be found in H. Whitney, Annals Math. (2), 45, 220-248 
(1944), §S. 

* The theory then takes on a completely different form. See the preceding paper 
in these Phocbbwnqs. 

4 Compare H. Whitney, these PKOcnsraNGS, 26^ 143-148 (1940), (5. 
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COMPLEXES OF MANIFOLDS 1 
By Hassler Whitney 

Department op Mathematics, Harvard University 
Communicated December 10, 1940 

1. Introduction . A smooth manifold M (smooth means continuously 

differentiable) is a well-defined concept, A bounded manifold may have, 
for boundary, anything from a smooth manifold to quite a general point 
set. For analytical purposes, the boundary should at least be made up 
of pieces of manifolds, joining together smoothly; that is, it should be 
formed of a “complex of manifolds/’ or “complifold” for short. Then 
M — <r n , together with the boundary cells of, forms a complifold K. If 
one tries to define K abstractly, one finds that all sorts of curious situations 
may occur locally. In this preliminary note, we wish to point out some of 
the properties that will bring K back to reasonableness. If if is im- 
beddable in a Euclidean space E m ) each cell being imbedded smoothly, 
this should be satisfactory. , 

2. Complifolds . Instead of giving a full definition, we shall point out 
some of the properties that are clearly necessary. The cells should attach 
to each other, in the point set sense, like the cells of an ordinary complex. 
The relation between codrdinate systems in incident cells should be smooth, 
with Jacobian matrix of maximum rank. If a vector is tangent to faces 
c i, <r% of a cell a at p, it should be tangent to a common face of <t\ and 

Among the important subjects we cannot discuss here, we mention the 
following. The property of K being “locally flat" or “locally simplicial"; 
the property of K\ and K% being in “general position" in K; the fact that, 
in this case, K\ A K* is a complifold. 

The local properties of K can be described largely in terms of tangent 
vectors, to which we now turn. 

3. The tangent space of K at a point. For each (closed) cell <r, and 
point p in <r, there is a tangent cone T(o t p) of vectors (<r, v) whichare tangent 
to <r at p; these generate a vector space F(<r, p). Given p in K , let <x% t 
..., <r, be the cells containing p. Define (abstractly) the direct sura 

V*(p) - V(* u p)® ... ®V(<r t9 p). ‘ . 

The vectors 

v>u(v) " fo, V) - (<rj, »)• v in Y(«r«, p) fl V(<r h p) 

generate a subspace V**(p) of V*(p). The tangent space 

V(K t p) - V*{p) © V**(p) 

. ', ■ . . ■ \ 

of K at p is formed from by setting all • 0- 
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We say K is consistent at p if each r(<r, p) lies in V(K t p) in a one-one 
manner. This is obviously a necessary condition that K be smoothly 
imbeddable in E m . 

It may happen that a relation a%Vi + ... 4* a k v k = 0 is not true at p, 
yet arbitrarily near p a relation arbitrarily near this one holds. This 
might preclude smooth imbedding. 

A necessary and sufficient condition for imbeddability of a general com- 
plifold seems highly difficult to obtain. Instead, we shall give a slight 
restriction on K. 

4. Cellwise homogeneity. Let K be consistent at each p. If for each 

<r, and cells <ri.. <r # , with <r as face, the part of V(K, p) over these 

cells is of constant dimension as p moves over <r, we say K is cellwise 
homogeneous. 

Theorem: Any cellwise homogeneous complifold of dimension n may be 
smoothly imbedded in E 2n+1 , and smoothly immersed in E 2n . 

1 Presented to the American Mathematical Society Sept. 8, 1942. 


ON TOTALLY POSITIVE FUNCTIONS , LAPLACE INTEGRALS 
AND ENTIRE FUNCTIONS OF THE LAGUERRE-POL YA-SCHUR 

TYPE 

By I. J. Schoenberg 

Department op Mathematics, University op Pennsylvania 

Communicated October 17, 1946 

The purpose of this note is to furnish a solution of the problem of repre¬ 
senting by Laplace integrals the reciprocals of entire functions with real 
zeros only, which are of genus zero or one up to certain exponential factors. 
The solution appears in terms of a certain class of functions which we pro¬ 
pose to call totally positive functions, 

i. Totally Positive Functions .—A real-valued function A(*), defined for 
all real x, is said to be totally positive (abbreviated: t. p.) if it satisfies the 
following three conditions: 

(a) A(x) is measurable, 

(j 8 ) If X\ < Va < ... < x n and t\ < U < then the determinant of 

order n } whose element in the ith row and jth column is A(*< — /*), should 
be non-negative, i.e., \ 

det||A (*4 - i,)|| ^ 0. (1) 

This inequalityshould be verified forn = 1,2, 3,— 

( 7 ) A(*) should bf>. positive for at leaBt two distinct values of x. 
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For » * 1, the inequality (1) is equivalent to A(jc) 2 0 for all real x, 
justifying the name of total positivity for our set of conditions. 

A trivial example of t. p. functions is furnished by ■ 

A(x) » (2) 


Indeed, all determinants (1) vanish if n 

m - 


g; 2. Another t. p. function is 

if x ^ 0 
if x < 0. 



Indeed, we readily find in this case that 1 

det||A(#| — 4)|| « exp{ —2x f + •«, 


where € = 1 or c = 0, depending on whether or not all inequalities h g x%< 
4 £ x* < t% g < ... < £ x*~ i < 4 £ x^hold simultaneously. Inci¬ 

dentally, with A(x) defined by (3), the functions A (ax + b) (a 3^0) are the 
only discontinuous t. p. functions. A further noteworthy example is 

A(*) ~ <f*\ , (4) 

The total positivity of this function is likewise dear because 

det||exp { — (xi — 4 )*) ®» exp {— Zac* — } * det||exp { 2xJj } ||, 

the last determinant being known to be positive.® 

It is easy to see that of the conditions (a), (0), (y), neither one is implied 
by the other two. Thus, if 

A(x) - exp{-*(*)}, (5) 

where \p(x) is a discontinuous, hence non-measurable, solution of p(x + 
y) m ip(x) + p(y), then the conditions (0) and (7) are fulfilled without ( a ) 
holding. 

The conditions (a) and (y), together with the inequality (1), for n ■» 1 
and » « 2 only, are found to be equivalent with the requirement that the 
function ^(x), of (5), is a convex function. This remark readily leads to 
the following proposition: For any t. p. function A(x) we have 

0 < 71 - Mx)dx £ + ®. 

A t. p. function A(x) is either monotone (in the wide sense), in which case 

A (x)dx =• +®, (6) 

or else it is not a monotone function, in which case we have 

a 

0 < yi*. A (x)dx < -1-®. (7) 

A non-monotone t. p. function A(x) may therefore also be thought of as a 
frequency function. We wish to call them Polya frequency functions. 
Among our exa mple s of t, p. functions we find that (2) is monotone, while 
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(3) and (4) are Polya frequency functions. A study of the class of t. p, 
functions reduces essentially to a study of its subclass of Polya frequency 
functions in view of the following proposition; If A(x) is L p. then either 
A(x) *» exp {ax + i}, or else there is a number « such that A 0 (x) =» e m *-A(x) 
is a Polya frequency function . 

2. Entire functions of the Laguerre-Polya-Schur type. —Following Polya 
and Schur* we shall say that an entire rational or transcendental function 
<f>(s) is an entire function of type I t if its canonical representation is of the 
form 

*(«) - Cz n e* H(1 + M), (C £ 0, n £ 0, y £ 0, t, £ 0). (8) 

pml 

Likewise we shall say that ^(z) is an entire function of type II if its canonical 
representation is of the form 

¥(*) - C 2 *e~ r,l+4, n (l+Sj) e~ M , (C$0,Mg0, y£0, y,6. real). (9) 

It was shown by Laguerre and Polya 4 that the entire functions of type I 
and no others are the uniform limits (^0) of real polynomials having all 
their roots on the half-line x g 0(s — x + yi ). Likewise that the entire 
functions of type II and no others are the uniform limits (^0) of real poly¬ 
nomials with only real roots. The coefficients of the power series expan¬ 
sions of the functions $(*) and ^(s) about the origin enjoy remarkable alge¬ 
braic properties which were discovered by Polya and Schur (foe. cit.) on 
the foundation of Laguerre's pioneering work. Finally, Polya 8 investi¬ 
gated the expansion coefficients of the reciprocals l/4>(s) and l/¥(s) about 
the origin. His results suggested that these reciprocals should allow of 
representations by the ordinary Laplace-Stieltjes integral and by the bi¬ 
lateral Laplace-Stieltjes integral, respectively, both with monotone deter¬ 
mining functions, This problem was later investigated by H. Hamburger. 6 
However, Hamburger's results do not exhibit the exact nature of the 

■v* 

Laplace integral representations of these particular classes of functions. 

3. Laplace integrals. —The relationship between the reciprocals of func¬ 
tions of the Laguerre-Polya-Schur type and the Laplace integral is de¬ 
scribed by the following theorem. 

Theorem 1. Let &(x) be a totally positive function which is not of the form 
exp\ax + 6}. Then the bilateral Laplace integral 

f,\ e"A(x)dx (10) 

converges in a strip a < Re < » £ a < 0 £ + <*) and represents there 

the reciprocal 


1 

♦(*) 


(11) 
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of an entire function ^(z) of type II which is not of the form C'P*. The 
endpoints a, 0 of the strip of convergence of the integral (10) are zeros of ^f(z) t 
provided they are finite , 

Conversely , let (11) be the reciprocal of a function (9) of type //, not of the 
form Cje**,‘and let a< Rz < /3( — «> £a<0£+*o) be a stripinwhich 
(11) is regular. Theft l/¥(z) (if W(z) > 0 in a < z < 0) f or else — l/^f(z) 
(if ^(s) < 0 in a < z < /?), may be there represented- by a Laplace integral 
(10) r where A(ac) t$ a totally positive function. 

We, therefore, have a 1-1 correspondence between t. p. functions and 
reciprocals of functions of type II in a given strip of regularity a< Rz< 0 
(—ao £ a < 0 £ «>)by the relation 

f e*’A (x)dx « -~-t, (« <Rz< p), (12) 


where e = sgn^(z) in a < z< 0. 

Further properties of the correspondence (12) are as follows. 

Theorem 2. The totally positive function k(x) is a Polya frequency 
function if and only if 


a< 0< 0 



Otherwise k(x) is always monotone , namely , non-increasing if 0 2* a and non¬ 
decreasing if 0 & 0. 

Theorem 3. The relation (12) may always be inverted by Mellm's integral 
to 



(ac < <r < ft — «> < # < 00 ). (14) 


Unless ^(z) is free of zeros, there are several t. p. functions A(#) associ¬ 
ated with the same 'I'(s), corresponding to the various strips of regularity 
of its reciprocal. The way in which these various k(x) are connected with 
each other is as follows. 

Theorem 4. Let («, 0) and (ft ?) be contiguous intervals of regularity of 
I/^(«) (— ® < a < 0< y £ w) and let A(#) and kt(x) be the corresponding 
totally positive functions, t.e., 


Jrnm 

^(«) "* j (« < -R* < &)> 


/: 


t?*ki{x)dx (fi < Rz< y). 


•where * =» *1, «i »> ^=1, such that eb(z) > 0 if a < * < 0, and *i9(e) > 0 if 
0 < z< y. Then 
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«iAi(r) — «A(x) =» The residue of e~ x */ty{z) at z « *0, (15) 

for all real values of x. 

Functions ♦'(*) of type 1 being at the same time also functions of type II, 
the theorems just stated apply to such functions as well* In this particular 
case, however, we may add to Theorem 1 the following additional informa¬ 
tion. 

Theorem 5. Let A (x) be a Polya frequency function such that 


Then 


A(x) « 0 if x > 0. 




e x *A (x)dx 



{Rz > a, for some a < 0) 


(17) 


where 4>(s) is an entire function of type /, with 4>(0) > 0, and not of the form 
C ♦ e 6 *. Conversely, if 4?(j z) is of type /, 4>(0) > 0, not of the form, C • e** f then 
it may be represented ' by the ordinary Laplace integral {17), where A(.x), if 
defined as ■» 0 for x > 0, is a Polya frequency function . 

4 . Examples.— A few classical integral representations will serve to 
illustrate the theory. The following formulae arc due to Euler: 



fjr m fT"dx - T(z) {Rz > 0), 



(0 <Rz< 1), 


m 

(19) 


<?) n ~Vdx = 


(»* - i)t _ 

{z + l)(z + 2).,. .(2 + n) 


{Rz > -1). (20) 


The right-hand sides are reciprocals of functions of type II, hence the deter¬ 
mining functions A{x) are all totally positive by Theorem 1 T (converse 
part). The direct part of Theorem 1 may at times also be applied and 
that should be the direction of the more significant applications, if any. 
To illustrate this point, let us prove (the well-known fact) that 1/T(z) is of 
type II. By (18) it is sufficient to show that A(r) «* exp {—«*} is totally 
positive. But this is clear since 

det||A(r* - $,)|j « detjjexp {« det||exp {a<0j}|| > 0, 


since both sequences of numbers 

oti * s**, fit ** -~e~ u (i « 1 , 2, ») 

are monotone increasing. A similar, equally simple argument applies to 
(19) Showing that sin {rz) is of type II. 

In order to illustrate Theorem 4 we inquire into the integral representa- 
tion . 
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f* m f'K{x)dx m (-l)* + 1 r(*) f (-n - 1 < J&< -*), (» >0), (21) 

which is assured by Theorem 1. Starting from the representation (18), 
the various transitional residues appearing in (15) are readily determined 
with the result that 


A«(x) 


- (1 





( — 03 < X < oo). 



This function is totally positive by Theorem 1. 

Formula (20) illustrates Theorem 5. Another example to Theorem 6 
is furnished by the formula 


f<T f* dl(x) 


n 

H "• 1 


* 1 



(Rz < 1 ), 



where the distribution function L(x) is defined by 

L(x) m tfo (o|^) - £ (-1 (* > 0, L( 0) = 0). 

Its derivative 

* 

A(.) - (24) 

( 0 if * £ 0, 

is, by Theorem 5, a Polya frequency function. 

5, Concluding remarks .—1. Various other properties of a t. p. function 
A(x) are reflected in corresponding properties of the associated function 
¥(*) of (12). Thus A(x) is of class C“ if, and only if, in (9) we have either 
7 > 0, or else 7 = 0 and 8, > 0 for infinitely many v. Thus the A(x) of (24) 
is of class C”°, i.e., all derivatives of A(x) vanish at the origin. However, 
if 7 = 0 and ¥(*) is a polynomial of degree m(> 0) multiplied by an expo¬ 
nential factor, then A(x) is exactly of class C m ~ 1 . Thus the A(x) of (20) 
has exactly » — 2 continuous derivatives. 

2. It is expected that Polya frequency functions will be useful in de¬ 
scriptive statistics for the purpose of curve-fitting to empirical statistical 
data. One of the reasons for expecting such use is the extreme smoothness 
of these curves as a whole. By this we mean the following property: Let 
A(x) be a Polya frequency function of class C". By a repeated application 
of Rolle's theorem we conclude that A <H) (x) has at least n distinct real zeros. 
Actually A^x) has exactly n simple real zeros and this is true for all values of 
n. An approach to Polya frequency functions from an entirely different 
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point of view will be discussed in a joint paper of H. B. Curry and the 
author. 

3. A proof of Theorem 1 is essentially based on the results and methods 
developed by Polya and Schur. The only additional element required is a 
set of sufficient conditions insuring that a linear transformation be varia¬ 
tion-diminishing.* Such conditions will serve to establish the following 
essential lemma: If A(x) is a Polya frequency function and t\< h< ... < 
t nt then the linear combination 

F(x) « aiA(x — h) + a*A(x — h) + ... + — 4) 

obeys the rule of signs of Descartes , i.e. t the number of variations of sign of 
F(x), for all real x, cannot exceed the number of variations of signs in the 
sequence a x , a 2 , ..., a m of its coefficients. 

4. The discreet analogue of a t. p. function is a totally positive sequence 

{a») (n « 0, =*=2, ...) with the property that the 4-way infinite 

matrix ||a<-j|| has only non-negative minors. The author expects to dis¬ 
cuss the nature and properties of such sequences on a future occasion. 

1 Determinants related to the one appearing here were considered by A, Bloch and G. 
Polya,' 'Abschatzungen des Betrages einer Determinantc,” Vierteljakrschrift ZUrich , 78, 
27-33 (1933). 

1 Polya, G., and Szegd, G. ( Aufgaben und Lehrs&tze aus der Analysis , vol. 2, Problem 
76, p. 49. 

1 Polya, G., and Schur, I., “tlber zwei Arten von Faktorenfolgen in der Theorie der 
algebraisehen Gleichungen,” Journal fdr Math., 144, 89-113 (1914), especially p. 93. 

4 Polya, G., “t)ber Annaherung durch Polynotne mit lauter reellen Wurzeln,” Rendi- 
conti di Palermo, 36, 1-17 (1913). Laguerre assumes uniform convergence in every 
Unite domain. Polya assumes such convergence only in a neighborhood of the origin. 

4 Polya, G., "Algebraische Untersuchungen iiber ganze Funktionen vom Geschlechte 
Null und Bins,” JournalfUr Math., 145,224-249 (1915). 

• Hamburger, H., "Bemerkungen zu einer Fragestellung des Herrn Polya,” Math. Z 
7, 302-322 (1920). 

1 We are actually using here the following addition to Theorem 1: If the reciprocal of 
a function of type 11 is represented by a Laplace integral (12), where A(*) is continuous, 
then A(x) is totally positive. 

* Schoenberg, I., “tlber variationsvermindernde lineare Transformationen,” Math. Z., 
32, 321-328 (1930), especially Satz 1. 
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ON THE LOCATION OF THE CRITICAL POINTS OF HARMONIC 

MEASURE 

ByJ.L, Walsh 

D if part af knt op Mathbmatics, Harvard University 
Communicated November 30 f 1046 

The object of this note is the proof of 

Theorem 1 . Let C be the unit circle in the z-plane, and let closed* arcs 

a k (k a* l } 2 t ...,«) of C be mutually disjoint. Denote by z — a k and z = 

bt the initial and terminal points of a k , with notation so chosen that the points 
a, k and b k are ordered positively (i.e., counter-clockwise) on C as a\, bu a 2t b% 

..,, a n b nt a\ == a»41, b\ ■» b n + 1. Denote by u(z) the harmonic measure with 

respect to the interior of C of the set a * a\ + a 2 + ... + a H at a point z 

interior to C; thus u(z) is harmonic and bounded interior to C t and approaches 
unity as z approaches an interior point of an arc a*, and approaches zero as 
z approaches an interior point of the arcs complementary to the set a. Then 
no critical points of u(z ) lie in the region R k [or 5*] interior to C bounded by 
the arc A k : 1 [or B k :h^ ib k + i] of C and the arc A k ':a k a k +\ [or B k : 

b k b^i] of a circle orthogonal to C. No critical point of u(z) lies on A k 
[or Bd] unless n = 2, in which case the unique critical point of u(z) lies at 
the intersection of Ad and Bd. 

Thus a point z interior to C cannot be a critical point of u(z) if a circle 
orthogonal to C separates z and one of the points a kt b k from all the other points 
aj, b$. 

In the case n> 2, Theorem 1 enables us readily to construct a polygon of 
2 n sides interior to C bounded by arcs of non-euclidean straight lines 
which contains in its interior all the n—1 critical points of u(z) interior to C, 

It is to be expected that the arcs Ad and B k should play similar rdles 
in Theorem 1, for the harmonic measure with respect to the interior of 
C of the complement of the set a in the point z is 1 — u(z), which has the 
same critical points as u(z). In the proof of Theorem 1, we restrict our¬ 
selves to the case of R k and the arcs A k and A kt as is sufficient. 

The harmonic measure of the arc a k with respect to C’in the point t 
is readily computed to be *' 

1 

”[arg(z - b t ) - »rg (2 - a k ) - ('/»)«*]. (1) 

IT 

where the arguments are suitably chosen, and where ot k represents the 
angular measure of the arc a** The function (1) is the real part of the 
analytic function 

A[log(« - b k ) log(e - o*) - ~-J. (2) 
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The critical points of u(z) are then the zeros of the function <p f {z), where 
(p(z) is the sum of the functions (2) for all k; we have 



In (3) we take the conjugate of each term. The quantity 1/(2 — 5*) rep¬ 
resents a vector of magnitude 1/| z — b K | whose direction and sense are 
those of the vector {z — b K ). It follows that the zeros of <p'(z) are the 
positions of equilibrium in the field of force due to unit positive particles situated 
at each point b k , and unit negative particles situated at each point a kt where 
each positive particle repels and each negative particle attracts t with a force 
equal to the inverse distance. 

The total force at the center 0 of C can be interpreted in magnitude, 
direction and sense as the sum of all the vectors b k 0 and 0 a kl or as the sum 
of all the vectors Moreover, in any conformal map of the interior 

of C onto itself the function u(z) is invariant, as are the critical points of 
u(z), so we proceed to study those critical points by transforming C into 
itself so that the point to be studied is transformed into 0. 

Let Zq denote an arbitrary point interior to R k or on the arc A k ; we 
transform Zo into 0, 1/So into the point, at infinity, and b k into the point 
z — 1, by a linear transformation of z; we retain the original notation. 
The point *= 0 lies in R k or on A k so the arc A k has angular measure at 
least r, and has angular measure t if and only if Zq lies on A k \ The positive 
arc (0*+ u —1) is not greater than the positive arc (a kt +1). 

If s 0 = 0 is a position of equilibrium in the field of force previously con¬ 
sidered, the algebraic sum of the vectors bfl } must vanish. However, the 
point d^i cannot lie interior to the positive arc {&*, —a*), and the points 
a *4 *> ai, ... , ijt- i lie on the positive arc a k +\a ki from which it 

follows that the sura of the horizontal components in the positive horizontal 
direction of the vectors b k + & k + 2 , .. b H On t b%a\ .. b k ., x a k ~i is 

algebraically less than the magnitude of the horizontal component of the 
vector b k a k (which is negative), except in the special case — a*, 

bi m — Thus the total force at So =* 0 cannot be zero, and z 0 m 0 
cannot be a critical point of u(z) except in this special case, and the theorem 
is established. 

Theorem 1 is remarkable in the fact that for # > 2 it exhibits a polygonal 
region containing all critical points, and yet a degenerate case of the 
region is the unique critical point in a non-trivial situation (n ** 2). 

Theorem 1 can be interpreted as referring to the zeros of the derivative 
(or logarithmic derivative) of an arbitrary rational function 
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whose poles and zeros are all simple and finite and which alternate (i.e., 
are interlaced) on an arbitrary circle C of the extended plane. Prom this 
standpoint, the finite zeros of the derivative lie in two curvilinear polygons; 
the polygons lie one in each of the two regions into which C separates the 
plane; polygons and finite zeros are symmetric in C. The point at infinity 
is also a zero of the derivative. 

Theorem 1 can obviously be extended by conformal mapping: 

Theorem 2. Let C be an arbitrary Jordan curve , and let closed arcs 
a* (k ~ 1, 2, .,., n) of C be mutually disjoint . We denote by a* and b k the 
initial and terminal points of a*, with notation so chosen that the points a* 
and b k are ordered counter-clockwise on C as a it b%, b 2 , .. a n , b n $ a x *■ 

0 * 4 - 1 , bi ** 1 . Denote by u(s) the harmonic measure with respect to the interior 

of C of the set ai+ a% + *., + a* at a point z interior to C. Then no criti¬ 
cal points of u(z) lie in the region R* [or S k ] bounded by the arc A k : #*&«&*+ i 
[ or of C and the arc A k f : a*a*+i [or B k :b k b k + X ] of a non- 

euclidean straight line for the interior of C. No critical point of u(z) lies 
on A k unless n ** 2, in which case the unique critical point of u(z) lies at the 
intersection of AJ and B\. 

It may be noted that in Theorems 1 and 2 the arc A k [or B k ] is the 
locus of points z at which the harmonic measure of the arc A k [or B k ] of 
C with respect to the interior of C has the value one-half. Thus the 
conclusion of Theorems 1 and 2 may be expressed by asserting that at a 
critical point z of u(z) interior to C, the harmonic measure of every arc A k 
[or B k ] with respect to the interior of C has a value less than one-half, except 
in the case n « 2, when this value equals one-half . 

Theorem 1 extends to the case of an infinite number of arcs a k and as 
thus extended applies in the study of critical points of harmonic measures 
in multiply connected regions, by a conformal map of their universal 
covering surfaces. 


THEORY OF HARMONIC TRANSFORMATIONS^ 

By Edward Kasnbr and John Db Cicco 
Department of Mathematics, Columbia University, New York 

Communicated November 14,1046 
1. Consider a transformation T of the plane 

X - 4>(x, y), Y - *(x, y), (1) 

with the Jacobian J — — <t>^ % 4= 0, such that the components satisfy 

the Laplace equation 



Vol. 33, 1047 MA THEM A TICS: KASNER A ND DE CICCO 



4>xx 4- <byy = 0, \[/ xx + =“ 0. (2) 

We shall term any such correspondence T a harmonic transformation. 

Harmonic correspondences should not be confused with conformal maps. 
In general, the components of a harmonic transformation are not interre¬ 
lated in any way whatsoever. The components <£ and ^ of a conformal 
correspondence are of course conjugate-harmonic, that is, they satisfy the 
direct or reverse Cauchy-Riemann equations 

4>x = *4*1, 4> y = (3) 

Thus a harmonic transformation is conformal if and only if its components 
are conjugate-harmonic. 

All harmonic correspondences form an infinite set (//) of a> (l) trans¬ 
formations since they are defined by essentially four independent functions 
of a single variable. Our infinite set (H) contains as a subgroup the °° ^ (U 
conformalities which are defined by two independent functions of a single 
variable. The totality (II) of harmonic transformations, of course, do not 
constitute a group. 

General harmonic transformations are of interest in connection with the 
theory of minimal surfaces and the Plateau problem. See the fundamental 
papers of Schwarz and Douglas, See footnote (5) for references. 

We shall develop the theory of harmonic transformations from four points 
of view. See footnotes 1, 2 and 3. Firstly, we shall obtain various char¬ 
acterizations of the infinite set (H) of harmonic transformations by 
means of isothermal properties. From this, we deduce new characteriza¬ 
tions of the conformal group. Secondly, we shall consider the groups 
contained in the infinite set (II). Thirdly, we obtain various properties 
of (//) by means of the derivatives of a polygenic function. Fourthly, and 
finally, we shall give a discussion of the transformation theory of differ¬ 
ential dements of first, second, and third orders (at a fixed point) induced 
by the infinite set (II). 

2. If by a transformation T from the (x t y)-plane to the (X, Y)-plane t 
more than four distinct parallel pencils of straight lines in the (X t Y)-plane 
correspond to isothermal families in the (x, y)-plane > then in the real domain , 
either T is a harmonic transformation; or else T is the product of a con¬ 
formality by a circle-to-line transformation. In all cases every parallel pencil 
of straight lines in the (X t Y)-plane corresponds to an isothermal family in the 
* (x, y)-plane. 

If the restriction of the pencils of straight lines being parallel is removed, 
we obtain the following result. 

If by a transformation T from the (x, y)-plane to the (X, Y)-plane % every 
pencil (parallel or not) of straight lines in the (X, Yyplant corresponds to an 
isothermal family in the (x, y)-plane it then T iseither a conformal transforma- 
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tiofiy or a circle-to-line correspondence , or the product of a conformality by a 
circle-to-line transformation, 

3. By considering lint only parallel pencils of straight lines but also 
concentric sets of circles, we derive the proposition: 

The only transformations in the real domain whereby every parallel pencil of 
straight lines and also every concentric set of circles correspond to isothermal 
families of curves are the conformalities . 

For the imaginary domain, the corresponding proposition is the following 
one. 

The only transformations in the real or imaginary domain whereby every 
pencil of circles corresponds to an isothermal family are the conformal maps . 

4. In general, the inverse of a harmonic transformation is not harmonic. 6 
We obtain all harmonic correspondences with harmonic inverses. The 
following result is established. 

In the real domain , the complete set of harmonic transformations whose in¬ 
verses are also harmonic consists of those of the infinite conformal group , 
those of the six-parameter affine groups and those of the eight-parameter set of 
transformations 


mU 


ae nu + b 
l0g A + Be»" 


MV ^ log 


At?' + B 
a + be nH ' 



where (A, B, M t N) are the conjugates of the constants (a, b, m, «), and where 
m 4= 0, M 4= 0, n 4= 0, N =# 0, and aA — bB 4= 0 . 

Here ( u , v) denote minimal coordinates of a point, that is, u « % + iy and 
v ~ x — iy. 4 

The inverse of any transformation of the eight-parameter set (4) is in the 
set. If S(a t b t m, n) is any transformation of this set, its inverse is S(A t 
-~b t «, m). The identity is given by a * A, m ** «, b — 0. 

However this set (4) does not constitute a group since the product of any 
two transformations of this set (4) is not in the set (4) in general. 

In the imaginary domain, it is found that there are four other sets of 
harmonic transformations with harmonic inverses in addition to the three 
sets stated above. 

5. In the imaginary domain , the only groups of harmonic transformations 
are the infinite conformed group , the six-parameter affine group } the two infinite 
groups 

U * au g(v) y V » F(v ), a 4= 0, F, 4= 0; 

V » /(w), V ** av -f G(u) f a 4= 0, f v 4= 0; ^ 

and the subgroups of these four groups . 

In the real domain, the only harmonic groups are the conformal group, 
the affine group, and the subgroups of these two. 

Ch A point transformation T is harmonic if and only if the center trans- 
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formation induced by the first derivative of the related polygenic function w = 
<f> + i\p is direct conformal. 

We find other properties of harmonic transformations with reference to 
the second derivative of the polygenic function. One such result is the fol¬ 
lowing. 

If a transformation T is harmonic } then the fundamental conic section Q is 
a horizontal parabola 4 . 

7* We consider the transformation theory of differential elements of 
first, second and third orders (at a fixed point) induced by the infinite set 
(II) of harmonic transformations. For the cases of first and second order 
differential elements, this transformation theory for the harmonic case is 
identical with that induced by the total group of all point transformations. 
But for third order differential elements, we establish the following proposi¬ 
tion. 

The infinite set (II) of harmonic transformations induces on the differential 
elements of third order a twelve-parameter set S n of transformations , which is a 
subset of the fifteen-parameter group G\$ induced by the group of all-point 
transformations. 

Elsewhere wc shall develop a characterization of this twelve-parameter 
set of transformations 5« of third order differential elements. 


* Presented to the American Mathematical Society, 1940. 

The following papers constitute a short bibliography of the related subjects developed 
by Kasner and jointly by Kasncr and De Ciceo. 

1. "The Geometry of Differential Elements of Secoud Order with Respect to the 
Group of All Point Transformations," Amer. Journ. Math., 28, 203 213 (1906). 

2. “Biharmonic Functions and Cerium Generalizations," Amer . Journ. Math., 58, 
377-390 (1936). 

3. "The Pseudo-Angle in Space of Dimensions”; also “Bi-Isothermal Systems," 
Bull. Anter, Math. Soc,, 51, 162-174 (1946). “Circle-to-line Transformations,” Amer. 
Math . Monthly, 52, 425-433, (1945). 

4. "The Geometry of Polygenic Functions," Revista Universidad Tucuman, Argen¬ 
tina, 4, 7-45 (1944). “The Second Derivative of a Polygenic Function,” Trans. Amer. 
Math. Soc. 30,803-818 (1928). 

5. Schwarz, Abhandlungen, Vol. 1, p. 293. Also see abstracts by Douglas in Bull. 
Amer . Math. Soc. (1943), 

6. Douglas also has studied the inversion of harmonic transformations. See Bull. 
Amer. Math . Soc. (1944), p. 180. 
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COMPLETE CONVERGENCE AND THE LAW OF LARGE 

NUMBERS 

By P. L. Hsu and Herbert Robbins 
Department of Mathematical Statistics, University of North Carolina 

Communicated January 7, 1947 

1, We begin by listing sonic standard definitions in the theory of proba¬ 
bility. A probability space is a set Q of elements w together with a <r-field m 
of subsets of ft on which is defined a completely additive measure P such 
that P(ft) = 1, A real-valued P-measurable function X — X(oo) is a 
random variable t and the function E(x) — P\X < x) t where { } de¬ 
notes the set of all such that the relation within the braces holds, is the 
distribution function of X . The sets of a sequence Au A 2 , ... are inde~ 

n 

pendent if for every finite set i u ..., 4 of distinct integers, P(ILl< f ) 

r-I 

ft 

IIPC4* r ), and the random variables of a sequence Xi t X%, •• are inde- 

r~l 

pendent if, for every sequence x i} x 2t ... of real numbers, the sets {A'i < 
x\ }, {Xi < # 2 } t ... are independent. 

For purposes of comparison we list the following modes in which a 
sequence 

.XuX*,.. (1) 

of random variables defined on 0 may converge to 0. 

(i) The sequence (1) converges to 0 in probability if for every € > 0, 

UtnP{|X„| > «} - 0. 

(ii) The sequence (1) converges to 0 with probability 1 if for every < > 0, 

* f 

Km >{.{!*„I >•)'+■{ pr *+il > ^1 *'* } o* 

■ ' 

It is easily seen that this is equivalent to the usual condition, Pjlim X„ “ 
0} ■» 1, and that («) implies (*) but not conversely. 
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2. We shall be concerned with a third mode of convergence, which, for 
want of a better name, we call complete . 

(in) The sequence (1) converges to 0 completely if for every c > 0, 

lim[P{|Xj> <} + P{|* B+ ,|».} + ...] =0. 

Clearly, (in) implies (vi). The example: ft « unit interval 0 < to < 1, 

1 

P * Lebesgue measure, X n * 1 for 0 < to < - and 0 otherwise, shows that 

n 

(di) does not imply (in ). 

Let us call two sequences of random variables Xu X 2 , ... and Yu Yu ..., 
defined, respectively, on probability spaces ft and fti, F-equivalenl, if for 
every « the distribution function of Y„ is identical with that of X H . Defi* 
nitions (i) and (Hi) are invariant under /^-equivalence, while (it) is not. 
However, a sequence X u Xu ... of random variables converges to 0 com¬ 
pletely if and only if every F-equivalent sequence converges to 0 with proba¬ 
bility 1, The necessity is obvious; to prove sufficiently consider a sequence 
Yu Yu ... of independent random variables F-equi valent to the given 
sequence. If the sequence Y\, F 2 , ... converges to 0 with probability 1 
then for any e > 0, Fjlim sup{ | Y n \ > } « 0. Since the sets {\ Y\ > 

ft—► » 

«] are independent, it follows from a theorem of Borel-Cantelli 1 that 

tp{|Fj>e) -£P{|ZJ>*} <». 

tt •* 1 « •“ 1 

It follows from this proof that if Xu Xu ... is a sequence of independent 
random variables, then definitions (it) and (Hi) are equivalent. 

3. Let the random variables X n in (1) be independent with the same 
distribution function F(x) * P\X n < and such that the expectation 
E(X n ) — JlfLxdF(x) « 0. The strong law of large numbers for identically 
distributed random variables states that the sequence of random variables 
Yu Yu ■ * •, where for each « 

Y n -(Xi+...+ X H )/n (2) 

converges to 0 with probability 1. We shall show in Theorems 1 and 2 
that under the same hypotheses the sequence (2) need not converge to 0 
completely, but that it will do so under the further hypothesis that 
F(x) < ®. 

4* Theorem L Let (1) be a sequence of independent random variables 
with the same distribution function F(x) and such that 

f~ m xdF{)c) - 0, <r* - f-.X'dFix) < ». (3) 

Then the sequence (2) converges to 0 completely; i.e,, the series 

(4) 

1 

converges for every « > 0 V 
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Proof . We shall prove the theorem for e — 2 . This is no restriction 

2 

since we can always consider ~X n instead of X n . Moreover, we may assume 

€ 

that <r* > 0 . 


Let f(t) » / e itx dF(x) be the characteristic function of the distribution 
F(x) . From (3) it follows that constants a, a', a* exist such that 

| 1 - m I < at*, I /'(*) I < a't, | f(t) | < (5) 

Choose and fix a positive 5 so small that for |/| <45 the following condi- 
tions ( 6 ) and (7) are satisfied; 

sin 'U\ > Bt, |(1 - - 4(1 -ft)) sin* l U + 4 sin* */rf| > Ct *, ( 6 ) 

where B and C are constants, 

| /()| 9* 1 except at t * 0. (7) 

Let Z be a random variable distributed with the density 
sin 4 x and hence the characteristic function 


tp{t) 


1 - 

1 /S2(4 - |<|)», 
0 


2 < 
4 < 


/ 


< 2 , 
< 4, 



We regard Z as independent of Y„ and use addition in this sense. Since 






z 

nh 


| + 2 


^ 1 } + 


nh 


> 1 


}• 


and since 


* l\Z | 1 3 " Z dx 1 * 1 

Ep) -J> i> <- £ / t - 7,1 < », 

i«■ 1 (I I / IT „ h< l „ j X ITS n. •» 1 W 


it is sufficient to prove that 

N-ir c\z 


Z p{ 

n**t L \ 


n5 


< 1 




Y„ + 


nS 


< 1 


}]- 


0(1), (9) 


where 0(1) always denotes a quantity bounded with respect to N. 

nh 

> 4«5; hence by a well-known inversion formula,* 


The Characteristic function f y (z^j of Y* + ~ vanishes for |f| 



28 


MA THEM A TICS: HSU AND ROBBINS 


Proc. N. A. S. 


d + I -*} 


1 And 

l s r 

ir ™ 4na 





; l r (o * G) 


Also, 




Hence, by subtraction the left side of (9) is equal to 

1 48 1 /A* -1 1 

~ S (1 ~ /"(<)) sin nt dt = - As, say. (10) 

IT „ 4a l \0/ #*>1 TT 

From now on we write/for/(/). Direct computation gives the result 

V . , (1 - /) a sin V,M sin >A()V - 1)/ 

2J (1 - / ) sin n/ = - 


n “ i 


+ 


+ 


#{/) sin 

(1 — f) sin t 4(1 — /) sin l /4 sin l /*Nt sin 1 /%(N — 1)/ 

11 1 1 in- ^i^H kJu ^T*Tn-^“^mrTT^~l^~n*a-m re 1 i * J - ■ pi * I'M < ■>"> riiu, > TT ,^r«.Pi .ini i iitn It m .. 11^1 I, ' ' ■' ■*' t-t-yt * ii — w T ■ fa ■ ■ 

2(0 2(0 

(1 — /) f N sin Nt 2(1 — f K + *) sin Vs f cos (iV — 'AX 


2(0 


2(0 


(ID 


where 


2(0 - (/ - «")(/ - e“ # ) - (1 - /) ! - 4(1 - /) sin* */.t + 

4 sin* ‘A*. (12) 

By (6) we have |<?(l)j > Cl 4 , |g(0 sin 1 /**| > C'jtj*, where C and C' are con¬ 
stants. Hence when (11) is substituted into (10) and the first inequality of 
(5) is used, we see that the first three terms merely contribute 0(1). Conse¬ 
quently, 


'AX 


dt 


(13) 


A ti /A(l - f)f sin Nt - 2(1 - f N + 1 ) sin 'At cos (tf 

■ 4 " ■ *(i) - ~m - 

+ 0 ( 1 ). 

For 5 <i ]i| < 48 we have, by (7), |/| & 1, hence q{t) = ]/ — c“|* > (1 — 
|/|)* > »> 0. Therefore the part of the integral in (13) extended over the 
range i ^ |/| < 48 is 0(1), so that (13) holds with 48 replaced by 8in the two 

limits of integration. For |/| < 8, however, ip(?j ■» 1 — ^ + |^?, and the 

terms with f* and |/|* are easily seen to contribute 0(1). Hence, 
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f 

-i 


An i 

+ P(l). 

Since 


1 (1 — f)f N sin Nt 


— 2(1 — f N + l ) sin ‘/j/ cos (N — 1 / t )t 


lq(t) 


dt 


(14) 


i 

i 

i ^ 


t* - q(t) 1 

tq(t) t* 


/»g(/)~" 


< k i— 6 , 


where, k is a constant, the replacement of tq(t) by t z in (14) will make a 
difference of only 0(1), so that 

An = f - ~ IH1 sin Nt d t - f 2(1 ~ / A, + 1 ) sin \bL cos (N ~ 'Md t 


-6 

+ 0 ( 1 ). 


(15) 


Let the two integrals in (15) be denoted by / N and J Nl respectively. We 
have 

- f. J 5L^3£Vi. v.m -<,<» + f/ ^ 

Using the first two inequalities of (5) we obtain the result 
M < 0(1) + (6a + 2a') f + 2 f \LzA\ t\dt - 0(1), 


— m 


since the integral involving N is independent of N. 

To deal with J # we observe first that in J N , sin l /«t may be replaced by 
l /fif and f N + 1 by/ N , the difference thus made being 0(1). Hence 

j„ - s (»- /") <« - W j, + 0(1) . 


-i 


f <L + o(i). 


— AO 


> 

We may replace cos (N — l /i)t by cos Nt, since 

2 2 1 — f N , ,-nr ,,v, . TA . # 1 p t , -jvvsin 1 /^ 

- f -nr— (cos (N - l /,)i - cos Nt)dt » -■ J (1 - / ) —? 7 - -■ 

IT — w % \ IT — «a */4» 


sin (iV - p^^N-'U) -P{|£T + iVK w | < N — */,} 

- 0 ( 1 ), 


t 
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where U is a random variable independent of F# and whose characteristic 
function is Aft sin x /d* Hence 


Jn - 0(1) + ~ fL-Jldsm m - 0(1) + A 


/ j 2(l -/*) 

sin* Vrf 


- 0 ( 1 ) + £ 


A 


6(1 - /») L 4JV/ 

--"Tj ---r - 


JV - l jy 


r n{n- Df i, - a f* 


/» 


jy/N — 1 y V 
pr 




sin* V^^- 


Using all the inequalities (5) we have 

Uw! < 0(1) + (12a + 8a' + 2a") f + 2 / - 0(1) 

The proof is now complete. 

5. By following the essential steps of the proof of Theorem 1 we obtain 
the following theorem, the proof of which is omitted from the present 
communication. 

Theorem 2. If instead of conditions (3) we have 

» 00 CD 

f xdF(x ) - 0, f lafdFA) < f xWF(x) - « (16) 

— 0 # — « — oe. 

where a is some constant such that ^(1 + 5 V *) < a <2, then the series (4) 

diverges for every « > 0. (Example: Let X n be distributed with the 
density |xj"" 8 for |xj > 1 and 0 elsewhere.) 

Since the finiteness of the second integral in (16) would seem rather to 
favor than to oppose the convergence of (4), it may be conjectured that 
given the first condition of (3), the finiteness of <r 2 is not only sufficient but 

also necessary for the convergence of (4). We have not been able to prove 
this. 

6 . The following generalization 3 of the strong law of large numbers is an 
immediate consequence of Theorem 1 and the remarks in section 2. 

Theorem 3. Let X £ r) (n * l f 2> ,.r * 1 ,. n) be an array of 

random variables with the same distribution function F(x) and such that (1) 

S xdF(x) * 0, / x i dF(x) < oo, and (2) for each n the randotn variables 

***** — to 

A*} , t • > • ^ are independent . Then the sequence of random variables Y% f 

Yt, ..., where for each n, K„ — (X[ n) + ... + X^^/n, converges to Ovnth 
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probability I. {Note that we do not assume any relation of dependence or 
independence between and X„ for Tfl 5^ ft.) 

1 See M. Frdchet, Reckerckes theoriques moderncs, Vol. 1, Paris, 1937, p. 27. 

1 See H. Crarp6r» Mathematical methods of statistics, Princeton, 1946, p. 93. 

1 Compare F. P. Cantelli, Considerazioni sulla legge uniforme dei grandi numeri ecc., 
Giornale dell Tstituto Italiano degH Attuari , IV (1933), pp. 331-632; also H. Cram4r, 
Su un theorema relativo alia leggi uniforme dei grandi numeri. Ibid., V (1934), pp. 1-13. 


GREEN'S FUNCTIONS FOR LINEAR DIFFERENTIAL SYSTEMS 

OF INFINITE ORDER 

By D. V. Widder 

In these Proceedings 1 the author sketched a theory whereby a special 
differential equation of infinite order 

sin icD 

-y(x) - <p(x) (l) 

ir 

could be solved by use of a Green’s function. The operator on the left of 
this equation is interpreted to mean 

lta D (l - . (l - ~) JV). 

where D is the operation of differentiation with respect to x. In preparing 
the details of this theory the author discovered that much more general 
differential equations could be treated by the same method. It is the pur¬ 
pose of the present note to outline this more general theory. 


We define an entire function E(s) as follows: 

E(s) - * n (l - 

(2) 

*-1 \ 

where the constants a, are real and such that 

0 < fli < a, < .... 

(8) 

i 

/ <C 00 . 

Xmmda^ 

(4) 

k~\ 

Consider now the differential system 

E(D)y(x) - v(x) 

(5) 
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y( — 00 ) = 0 (6) 

y(+») = Jl.°L<p(t)dt. (?) 

We are assuming that <p(x)is a given continuous function which is abso¬ 
lutely integrable on ( — «, «). In particular, if a t - k, equation (5) re¬ 
duces to equation (1). 

It is natural to define the Green's function, G(x), for the system (5) ((>) 
(7) as the limit of the Green’s function, G 2u+l (x), of the “truncated" system 

D ri (l - -;) y(x) = <p(x) (S) 

*-1 \ a*v 

with boundary conditions (6) and (7). We recall the definition 5 of G iu + i (x). 
It satisfies the semihomogeneous system 

” / £>*\ 

D ZA l -*)*>-* 

y( — 00 ) = 0, y(+®) « 1 

for all a: different from zero. It is continuous with its first (2« — 1) de¬ 
rivatives for all x. Its 2nth derivative is continuous except at x * 0, where 

^(0-f) - y (2 »)(0-) - 

It is easy to see that these conditions determine G 2 m+ i(#) uniquely and that 
the unique solution of the system (8) (6) (7) is 

y(x) = G. in+X (x - l)v(t)dl. 


We can, in fact, write down an explicit integral formula for G t „ +x (.r): 

" e x ds 




1 /V-H' 

2ti c— 


" / s 2 \ 

n ( i — —- j 


0 < c< Oj. 


This integral can in turn be evaluated by use of the calculus of residues, and 
is two distinct linear combinations of exponential functions in the two 
intervals (—«, 0) and (0, “). 

We are next able to show that Gj«+i(ac) tends to a limit G(x) as n becomes 
infinite, and that this function yields a solution 

y(x) = JlXG(x — t)<p(t)dt (9) 

of the system (5) (6) (7). In the course of the proof of these facts, we show 
that the reciprocal of the function K(s) is a bilateral Laplace transform. 



e~ ii G(t)dt, 
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convergent in the interval 0 < $ < ai. In fact the determining function, 
as we have indicated by the notation, is the Green’s function described 
above. 

We summarize the above results in the following theorem. 

Theorem. If <p(x)tC‘L in (—■ ® < x < °°), if E(s) is an entire function 
defined by (2) (3) (4), and if 



0 < C < Q-u 


then the function y(x) defined by (9) satisfies the system (5) (6') (7). 

We have thus obtained a real linear differential inversion formula for the 
general Faltung-equation (9). In particular, if a k = k , G(jc) becomes 


* 


1 /*+'- e' x 1 

0(x) ® .- as * —r- 

2 t Jc-i* sin its ]+e 


and equation (9) becomes 


y(x) 



e 


<p( £)jg 
-f - 6 


/ 





or 



after an exponential change of variable. The same exponential change of 
variable applied to the differential operator (1) shows that 


(-D 


k -i 




2)1 




(*-i> 




We thus rediscover, as a special case of the present theory, the author’s real 
inversion formula for the Stieltjes transform.* In the light of this general 
theory the original discovery of that formula seems somewhat fortuitous, 
depending as it did on the Laplace asymptotic evaluation of an integral of 
the form 

, uwrvw*. ai) 

It was the special nature of the constants a k as integers that introduced 
powers of a function g(t ). We are now able to retain the essential features 
of the method even though the integral is now replaced by another which 
no longer involves powers of a function. One of the outstanding features 
of the present theory is that it enables one to set up a > whole new class of 
inversion formulas for integral transforms. One may either discover the 
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kernel of the transform from a given inversion operator, or, conversely, set 
up the inversion operator when the kernel is given. The present approach 
is related to the fundamental work of N. Wiener on the operational calcu¬ 
lus. 4 It should be observed, however, that there is here no appeal to the 
L “-Fourier transform theory. 

. 1 Widder, D. V., "The Green’s Function for a Differential System of Infinite Order,” 
Proc. Nat Acad . Set, 26,213-215 (1940). 

* See, for example, M. B6cher, Lemons suf Us mithodes de Sturm , Paris (1917), Chap. V. 

8 Widder, D. V., "The Stieltjes Transform,” Trans . Am. Math. Soc. t 43 , 7-60 (1938). 

4 Wiener, N., "The Operational Calculus,” Math. Annalen, 95, 657-584 (1926). 


SPECIAL VALUES OF e k \ COSH (far) AND SINH (fetr) TO 136 

FIGURES 

By Horace S. Uhlrr 
Yale University, New Haven 
Communicated December 16, 1946 

The present investigation was undertaken with two primary objects in 
view, namely, to obtain certain heretofore uncomputed values of e k * t cosh 
{hr) and sinh (hr), and to extend appreciably the degree of approximation 
of data previously found by others and by the author. 

The actual calculations were based on his 137-place table of logarithms 
because preliminary tests of available infinite series showed that their 
application would have necessitated a much greater expenditure of labor 
and time than the radix logarithms. For example, the 79th terra of the 

co 

series e* =» 2 when z =» tt/ 8, has 139 zeros between the decimal 

*-o 

point and the leading figures 70373. Seventy-nine terms would not have 
been deterrent but for n > 2 examination of page 84 of the invaluable 
Index of Mathematical Tables 1 revealed the fact9 that the published values 
of «■* required for the earlier terms of the series attained 41 figures in one 
dubious case and that for somewhat lower degrees of approximation only 32 
consecutive entries were tabulated. Again, consider the series ** , *“ 1 * 
which was chosen by the author in an earlier article* because * has the 
rational value 1/2 when sin -1 x = t/8 . The general expression for the 
terms involving even powers of x may be written 

ftt+i - (0* + 1)(2* + 1)(4* + 1).. .[(2fc - 2)* + l]x**/(2*l). 

When * * 1/2 the course of this function of k and the prohibitively slow 
convergence of the series may be seen from the following values of t^+i 
tn - 5.0977 X - 1.5209 X 10“**, t w - 6.8957 X 10~ w , fa* - 
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3.7173 X 10~ 101 , lm « 1.7512 X 10~ 12 * and * 6.6138 X lO* 140 , where 
A » 41, 81, 121, 161, 201 and 225, respectively. 

A condensed account of the details of the performance of the calculations 
for table 1 will be presented now in order to emphasize the precautions 
taken by the author to reduce the probability of error to an extremely 
small value. 

First was calculated from the original master strips upon which the 
137-place printed table of negative radix logarithms had been based. All 
of these fundamental data extended well beyond the 137th place of deci¬ 
mals. The most error-sensitive part of the work consisted as usual in 
multiplying together mentally the binomial factors as obtained from the 
logarithms. Hence, this set of operations was performed three times. 
Next e * /2 was computed from e +T/2 by machine multiplication reversed. 
The checking product e +ir/8 *e~ ir/2 gave 150 consecutive 9’s. Then 
and were found by hand-machine squaring, respectively, e +w/2 and 
e“ r/2 . e+* /s ■ e~ r/! was performed twice. The check yielded 150 

successive 9’s. 

After this e~ w/m was computed from the master data of negative radix 
logarithms with the same extreme care as explained above. By repeated 
squaring the values of e~ x/96 , e~* /48 t e~ w/e and e~* /s were 

calculated. In this sequence, and for all machine multiplications referred 
to below, the act of multiplying was performed independently twice, first 
with the figures segregated as octads and second with nonad grouping. To 
check the work e~ v/2 was obtained from This approximation 

to was less than that derived at the beginning from a different set of 
logarithms by 3.547 units in the 140th decimal place. This means a per 
cent error of “1.706 X 10~ u7 for the second determination of e~ w/9 when 
the first value is taken as standard. 

Diminishing in details, reciprocating e~* /m gave The product 

of these numbers produced 151 consecutive 9’s. Squaring led to e +ir/w , 
€ +*/** } e +ir/u } e +ir/l2 , e +ir/6 and e +r/ *. The product was 

greater than the value of e +r/2 as first found by 8.206 units in the 139th 
decimal place. This is equivalent to a per cent error of + 1.706 X 10~ m . 

e +*/m te +irW g ave c +*/« 4 # Successive squaring produced e +ir/M , e +,r/M , 
£ +r / 8 , e+ w/4 and e +r/2 . The "error’' equaled +7.381 units in the 139th 
decimal place or +1.534 X 10^~ 187 per cent. 

Finally gave e~ w/u . Repeated squaring furnished e““ ,r/ * 8 , 

e~* /s , e~* /A and The "error” was —3.546 units in the 140th 

decimal place, that is —1.706 X 10~ 18T per cent. 

It should now be clear that the interval between the reciprocal pair 
<r* /m ) and the pair (s+* /8 , e~* /2 ) had been bridged successfully 
by four different sequences so that the constants in table 1 are bound to¬ 
gether as an unimpeachable unit. Nevertheless, as an extreme precaution 
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the product e“ r/lfl *c +ir/16 was formed and found to equal 1 + 2.078 X 
10~ 144 . The author considered the gain in confidence which might attach 
to multiplying together the i^embers of the ten remaining reciprocal pairs 
having the respective values of k * 1/90, * * *, =*=1/24, =*=1/12, * • *, =*=1/3 
to be negligible. He felt justified in guaranteeing the accuracy of 136 over¬ 
all figures for all of the 50 numbers in tables 1, 2 and 3, and in supposing 
that 138 figures may well be reliable if the last digits be rounded off con¬ 
ventionally. He also deemed it superfluous to present a full set of complex 
equivalents such as eT r ^ «= — (.1 + e *' 8 ~ *= 

(\/3 + tV/2*, etc. 

It is now appropriate to compare the short table 3 published for the author 
in the year 1921 with the new table 1. In terms of unity in the 53rd 
decimal place the errors are +0.04, — 0.6, —0.5, +0.5, —1.6, +0.6, —3.9, 
+0.6, —0.4 and +2.4, respectively, for cosh (ir/6) or sinh Ojt/ 6) or <r 2 , 
e**^, e~ r/z } e +ir/2 , e~* /2 , e +,r and Hence, the chief com¬ 

ment on accuracy by the author in his earlier paper, to wit; “It is con¬ 
cluded that the calculated values of e v/ * and e~ (ir/6) given above are cer¬ 
tainly correct to 52 decimal places and they are probably in error by not 
more than two units in the fifty-third place.” was too cautious since the 
estimated two units have just been shown to be a half-unit for each of these 
two constants. 

With regard to the entries in tables 2 and 3 the only particular remark to 
be made is that the relation cosh 2 x — sinh 3 x = 1 was not employed since 
it does not afford a significant check. Any pair of numbers c and s which 
are computed from c « (w + »)/2 and s ®= (m — n)/2 will automatically 
satisfy the condition c % — r 3 *» 1 when nt and n are mutually reciprocal 
(mn = 1) regardless of whether m and n are correct or false. The data re¬ 
corded in tables 2 and 3 were finally tested, respectively, by comparing 
cosh ( kir ) + sinh (kv) with e+ k * and cosh ( kir) — sinh (kir) with e~ hw 

TABLE 1 












0.043213 

91820 

37722 

49774 

41773 

71717 

28011 

27672 

81098 

10633 

08298 

07196 

87401 

05070 

57570 

17967 

69813 

99599 

01901 

08438 

70108 

00904 

59700 

20603 

26519 

83177 

90586 

643 












, 

0.20787 

95763 

50701 

90854 

69556 

19834 

07877 

00338 

77841 

03170 

00080 

75136 

88305 

54198 

77285 

48213 

97886 

00277 

86542 

60353 

40521 

77330 

72350 

21808 

19001 

97303 

74603 

987 






e -r/t 




- 


0.35091 

98071 

78410 

90756 

57807 

15996 

95305 

83026 

73153 

02096 

17400 

62384 

80783 

46471 

91387 

90591 

77985 

90009 

88323 

39147 

06000 

33385 

85352 

08847 

09190 

14152 

05579 

259 
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e -r/* 






0.45593 

81277 

65996 

23676 

59212 

94728 

02941 

94166 

04365 

23785 

18699 

96290 

97942 

91596 

46224 

44006 

66252 

86099 

31970 

89010 

89717 

16729 

22467 

00469 

21645 

96570 

72613 

676 







«-*/• 






0.59238 

48471 

88388 

98366 

54163 

32061 

91948 

74141 

14145 

73545 

87885 

86614 

33131 

34832 

38837 

31793 

49841 

44951 

21797 

99141 

70059 

55032 

23110 

94028 

40466 

25757 

73779 

619 













0.67523 

19066 

oo< i7 

21703 

20677 

47365 

67745 

52428 

58398 

76998 

90153 

62810 

86630 

75497 

42403 

88968 

02189 

34997 

39154 

35601 

82505 

66947 

52247 

18507 

06691 

11544 

94852 

116 













0.76966 

54124 

93239 

80757 

37087 

07230 

48101 

92320 

94381 

45579 

43945 

37330 

57085 

91181 

05585 

87353 

79624 

51895 

06972 

17517 

05126 

94148 

36376 

35938 

19214 

09114 

54172 

251 







e -r/U 






0.82172 

49680 

33877 

18208 

07042 

67874 

56518 

14786 

26393 

88136 

50546 

82104 

78626 

67328 

,29717 

63362 

32248 

04748 

72616 

77689 

30630 

20435 

02711 

43458 

19195 

75361 

79638 

557 







e - r /ti 






0.87730 

57690 

98345 

66958 

38146 

46330 

33330 

36446 

41138 

05807 

96653 

77824 

91012 

19286 

58909 

33398 

97527 

78407 

10063 

25151 

10456 

22895 

36087 

95217 

57535 

38395 

83850 

623 







e -r/ll> 






0.90649 

04621 

85828 

61749 

19356 

14428 

78207 

71753 

10703 

01884 

27954 

61723 

37437 

17268 

52109 

56920 

31641 

32136 

87064 

04019 

48480 

'80078 

74342 

73206 

24724 

88735 

18654 

607 







e-*/« 






0.93664 

60212 

36595 

90634 

60522 

74229 

76655 

38448 

83531 

30346 

03214 

97622 

82015 

35203 

78452,. 

73519 

13683 

08268 

43321 

87011 

69933 

53289 

27014 

10931 

93187 

77821 

07073 

897 







*-»/« 






0.95209 

79267 

83704 

64850 

67371 

28524 

78217 

47368 

50709 

61530 

20059 

23646 

99060 

73644 

68178 

19136 

92627 

70109 

16779 

60607 

15?74 

75247 

57469 

65910 

64497 

44635 

78478 

952 







e -*/9» 






0.96780 

47433 

42682 

68575 

15312 

11040 

92677 

36808 

13730 

06634 

88551 

75905 

15613 

56933 

08794 

76890 

34445 

46481 

63610 

49965 

58229 

25442 

11221 

67359 

42414 

34417 

10376 

428 






L 

e -,/m 





0.98877 

06761 

95770 

07076 

45433 

46906 

86541 

93981 

56612 

48425 

81504 

73315 

01861 

14284 

86299 

88069 

84603 

08483 

0229$ 

55201 

looai 

84251 

03613 

06973 

17061 

46654 

75682 

679 
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1.01849 70599 
45221 51728 
40028 17671 


1.03326 82728 
98832 08760 
67847 09374 


1.05031 21284 
70275 41810 
74928 68061 


1.06763 91906 
68746 03773 
77516 01271 


1.10315 55672 
02550 30971 
21238 67293 


1.13985 34413 
63167 24018 
77947 06700 


1.21695 22055 
30191 15215 
18256 14080 


1.29926 58676 
06977 40006 
48874 34933 


1.48007 26704 
60912 61162 
18669 03919 


1.68809 17949 
23125 68405 
00207 57323 


2.19328 00507 
23348 58015 
11877 69357 


g+r/m 

31678 03392 79156 01977 04841 01851 69753 

77947 03160 59870 08158 41919 12811 78737 

74146 56594 21738 12419 24174 12 

e +»/w 

49747 27440 79888 73714 29670 23989 95177 

80487 10875 33255 87611 11374 91682 69932 

25505 72658 50611 91924 40386 09 

78382 07288 13100 54743 31723 52734 41557 

21062 57144 78851 62191 38322 78172 47476 

37557 46854 30037 05370 40045 69 

08808 38146 14777 71484 30623 62879 69083 

54711 14283 14075 56843 00682 22767 51172 

92554 03224 88574 98282 14958 54 

e +»/M 


28684 

16367 

93445 


23831 

88289 

11765 


07640 

39645 

33875 


97781 

55841 

84293 


89909 

58951 

22545 


04468 

60788 

50767 


38015 

91865 

96701 


33894 60412 81997 43095 22145 

39679 78763 16667 05051 27890 

02833 93112 75787 09558 62 

g+x/M 

47486 81339 33638 76384 66648 

99447 14199 93899 39466 02896 

10426 61694 65093 26266 27 

e +*/M 

29224 03772 32573 75350 27507 

38850 39433 17871 43394 16971 

12900 53549 49519 84234 55 

r/12 

^ < 

32296 99617 95129 29210 26876 

88751 63530 32172 97802 77089 

47009 02294 20885 28814 tit 

e+*/* 


97123 52415 92730 75004 77577 

82273 93344 38056 13382 19034 

01536 79608 24540 28835 46 

■ e +r/l 


60061 68476 28096 78229 41196 

89433 03169 66280 20423 28480 

66184 69728 33214 55304 54 


45655 

70268 

56946 


97996 

64189 

47041 


59278 

28698 


73822 

41295 

07626 


84616 

22812 

05 


66262 

54487 


24898 

23422 


21240 

10496 


68754 

46254 


67711 

61143 


81189 

95967 


87641' 

57816 


48016 

71911 


66525 

52813 


23629 

78070 


07978 

82414 


92396 

28637 


32567 

47740 


12004 

70708 


77964 

42062 


23219 

69902 


28718 

58606 


99427 

94047 
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2.84965 

39082 

26361 

49747 

41273 

19862 

90439 

39640 

06102 

78112 

68817 

43238 

77848 

81424 

49158 

84145 

05473 

44562 

77101 

70814 

93266 

95773 

11240 

85932 

40160 

96305 

55410 

98 







e +r/% 






4,81047 

73809 

65351 

65547 

30356 

66703 

83312 

63901 

70874 

66453 

49400 

20815 

48924 

25519 

04891 

68213 

67487 

04766 

58388 

33546 

57282 

22273 

66991 

29262 

20334 

4-j- 

57206 

46343 

99 



23.14069 

26327 

79269 

00672 

C' 

90863 

67948 

54738 

02661 

06242 

00021 

19934 

45046 

40952 

43423 

50690 

45278 

35169 

71997 

06754 

92196 

75952 

70480 

10877 

73144 

42804 

44146 

93835 

8 







TABLE 2 









sinh («•/192) 





0.016363 

19186 

79544 

31581 

68617 

25356 

91495 

39350 

65704 

97954 

18583 

92068 

80429 

44378 

67881 

00442 

87080 

21643 

82195 

83551 

49971 

67103 

52667 

48105 

23383 

28822 

42457 

185 







sinh (ir/96) 





0.032730 

76475 

35322 

94328 

22883 

13366 

85464 

35909 

07237 

94955 

40401 

64278 

24367 

69711 

22305 

53603 

84647 

26005 

31610 

14240 

48089 

19660 

71420 

26495 

40987 , 

, 87536 

50048 

297 







sinh (r/64) 





0.049107 

10084 

73137 

12187 

78646 

31092 

67530 

26829 

54238 

10497 

51080 

90816 

10009 

18000 

53366 

65272 

28475 

40316 

53485 

87317 

98769 

64069 

00439 

04718 

27698 

03673 

07833 

702 







sinh (ir/48) 





0.065496 

58468 

61062 

37557 

71274 

86272 

69841 

21154 

27763 

38163 

27655 

30753 

63478 

95396 

78114 

16619 

34995 

72495 

39254 

77015 

37912 

39913 

27699 

61464 

76936 

02305 

39423 

205 







sinh (r/32) 





0.098332 

55252 

14278 

60727 

05283 

37843 

24437 

51962 

77799 

52558 

72978 

96238 

94601 

11656 

33267 

98703 

67049 

78768 

37116 

23088 

63789 

36075 

95511 

48143 

41939 ' 

35259 

54520 

049 







sinh (tt/24) 




\ 

0.13127 

38361 

12742 

90264 

21596 

43654 

21527 

16100 

91880 

13374 

83256 

73096 

98638 

90080 

27645 

30260 

20969 

12144 

56679 

61299 

33745 

41902 

37838 

57004 

52079 

63348 

71207 

823 







sinh (ir/16) 





0.19761 

36287 

36881 

55477 

98364 

82349 

59419 

06360 

47423 

12383 

89822 

16555 

30509 

36761 

04857 

77264 

65573 

06111 

18939 

96506 

93812 

96822 

65581 

84766 

17176 

87079 

02297 

995 






, 

sinh (ir/12) 





0.26480 

02276 

02270 

75769 

80965 

43949 

40554 

17277 

37186 

66192 

31516 

01337 

99377 

98784 

93972 

22409 

59089 

12596 

89641 

12272 

71878 

70392 

73958 

65985 

71540 

10385 

37320 

884 
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sinh (*■/&) 





0.40287 

03819 

17066 

37710 

15869 

22682 

53629 

62574 

49656 

23110 

35379 

49175 

86160 

53388 

25470 

24544 

05596 

42018 

60994 

67160 

18081 

68485 

85148 

91514 

56458 

56497 

66991 

665 







sinh (ir/6) 





0.54785 

34738 

88039 

80847 

67156 

47717 

43140 

33527 

83521 

77686 

17619 

90895 

63828 

77300 

77166 

17243 

35290 

89264 

87084 

79732 

12074 

01145 

63828 

36078 

14628 

53728 

40702 

462 







sinh (it 

/4) 





0.86867 

09614 

86009 

60989 

69241 

*82275 

35440 

20225 

16638 

37821 

02324 

30862 

46961 

39336 

09482 

39843 

38006 

18356 

62923 

02518 

10980 

21814 

34147 

28238 

62697 

81757 

17506 

189 







sinh (t/3) 





1.24930 

70505 

23975 

26495 

41953 

01927 

97566 

78007 

16474 

58008 

25705 

45426 

94032 

67976 

28885 

46776 

63743 

76826 

44389 

16833 

93300 

31243 

62944 

08542 

65485 

41076 

44915 

86 







sinh (ir/2) 





2.30129 

89023 

07294 

87346 

30400 

23434 

42717 

81781 

46516 

51638 

26659 

72839 

80309 

35660 

13803 

04999 

84800 

52244 

35922 

86596 

58380 

22471 

42320 

53727 

00636 

29951 

35840 

00 







sinh (ir) 





11.54873 

93572 

57748 

37797 

73343 

15388 

40968 

44951 

89066 

36478 

94552 

32163 

36106 

16457 

92406 

71740 

79094 

16018 

55282 

40676 

44467 

94891 

82450 

65544 

05076 

22914 

57088 

6 


- 





TABLE 3 








cosh (it/192) 

L 




1.00013 

38680 

63724 

50234 

62295 

19441 

45691 

47916 

63182 

98221 

03363 

12521 

89904 

08722 

73087 

98114 

13211 

1O047 — 

40518 

13566 

25029 

00961 

38879 

81783 

69399 

79536 

99928 

40 







cosh (**/96) 





1.00053 

55080 

96214 

98007 

97600 

42377 

61123 

80399. 

04458 

86030 

42591 

92332 

98050 

33904 

21025 

32250 

72910 

19082 

16771 

51389 

63038 

17408 

18363 

70008 

96513 

13170 

75381 

26 

f 







cosh (t/64) 





1.00120 

50276 

31018 

36069 

35235 

91634 

04970 

50061 

46133 

42579 

95167 

32728 

60061 

65344 

73514 

85604 

15475 

24140 

82128 

19338 

95051 

71654 

47513 

56382 

47267 

25003 

09262 

32 







cosh (if/48) 





1.00214 

26059 

22702 

14390 

37650 

22857 

03639 

50564 

26307 

64162 

35980 

50698 

18363 

24743 

46264 

15181 

07182 

65517 

67247 

84718 

23724 

77280 

59784 

07078 

40881 

38051 

61016 

22 







cosh (t/32) 





1.00482 

30147 

07256 

47821 

89884 

48213 

10651 

46949 

38482 

97146 

15252 

41347 

26897 

28424 

15436 

36796 

68340 

<80013 

70775 

66828 

34859 

73686 

33893 

88019 

58918 

82261 

14106 

61 
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cosh (ir/24) 





1.00867 

96052 

11088 

57222 

59742 

89984 

54857 

51547 

33018 

19182 

79910 

50921 

89651 

09366 

86554 

63649 

18496 

90551 

66742 

86450 

44201 

64797 

73926 

52822 

09615 

01744 

55068 

45 







cosh (r/10) 





1.01933 

85817 

70758 

737445 

05407 

50224 

15937 

21146 

73817 

00620 

40368 

98660 

09136 

03089 

34575 

40616 

87821 

10859 

91556 

74196 

24443 

17257 

68293 

28224 

30372 

62440 

81936 

55 







cosh (*r/12) 





1.03446 

56400 

95510 

56527 

18652 

61179 

88656 

09598 

31568 

11771 

75461 

38668 

56463 

89966 

59558 

09763 

38713 

64492 

56613 

29789 

77000 

64541 

10334 

91923 

90754 

19499 

91493 

13 







cosh (* 

/8) 





1.07810 

22885 

72843 

59413 

36546 

70048 

21375 

15003 

08055 

00109 

25533 

11986 

72791 

28885 

67874 

13512 

07785 

77016 

00149 

02752 

00587 

35433 

37396 

10022 

23149 

68042 

61843 

78 







cosh (ir/6) 





1.14023 

83210 

76428 

79214 

11319 

80379 

35089 

07668 

97667 

51132 

05505 

77609 

96960 

121.33 

16003 

49030 

85132 

34216 

08882 

78873 

88133 

56177 

86939 

30106 

55094 

79480 

14542 

08 







cosh (ir/4) 





1.32460 

.90892 

52005 

8-1666 

28454 

77003 

38382 

14391 

21003 

61606 

21024 

27153 

44904 

30932 

54706 

83850 

03259 

04455 

94893 

91529 

00697 

37543 

66614 

28707 

84343 

78327 

90119 

86 







cosh (ir/3) 





1.60028 

68577 

02386 

23251 

99320 

17924 

92872 

61632 

89628 

20104 

43111 

97811 

83816 

13448 

20273 

37368 

41729 

67736 

»32712 

54980 

99966 

64529 

48296 

77389 

74675 

55229 

10495 

12 







cosh (w/2) 





2.60917 

84786 

58056 

78200 

99956 

43269 

40694 

82120 

24358 

14815 

22740 

47975 

68614 

89858 

91088 

53213 

82686 

52522 

22465 

46949 

98901 

99802 

14670 

75535 

19698 

.27255 

10503 

99 




' 



cosh (r) 





11,59195 

32755 

21520 

62775 

17520 

52500 

13769 

57709 

17176 

20542 

25382 

12883 

04846 

26965 

58223 

73537 

56075 

55978 

51472 

51520 

31484 

75588 

28427 

17600 

37728 

21232 

36747 

2(5) 




1 Fletcher, A., Miller, J. C. P., and Rosenhead, L., An Index of Mathematical Tables, 
London (1948). 

• Uhler, II. S., Amer. Math. Monthly, 28, 114 (1921). 

*Ibid„ 115. 
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GENETICS: UTTLE AND HUMMEL 


Proc, N. A. S. 


A REVERSE MUTATION TO A “REMOTE” ALLELE IN THE 

HOUSE MOUSE 

By C, C. Little and K. P. Hummel 
Roscoe B. Jackson Memorial Laboratory, Bar Harbor 
Communicated December 20, 1046 

The gene A w producing the white bellied agouti coat pattern in mice is 
one of a series of multiple alleles. Epistatic to it is the gene A v for yellow 
coat color and hypostatic in descending order are: A = gray bellied 
agouti, a 1 « black and tan, and a « non-agouti. 

There have been a number of recorded cases of mutations from other 
alleles of the agouti series to A w (Little, 1916 1 ; Keeler, 1931 2 ). In each 
case the mutation was or could have been a “single-step” reverse mutation 
from A. 

The fact that the genotype A a 1 has synthetically a coat color practically 
identical with A W A V mice has led Pincus (1929) 3 and Keeler (loc. cit.) to 
raise the question as to whether there might be a dominant gene for white 
or light belly closely linked with the agouti locus. No crossovers have, 
however, been recorded. 

As Gruncberg (1943, p. 30) 4 points out, a mutation from A w to a or one 
in the reverse direction would provide strong evidence in favor of the 
hypothesis of multiple alleles and against that of linkage. 

The occurrence of three A*a individuals in different litters from a single 
mating of the closely inbred dilute brown (dba) strain of mice which has 
previously produced only aa animals* since 1909 has been observed and is 
here recorded. The three individuals occurred among the progeny of 
91 X cf’ 1 10, there being 18 normal aa young. 

The three mutant young differed in coat color from their dba parents 
only in the change from a to A u \ One of the two young is still too young to 
breed. One died in infancy. The other 9 2 has been crossed with non* 
agouti aa individuals and has produced 6 white-bellied agouti A"a indi¬ 
viduals and 5 non-agouti aa thus showing that the genetic formula of the 
mutant $2 was A v abbdd as would be expected if the genetic change 
occurred in only one of the dba parents. 

The frequency of the appearance of the mutant mice in the original mat¬ 
ing suggests that one gonad of the mutating parent is a mosaic in respect to 
the formation of A w and a gametes. 

An effort has been made to determine which parent is the animal thus 
affected. Since the female produced three litters by a dilute brown male in 
order to provide the primary data on which the occurrence of the mutation 
is based there has not been time as yet to make a significant quantitative 
study of her progeny by unrelated males. 
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Breeding tests of the father of the mutants have, however, been made. 
When crossed with unrelated non-agouti females (aa) he has given a total of 
43 young, all non-agouti. It, therefore, appears that he alone is not re- 

i 

sponsible for the appearance of the mutants. If one parent is responsible 
it is apparently the female. 

There remains a theoretical possibility to be tested by further breeding. 
The ratio of non-mutant (aa) to mutant (A w a) mice is 18 to 3. This 
approximates a theoretical 3:1 ratio of 15:5. If both parents carried a 
hypothetical gene (m) which when contributed by both to the embryo 
caused a mutation from a to A w in one of the pair of chromosomes in which 
the agouti locus is situated and if this mutation occurred in the mm embryos 
at or soon after fertilization a high incidence of mutants comparable to that 
observed would be expected. 

The m gene would be carried by two-thirds of the aa mice produced from 
the mating of the original parents and in 50% of the aa mice produced from 
any outcross of either parent. Inbreeding such aa mice should recreate 
combinations which were mm and which, therefore, mutated. It may be 
admitted that this explanation is somewhat improbable but the high rela¬ 
tive incidence of the mutation among the original sibship is very unusual 
when compared with previous records of dominant mutation incidence in 
rodents and it seems desirable to record any possible explanation which 
might account for it. 

The present case is interesting because of the following facts: 

(1) It represents a reverse mutation which has apparently '‘skipped” 
two alleles (a* and A) epistatic to a in order to reach the A w allele. In such 
a multiple allelomorphic series it is evident that the configuration of the 
gene a can become that of its allele A w without evidence of its having 
passed through the two genetically 1 'interstatic” alleles, a 1 and A. 

(2) Its frequency of appearance is sufficient to suggest a very early divi¬ 
sion of the gonad of the mutating parent into u A w a” and “aa” bearing cells. 

(3) It makes the truly multiple allelomorphic series of A v , A w , A, a 1 and a 
appear much more probable than the hypothesis of close linkage of a gene 
for "light belly” with the “agouti” locus. 

» Little, C. C, Am , Nat» 50, 335-349 (1916). 

* Keeler, C. E., Proc. Nat Acad . Scu, 17,497-499 (1931). 

1 Pincus, G., Proc . Nat. Acad . ScL, IS, 85-88 (1929), 

4 Gruneberg, H., The Genetics of the Mouse, Cambridge Univ. Press, pp. xii + 412 
(1943). 

1 Other color mutations in the dba strain have been recorded as follows: (1) from P 
to p —dark eye to pink eye. Little, 1916; (2) from self coat Bt to white belted bt, Murray, 
1936; (3) from normal pigmentation to a new type qf dilution “misty.” Wodlley, 1945. 
Two other “dilute” mutants—one of them possibly identical with the “leaden” type of 
pigment production—are now being investigated. 
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CHROMOSOMES OF THE MINK * 

By Richard M. Shackelford and Louise Wipf 

Departments op Genetics and Veterinary Science, University of Wisconsin 

Chromosomes of only one of the Mustelidae have been studied in so far 
as the writers are aware. Keller, 2 working with the testes of both oestrous 
and anoestrous individuals, found the diploid chromosome number of the 
ferret (Putorius furo t L.) to be 34. He observed an unequal pair which 
he considered the sex chromosomes, the Y chromosome being "3*-4 times 
smaller" than the X chromosome. He stated further that the sex chromo¬ 
somes were "precocious in their behavior during meiotic prophase," and 
that the “X Y bivalent lies off the metaphase plate." 

The present report is concerned with the number and general morphology 
of the chromosomes of the standard dark color phase of ranch-bred mink 
(.Mustela vis on, Peale and Beauvois). Testes from six animals were re¬ 
moved in March and April (three animals in 1942, one in 1943 and two in 
1946), and the seminiferous tubules were immediately teased out and 
placed in Carnoy’s alcohol-acetic acid-chloroform solution (7:2:1). Since 
speedy fixation is necessary for the immediate arrest of division figures, 
the operation was completed in less than five minutes for each pair of testes. 
The tubules were allowed to remain in the fixative from 30 minutes to one 
hour, then stored in 80 per cent alcohol. Temporary mounts prepared 
by the aceto-carmine stnear method were made from this material. Polar 
views pi diploid equatorial plates show 28 to be the chromosome number 
of the mink (Fig. 1A). The chromosomes vary in length, the shortest 
being about one-third that of the longest. They are longitudinally split 
with median or subterminal spindle-attachment regions. 

Mitotic as well as meiotic divisions are relatively abundant in the semi¬ 
niferous tubules of the testes of mink during the breeding season. Homo¬ 
logous pairs of chromosomes are easily identified in several instances. In 
order to study their comparative morphology, each of the chromosomes 
has been arranged with what appears to be its counterpart using total 
length, position of the spindle-attachment region and relative lengths of 
the two arms as a guide (Fig. IB). Thirteen pairs match as if they are 

homologous chromosomes. The two chromosomes of the fourteenth 

.... . . . . ... . ■ . . . ..... ■ ' " >» 

figure 1A. Mitotic equatorial plate showing the diploid chromosome number of 28. 
FIGURE ib, Chromosomes from 1A arranged as homologous pairs. 
figure 2 , Late heterotypic prophage, showing the chromosome with the median 
attached satellite {s) t and the nucleolus (a). - 
figure 3, Polar view of a homeotypic equatorial plate. 

figure 4, Side view of heterotypic chromosomes approaching the equatorial 
plate. Two chromosomes show ohiasmata (c). Note astral formations: 

. (Remainder of legend at bottom of p> 45 ) 




figure 5. Heterotypic chromosomes at anaphase. 
figure 6, Mitotic chromosomes at anaphase. 

AH figures X 2100, 
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pair are notably different. One has a subterminal spindle-attachment 
region and a terminal satellite. It appears to be much like the satellited 
pair found in the fox and in many plants.® The other has a median spindle- 
attachment region and the satellite is connected at the same region as the 
spindle fibre (Fig. IB). The chromosome itself is almost twice the length 
of its satellited mate. The similarity between these two chromosomes is 
striking if one considers the possibility of the smaller having arisen from 
the larger by the loss of an arm. Chromosomes with median attached 
satellites have been found in Tradescantia by Darlington 1 and in Allium 
by Levan, 8 and with laterally attached satellites in Agrostis by Tinney. 4 
As a general rule, satellited chromosomes of both plants and animals 
are found associated with the nucleolus. This does not seem to hold true 
in the mink, at least not for the median satellited chromosome (Fig. 2). 
Neither Levan nor Tinney found any relationship between the chromo¬ 
somes with median or laterally attached satellites and the nucleoli. Since 
the male is known to be the heterogametic sex in many mammals, the 
satellited pair of chromosomes may represent the sex chromosomes of the 
mink. Thus far, no satisfactory chromosome configuration from female 
tissues has been obtained. 

\ 

The haploid number of chromosomes is more difficult to determine 
because the chromosomes are shorter, thicker and more closely associated 
on the meiotic equatorial plates than in the case of a mitotic metaphase. 
However, the 14 chromosomes on the equatorial plate of the second meiotic 
division confirms the diploid count herein reported (Fig. 3), 

Spindle fibres and the resulting astral formations are dearly revealed 
by the aceto-carmine staining method (Fig. 4). The chromosomes in 
Figure 4 are approaching the equatorial plate for the first meiotic division, 
and chiasraata are to be seen in two of the chromosome pairs (Fig. 4C). 
No evidence of either precocious or lagging chromosomes was found in 
meiotic or mitotic anaphases (compare Figs, 5 and 6). 

The writers are indebted to Professor D. C. Cooper for advice and con¬ 
structive criticisms. Further acknowledgment is extended to Dr. C. K. 
Whitehairfor materials and Professor Leon J. Cole for helpful suggestions. 

* Joint contribution from the Departments of Genetics (Paper No. 300) and Veterinary 
Science, University of Wisconsin. Supported in part by Wisconsin Agricultural Ex¬ 
periment Station Project 614, Fur Farm Research. Published with the approval of 
the Director of the Station, 

1 Darlington, C, D,, Jour. Genetics, 21, 207-286 (1320). 

* Roller, P, C., Prat. Ray . Soc, London , B t 121, 192-206 (1938). 

* Levan, A., HeredUas , 10, 257-294 (1932). 

* Tinney, F. W., Guz. t 97, 822-833 (1936). 

8 Wipf, L., and R. M. Shackelford, these Proceedings, 28,266-288 (1942)* 
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CURVATURE THEOREMS ON POLAR CURVES * 

By Edward Kasner and John De Cicco 
Dbpartmknt of Mathematics, Columbia University, New York 

Communicated February 4, 1947 

1. The principle of duality in projective geometry is based on the 
theory of poles and polars with respect to a conic. For a conic, a point 
has only one kind of polar, the first polar, or polar straight line. However, 
for a general algebraic curve of higher degree «, a point has not only the 
first polar of degree n — 1, but also the se cond polar of degree « — 2, . .., 
the rth polar of degree « — r, . . ., the (n — 1) jxdar of degree 1. This 
last polar is a straight line. The general polar theory 1 goes back to 
Newton, and was developed by Bobillier, Cayley, Salmon, Clebsch, 
Aronhold, Clifford and Mayer. 

For a given curve C n of degree n, the first polar of any point 0 of the 
plane is a curve C n ~ i of degree n — 1. If 0 is a point of C„, it is well known 
that the polar curve C n i passes through 0 and touches the given curve 
C n at 0. However, the two curves do not have the same curvature. We find 
that the ratio pj of the curvature of C n -1 to that of C„ is pi = (n — 2)/(n — 
1). For example, if the given curve is af cubic curve Cn, the first polar is a 
conic Cn, and at an ordinary point 0 of Cn, the ratio of the curvatures is 
1/2. These simple theorems appear to be new. 

We generalize this for all the higher polars. All the higher polars go 
through the given point 0 of the curve C# and touch C n at 0. In par¬ 
ticular, the last polar coincides with the tangent line at 0. The curvatures 
at 0 all have different values (the last one being obviously zero), and we 
determine all these curvatures 

In the above discussion, we assumed that 0 is an ordinary point of the 
algebraic curve C % . We conclude by discussing also the theory at a 
singular point 0 of C n ; for example, inflections and cusps. 

Although our new theorems are stated in metric terms, they are essen¬ 
tially theorems of differential projective geometiy. This is a consequence 
of the theorem of Mehmkc-Segre which states that if any two differ- 
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entiable curves are tangent at a given point 0, then the ratio p of their 
departures from the common tangent line is a projective invariant. 

2. An algebraic curve C« of degree n is defined in cartesian coordinates 
(x y y) by the equation 

C n '. tp(x, y) - £ Pk{x, y) - 0, (1) 

k 

where P k (x t y) is a homogeneous polynomial in (x, y) of degree k, and 
P n (x t y) is not identically zero. It is convenient to use non-homogeneous 
cartesian coordinates (x> y) since we are dealing with the metric character 
of the polar curves. 

‘Upon taking the given point 0 at the origin, we find that the first polar 
C n - x of degree n — 1 of 0 with respect to C n > is 2 

C n - 1 : Z (n - k)P*(x, y) = 0. ' (2) 

k **• o 

The rth polar C n - T of degree n — r of the point 0 with respect to C H may 
be defined by induction. It is the first polar of the same point 0 with 
respect to the (r — 1) polar C nr f i of degree n . — r + 1, Thus the equation 
of the.rth polar of the origin Q is 

Cn-r'- Z ( n “• h)(n — k ~ 1)...(» — k - r + 1) P k (x t y) « 0. (3) 

*-0 

The (« — 1) polar Cj of the origin 0 is the polar line 


Ci: wPf> + Pi(x, y) « 0* (4) 

V 

3. Let the origin 0 be an ordinary point of the algebraic curvev C* so 
that Pi) « 0 and Pi(x, y) is not identically zero. The tangent line of C n 
at 0 is given by the equation Pi(x t y) ® 0, and hence is identical with the 
polar line (4), By equations (2) and (3), it is seen that all the polar curves 
of 0 with respect to C% pass through 0 and touch C* at 0. 

Theorem 1. Tint ratio pi of the curvature of the first polar C n -~x to the 
curvature of C», constructed at an ordinary point 0 of C n1 is 




This can be deduced from equations (1) and (2). By considering the 
equations (1) and (3), we obtain the following generalization. This can 
be also obtained by iteration. 

Theorem 2. The ratio p f of the curvature of the r th polar iume C%rr 
to tke curvature of the algebraic curve C», evaluated ai an prdimry point 0 
of £* is ■ . , , ■ 
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In particular, consider a quartic curve Ci> At an ordinary point 0 of 
C 4 , construct the polar cubic C%> the polar conic 62 , and the polar line Ci. 
These all touch C 4 at 0 and the corresponding ratios of the curvatures are 
2/3, 1/3, 0. 

4* Before continuing with our work, it is necessary to consider some 
definitions. At a point P of a curve C, construct the tangent line t. From 
a point Q on the curve C near P, draw a line perpendicular to / and inter¬ 
secting / in the point R t The order of contact 7 of the curve C with its 
tangent line / at P is the positive number y for which lim RQ/iPR) 7 * 1 , 

is a finite non-zero number. It is remarked that y is any positive real 
number. 

Let two curves Ci and C 2 be tangent at a point P. Through a point R 
on the common tangent line t near P, erect a perpendicular to t, which 
intersects the two curves C\ and C 2 in the points Qi and Q 2 , both of which 
are near P. The ratio p of the departure of C% to that of Ci from the common 
tangent line t is defined by the expression: p ** lim RQ 1 /RQ 1 . If k 


(r> 


denotes the rth derivative of the curvature k of a curve C with respect to 
its arc length, and if 7 , the order of contact of Ci or C 2 with the common 
tangent line t at P, is a positive integer, then it can be shown that p =» 

According to the theorem of Mehmke-Segre, this ratio p 
is a projective invariant . 

5. By the equations (1), (2) and (3), it is found that if 0 is an ordinary 
point of the algebraic curve C n , and if the order of contact of C n with its 
tangent line at 0 is 7 , then all the polar curves of 0 with respect to C n are 
tangent to C n at 0 , and the order of contact of each of these i>olars with 
the common tangent line is also 7 . 

Theorem 3, The ratio p r of the departure of the rth polar curve C n ~ r 
to the departure of C», constructed at a point 0 of C n in the case where the order 
of contact with the common tangent line at 0 is 7 which may be any positive 
integer , is 


Pr 


(ft - 7 ~ 1 )( n - _7 - 2 )... (n - 7 — r) 
{n — 1 )(» — 2 )— r) 



In particular } the corresponding ratios pj, pa. Ps for the firsts second and third 
polars are 


Pt 




(n — 7 — l)(w “ 7 —. 2) 

' **** *r^. .. * . . 

(n — 1 )(» — 2 ) 

(» 7 I)(» — 7 — 2)(n "7 — 3 ) 

1 ' ri y n m 1 1 1 1 1 1 mi « !>■ nim 11^1 11 . . . ^ * 1^* 

(w I)(w — 2)(» 3) 
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f). Now we consider the case where the origin 0 is a cusp of lowest order 
of the algebraic curve C«. Then in equation (1), we must have that 
Po * 0, P\{x, y ) is identically zero, and Pi(x, y ) is a constant non-zero 
multiple of the square of a linear homogeneous form in (x, y). From 
equations (2) and (3), it is deduced that all the polars (r « 1, 2, . . 
n — 2) have a cusp of the same qualitative nature at 0. 

Theorem 4. The ratio p r of the departure of the rth polar C»- r to the 
departure of C«, constructed at a simple cusp 0 of C n in the case where the 
order of contact is 1/2, is 


pr ~ 




In particular, the corresponding ratios pu Ph pa for the first, second and third 
polars are 



7. In this section, we study the ratio p r constructed at a simple cusp 
0 of the algebraic curve C n in the case where the order of contact with the 
common tangent line is greater than 1/2. We have proved the following 
result. 

Theorem 5. Let 0 be a simple cusp of the algebraic curve C n so that the 
order of contact y of C tt with the tangent line at 0 is an integral multiple of 
1/2. The r th polar C n r of 0 with resped to C n also has a simple cusp at 
0 with the same tangent line and the same order of contact y at 0. If y « 
(2q — l)/2, the ratio p T of the departure of Cn~~r to the departure of Cnfrom ‘ 
the common tangent line at 0 is 

_[(n - 2q - l)(w - 2q - 2).. .(n - 2q - r)*|’ A 

*■ L I • <n) 


In particular, the corresponding ratios pu p* ps for the first , second and third 
polars are 


Pi 


(n - 2q - 1\ ,/ * 

V n - 2 ) ’ 



[~ (« - 2q - 1)(» - 2q 

L (* - 2) (n - 3) 


2g — 1)(« — 2q — 2) ( n — 2 q 
(n - 2)(« — 3)(n - 4) 



( 12 ) 


On the other hand, if y is an integer, then p, depends on the coefficients of the 
polynomial equation defining the algebraic curve C n . 

It is remarked that if 0 is a simple cusp where the order of contact is a 
positive integer 7 ,'we meet for the first time a case where the ratio pr » 

•+ tf * 
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not an arithmetic invariant but actually is a differential invariant, that is, 
pr depends on the coefficients of the original algebraic curve C«. 

8. In our later work, we shall study this ratio p r lor a singular point 0 
of higher order of the algebraic curve C n . We shall generalize the results 
of this article to algebraic surfaces and to higher manifolds in later papers. 

Our theorems since they deal with curvature appear to belong to differen¬ 
tial geometry, that is, geometry in the small. But actually the notion of 
polar curve involves the total algebraic curve and therefore our theorems 

belong to geometry in the large, that is, to global geometry. 

.#■ 

* Presented to the American Mathematical Society, Feb. 1947. 

1 Salmon, Treatise an Higher Plane Curves (1H52), 

9 Kasner, "Determination of the Algebraic Curves Whose Polar Curves Are 
Parabolas," Atner . Jour, Math., 26, lfU-108 (1903). 


WEAK COMPACTNESS IN BANACH SPACES I 

By W. F. Eberlein 

Department of Mathematics, University of Michigan 

* 

Communicated February 5, 1947 

1. In recent years the “weak” topology of Banach spaces has aroused 
interest, principally because a notion of weak compactness is vital to the 
theory of infinite dimensional linear spaces. Advances in the com¬ 
pactness theory, however, have been retarded by apparent dichotomy in 
nomenclature—“compactness” versus “bicompactness.” From the stand¬ 
point of existing applications the basic tool is the weakly convergent sub¬ 
sequence or “compactness”; from the standpoint of topological structure 
the concept of “bicompactness” is fundamental. We prove that for weakly 
dosed subsets of any Banach space these two seemingly disparate notions 
are one. 

2. Let E be any Banach space with elements x and unit sphere 5, 

E * the conjugate space with elements / and unit sphere 5*, and £** the 
second conjugate space with elements X . Denote by E T the linear topo¬ 
logical space (weak topology of E) formed by the elements of E under the 
neighborhood system l/(#o) ss [x \ \ft{x — xa) | < e, i 1, ,. n) t where 
the /i are arbitrary elements of £*. A like topology can be introduced in 
JE* by taking elements from £**, but a more functional topological space 
rB* (weak* topology of £*) arises from the generic neighborhoods t/(/ 0 ) ss 
l/| \f( x i) — fo{x<) | < «, i ** 1> * • 4 where the xt are arbitrary elements 

of E. A space *£** ** r(E*)* (weak* topology of E**) is similarly 
generated; and the mapping J(x) ** X defined by X(f) » f(x) imbeds £ 
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isometrically in A** and Ft in rA**. We shall regard this imbedding as 
implicitly performed whenever convenient. Our key lemma then takes 
the form of a necessary and sufficient condition that an element X of A** 
lie in A. 

The principal justification for the weak* topology 19 contained in the 
Tychonoff-Alaoglu 1 theorem: S* is a bicompact subset of tE *. A further 
result we need is the equivalence 2 (for linear sets in A*) of the properties 
of regular closure, 3 weak* closure, and, most important of all, "bounded” 
weak* closure variously referred to as transfinite closure or weak* com¬ 
pleteness. The contact with our work is the observation, implicit in the 
Banach 4 development, that an X of A** lies in E if and only if the set 
Qx ss (/| X{f) * 0| is regularly closed in E*. 

We call a set M in Ft compact (weakly compact in R) if every infinite 
subset of M possesses at least one limit point x in E T B ; we call M se¬ 
quentially compact if every infinite sequence in A/ contains a subsequence 
converging to a limit in AY. Compactness implies the formally stronger 
property of sequential compactness 6 and the boundedness of M in the 
norm. 7 

Lemma: A necessary and sufficient condition that an element X of E ** 
lie in E is that there exist some weakly compact set M in, E with the following 
property: (riven arbitrary (f u ...,/*) in A*, there is an x in M such that 
X( fi) « fi{x) (i ~ 1, .. n). 

Proof: The necessity of the condition is trivial and, by virtue of the 
preceding remarks, establishing the sufficiency reduces to showing that if 
g in A* is a weak* limit point of Qx'S* t then J£(g) « 0. 

Let e > 0 be arbitrary. The hypothesis implies the existence of an Xq 
in M such that g(x 0 ) *= AT(g), But then there exists an/ x in Qx'S* such 
that |AT(g) — ffxis) | =» \g(xa) — fi(xo) | < </2. By alternate appeal to 
the condition on M and the definition of weak* limit point we thus con¬ 
struct a sequence (x n ) in M and a dual sequence (f m ) in Qx'S* with the 
properties: 

(A) !|/„|| < 1 (mm 1,2,...) 

(B) f m (Xn) = 0 (mm I, ...,n) 

(C) g(xJm'X(g) (urn 0,1,...) 

(D) |*(fi) - f m (Xn) I < «/2 (» - 0, 1, 1) 

The (sequential) weak compactness of M implies the existence of an x 
in A and a subsequence (#«<) of (x fl ) such that /(*) «• lim /(x»<) for every 
/ in A*, whence /»»(#) * 0 for all m. A corollary to the fundamental 
theorem of Mazur 8 —-on the equivalence of weak and strong closure for 

convex sets in A—provides an element z in E of the form z » J* OnXn 

(«» > 0, j: o« ■ I) such that |[* ~,*|j < e/2. Nowaet ra — N + l in 
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(D) t Multiplication of the N + 1 inequalities by the proper a n , addition, 
and the triangle inequality yield |AT(g) — /*+i(z) | < e/2. But then 

\X(g) | ** |^(g) ™ ftr+ i(s) + fw+i(%) “* fv+i(x) | < «. 

Hence X(g) = 0, and the proof of the lemma is complete. 

If we consider a compact (and therefore strongly bounded) set M closed 
in Er, we find that the lemma implies its closure 10 in rE**. The Tychonoff- 
Alaoglu result then yields the non-trivial half of the 

Theorem : A set M in Er is bicompact if and only if it is compact and 
closed . 

An automatic consequence of the lemma, by way of the Helly theorem/ 
is the * 

Corollary; E is reflexive — J{E) — jE **—if and only if S is weakly 
compact . 

3. Our main result indicates that a number of special devices involving 
weak compactness can be replaced by a single bicompactness argument. 
For example, the mean ergodic theorem 11 for Abelian semi-groups of 
transformations reduces immediately to the r-parameter case, of which an 
integration-free treatment is possible. But deeper consequences in the 
ergodic theory, as well as extensions to topological groups and rings, are 
accessible. We hope to discuss these and other applications more fully 
in a later note. 

1 Tychonoff, A., “Uber die topologische Erweiteruttg von Raumen," Math, Annalen, 
102, 544-501 (1930). Alaoglu, L., “Weak Topologies of Normed Linear 8011008 ," 
Ann . Math,, 41, 252-297 (1940). 

8 See Alaoglu, loc. cit„ p. 256. 

8 Banach, S., “Th 6 orie des Operations Lin 6 uires,” 1932, Chapitre VIII. 

4 Banach, loc . cit., pp. 131-132. 

8 The closed convex extension of a compact set in Er is again compact. See Phillips, 
R, S,, “On Weakly Compact Subsets of a Banach Space,“ Amer. J. Math., 65, 108 139 
(1943)* 

6 Smulian, V., “Ober linearc topologische Raume,” Mat. Shornik N.S., 7 (49), 425-* 
448 (1941). See also “Sur les ensembles r£guli&rement fermes and faiblement compact 
dans I’cspaccdu type (B), n C. R. (J Ookhdy) Acad. Set. URSS (N.S.), 18,405-407 (1938). 

* Banach, loc. cit. t p, 80. 

8 Maasur, S.» '*()her konvex Mcngen in lincaren normierten Raumcn," Stadia Math., 
4j 70-84 (1933). 

8 See Kakutani, S., “Weak Topology and Regularity of Banach Spaces," Proc. Imp . 
i4ca<f* Tokyo , 15, 109-173 (1939). 

10 Proof: If A* is a limit point of M in t<£** and (/j, ...»/*) are arbitrary elements of 
£), there exists a sequence (ac«) in M such that ) A'(/<) — fi{x m ) | < 1 /m (**»!,...,«). 
A standard compactness argument yields an element x in M such that X (/<) ** f*(x) 
(i m 1, .,., «). But then X ties in E, and hence in M. 

11 See Alaoglu, L., and Birkhoff, G., “General Ergodic Theorems," Ann. Math., 41, 
293-309 (1940). 
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jVOTE ON THE CRITICAL POINTS OF HARMONIC FUNCTIONS 

By J, L. Walsh 

Department of Mathematics, Harvard University 
Communicated January 27, 1047 

Two theorems recently proved by the writer have wide application in 
the study of the location of critical points of (a) harmonic measure, and 
(5) Green's functions for multiply connected regions of the extended 
plane, as we wish here to indicate. The present method involves primarily 
the conformal map onto the interior of a circle of the universal covering 
surface R m of a given region R t a method used extensively by R. Nevanlinna 
in the study of harmonic measure. 

The first theorem 1 to be applied is 

Theorem 1. Let C be the unit circle in the w-plane, and let R be the interior 
of C with the deletion of closed regions bounded by the mutually exterior and 
disjoint Jordan curves Ci, Cu ., ., Cm interior to C. Let oj(w t C\ + •. ■ + 
C mt R) denote the harmonic measure of the set C\ + ... + C m in the point 
w of R with respect to R, that is to say t this function w is harmonic and 
bounded interior to R t and takes on continuously the boundary values zero on 
C and unity on C\ + . .. + C m . Then the critical points interior to R of w 
(w t Ci + ... + C m , R) lie in the smallest non-cuclulcan convex region in C 
containing Ci + • •. + C m . 

The non-euclidean lines interior to C are, of course, the arcs of circles 
orthogonal to C. 

We shall use Theorem 1 in the proof of 

Theorem 2. Let R be a region bounded by the disjoint Jordan curves Cu 
C% Du . .., D m and let S be the doubly connected region bounded by Ci and C 
Then for constant m, any region «(«, Cu S) > u $£ 1 / a or w(e, C%, S) > /u l /» 
which contains no point of D ** Di + D% + ... + Dm contains no critical 
point of w(s, D t R), 

We map conformally the universal covering surface S* of S onto a strip 
bounded by two parallel straight lines, the latter corresponding to Ci and 
Cu respectively. Each curve D k is mapped into infinitely many Jordan 
curves D k u D K u ..., successive curves of which are congruent under a 
suitable translation independent of k parallel to the sides of the strip. 
Adjacent to the sides of the original strip are then new strips parallel to 
them free from points of the images of D . 

Map now the parallel strip which is the image of S m onto the interior of 
the unit circle C in the w-plane. The ends of the strip correspond to two 
points A and B of C; each line parallel to the sides of the original strip 
corresponds to a circular arc through A and B Denote by Ci and C% 
the arcs of C terminated by A and B which are the images of C% and C*, 
respectively, counted infinitely often. A certain closed lens-shaped regkm 



Vol. 33, 1947 


MATHEMATICS: J. L. WALSH 


55 


L interior to C bounded by circular arcs terminating in A and B contains 
all the images D' kQ of the curves D k ; choose L as the smallest such region 
containing also the circular arc AB orthogonal to C. Then L is non- 
euclidean convex, and is bounded by arcs u{w t CJ, |w| < 1) ~ mi Va> 
w(u>, CJ, |w| < 1) ~ M 3 ^ */*. It is not difficult to show that w{z,D, R ) 
as interpreted in the u;~pl$ne is on any closed set in C exterior to L the 
uniform limit of the harmonic measure of any finite set ^D kq f with re¬ 
spect to the interior of C less the closed interiors of that set Since L 

contains all the curvesit contains all critical points of this variable 
harmonic function, and hence L contains all critical points of the limit 
«(*, D, R). 

The function C/ t w < 1) is automorphic under any nmp of 
| w < 1 onto itself which leaves the image of S invariant, and is single¬ 
valued on 5, so we have &{w, CJ, | w| < 1) — w(z, Cj, S), for the properties 
of the harmonic measure define the function uniquely. Theorem 2 now 
follows at once. 

The conclusion of Theorem 2 applies equally well to the location of the 
critical points of the complementary harmonic measure a >(z, C\ + C 2 , 
R) - 1 - a>(z,D,R). 

In the special case that C\ and Ca are circles—and this case can always be 
obtained by a suitable conformal map of S —the loci w(z, Cj, 5) = const, 
are circles of the coaxial family determined by the circles C\ and C%; the 
locus oo(z, Cj, S) — V 2 is the circle with respect to which C\ and C% are 
mutually inverse. In this case Theorem 2 is especially simple to apply. 

We leave to the reader the details of the proof of a limiting case 
of Theorem 2: 

Theorem 3. Let R be a doubly connected region bounded by the Jordan 
curves C\ and C%. Then any region u>(z, C\, R) > m V2 or u{z, C 2 , i?) > 
M V 2 tto/ containing the point z 0 of R fails to contain the critical point of 
Green*s function g(z , R) for R with pole in Zq. 

The general method of proof of Theorem 2 applies also if J? is bounded 
by disjoint Jordan curves Ci, C 2 , . . f C n , D\, D*, .. ., D m , and we wish to 
study the location of the critical points of «(«, D, R ), where D =» D% + 
D*+ • • + T) m , The case n ** 1 can be treated by a smooth map of the 
interior of the circle C of Theorem 1. In the case n > 2, as in the case 
n “ 2, we map onto the interior of C:\w\ =* 1 the universal covering sur¬ 
face 5* of the region S bounded by C u Ca, ..., C*. In the present case 
the image of C k is hot one single arc of C, but fills an infinite number of 
distinct arcs of C which are separated by arcs of C which are images of the 
other curves Cj. The harmonic measure <a(w, C*', .|w| < 1), where C k 
is a single arc of C whose points correspond to points of C*, is not identical 
with o>(z, C k , R) f , the function <a(w, C/, jw| < 1) is automorphic under 
some but not all substitutions of the group of automorphisms of the function 
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which maps w <1 onto S*\ The set of images D f of all the curves D k 
lies interior to C, and has as limit points on C an infinity of points, the 
complement of the set of arcs of C (of total length 2n) corresponding to the 
curves C k . Denote by J?' the image of R interior to C, and by R f its closure. 
Then the function w(z, D t R) » o >(w p R r ) is the limit of the harmonic 
measure in the point w with respect to the region w\ < 1 less the closed 
interiors of a finite number of the curves D k which are the images of the 
D kt of that finite number of curves DC; this limit is uniform on any closed 
point set in R f containing no limit point of D' on C. Consequently, by 
Theorem 1 no critical point of o>(w, D' t R r ) lies in a region «(«>, C/, J w| < 
1) > fx y 2 which contains no point of D\ where C k indicates not the 
total image of C* on C but a single arc of C whose points correspond to 
C k traced infinitely many times. Otherwise expressed, all critical points 
of a )(w t D\ R') lie in any non-euclidean convex region interior to C which 
contains all points of D*. Jt is to be noted that non-euclidean geometry 
defined interior to C enables us to define non-euclidean geometry in 5, 
and that the latter definition is independent of the particular conformal 
map chosen to map onto J w\ < 1, We state 

Theorem 4. Let R be a region bounded by the disjoint Jordan curves 
Ci, C 2 , . .., C n > Du D‘i t . . ., D m , and let S be the region containing R bounded 
by Cu . ■ ., C„. Let denote the universal covering surface of 5, and define 
non-euclidean lines on S by the conformal map of 5* onto the interior of the 
circle \w\ = 1. Then any non-euclidean convex region of S which contains 
all the points of D »= Pi + ... +• D m dlso contains all critical points of 
w(s, D t R), Otherwise expressed , if C k is an arc of \w\ = 1 whose points 
correspond to points of C kt then any region C k \ | w} < 1) > y. ^ V 2 
which contains no image point of D contains no critical points of a>(z, D t R ). 

The conclusion of Theorem 4 applies also to the critical points of 

Cl + . . . + G„ JR) ** 1 OJ (Z t Dy if). 

A limiting case of Theorem 4 can be proved from Theorem 4 itself: 

Theorem 5. Let R be a region bounded by the disjoint Jordan curves 
Cu Ca, .. *, C n ; let jR w denote the universal covering surface of R> and define 
non-euclidean lines on R by mapping R m conformally onlo the interior of the 
circle \w\ =» L Then any non-euclidean convex region of R which contains 
the point of R also contains all critical points of Green's function g(z, go, 
R) for R with pole in go. Otherwise expressed , if C k is an arc of \ w\ ** 1 
whose points correspond to points of C k , then any region 00 (te, C*', j w\ < 1) > 
M Vs which contains no image of zo contains no critical points of g(z, go, R ). 

Theorems 3 and 5 extend at once to a sum 

g(g, So, R) + g(z, z h R) + ... + g(z, 2 ,, R) 

of Green's functions. In this extension of Theorem 3, if all the points B k 
lie on w( 2 , C, R) — ’/a, so do all critical points of this sum. 
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The situation of Theorem 4 can be studied by other methods, namely, 
the conformal map onto a circle of the universal covering surface of the 
region containing R bounded by any particular subset of the curves Ci, 
C%, . .., C„, Du D%, ..., D m . We consider in detail the mapping of the 
universal covering surface R™ of R. Here we need the following theorem: 

Theorem 6. Let a h a 2 , ..ft, ... be two sets of mutually non- 
overlapping open arcs of the unit circle C:\z\ = 1, of total length 2ir; we use 
the notation a » <xi -f a* + .. ., ft =* pi + & + ... * 7'hen no critical points 

of u(z, a, z < 1) lie in either of the regions w(z, a k , \z\ < 1) > V 2 , <o(s, 
Pk> ) z\ < 1) > Vs* If exj and have an end-point in common, no critical 
points of c o(z, a, \z\ < 1) lie in the region w(s, + /3*, | z\ < 1) > l /%. 

In Theorem 6 , two arcs a s and a* having an end-point in common can 
be considered to form a single arc a e without altering c 0 ( 2 , a, |s| < 1 ) or 
the conclusion. The conclusion of Theorem 0 obviously applies also to the 
critical points of w(z, \ z\ < 1 ) — 1 — a j(js, a f \z\< 1 ). 

We omit the proof of Theorem 6 ; the proof can be given from that of 
the corresponding theorem 2 concerning a finite number of arcs a k and 
We find at once 

Theorem 7. Lei R be a region bounded by the disjoint Jordan curves 
Cu C 2 , . . C n , Du D%, . . D m . Set C — Cu + C 2 + ... + C n , D — 
D x + + • • • + An- Let R™ denote the universal covering surface of R, 

which we map onto the interior of V: \w\ — 1 . Then no critical points of 
<a(z, D, R) lie in either of the regions o>(w, a kr \w\ < 1 ) > Va, or o>(w, 

| w\ < 1) > 1 /u where <x k is any arc of T whose points correspond to points of 
C, and where is any arc of F whose points correspond to points of D. 

This conclusion also applies to the critical points of <*>( 2 , C, R) = 1 — 
6 j(jb, D, R). The conclusion can of course be expressed in terms of non- 
euclidean geometry in \w\ < 1 , on R m t and in jR, 

The application of Theorem 7 is of particular interest if Carlenian's 
Principle of Gebietserweiterung is used. Thus let 7 be an arbitrary 
Jordan curve interior to R which intersects no C k or D k but separates 
C — Ci and D from Ci* Denote by S the region bounded by 7 and Cu 
and by 5“ its universal covering surface. Then S'* lies on R°°, and in fact 
an infinity of replicas of 5" lie on i?*\ If «i is a particular maximal arc of 
F which corresponds to C% taken infinitely many times, then a replica of 
S'* corresponds to a region pi interior to F bounded by a x and by an arc 
interior to r joining the end-points of on. Consequently we have interior 
to pi 

au \w\ < 3) > o>(w, au pi), 

so the region au Pi) > l /* lies interior to the region «(w, on, \ w\ < 1) > 
l /%. In the map of 5* onto pi, the function u)(w, a Jt pi) is single-valued in 
S, and is equal to <*>(«, Ci, 5). Thus we have the 
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Corollary. Under the conditions of Theorem 7, let y be an arbitrary 
Jordan curve interior to R which intersects no C k or D k but separates C — C\ 
and D from Ci, and- let S be the subregion of R bounded by Ci and y. Then 
no critical point of oj(z, D, R) lies in the region u>(z, Ci, 5) > W 

This Corollary is of especial interest when C\ and y are circles, for in 
that case the locus c c(z % Cu S) Vs is also a circle. In any case, the 
Corollary yields for every curve C k (or D k ) an annular region bounded in 
part by that curve and which is free from critical points of o>(z, D t R ). 

Even if C\ and y are not circles, suppose a circle y f in S separates Ci and 
y, and suppose a circle C\ exterior to S is separated from S by CY Let 
S' denote the annular region bounded by CY and y f . At a point z on 
y* or on Ci we have <a(z t CY, S') < u>(z, C%, S), so this inequality is valid at 
every point z common to S and S'. Consequently the locus w(z, CV, 
SO > 1 /i, if any, in S is free from critical points of w(js, D f R), 

Theorem 6 is of obvious significance in the study of the geometric 
situation of Theorem 7, but where we now study the harmonic measure 
of an arbitrary set of boundary arcs of R. 

Theorem 8. Let R be a region bounded by a finite number of disjoint 
Jordan curves , and let A h A 2 , A n be a finite number of disjoint Jordan 
arcs of the boundary of R, with A =* At + A% + ... + A n . Let the images 
of the arcs A i, A 2 , . .., A n when R°° is mapped onto the interior of T : j w\ ==1 
be the arcs a%, , and let the complementary arcs of F be ft, ft, .... 

Any non-euclidean line of the interior of F which joins the end-points of an 
ot k} or the end-points of a ft, or the extreme end-points of an arc y of F con¬ 
sisting of an arc a k and an adjacent fl/—such a line separates no critical point 
of the harmonic measure «(w, ct\ + a s + ...» | w\ < 1 ) from the stated arc 
which it spans . That is to say t no critical point of this harmonic measure 
lies in the region w(w, a*, |w| < 1 ) > V 2 , «(w, ft, | w\ < 1 ) > Ya» or w(w, 
7 , | w\ < 1 ) > Va. Thus no critical point of u(z t A, R) lies in a subregion of 
R w bounded by a non-euclidean line of i?" and either an arc A kf or an arc B k 
of the set of arcs complementary to A, or an arc A k + B 4 consisting of an A k 
plus one of the set of complemetary arcs; no such critical point lies in any of 
the regions w(s, A k , R") > 1 / 2f w(s, B kf R m ) > l / 2t A k + B j% R m ) > l / 2 . 

Theorem 8 defines a region of R adjacent to every A k> B k , and arc A k + 
Bj, which is free from critical points of 1 * 3 ( 2 , A, R). In case one of the Jordan 
curves, say Cu bounding R contains but a single one of the arcs 4*# say 
A\ t we prove that an entire neighborhood of C\ is thus defined which is 
free from critical points. Let Bi denote the arc of Ci complementary to 
A\* An arc of F consists of the image of Ci traced in the same sense 
infinitely often, hence consists of an infinite number of arcs <x tk which are 
images of 4i alternating with an infinite number of arcs ft* which are 
images of ft. Any such arc au can be paired with each of two adjacent 
arcs fty, to form an arc y of Theorem 8; one of the t#o corresponding 
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nan-euclidean lines on R m commences and terminates at one end-point 6 f 
Au while the other non-euelidean line on commences and terminates 
at the other end-point of Ai; together these two non-euclidean lines 
bound a neighborhood of C\ in R free from critical points. But this 

is 

neighborhood of C\ is smaller than the neighborhood defined in Theorem 7 
and considered in the study of the critical points of <o(s, D , R ). Indeed, 
on T in Theorem 8 each arc 7 is a proper subset of an arc of V which (used 
in Theorem 7) consists wholly of images of points of Ci\ the longer arc 
determines the larger subregion of | w\ < 1 free from critical points. Other¬ 
wise expressed, each region of Theorem 8 involving 7 and free from critical 
points is defined as a >(z t Ci, R m ) > Vj, where Ci is counted as a bounding arc 
of R* but once; the region free from critical points in Theorem 7 is defined 
as a?(*, Ci, i?“) > J /*> where Ci is repeated infinitely often as a boundary 
arc of R* ; even in Theorem 7 we do not here take all points of C\ in every 
sheet of R™ in defining this harmonic measure. 

The Principle of Gebietserweiterung applies also in the case of Theorem 
8 , where subregions are considered as defined on R** . One special case is 
of fairly wide applicability: 

Corollary. Under the conditions of Theorem 8> let the arc E of the 
boundary of R consist of an arc A kt br an arc B k of the set of arcs complementary 
to A, or an arc A k plus an adjoining arc B K ; and let a circle (in the extended 
sense) 0 be divided into arcs fh and ih by the end-points of E. Let E + fh 
bound a Jordan region in R t and let He exterior to R. Then no critical 
point of o)(z f A, R) lies in the subregion of R if any bounded by E and by the 
circular arc orthogonal to 0 joining the end-points of E. 

1 Walsh, J. L., Bull Amer . Math . Soc 52, 340-347 (1940). 

* Walsh, J. L., these Proceedings, 33, 18-20 (1948). 


THE PRODUCTION OF MUTATIONS IN STAPHYLQCOCCUS 
AUREUS BY IRRADIATION OF THE SUBSTRATE 

By Wilson S. Stone, Orville Wyss* and Felix Haas 
The Genetics and the Bacteriological Laboratories, The University or Texas 

Communicated February 10, 1947 

A knowledge of the gene including its chemistry, function and mutation 
is of primary importance in understanding life* Muller 1 (see his bibliog¬ 
raphy also) has summarised the vast collection of information available 
at present on these subjects. Nevertheless, despite the interest in these 
problems, little information exists as to the exact chemical nature of any 
particular gene, much less the differences that exist between genes and 
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alleles. One method of attack on the nature of the gene system is through 
a study of mutation. Until Muller 2 showed the effectiveness of x-radiation, 
no method of producing gene mutations was known. Later it was demon¬ 
strated that longer wave length of radiation including ultra-violet would 
also produce mutations, More recently Auerbach and Robson* have 
demonstrated that mutations may result from the application of certain 
chemicals (including mustard gas and allied substances). 

There are several difficulties in the interpretation of the effect of radiation 
on the mutation process. First, x-radiatiori is so drastic a treatment that 
particular kinds of effects cannot be predicted to the exclusion of others. 
Second, mutation from irradiation has proved to be a random process. 
Third, although it has been proved that the mutation rate is directly pro¬ 
portional to the number of individual ionizations, it has not been possible 
to determine how much of the effect of irradiation resulted from a direct 
hit on a gene as against an indirect effect from a hit on some other substance 
in the cell. 

Another line of attack has been to compare the effects of x-rays with 
ultra-violet irradiation, for certain important differences exist in their 
effects, Stadler. 4 The reasons for these differences have not been com¬ 
pletely determined, because here again the material changed directly by 
the irradiation is unknown. The work on the induction of mutation by 
chemicals is as yet fragmentary. It should be emphasized that in none 
of this work has there been evidence for selective induction of particular 
gene mutations. All agents so far utilized have been general and, there¬ 
fore, make a study of the particular change involved in mutation exceed¬ 
ingly difficult. As a result there exists no definite knowledge of the chemi¬ 
cal or physical change that accompanied any particular mutation. 

This paper reports experiments combining irradiation and chemical pro¬ 
duction of mutations in bacteria. This was accomplished by allowing 
bacteria to reproduce in a medium containing known substances which had 
been subjected to irradiation, and then determining if, mutations had been 
induced. /The advantage of this method in the chemical analysis of the 
gene lies m the fact that particular known substances can be irradiated and 
their effect on gene mutation studied. In addition, the chemical and 
physical changes that have occurred in those irradiated substances which 
cause an increase in mutation rate can be investigated. 

Experimental .—A 24-hour broth culture of Staphylococcus aureus (F.D.A. 
strain No. 209) was divided into two portions. One half was retained as a * 
control and the other was placed in a petri dish and exposed for 6 minutes 
at a distance of 50 cm. to radiation produced by a Hanovia double-U 
SC-2537 ultra-violet mercury vapor lamp operating at 100 milliamperes. 
Both portions were then plated in appropriate dilutions in nutrient agar 
and in nutrient agar containing various concentrations of penicillin. Aftet 
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incubation for 72 hours at 37 °C. the polonies were counted. The results 
are tabulated under Exp. 1 in table 1. All plating was done in triplicate 
and the figures given are averages of the 3 plates. The control organisms 
show a distribution of resistant forms similar to that described by Demerec. 5 
Although the radiation killed about 40% of the bacteria, a greater number 
of resistant organisms were present among the survivors than in the un¬ 
irradiated controls. The exposure to the light produced resistant indi¬ 
viduals that had not been present originally. 


TABLE 1 

Increase in Rate ok Mutation to Penicillin Resistance by Irradiation of tub 
Bacteria or the Medium in Which They Are Grown 


PENICILLIN 

CONCENTRATION, 

✓-- -—---- PLATK 

ttxv. 1 . BACTERIA IRRADIATED 

COV NT-* . . .. —— 

BXP, 2. MEDIUM 

IRftADJATRD 

units/ml. 

CONTROL 

IRRADIATED 

CONTROL 

IRRADIATBD 

0 

221,000,000 

135,000,000 

114,000,000 

46,000,000 

0.027 

483,000 

531,000 

27,300 

182,300 

0.030 

80,100 

269,800 

7,500 

40,900 

0.033 

4,670 

56,200 

4,610 

33,100 

0.036 

1,250 

12,700 

2,200 

16,900 

0.039 

1,100 

5,180 

415 

6,500 

0.042 

495 

4,400 

317 

4,600 

0.045 

136 

1,660 

12 

1,360 


Such individuals are regarded as mutants which differ from the normal 
population in an alteration of one or several genes. Ultimately, this 
alteration must be resolved to chemistry and physics. If chemical changes 
in genes can be brought about by exposure to radiation the possibility is 
presented that such changes might be introduced into the building ma¬ 
terials from which the genes are produced. Therefore, experiments were 
devised to determine the effect of the irradiation of the substrate upon the 
mutation rate of organisms subsequently inoculated therein. 

Nutrient broth was exposed to radiation from the ultra-violet lamp pre¬ 
viously mentioned. After a 3-hour exposure the broth was transferred to 
a culture flask and ap unirradiated equal portion from the same batch of 
nutrient broth was transferred to a similar flask, Immediately both were 
inoculated in an identical manner, at the rate of about one million cells per 
nil. from a 24-hour culture of 5, aureus. Both flasks were incubated for 5 
hours and then appropriate dilutions were plated on nutrient agar contain¬ 
ing concentrations of penicillin varying from 0 to 0.045 Oxford units per 
ml. In all experiments a sufficiently large flask of nutrient agar of each 
penicillin concentration was prepared so that the plates of both the irradi¬ 
ated and unirradiated series would be poured with agar from the same 
flask. This eliminates the possibility of errors in dosage at any single level 
when comparisons are made within any experiment. The plates were 
counted after incubation for 72 hours at 37 d C. and the averages from the 
triplicate platings are presented as Bxp. 2 in table 1. 
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It is evident that neither culture had attained maximum growth in the 
5 hours which had elapsed before plating. The culture growing in the 
irradiated broth had produced only 46 million cells or about 5 1 /* genera¬ 
tions, while the culture growing in the control broth produced 114 million 
cells or about 7 generations. In spite of this lower total production of cells 
the actual number of resistant bacteria in the irradiated broth at each level 
of penicillin is many times greater. This fact helps to rule out selection as 
the cause of the phenomenon and suggests that we are dealing with induced 
mutation. 

This experiment was repeated many times with a number of variations. 
The penicillin routinely employed was obtained from Commercial Solvents, 
but Abbott and Merck penicillins were also used. Another strain of 5. 
aureus was substituted for the F.D.A. strain in a few of the experiments. 
For many of the tests a Hanovia analytical model quartz-mercury lamp 
with Type A burner was used at a distance of 20 cm. and the irradiation of 
the broth was continued for only 90 minutes. In most cases water lost 
from the broth by evaporation during exposure to the lamp was replaced, 
but in some cases it was not. The size of inoculum was varied and the time 
of plating was delayed to as long as 30 hours after inoculation. Although 
some quantitative differences were noted the results obtained in all cases 
were qualitatively similar, viz., cultures grown in irradiated broth produced 
more mutations, 


TABLE 2 


Increase in Mutation Rate by Irradiation of Components of a Synthetic Medium 


PENICILLIN 

concentration. 

unita/ml. 


PLATE COUNTS ON CULTURES GROWN IN A SYNTHETIC MEDIUM AFTER IRRADIATION 
------OF TUB INDICATED COMPONENTS-*---—-«• 


NONE (CONTROL) COMPLETE MEDIUM MINERAL SALTS 


AMINO ACIIU 
AND VITAMINS 


0 

0,04 

0.07 

0,10 


800,000,000 

33,000 

4 

1 


No growth 
No growth 
No growth 
No growth 


900,000,000 

40,000 

4 

1 


195,000,000 

150,000 

196 

16 


If the synthetic medium described by Fildes, et al.,* is subjected to the 
same irradiation as the nutrient broth in Exp. 2, table 1, the organisms make 
no growth. This medium consists of mineral salts, the amino acids found 
in casein, glucose, and the vitamins thiamin, niacin and biotin. In our 
experiments we supplemented the latter with one mg. per liter each of 
adenine, guanine and uracil. Each component was prepared in sterile 
solution at several times the final concentration $o that it could be irradi¬ 
ated separately before combining with the other constituents of the me¬ 
dium. In the experiment reported in table 2, four batches of the synthetic 
medium were prepared: (1) an umrradiated control, (2) the complete 
medium irradiated, (3) a double strength solution of the mineral salts ir¬ 
radiated and then added to the remaining components, (4) a triple strength 
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solution of the amino acids and vitamins irradiated and added to the re¬ 
maining components. The four media were inoculated in an identical man¬ 
ner and incubated for 24 hours. At that time the culture in which all the 
components were irradiated had made no visible growth so plate counts 
were made only on the other three cultures, Irradiation of the mineral 
salts resulted in a mutation rate no higher than the control but irradiation 
of the amino acids and vitamins resulted in a marked increase in the mu¬ 
tation rate. Further experiments showed that a good part of the toxic 
effect (which prevented growth when the complete synthetic medium was 
subjected to the amount of radiation routinely used in nutrient broth experi¬ 
ments) arose from the glucose. When the irradiation of the glucose was 
decreased to a level that permitted growth, the mutation rate of cultures 
grown in media prepared from it was not enhanced. 

That the irradiation of the amino acids alone increased the mutation rate 
is indicated in table 3. Nutrient broth cultures were included in this 
experiment because the plating was done on agar containing streptomycin 
as well as on agar containing penicillin. It is evident that rate of mutation 

tables s 

Increase in the Rate of Mutation to Streptomycin and Penicillin Resistance 


- SYNTHETIC MEDIUM 


INHIBITOR, 

unitb/ml. 

-NUTRtrtNT BROTH ■*——--v 

CONTROU IRRADIATED 

CONTROL, 

AMINO ACIDS 
IRRADIATED 

0 

300,000,000 

260,000,000 

1,250,000,000 

900,000,000 

Penicillin 

0.04 

13,000 

120,(XX) 

12,000 

55,000 

0.07 

10 

310 

30 

, 1,520 

Streptomycin 

1.0 

42,000 

140,000 

30,000 

108,000 

3.0 

5,1X10 

33,000 

2,7(X> 

23,000 


to streptomycin resistance follows the same pattern observed with penicillin 
resistance. The streptomycin employed in the experiment was crystalline 
material obtained from Merck which bad a potency of 187 units per mg. 
Other experiments were carried out with lyophiltzed powder from Com¬ 
mercial Solvents put up in ampules containing 100,000 units. 

To demonstrate that the streptomycin- and penicillin-resistant organisms 
were the result of different mutations, a number of colonies of the mutants 
were picked and transferred to nutrient agar. Similarly, a number of sub¬ 
cultures were isolated from the control plates, After 24-hour incubation 
a uniform inoculum from each isolate was streaked to sectors of plates 
containing streptomycin or penicillin. The plates were incubated for 48 
hours and the growth of each culture on each concentration of antibiotic 
was noted (table 4). Due to the small inoculum used the results were 
generally clear-cut, although occasionally only a few colonies appeared; 
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these were reported as positive growth. It will be observed that mutants 
selected for penicillin resistance differ greatly from the controls when tested 
on penicillin agar but are very similar to the control organisms when tested 
on streptomycin agar. The streptomycin-resistant mutants differ from 
both the controls and the penicillin-resistant mutants. The mutant popu¬ 
lation is composed of different individuals whose gene differences are in¬ 
duced during growth in the irradiated substrate; the specific mutants are 
then separated from each other and from the normal population by plating 
on agar containing the inhibiting substances. 

After the specificity of the resulting mutants was demonstrated, attempts 
were made to determine if specificity could be introduced into the induction 
of mutation, i.e., if the rate of mutation of one particular gene could be 
influenced without affecting the rate of mutation of others. Preliminary 
experiments indicate that this may be possible, for by suitable irradiation 
procedures we have been able to increase the rate of mutation to penicillin 
resistance without affecting the rate of mutation to streptomycin resistance. 

TABLE 4 

Specificity of the Drug-Resistant Mutants 

,-NO. OF STRAINS GROWING ON MEDIUM CONTAINING:-«. 

PENICILLIN (TjNITS/MI,,) STREPTOMYCIN (UNITS/ML.) 

STRAINS NO. TESTED 0.06 0.1 0.16 1.0 3 6 10 

Penicillin- 

resistant 21 21 15 9 1 14 6 1 

Controls 24 13 1 0 0 12 7 2 

Streptomycin - 

resistant 29 12 2 0 0 29 29 24 

Discussion --These data are the preliminary results of the new method 
of investigation of gene mutation and gene chemistry. Irradiation is used 
to activate selected chemicals, which, when utilized by the cells, cause mu¬ 
tations. These substances might be termed activated mutators . The 
experimental methods used are very effective in detecting mutations to 
resistance to toxic agents, in this case penicillin and streptomycin. 

Several lines of evidence indicate that these are induced mutations, not 
the result of selection: 

1 . In an immature culture there are numerically many more mutants 
in the irradiated broth despite a smaller total population (table 1). 

2* When mutant strains were isolated and their rate of growth was 
followed in both irradiated and unirradjated broth it was found that they 
grew more slowly in the farmer; the rate of growth in both media did not 
differ significantly from that of control organisms. 

3. * These mutations are of independent origin and dp not represent a 
general increase in resistance to toxic agents for, ontesting, the jtenkillin- 
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resistant mutants are no more resistant to streptomycin than are the con¬ 
trols and vice versa (table 4). 

It seems improbable that this method of treatment is limited to the pro¬ 
duction of mutations concerned with resistance. The first two things 
tried—mutations to resistance to penicillin and streptomycin—were in¬ 
duced by this treatment. With suitable tests many other types of mu¬ 
tation should be detected. Therefore, we believe this will prove to be a 
generally useful procedure, within its limitations, when used to produce 
other types of mutation, and mutations in other organisms. 

Little need be said of the obvious advantage of this method for the 
study of Imitation and gene chemistry. Instead of treating an exceedingly 
heterogeneous living organism, we art treating a selected chemical and 
determining if it produces mutations. If it does, we can investigate the 
physical or chemical changes that have occurred. These may be either or 
both of the following: (1) The production of different chemical compounds 
under the influence of irradiation. (2) Some mechanism involving a shift 
to a higher energy level by the absorption of a quantum of energy and 
subsequent effects of this energy transfer. At present we cannot decide 
between these alternatives, although we have determined that the mutating 
ability of the treated material is reduced on aging and more rapidly by heat 
treatment. This suggests that alternative (2) may be correct, but of 
course it only concerns these particular mutations. On the other hand, it 
is known that a definite chemical substance, nucleic acid, can induce trans¬ 
formation in the genetic material of microorganisms (Avery, et at?) The 
possibility of producing selected mutations offers a fascinating field for 
further investigation. Certainly the possibility is inherent in this method. 
Genes must differ; therefore, we may be able to select agents which will 
affect only one or at most a few genes and so, indirectly, study gene chemis- 
tiy. In the experiments reported here, we were able to produce two types 
of resistant mutants. The difference ih survival in the different con¬ 
centrations of the antibiotics indicates that several different alleles or 
different mutations are involved (tables 1, 2, 3). We have not been able 
to determine if the treatment produces changes in an existing gene or if it 
causes an error in its autocatalytic reproduction. Under ordinary cir¬ 
cumstances genes are remarkably free from errors in copy as exemplified by 
the low rate of spontaneous mutation. 

There are several general considerations which follow from these dis¬ 
coveries. For example, a study of the effect of irradiated substrate on the 
development of cancerous tissue may prove profitable. If any of the acti¬ 
vated mutators prove stable this phenomenon must be considered in nu¬ 
trition and in safeguarding the use of atomic energy. The most important 
consideration is the possibilities opened for further investigation into the 
gene and mutation; *-These experiments have shown that at least part cf 
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the mutations produced by irradiation may be the result of an indirect 
effect in addition to those from a direct hit on the gene. They may ex- 
plain at least part of the discrepancy between the observed normal mu¬ 
tation rate and that which has been calculated as attributable to direct 
hits on genes, Muller. 1 Natural radiation is much more important in the 
mutation process if it can induce mutation by an effect on the food as well 
as on the organism. 
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ON THE DISTRIBUTION OF TITANIUM OXIDE AND CARBON 
STARS IN OUR PART OF TIIE MILKY WAY 

By Oliver J. Lee, Greenville D. Gore and Thomas J. Bartlett 

Dearborn Observatory, Northwestern University 
Communicated March 3, 1947 

The Dearborn Observatory Survey of Faint Red Stars from four and a 
half degrees below the equator to the north pole has been completed. 
Some 44,000 stars of types K5, MO to M9, R and N have been classified, 
and their magnitudes have been determined. Publication of the final half 
of these stars, and of a discussion of them all is under way. 

In each of 317 areas magnitude limits ranging from 11 to nearly 13 were 
reached. 

Upon plotting the K5 and M stars in galactic coordinates several items 
became apparent. 

1 . The obscuring clouds of interstellar material certainly affect the 
distribution decidedly. In fact, the axis of maximum frequency makes 
an angle of about 14 degrees with the galactic equator crossing it from south 
to north at longitude 90°. Other characteristics of distribution indicate 
the possibility that reasons, more basic than obscuration by cosmic clouds, 
may exist. 

2. Among the 44,000 stars, 2S94 belong in the advanced titanium oxide 
classes, M5 to M9. Of these, 1084 have apparent magnitudes brighter tliSn 
10 and only 1210 are of magnitude 10 or fainter. Dwarfs at distances from 
100 to 1000 light years are too scarce to be statistically important in the 
observed frequencies. We are dealing mostly with giants, and beyond 
galactic latitudes of 30 degrees north and south they are nearly all in the 
brighter group. This survey has reached the galactic boundaries in these 
directions. 

Along the broad galactic band we expected to find great numbers of 
distant red giants erf these types recorded on our plates as faint stars. 
However, the ratio of numbers in the two magnitude groups is about 1, 
whereas the general stellation is 2 to 4 or more in favor of the fainter stars 

Stars of types M5 to M9 are the easiest of all to detect and classify 
on our red sensitive plates. We probably missed very few in the magni- 
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tude range from 7 to 1*3. We noticed this preponderance of bright giants 
from the start and have mentioned it before. We are now, on the basis of 
all of our material, obtained systematically in the northern 54 per cent of 
the sky, forced to conclude that spectra showing the TiO band are particu¬ 
larly abundant in our part of the Milky Way and perhaps that man has 
appeared upon the cosmic scene in an era when many stars in his vicinity 
are going through their “titanium oxide stage.” 

In the course of this survey, most of the known carbon stars in our 
zones have been reobserved and 209 new ones have been catalogued. Of 
the latter we feel certain about 144-89 of type N and 55 of type R. The 
total number of carbon stars now known in the whole sky is about 418— 
282 of type N and 136 of type R. The galactic concentration of both kinds 
is very high. 

As early as in 1941 we reported the discovery of a nest of N stars just 
east of Orion. Including all of these stars now known this cluster stands 
out very clearly. In an area of 750 square degrees, roughly pentagonal in 
shape, centering in galactic longitude 168°, latitude —5°, there are about 
50 N stars, with only 2 R stars involved. On both sides of this nest along 
the galactic equator the two types are well mixed in frequency. 

In Sanford's figure [Astrophysical Journal , 99, 156 (1944)] this cluster 
■ 

is noticeable. The average magnitude of carbon stars in his list is about 9. 
Ours average around 31. Since R stars are about 2 magnitudes less lumi¬ 
nous than the N stars a thin cloud of obscuring material in the foreground 
might conceivably blot out the former while allowing the latter stars to 
vshine through. This does not explain the presence of the N star nest and 
would probably make it even more pronounced, actually, than we have ob¬ 
served it. 

We seeni to be driven to the conclusion that bodies containing an excess 
of carbon are relatively very abundant in the region of this nest of N stars. 


THE SPREAD OF MEASLES IN THE FAMILY 

By Edwin B. Wilson 
Harvard School of Public Health 
Communicated March 12, 1947 

Some years ago, with the help of several collaborators, I discussed 
Major Greenwood s theory of the spread of measles within the family. 1 
That theory had two postulates: (1) if a primayr case (or several co¬ 
primary cases) brought measles into a family in wmch there were m other 
susceptibles, the chances that m, m — 1, ...,() secondaries would result 
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would he p m , w/> w V/, . . r/” 1 as though the children were independently 

infected, the chance of infection being p; and (2) the secondary case or 
cases would expose the remaining suseeptihies to infection for a subsequent 
generation of cases secondary to the secondaries (tertiary cases as we 
called them) with the same chance p. Greenwood had tested his theory 
against observation by comparing the observed and expected numbers of 
families which had 0, 1,2, ... cases ally get her beyond the primary and 
had found a good fit. On the same gross comparison we also found a good 
fit to his theory with our very different data, but when we broke down 
the data into successive generations as called for by the detailed hypotheses 
(I) and (2), we found that (1) the calculated distribution of the numbers of 
families by numbers of cases in each generation did not fit the observations; 
and (2) the tertiary attack rate was significantly lower than the immediate 
or direct secondary attack rate. So the theory became untenable for our 
Providence data. I wish to examine the matter a trifle further. 

Tabulation of the samples II (p. 440), IV (p. 447), and VI (p. 448) of 
families containing two susceptibles according as the families have 0, 1, 2 
immediate secondary cases gives: 


CASKS 

0 

i 

2 

TOTAL 

For II 

34 

01 

239 

334 

For IV 

15 

41 

129 

185 

For VI 

49 

102 

3ns 

519 


The x 2 -test shows that II and IV differ only about as much as might be 
expected by chance and may therefore be combined into VI without hesita¬ 
tion. The chance of a secondary case (derived from a primary) is p = 0.N07 
and the chance distribution of the 519 families would be 19, 102, 338 instead 
of 49, 102, 368. The hypothesis (1) that measles spreads in the family 
although the children were independently infected is therefore untenable. 

One way to express dependence of elements is to compute the number 
which would be required by the theory of chance to explain the observed 
standard deviation. The actual secondary attack rates in the families 
with 0, 1, 2 secondary cases are 0, 0.5, 1.0, respectively; their mean is 0.807 
and their standard deviation squared (variance) is 0.010. If this be 
equated to pq/n> we find n * 1.40. Thus the two susceptibles in the family 
are behaving relative to contracting or escaping the infection as though 
they were about one and one-half. 2 

Another, and presumably better, method is to make an analysis free 
from the hypothesis’that the chances of incidence within the family are 
independent. Let the two susceptibles in each family be designated in some 
way as A and B (for^xample, A may be the older and B the younger). 
Then the families may be entered in a 4-fold table according as A and B 
or A but not B or B but not A or neither A nor B contracts the disease. 
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In the notation of Yule, using parentheses to denote the numbers of cases 
with specified attributes, we have the table : a 



A 

a 


B 

(AB) 

(aB) 

(B) 

0 

(Afi) 

(a/3) 

iff) 


(A ) 

(«) 

N 


Pa = (A)/N, q A = (a)/N, 
Pb - (B)/N, q B - (0)/N. 


By the* theory of probabilities, when events are not independent, the 
chance of A and B is the chance of A multiplied by the chance of B if A 
occurs, or 

, ( AB ) (A) (AB) (aff) _ («) (aft) 

Pab N "N . (A) ’ Pafi * N N ' (a) 


The probabihties p AB and p a $ are observable as both or neither without 
specification of the susceptibles as A and B f but without such specification 
we cannot determine {Aff) and ( aB ) though we here can determine the 
chance p\ of just one case and also the secondary attack rate s as . 



(A P)+JaB) 

." N 


and s * p AB + 1 /tpu 


If we will introduce i? * p A — p B > the difference between the chances of 
A and of B, we may solve for all elements in terms of the observed quanti¬ 
ties Pap> pafi, Pu s and the hypothetical quantity rj as follows: 

Chance of A is p A — s + x /% 17, chance of B is p B m $ — V* 17. 

Chance of B if A is —, chance of 0 if a is 

s + 1 / 2 TI $ — 7*1? 


It may be observed that, in a general association table, i? «* Pa — Pb 5388 
pAfi — />*b {Aff)/N — {aB)/N i may range from {Aff)/N \i (a5) hap¬ 
pens to vanish to — (aB)/N if {Aff) happens to vanish. 

In sample VI, there is no way to distinguish the two susceptibles and we 
may assume that they are in fact equivalent (as they probably would not be 
if distinguished by ages), that is {Aff)/N « {aB)/N « 51/519 * 0.0982 
and i? « 0. Then the secondary attack rate is 0.807, but in case one be 
assumed to be attacked the chance that the other will also be attacked is 
0.88; and the escape rate is 0.193, but in case one be assumed to escape the 
chance that the other escape 4 is 0.49. 

If we turn next to samples IX and XI (p. 450) with three susceptibles 
in addition to the primary, we have for immediate secondaries 



Vol. 33, 1047 


PATHOLOGY: E. B. WILSON 


71 


CABSB 

For IX 
For XI 


0 

1 

2 

3 

TOTAL 

4 

n 

18 

07 

100 

4 

10 

8 

27 

55 


The two samples differ enough so that it is very doubtful whether they may 
safely be combined into one (XIII). The secondary attack rate in IX is 
s ® 0.827 and in XI is s — 0.085. If we compute the variances of the 
attack rates p ~ 0, V»» 2 A» I in the families, we find for IX and XI, respec¬ 
tively, 0.079 and 0.119; the respective values of pq are 0.143 and 0.210, 
and the value of the number of independent susceptible® turns out in 
either case to be n = 1.8 which is well below 3. 

An analysis can be made in terms of probabilities. It may be sup¬ 
posed that the three susceptible® are distinguished as possessing attributes 
A, B f C\ There are then the three probabilities 6 



PC'AH 


(ABC) 
~(AB) ’ 


namely, the chance of A , the chance of B if A, the chance of C if A and B t 
and many others, where the number in a class possessing assigned attributes 
is divided by the number in a class in which one of those attributes is miss¬ 
ing, for example (A&y)/(A0) which is “the chance of not-C if A and not-/i 
be given/* The general analysis would be needed in case the attributes 
(such as serial order in age) were assigned; for our data where there is no 
such assignment the only solution we shall seek is that for which the 
attributes are equivalent, i.e., (A) =* (B) » (C), etc. 

Under the assumption of equivalence we find 


For IX: 

(ABC) « «7, 

(A By) « (A fiC) » (*BC) - fi, 


(a0y) ■> 4, 

(A fiy) *» (ctBy) ® (r*0C) * M /»; 

For XI: 

(ABC) - 27, 

(A By) « (A0C) « (aBC) « 8 /«. 


(afiy) — 4, 

{A fiy) « U*By) m (otftC) =» w /a. 

For IX: 

Pa - 0.827. 

Pb a 588 9,88, Pc ah m 9.92, 


p« - 0.173, 

pfi a * 9,44. py -afi ■» 9.52; 

For XI: 

Pa - 0.68, 

Pb-a * 9.79, Pcab ** 9.91, 


pa -0.32, 

pff a ** 0.54, Py-tMfi *• 0.42. 


It is seen that the chance of an additional direct secondary case increases 
with the number of cases already assumed among the susceptibles in either 
sample; but the chance of three escapes granted two is in sample XI less 
than that of two escapes granted one, albeit the numbers are so small that 
the escape rates other than p a are poorly determined. 

One could analyze in a similar manner the other samples in the mono¬ 
graph on measles in Providence; and if additional data Were available for 
Providence or for other places so recorded as to make possible the tabula¬ 
tions that might be necessary, the analysis could be applied thereto. In 
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this way it would be possible to develop a detailed factual background on 
which some rational theory of the spread of measles in the family might in 
due time be built. Clearly the “family’' might be a “schoolroom” or any 
other group of which a sufficient number of a specified type were available 
for study; but it may be long before sufficient numbers of groups other 
than families are available. 

1 Wilson, Edwin B., Bennett, Constance, Allen, Margaret, and Worcester, Jane, 
“Measles and Scarlet Fever in Providence, R. I., 1920 1934, with Respect to Age and 
Size of Family/’ Proc, A /Her. Philos, Sot\, Philadelphia , 80, 357—478 (1939). See par¬ 
ticularly pp. 441-453. 

2 Such a method has been used in economic statistics to discuss connectivity of 
fluctuations. See Wilson, Edwin B., “The Periodogrum of American Business Activity,” 
Quarterly Journal of Economics, May 1934, pp. 375 -4 L7, especially pp. 389, 409, 416. 

n Yule, G. U., Introduction to the Theory of Statistics, or new edition by G. U, Yule 
and M. G. Kendall. 

' In the symmetrical case where (A0) = (ocB) and Pa — Ph ** s, the condition Pah/ s 
> /Pa that “the chance of B if A ’’ exceeds “the chance of A” is equivalent to the state¬ 
ment that the 4-fold table be positively associated. 

6 One may use as notation subscripts- those preceding the dot designating the group 
of which the probability is specified, those following the dot designating the attributes 
considered as granted. 


HYBRIDIZATION BETWEEN RANA PIP1RNS FROM VERMONT 

AND EASTERN MEXICO* 

By John A. Moore 

Columbia University and American Museum of Natural History 

Communicated March 14, 1947 

Cross fertilization experiments have been carried out among a number 
of geographic populations of Ram pipiens Schreber. 1 The intraspecific 
hybrids are normal if the distance between the localities from which the 
parents are obtained is relatively small. As the north-south, but not 
east-west, distance between the parents’ places of origin is increased the 
hybrids exhibit progressively more severe defects in development. The 
most extreme cases previously observed involve crosses between Wisconsin 
(or Vermont) and Texas parents. If the cross is between the southern fe¬ 
male and a northern male, the embryos are retarded in development and 
exhibit a considerable reduction of head structures. In the reciprocal 
cross, northern female and southern male, retardation in rate is observed, 
the circulatory system is defective, and head structures are greatly over¬ 
developed. The viability in both cases is low. 

In order to ascertain if this gradient in hybrid inviability continues to 
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increase, crosses have been made between frogs from Mexico and Vermont. 
Material from two Mexican localities was available. One of these was 
Monterrey in Nuevo Leon and the other was the Rio Axtla, near the 
village of Axtla, in San Luis Potosi. These localities are 450 and 750 miles, 
respectively, south of the locality in Texas from which my previous ma¬ 
terial was obtained. All of the experiments which will be reported were 
conducted at 19.1 °C. 

Experiment 1: Vermont 9 X Axtla d. —The types of defects previously 
described 1 for hybrids derived from northern males and southern females 
were observed. The yolk plug was abnormally large, the neural plate was 
very long, the distance between the neural folds in the head region was 
wider than normal, and development was retarded in post-gastrula stages. 
Cytolysis began in the neural fold stage and by the time the controls were 
in Stage 14L, 2 31 per cent had died. Most of the embryos did not develop 
beyond Stages Ur-17. Those which were able to continue development 
had extremely large heads and suffered circulatory system defects. One 
abnormal embryo, from a total of 155, reached the feeding stage before it 
died. 

Experiment 2: Vermont 9 X Axtla dV-These hybrids were more nor¬ 
mal than those of Experiment 1. There was considerable retardation in 
rate of development but most of the embryos reached Stage 20. These had 
gigantic heads. The mucous glands were very large and secreted a thick 
brown mucous which hung from them in curtains. This was interpreted as 
an indication of hyper-activity of the mucous glands. The mouth was 
frequently plugged with endodennal cells. Seventy-seven per cent sur¬ 
vived for 10 days; 2 per cent survived for 21 days; none survived as long 
as 29 days. 

Experiment S: Vermont 9 X Axtla d ,—All of these hybrids exhibited 
some degree of cytolysis and a few died in Stages 14-16. Thirty-four per 
cent survived to 104 hours, a time when the controls were in Stage 20. 
These had greatly enlarged heads. Nine per cent had a beating heart but 
none had gill circulation. One embryo, from a total of 188, survived to the 
twelfth day. It died shortly thereafter. 

Experiment 4: Vermont 9 X Axtla d > —These embryos exhibited 
marked cytolysis as neimilae. All but two, from a total of 247, died as 
gastrulae or neurulae. One of these two died on the fifth day and the 
other on the twelfth day. 

Experiment 5: Vermont 9 X Monterrey d*.-—Some of the embryos 
cytolyzed as neurulae but most/ormed abnormal embryos with large heads 
and circulatory system defects. Mucous secretion was abundant. All of 
the embryos were dead by the eleventh day. 

Experiment 6: Vermont 9 X Monterrey d .—In the neural fold stages 
65 per cent showed extensive*cytolysis. Cellular debris was coming off 
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from the neural groove. At this time 40 per cent had a perforation in the 
ventral epidermis which exposed the underlying genu layers. Seventeen 
per cent survived to the seventh day but they were very abnormal. All 
were dead by the fifteenth day. 


Experiment 7: Vermont 9 X Monterrey d*.—This experiment gave the 
best hybrids secured in crosses of Vermont and Mexican individuals. 
There was little eytolysis in early stages but the usual type of morphological 
defect as well as retardation in rate of development was observed^in the 
later stages. Twenty-two per cent survived to the sixteenth day and ten 
per cent are still alive on the one hundred and thirty-first day. Some of 
these will probably transform. 


Experiment X: Vermont 9 X Monterrey cf. The male used in this 
cross was the same as in Experiment 7. In contrast with the previous case, 
the embryos of this experiment were the most abnormal hybrids in the 
entire series of crosses. The majority formed exogastrulae and none de¬ 
veloped beyond the gastrula stage. 


Experiment 9: Axtla 9 X Vermont '<?.—The typical defects previously 
described 1 in hybrids derived from southern females and northern males 
were observed. The yolk plug was very small, the neural plate was short, 
the head and head structures were greatly reduced, and development was 
retarded in post-gastrula stages. Hatching was delayed long beyond the 
morphological stage in which it would normally occur. Some of the 
hybrids apparently died because they were unable to escape from their 
jelly membranes. Retardation in rate of development to Stage 20 was 
estimated as (50 per cent (in three experiments involving Texas females and 
either Wisconsin or Vermont males the retardation was 11, 11 and 8 per 
cent). Thirteen per cent of the embryos survived to the fourteenth day. 
Most of these died shortly thereafter except for one (1 per cent) which is 
still alive on the one hundred and fifty-eighth day. It is an albino. 


Experiment 10: Axtla 9 'X Vermont cF. —The same female was used as 
in Experiment 9 and development was essentially the same in the two cases. 
Sixteen per cent survived to the fourteenth day. A single embryo (1 per 
cent) is still alive on the one hundred and fifty-eighth day. It is an albino. 


The defects observed in the Axtla 9 X Vermont cF hybrids are essen¬ 
tially the same as those observed in Texas $ X Vermont cF crosses. Al¬ 
though retardation of development is greater in the Axtla female hybrids 
than in the Texas female hybrids, the morphological defects seem some¬ 
what more extensive in the latter. 

The cross Vermont 9 X Mexico cF has produced the most extreme 
abnormalities so far observed in Rana pipiens racial crosses. The frequency 
of exogastrulation and the beginning of eytolysis as early in development 
as the gastrula an^f neuruia stages is noteworthy. This is the basis for the 
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conclusion that the gradient in intmspcciflc hybrid inviabilitv increases in 
Mexican populations of Rana pipiens. 

In these experiments with iutraspecific hybrids, we have reached a 
]w>int wliere the extreme geographically separated populations are behav¬ 
ing towards one another as two “good” species. The defects observed in 
the hybrids are so extensive that the possibility of gene exchange between 
the two parent populations is most unlikely. At the same time adjacent 
populations appear to be perfectly interfertile. This paradox has been 
discussed previously and the conclusion reached that natural selection is 
promoting the development of different temperature-adapted races. The 
defects observed in the hybrids between northern and southern individuals 
are interpreted as a result of incompatibility in the interaction of a “low 
temperature genome” and a “high temperature genome” in the same 
zygote. The fact that the peripheral members are reproductively isolated 
from one another is merely a feature incidental to their adaptation. 

It seems unlikely that isolating mechanisms such as sexual isolation, 
hybrid in viability and hybrid sterility are ever the initial isolating mech¬ 
anisms in dividing a pamnictic population of animals which reproduce 
sexually. Initial reproductive isolating mechanisms could best arise when 
the different parts of the population are physically separated through geo¬ 
graphical, habitat or seasonal isolation. Under these conditions natural 
selection would be increasing the frequency of the genetic changes, which 
will subsequently act as isolating mechanisms, not for any value as iso¬ 
lating mechanisms but because they have some adaptive value in their 
special environment. A subsequent breakdown in effectiveness of geograph¬ 
ical, habitat or seasonal isolation would bring two differently adapted 
populations into competition. If these produce hybrids which are inferior 
to the parental forms, then natural selection would favor the perfection of 
any differences which could serve as isolating mechanisms. In this manner 
the two “adaptive peaks” would remain distinct, and in fact be two species. 


* Aided by a grant from the Penrose Fund of the American Philosophical Society. 

1 Moore, J. A., Genetics, 31 , 304-329 (1949). 

* These stages of development are described itt Pol Us ter, A. W., and Moore. J. A., 
Amt . Rcc. t 68, 489-496 (1937). 
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4 UNIQUENESS THEOREM FOR EIGENFUNCTION EX PA NSIONS 


By vS. MlNAKSHlSUNDARAM 


Institute for Advanced Study, Princeton 
Communicated March 10, 1047 


Let w„ (x, y) be the complete normal orthogonal eigenfunctions of the 
boundary value problem 

d 2 w d 2 w 

*= 0 

dx 1 oy~ 

0) 

w(x t y) = 0 on C. 

(2) 

Where C is the boundary of a regular region R> 
arranged in non-decreasing order of magnitude, 
summable function defined in R y we may write 

the eigenvalues being 
If f(x 9 y) be an arbitrary 

fix, y) ~ y) 

(3) 

a„ = f ffv-'^lxdy 

D 

(4) 


the series on the right of (3) being called the Fourier Eigenfunction Series 
and a n the Fourier Coefficients of f(x t y). I have studied elsewhere 1 the 
problem of convergence and summability of a Fourier Eigenfunction Series. 
In this note I am interested in announcing a result on uniqueness of eigen¬ 
function expansion. Actually, we have the following, 

Theorem. Let us suppose we are given an eigenfunction series 

am(x t y) + a 2 w 2 (x , y) + a&v 2 (x t y) + . .., a h a% ... real (5) 
satisfying the following properties 

(t) There exists a continuous function 4>(x, y) defined on D + C and 
vanishing on C such that 


4>(x, y) 


a. 




S n / \ 

— w H (x, y) 

Mn 


<8) 


(ii) At every point in the region the series (5) is summaUe (/i 2 , X n ) 2 to a 
bounded measurable function f(x t y), i.e. t 


litn 4£a«w n 


►<> 


Ji 2 (U) 
( Kt ) 2 


/(*> y)> 'K * ( m ») v * 


( 7 ) 


the series on the left converging for t > 0. 

Then (5) is the Fourier eigenfunction series of f(x, y). 
Wc indicate the general outlines of the proof: 
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The sum of the convergent series on the left of (7) defines, for every / >0, 
a linear transformation of <j >: 

-1 £>„•»„ = U iW say (S) 

Then we have the following lemmas: 

Lemma 1. If for every (x, y) in D, lim Ur(4») > 0 then <j> is subharmonic. 

t ~+o 

Similarly if lim U((<» < 0 then <t> is super harmonic. 

So if U t (<t>) 0 as / 0 then is harmonic. 

Lemma 2. lim UJ<£) > c /or wry (x, y) in R implies U/(<£) > r /«• 
.vame region contained in R with a similar conclusion if lint U/(<£) < r. 

From these lemmas we deduce that if |/(.v, y)]{ At, hypotheses (i) and 
(it) of the theorem imply 

ll,(»| < M. 

Therefore 



f f [},(4>)w„d\-<ly 

K 


and letting / —» 0 we obtain the theorem. 

We might add in conclusion, hypothesis ( i ) will be fulfilled if a n tends 

to zero as rapidly as MfT* or (log or (log m«.) 1 (lug log m«) 1 % 

etc. Thus if a n satisfies any one of these conditions and (x, y) 

converges everywhere to zero then a n = 0; w = 1 , 2 ,.... 

—* oo y > ( -f* m 

In the case of a double trigonometric series £ C Mi „ exp i(px + ^v) 
Coo ** 0 the theorem takes the following form: 


«> i 

M + v* 

tion <!>(x, y). 


exp i(jJLX + vy) is the F.S . of a continuous periodic futic- 




JtHtVn) 


nt % 


mt 0 M 






exp + py) 


fix, y) 


at every point (x $ y) where f(x , y), is a bounded measurable function. Then 
the trigonometric series is the FS. of f{x $ y). 


1 Cf. "Notes on Fourier Expansions (l)," Jour. Land, Math. Sac., 20,148 -153 (1945) 
and the references therein. 

* For definition of Bessel Sumwability, cf. the author's paper, "A New Summation 
Process," Math. Student., 2, 21-27 (1943). 
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ON THE CHARACTERISTIC CLASSES OP RIEMANNIAN 

MANIFOLDS 

By Shiing-shkn Chrrn 

iNsrmnu of Mathematics, Academia SlNICA 
Communicated February 20, 1947 

The following imbedding theorem of sphere bundles was first stated, 
together with a sketched proof, by H. Whitney : 1 To a given bundle of 
spheres of dimension n — 1 over a compact manifold M there exists a map" 
ping f(M) C II(n, N) (which is the Grassmann manifold of all oriented 
linear spaces of dimension n through the origin of a real oriented Euclidean 
space V of n + N dimensions), which defines a sphere bundle over M 
equivalent to the given one, provided that dim M g N. Steen rod 2 proved 
that if dim M g N ~ 1, then two sphere bundles over M defined by the 
mappings f { (M) C H{n f N), i * 1, 2, are equivalent, when and only when 
the mappings /* and are hornotopic. From these theorems it would 
follow immediately that the inverse homomorphism /* of the cohomology 
ring of 7/(n, N) into the cohomology ring of M is independent of the map¬ 
ping/ in the process of imbedding. But it was Pontrjagin’ who first expli¬ 
citly made this observation for the case of tangent sphere bundles and 
defined to be a characteristic cohomology class of M the image of a cohomol¬ 
ogy class of H(n , AO under the inverse homomorphism /*. These charac¬ 
teristic cohomology classes include the ones which were first studied by 
Stiefel* and Whitney, 5 but they give many new ones. 

Pontrjagin was interested mainly in tangent sphere bundles. He proved 
the imbedding theorem of tangent sphere bundles by simply imbedding the 
manifold 1 M into li n + N according to Whitney’s imbedding theorem of 
differentiable manifolds. By being so imbedded, M acquires an induced 
Riemannian metric. In a second note 5 Pontrjagin showed that certain 
characteristic classes of M are expressible, in the sense of de Rham, by ex¬ 
terior differential forms constructed from the induced Riemannian metric. 
It is to be observed here that these characteristic classes are the images 
under f* of the classes of H{n t AT) which form a basis of the cohomology 
ring of H(n, N) with rational coefficients. This result of Pontrjagin includes, 
for instance, the now well-known generalization of the formula of Gauss- 
Bonnet for the case of an imbedded Riemannian manifold, as was first 
proved by Allendoerfer 7 and FencheL* , 

It is, however, not known whether the same results between the char¬ 
acteristic classes of M and the exterior differential forms of the Riemannian 
metric of M remain true, if the Riemannian metric is defined intrinsically 
on Af. This question is significant, because the Riemannian metric of a 
differentiable manifold is in general not defined by imbedding the manifold 
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in a Euclidean space and it is not known whether an intrinsic Riernannian 
metric can be defined us an induced metric (in a Euclidean space), when the 
whole manifold is under consideration. It is the aim of this note to sketch 
a proof of the theorem that Pontrjagin’s results remain true when the Rie- 
mannian metric on M is an intrinsic one. Complete details, together with 
generalizations to non-compact manifolds and affinely connected manifolds, 
will be published elsewhere. 

We begin by stating the results of Pontrjagin in question. Let 
k = 1, be the curvature forms of the Riernannian metric of M, in 

the notation of Elie Cartan. By exterior multiplication we construct from 
them the differential forms 

~ (l/^4m) Y.Uh <glh'g*a . *. . S l i, 1 < HI < w/4, 

Ao ~ 1 *„, if n is even, 

where is the Kronecker index and where die summations are ex¬ 

tended over all the indices i from 1 to n. The number c 4m is. a constant 
which is so chosen as to make the cocycle A 4m an integral cocycle. In fact, 
c 4m is equal to ml times the total measure of all the straight lines in a 
spherical space of m + 1 dimensions. The theorem, which Pontrjagin 
proved for the case of an induced Riernannian metric and which we shall 
prove to be true in general, is the following; 

Theorem. Let M be a compact orientable Riernannian manifold . The 
differential forms Ao, A** (I g m g nj4) define cohomology classes which are 
characteristic cohomology classes of M. 

To prove this theorem we shall first give a description of the cohomology 
classes of J7(n, N). We take a sequence of integers a h .., a„ such that 

a\ a»x . .. St a n 0 


and a sequence of linear spaces 

Lx C U C . .. CZLn 

through the origin 0 of E n ^ jV , whose dimensions are 

dim Li ** N + i — a ti i 1, 

Iu H(n t N ) we consider the linear spaces X such that 

dim (X 0 L { ) i lgign. 


The totality of these linear spaces, minus the ones on the boundary, forms 

# 

a cell of dimension nN — In particular, when the a's satisfy certain 

/ iml 


conditions* which amount to say that certain inters constructed from 
them are even, the celt defines a cyde of dimension nN - £a,and hence a 


I - 1 
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cocycle of dimension on H{n } N), since H(n, N) is orientable. The 

i 

corresponding cohomology class we shall denote by the symbol [ai. . .On]. 
Of particular importance for our purpose will be the cohomology classes 
r 4m » [2.. .2 0.. .0J of dimension 4m, where the symbol contains 2m 2's 

followed by n — 2m 0's, m = 1, . .., 

With these preliminaries we shall give the main steps of the proof in a 
number of lemmas. 

Lemma 1. Over the base manifold M let $ be the fibre space of the ordered 
sets of n — 2m + 2 vectors satisfying the condition that they do not belong to a 
linear subspace of dimension n—2m. If F denotes a fibre of then the i- 
dimensional homotopy groups irfF) of F, 0 < i ig 4m — 2, vanish , while the 
(4m — 1) -dimensional homotopy group j ( F) is free cyclic . The cohomology 

class r 4m is the “obstacle cohomology class ” (called by Steenrod 10 the char¬ 
acteristic class) of % in M. ^ 

In fact, by a proper extension of the covering homotopy theorem to fibre 
spaces with exceptional fibres, it is not hard to show that F is simply con¬ 
nected. By a theorem of Hurewicz 11 the statements about the other ho¬ 
motopy groups reduce to corresponding statements about homology groups 
of the same dimension. By a retraction we can suppose that the sum of 
squares of all the components of the n — 2m + 2 vectors is equal to one, 
so that F becomes a subspace of a sphere of n(n — 2m + 2) — 1 dimen¬ 
sions. It then follows from Alexander's duality theorem that the hotnol- 
ogy groups H l (F) = 0, 0 < t g 4ra — 2, and that H im ~ l (F) is free cyclic. 
A generator of II 4m ~ l (F) can be given, by the explicit calculation of a 
linking coefficient. The last statement of the lemma follows almost im¬ 
mediately from a comparison of the definitions of the two cohomology 
classes. 

Lemma 2. In the fibre bundle of all rectangular frames over M the differ¬ 
ential form Aim is equal to the exterior derivative of a differential form of de¬ 
gree 4 m — 1, which reduces on a fibre to the form 

1 rp 

jLj -I >1 1 

• 04m 

where e Am & 0 is a constant and where are the infinitesimal components 
of the frames. 

The proof of this lemma is purely algebraic. It follows from certain 
identities for the exterior derivatives of some combinations of the differ¬ 
ential forms. A particularly important r61e is played by these combina¬ 
tions which are formed from w i)} by a “cyclic summation” of the 
indices. % 

Lemma 3* In the,group manifold 0(n) of the proper orthogonal group in n 
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variables let 0(n — 2m -|~ 2) be a subgroup imbedded in 0(n) in a definite 
way {for inslance t by keeping the last 2m — 2 variables invariant) . If 4m n t 
every cycle of dimension 4m — 1 of 0(n) is homologous to a cycle of (){n — 
2m + 2). 

This lemma follows from well-known results of Pontrjagin. 12 

Our theorem will be proved if we can identify r 4m with m . For this 
purpose we take a differentiable simplicial cycle z of dimension 4m and 
show that its Kronecker product with r 4m is equal to the integral of A**, 
over it. z can be supposed to be in such a general position that there is a 
continuous field of n — 2m + 2 vectors defined over z with only isolated 
points (to be called singular points) at which these vectors belong to a 
linear space of dimension n — 2m. The locus in M at which the n — 2m + 2 
vectors are linearly dependent is in general of dimension n — 2m + 1 and 
its intersection with z of dimension 2m +1. It is therefore possible to 
suppose the vector field so chosen that the points at which the n — 2m + 2 
vectors are linearly dependent belong to the (4m — 1 )-dimensional skele¬ 
ton of z. Under these assumptions which do not affect the proof, we 
can deform the vector field into a field such that the n — 2m + 2 vectors 
are mutually perpendicular unit vectors at each interior point of a 4m- 
dimensional simplex of z, with the possible exception of oue singular point. 

In each (open) simplex of z there is at the same time defined a con¬ 
tinuous field of (2m — 2)-dimensional planes with the possible exception 
of one singular point, namely the field of planes perpendicular to the 
n — 2m + 2 vectors defined above. It is then possible to define a con¬ 
tinuous field of ordered sets of 2m — 2 mutually perpendicular unit vectors 
which lie in these planes and which are such that they give rise to no new 
singularity. 

To each simplex <r< of z we construct a differentiable function (a “den- 
sity”) X <( 0 £ A* S 1, such that \ t * 0 on the boundary of <r< and that the 
content of the points of <r, at which A t 1 approaches zero, where content 
is understood in the sense of Whitney. We define X t « 0 for all points 
p t z, which do not belong to <r t . Then the integral Jl A**, will differ as 
small as we please from the integral 

i i 

Now in <ti we have defined a continuous field of rectangular frames with a 
possible singularity at an interior point. We consider over the fibre 
bundle F* of frames and integrate X* A 4m iti F*. From Lemma 2 it is seen 
that X* Ai m can be written as the exterior derivative of a differential form 
of degree 4m — 1. The value of this integral is therefore contributed by 
the singularity and it follows from Lemma 3 that it is exactly the value 
assigned to by the cocycle In this way we prove that J], A* m is 

equal to the Kronecker product of with z. 
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In conclusion we observe that it is not essential to assume our manifold 
to be compact, provided that the integration is carried out only over finite 
cycles. We also observe that similar results hold for affinely connected 
manifolds.' 3 
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ON THE FUNCTIONAL EQUATION ° F(z. a) - /?(*, a + 1) 

Oz 

By C. Truesdell 

Naval Ordnance Laboratory, Washington 25, D. C. 

Communicated February 21, 1947 

We shall study differential-difference equations of the type 
d 

/(x, a) * A(x, a)f(x , a) + B(x, « + 1), (I) 

where A(x, <*) and B(x, a) are given functions. Included in equations of 
type (1) are the differential recurrence relations satisfied by Bessel, Le¬ 
gendre, Laguerre and Hermite functions. We shall motivate, discover and 

j- b 

coordinate many of the formal properties of these functions by showing 
that they are special cases of a few simple formulae satisfied by certain 
classes of solutions of equations of the type (1). In this nbte we state the 
principal results only; proofs, additional theorems and examples, and expla- 

nations will appear in "An Essay on the Functional Equation *rr F(z, «) 

oz 

» F(z t a + 1)," forthcoming in the Annals of Mathematics Studies. 

If f(x s a) is a solution of the equation {!), and if 

, h ■ * ■ , \ 

i(x, a) ss exp A(v, ce)dv\f(x, a) (2): 
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then f(v, a) satisfies the equation 

d . n 

■■■ ■ f(x, a) «* B(x } a) exp \J X * AA(v, a)dv\i(x, a + 1). (3) 

ox *• “ 

Hence we lost* no generality in studying equations of the type 

— f(x t a) — C(x, a)t(x, a + 1), (4) 

dx 

where C(x, a) is a given function. We consider only the case when C(x, a) 
is factorable: 


C(x, a) = X(x)A(a). 

If we make the change of variables 

s f;x(v)<tv, 

a 

F(z , a) v” exp (S log A (i») Aij|f(.t, a) 

then we find that 


~~F(z, a) = F(z, a + 1). 
dz 


(5) 

(«) 

(7) 



The equation (8), which we shall call '‘the /"-equation,” is the subject of 
our study. 

Theorem 1. The factor ability condition (5) is equivalent to the following 
condition on the coefficients of the original equation (/); 


~ log B(x t o) + AA (.v, «) » x(x), 

OX " 



where x(*0 is a function of x only . 

The condition (9) is fulfilled by the coefficients of nearly all the differ¬ 
ential-difference equations ^of type (1) satisfied by familiar special func¬ 
tions, 

Theorem 2. Suppose f(x t a) satisfies an equation of the type (1). If 
by transformations of the type 

F(z, a) as M(x, a)f(z , a), z ^ (10) 

there may be derived from f{x t a) two different functions. Fi(z, a) and F%(z t «) 
both satisfying the F^equation f then there exist constants k and l and a periodic 
function r(a) of period 1 such that 

Fz(z t a) * ir(«)*“Fi(*» + h <*)♦ (11) 

Solutions of the F-Equation Involving Familiar Functions .—In the follow- 
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ing list z and a are the (complex) variables of the /''-equation, and any other 
parameters y, 6, etc,,are constants 


1. 

2 . 

3. 

4. 

r>. 

o. 

/ 

8 . 

9. 

10 . 

11 . 

12 . 


KXFRRSSlON 

*<«*-*>/» Z„(2v / z) I 

z““/ 2 Z_„(2V*> j 
£ ( »>(s5 

s -«Jr/-«o w/r(7 _ « + 1) 

r( a + *->/• l ( >> 

r(o - r )(-=)■“ lwAj 
«-*v;|/?,(«; 2a; 4 V / z)/l'(« + ’A) 

) 

l’(a)W-o(-s/2) S 



/ 


NAMK OF FUNCTION 1NVOL.VKU 

Bessel or Hankel function of 
either kind 


Laguerre function 


Confluent hypcrgcoi Metric 
function 

Her mite function 


V(a - a + 1 )(z i - 1) 

I’(a - 0) (z* - l) _ “ /s 
(i - ^(*) 



Associated Legendre function 
of either kind 


There are at least 26 more solutions involving familiar special functions, 
some of these being functions occurring in the theory of numbers and in 
mathematical statistics. 

We now list a number of theorems concerning solutions of the /^equation. 
In the examples following the theorems the numbers in parentheses refer to 
the above list of solutions, and indicate that the solution (s) of that(those) 
number(s) need only be substituted for F(z t a) in the formula given by the 
theorem in order for the formula given as an example to follow immediately. 
Of these examples, formulae (15), (27), (33), (42), (43), (48), (49), (55) 
and (77) are to the best of my knowledge new insults, while formulae (16), 
(32), (37), (38), (39), (52), (57), (58), (60), (61), (67), (69), (70) and (72) 
are generalizations of known results. 

It is very easy to prove any one of these formulae, once one sees it set 
up. In the study of special functions the difficulty lies first in discovery 
and second in coordination of results. In no case in applying the theorems 
of this note do we need to know in advance the formula that will fesult in a 
particular example. We ask simply for a formula of a general type, e.g., an 
infinite exponential integral involving Laguerre functions, a contour inte¬ 
gral for Bessel functions or a formula expressing Laguerre functions in 
terms of Bessel functions, and each time we find the resulting expression in 
a nearly automatic fashion. The purpose of all examples is to illustrate the 



Vol. 33, 1947 


MATHEMATICS: C. TRUESDRLL 


85 


discovering and correlative value of the theorems. There are many more 
interesting examples than those given here. 

Latin m t n , p , r represent positive integers only; Greek letters always 
represent complex quantities. 

Theorem 3. If F(z> a) satisfies the F-equation, then 


d* 

F{z t a + n) « c-;F(s t a). 

oz n 


Examples 3a: (1,2; Bessel) 


d fl 


( ) n X a n J a +n(x) “ [ x a J*(x) J. 



(13) 

(14) 


Example 3b: (5) 




e'/x 


d n 

dx n 


[jc —t $-»/*], 



Examples 3c: (10; known special case of formula (16) :«*=()) 


™ ^ (-)*V(2a +D ^ ^ d n sin 2 “ +1 0 

K +- (cos * ) * ,W(. f l) c “ " 



( —)» d H 

@ n (cos 0) — —■ - csc“ +1 0 —-— {sin 0 log (cot 0 + esc 0) [. (17) 


Theorem 4. // <£(<*) be such that 


Liin 

n —► « 


0(&O "f" W 1) 1 

n^(ao + n) k 


(18) 


£Acn whenever \z — Zo\ < k and a * oo + i,i - 0, 1,2^ /A^re exto a 
ttnigwe solution F(z t a) of the F~equation such that F(z 0 , a) = 0(a). !TAw 
solution may be represented by the power series 


F(z } a) - 


]£ 0(a + n) 
«*•(> 


(2 - Jo)* 
.n! ' ■ 


Examples 4a: (3, 7; Kumrner) 


(19) 


CiFii-y; «; *) = F(a + y; a; - s). (20) 

g-tv.,/*•,(«; 2a; 4\/s) ** o F,(a + ’A; *)• (21) 

Theorem 5 (Doetsch). In Theorem 4, F(s, a) may be represented in the 
form 
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F(jZ t a) ~ 2 


N MM 0 


m 


( 22 ) 


Corollary (Euler). If the series on the Uft is convergent, 


e 


* — r 


VU M *] 

L 4i*n y n 

*A* m ■ * A 

fin — = E A ' V, t> .• 
«! «! 


(23) 


H «U 


Theorem 6. //</>(«) is representable in a Newton series, 


4 >( 


«) - E (-)x (“ " ! \ >K« ^ 

H~0 \ n ) 


«o» 


(24) 


then in Theorem 4 F(z t a) may also be represented by a Newton series: 

)”On(z - Zo) l a ~ M, 5 a», (25) 

where 


F(z, «) - E ( 

tt 0 




&n if) ( ) ^a» f 


Ti’ 


P m 0 P' 

Example 6: (For 0 (a) put F(1 — a, /?; 7 ; 5), and rearrange.) 

L^ + ‘\z) 


(26) 


(->• E (-)"(»Wtt*). 

H»(1 V* / 


(27) 


Theorem 7. If in Theorem 4 <£(«) way 5c represented as a contour inte¬ 
gral, 

<t>(a) = J'\p,(a)dt, 9Ja ^ «o, (28) 

c 


aw<f | 0 ,(a)| < AT wAen JRa athen 


m 


F(z, a) - f E U« + «) 

C W «* 0 ^ • 


9ta £ Ota. (29) 


Example 7a: ( 1 ; Schlafli) 


,«/S (n+) 


J„(2\/z) *= o ' y exp ( < 

Example 7b: (3; Sonine.) 

r(a + 0+1) (#+) 


(' - ->■ 


(30) 


4 " f (*) 


ro + i) 2 ir» 




t~«-f etdt. 


(31) 


Example 7c: (1 ;xase /9 *> « + V»: Haokel) 
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J„C. 




f 

A 

Example Id: (3) 


4iV(0) sin £ir sin (a — fi)ir 
(14,04, a-, 0-) 


(32) 




<r^"T(ty + 0+0 


4tr(7)r(« + 0 + 1 — 7 ) sin yir sin (t* — y)ir 
d4, 04, l-.o-j 

y - ‘r -A. f 




Theorem 8, Jf F(z, a ) is an analytic solution of the F~ equation, then 


<x j 


h" 


F(z + k, a) - E F(z, a + «). 

» » 0 W! 


Examples 8a: ( 1 , 2 ; Lommel) 




(-/»)* 


(2 + A) ■°/V„{2y/z + A) - E 

« * 0 W! 


J a+ J2\/z)- car 


W 


A” 


(2 + h) m/t J„(2s/~z + h) = E ~* te "" )/ V«-.(2v / i»). («$) 

# ** 0 * 

Fjxamples 8b: ( 10 ; special eases of formula (37): a » 0, 0 — 0, dc Lou- 
ville, Legendre; a ** 0 , Gegenbaucr; known special case of formula (38): 
m ~ 0, / » l/x; special case of formula (39): a =» 0, 0 ~ 0 , Didon) 


( ,, - 2 “+, ) _ '" + ' , ' 1 4 vvrs + 


:)= £(“ ^ + W W+.(*). 

* / »**»0 \ W / 

(37) 


(,. - » + .)">P? . ,) " £ C t") <-»**»• 


(,'-»+r ™,) - !,(* -1 + “>« + .w 

(39) 

Example Sc: (5; Sonine, Pinney) 


(It /) -a-T-i ex p 


(-, - >••(,-,) 




.S (“ t W0) 
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Theorem 1). If F(z t a) is a solution of the F-equation, then 


^F{z t a + n)t n =» m e" 6 F(s + 9t, a)d6 t (11) 

provided that both the series and the integral converge uniformly. 

Example 9a: ( 8 ) 

~w “ p [(5 - ! )’Ms ~ z ) - F,lM - <42) 

Example 9b: ( 1 , and a result of Schlomilch) 


Z' no 


|j 0 \4 


2 _ * 


+ Jo 


V + vl' 


/(,(») + exp 


[ x ( T ~ rH 


(43) 


Theorem 10. If F(z t a) is a solution of the F-equation such that, for fixed 
values of a and z, 


Lim 


►<#> 


iF(s, a — n — 1) 
— n) 


& = £(s, «), 


(44) 


and if 


A. F(z h a) = 0, a =» <*o + i» * — 0, 1, 2, ..anJ F(s, or) i.v integrable 
over the range ( 0 , Z\ — s), //tew w/tew 1/1 < 


(45) 


£ /*■(*, « - n)t” = X* e ( ‘- () 'F(%, a + !)</£; 


n «0 


B, X" ^'( z + 0, a )dQ exists, but F(z, a-H) <foe.v « 0 / vanish, then when 
< k 


£ F(«, a - «)/" = -X” + 0, a + 1)«W; 

n *»0 


(46) 


C, (Appell) F(z, a 4- 1 ) as 0 , then when 1/ < k 

oo a? 

£ F(z, « — n)t" = c*' £ F( 0, a-— »)/". 


(47) 


fl ■«* 0 


« *‘•0 


Examples 10a: (4; formula (50): Deruyts) 

y —!_±y...V?A— m m _A_ r* .a-tu 

«~o r(- o + » + 7 +1) ' r( 7 - a) Jo 


}-*-'L ( y - a ~ l ’tt)db < 0 . (48) 


” +">(*) 1 

.To r(-«+* + *+!)' r (p -a) 
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To “ e~ m (z + 0)~ a ~ 1 L\ “ l) (z + 8)d8, 3 ?a>p + 1 , a not an integer; (49) 


f z ^" L r P ^ z) f. _ L-W * 

n\ p\ 


(50) 


« — 0 


Examples 10b: ( 6 ; Sonine) 


OP 


t n 


E L» ] (x) z- —— = C(xt) ^V a (2Vxt). 

n-o 1(7 + « + 1) 

Example 10c: (11; casern = 0: Catalan) 

57^0,«*> - ^ 


(51) 


7rw! 




2 / ? 3(wi 4- Vs. m + 'A; Vs. m hi + 'A, «A 4-1; (i - **)). (52) 

4 

Theorem 11. Suppose that F(z, a ) is a solution of the F-equation such that 

(i) Jl c t a+k F(t, a) dt exists and represents an analytic function of a in 
some strip aa £ 3f« ^ an + 1 , an + $ik > — 1 ; 

(it) F(t f a ) is a continuous function of t when 0 £ t £ c, a 0 ^ 5Ra S + 1; 
(Hi) F(c t a) =* 0 , <*0 ^ 9? a ^ «o + i; 

(iv) e~ tan f, c /«+*+ 1 F(t t a ) dt / Y{a + k + 1) is a bounded function of 
a everywhere in the strip «<, g SR a g a 0 + I. 

Then 

Jl c t«**F(t, a)dt « *«T(a + * + 1 )/(*), (»a + t) > - 1 . (53) 

Example 11a: (1; Lipschitz, Weber) 

frt^+WVOdt - —»(~ * - >/*)>»«> - 1. (54) 

Example lib: ( 8 ) 

/•» „-«>,„+//* ( t\,u - e ‘“' r ( a + k + 

J* e t H a{ t)(U - - .F+nW2 + D ' 

9?(a + *) > 1. (55) 

Theorem 12. Let F(z, a) be a solution of the F-equation such that F(to, a) 
=■ ^(a). Then when the integral and the series are both uniformly convergent, 

To" e~ (A,)l/m t a+ x~ l F((s — zo)t + Zb, oi)dt = 
w> r(wa + my + rnn) 

A*+-< ~o 


^ A ymw 7 ffP f | rwpwpf , . /* — «oV 

£ ---*(« + »)(- r -j 


(56) 


Example 12a: (1; cases w * 1 , 2 : Lipschitz, Weber, Hankel, Hobson, 
and others) 
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A" r (, 0 v« ((l/ , + ,_ 1 /a (2 Va)dl = 

W2“/ a r(w7 -f* wa) r> 1 

■^i^TTr " l( “ + 7 ’ “ + 7 + m’■ • •'’ 

a + y + —-—; « + 1; — ~ 

m i4 

Example 12b: (3; case m *■ 1 , 5 = 1 , z * 1 : Sonine) 

A“ e-“~^ l/m t°+‘-'L ( y a) (zt)dt = 

*r(ffla + w8)r(a + 7 + 1 ) ... 1 


~Y (57) 


^«+*r( a + i)r(7 + i) 

m \ 


m-f i Fi (a 4" 6, at -f- 5 H-, , .., 

m 


, w — 1 zm m \ 

« + 4 H-, a + 7 + i; « + 1 ; ——). 

m A / 


(58) 


Theorem 13, // F{z f a) is a solution of the F-equation } then when both 
the series and the integral are uniformly convergent , 

A 1 * a+fl - 1 (1 - t i/m )”y-' F((z - so)/ + so, a)dt = 

wr / m ,, v r(ma + «j3 + dm) .(*-*>)» 

wl (W 7 J —t 4 >\<* + ——-. ( 59 ) 


-.o r(wa + mfi + W 7 + mn) 


n\ 


Example 13a: ( 1 ; casern *-],£» 1 : Sonine) 

A 1 / o/8+<, ~ 1 (1 - j a (2VzOdt « 

ms“/*r(wa + w5)r(w7) „ . , . . _ . 1 

rt—+-#+l^)f5r+i) - Fm *+ «•“ + « + ^ 

, * . m — 1 1 

« + P H-- ; a+/S + 7, a + 0 + 74- 

w m 

, _ (l . w — 1 

« + P + 7 H-> a + 1; 

m 

Example 13b: ( 3 ; case 4 * a + 1 : Koshliakoff) 


s), (60) 


A 1 <* _1 (1 - t) y -'L< a) (tt)dl - 

r(7)r(8)r(« + « +1) 

r(« + i)r(8 + i)r(8 + 7) • v" *’ 5; 


« + !.* + 7; *)• ( 61 ) 


Theorem 14. Suppose F(z, a) is a solution of the F-equaiion, and sup¬ 
pose the functions F,(z, «) form a set of solutions of the F-equation. Let O, 
be an operator which binds the variable t and which commutes, in the formula 
(63) below, with the operations of difierentiation with respect to t, replacing a 
by a + 1 , and replacing z by zo. Then if the relation 

^(*0, «) ** Oi[Ff(zo, a) 1 ), {Rof ^ (62) 
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holds for a fixed value of z, it holds for all values of z such that it has a 
meaning; 

F(z f a) « O t [F t (z, a)], Via £ a 0 . (63) 

Corollary 14A. Let F\(z t a) and F$(z t a) be two solutions of the F- 
equation. Suppose that there exists an operator O t as in Theorem 14 and a 
function 6(0 suck that 

7 * 2 ( 26 , a) = F\{z^ f a)O|({6(0 j a ], ay. (64) 

Then if O, has the further property O t [f(z , a)g(t)] = f(z t a)O,[g(0lt it fol¬ 
lows that 

F*{z> a) « O,[{6(0}*/M(s - 2o)6XO + 20 , a)], 9 la £ a 0 , (65) 

for all values of z for which the expression on the right has a meaning . 

Example 14Aa: Problem: to find a formula expressing iJf* (x) in terms 
of J«(x). Consider solutions nos. 1 and 3. Substitute in formula (64) 
when 2 = 0. Then we need to find 6(0 and O, such that 

T(a + y+ l)/T(y + 1) - 0 < [{6(Oj‘*). 

* 

A suitable selection is given by the formulae 

G(t) mt t. 

Oil-• •] 35 e ~*P [-• .}dt. 

Formula (65) then gives Hankel’s integral 

fo* e~‘ty +a/t J a (2 Va)dL ( 66 ) 

To invert this integral, interchange the rdles of solutions 1 and 3 in formula 
(64). We then find a generalization of formula (30): 

*- o/ * J„ (2Vz) • jy +-* e*—•/*/—«—r— 1 Z4*° dl> (67) 

Example 14Ab: Problem: to find a formula expressing /„+*(#) in terms 
of J a (x). We use the solution no. 1 for both Fi(z, a) and Ft(,z, «) in Corol¬ 
lary 14A. Using the definitions 

C^sasin 1 1 

0 ,[... ] m ~~ /S* cos »~H sin /{... ]dt, 



92 


MATHEMATICS; C. TRUESDELL 


Proc. N. A. S. 


we discover Sonine’s formula 

f ' /2 J a (x sin t) sm ,a+1 / cos 8 * -1 tdt. ( 68 ) 

Example 14Ac: Problem: to find a formula giving the Hermite functions 
in terms of the Legendre functions. We use solutions nos, 3 and 10 and the 
choices 


G(t) ss \/ t, 

0 ( [...] A ~ 2 ~ ft* e-‘ f-'/.-W* [,..]dt, 

V x 

We find then that 

(1 - X*)"* Pi(x) -“7=^—-rTi f”e-° t O a+fi tL- 0 (xe)de. (69) 

V irr(a — p + 1) 

Similar methods enable us to find an inverse: 

#,(*) « f+«r <■-*'{- e> - 6 )-*~yI*, +y (j\de. (70) 

Case « 0: Glaisher, Curzon. 

Corollary 14B. If F x (z t a) and F*(s, a) are solutions of the F-equation, 
and if for some value of z the relation 

Ft(z t a) m Oi[Fi(* + 1 , a)], 9Ja £ a 0 , (71) 

is correct, then it is correct for all values of z for which the expression on the 
right has a meaning. 

Example 14B: (4, and a special case of formula (58); case z ** 0 : Sonine) 


f m e~« (t + *)« L w (< + *)* 


r(« + 7 + 1) (y — i) r 

I— *■■■>'! ^t m»'nnm . PM *** * ■ ■■■■■■ 

r (7 + i)y +a+l 



There are other interesting special cases of Theorem 14 not included in 
these two corollaries. 

Theorem 15 (Doetsch). Suppose F(s, a) is any solution of the F-equation 
such that F(s», ao«- j),j = 0 , 1 , 2 , . , ., m, exists. Then 


F{s, a 0 - m) 


X* Ht, ««) 


(s - 0*" 1 

ip***m. si r pii.pRp a^ 

(w — l)f 


dt + 


£ a„ 

jml 



(JB - 80 )"-^ 
(fft - j)l 


(73) 
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Examples 15a: ( 1 , 2 ; Sonine) 

g—(a — m)/t J a _ m (2-y/i) f % * r~\z + /)-«/» J a {2y/ Z •+ t)dt. (74) 

z (a+«)/2 J a+m (2-y/g) <" /J (2 - *) M_I •/« {2y/i)dt. (75) 

Example 15b: (5; Koshliakoff) 

2 m+ ° l4° +m, (2) = y£. ^ ( 2 _ /)*-! (76) 

Example 15c: (10) 

<«.- d-h.. w -«(■;') x-, v -i)™ 

(^V^nTi _ jc \/93 _ i)«-» pf(e)^e. ( 77 ) 
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STUDIES ON THE BIOCHEMISTRY OF TETRAHYMENA. 
IX . FOLIC ACID COMPONENTS AND CONJUGATES * 


By G. W. Kidder and Virginia C. Dkwey 
Department op Biology, Amherst College 
Communicated April 9, 1947 


Introduction .—The recent publication of the reports of the conference 
on folic acid 1 has served to clear up many confusing joints in the literature 
on this subject. It is possible now to substitute chemical terms for such 
names as "folic acid,” "Vitamin B c ," **L. casei factor," "norit eluate 
factor," "Vitamin M," etc., which are considered synonymous with 
pteroylglutamic acid; "fermentation folic acid," which is pteroyldiglu- 


tamyl glutamic acid; and "Vitamin B c conjugate," which is pteroylhexa- 
glutamyl glutamic acid. These three members of the "folic acid group" 


possess widely different activities for the lactic acid bacteria but, so far 
as the investigations have gone, similar activities for animals. 

The discovery that the animal microdrganism, Tetrahymena geleii, 
requires pteroylglutamic acid for growth 2 makes it of importance and 
interest to investigate the activity of the related compounds in the growth 
of this organism. Because of the fact that the metabolism of 7\ geleii 


has been shown to be more typically animal-like than that of any other 
microorganism so far studied, 3 it might be suspected that the two con¬ 
jugates would prove active. Bacteria 4 differ from typical animals (chick, 
rat, monkey 6 ) in what has been interpreted to be a lack of specific enzymes 
for degradation of the conjugated compounds. It has been found also 
that humans suffering from pernicious anemia, unlike normal humans, 
are unable to utilize the conjugates, 6 and this has also been attributed to 


a lack of conjugasc. 

Material and Methods .—The organism used in this investigation was the 
dilated protozoan, Tetrahymena geleii W, grown in pure (bacteria-free) 
culture. 1 Dose-response tests were carried out as previously described. 3 ’ 7 
The base medium has been modified in respect to the ^mino acid concen¬ 
trations from that which was formerly used, 2 * 7 as our investigations (still 
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in progress) have shown that better growth Can be obtained by such 
changes. The complete ba9e medium is given in table 1. It is to 
be noted that both £-aminobenzoic acid and inositol have been omitted 
from this medium, since the organism has been found to be capable of 
synthesizing these compounds and their inclusion in the medium is without 
effect.* Guanylic acid has been substituted for guanine because of the 
greater solubility of the former. Brucine cytidylate was used in place of 
cytidylic acid because our supply of the free acid was exhausted. Com¬ 
parative tests of these last compounds showed no indications of toxicity 
of the brucine salt. 


TABLE 1 


Base Medium 


y/uu. 


/{**f*) Arginine MouoliydrochJoride 125 
/(-) Histidine. 125 


dMsoleueine. 

/ ( —) Leucine. 

/(*f) Lysine. 

(//-Methionine. 

(//-Phenylalanine. 

(//-Serine. 

rfl-Threonine. 

/< — ) Tryptophane. 

(//-Valine. 

Dextrose.*. 

MgS0 4 .7H 8 0. 

K*HPO«. 

CaCli,2H 2 0. 

FeCl,. 6H*0. 

MnCl #) 4H*0. 

ZnClj. 


. 125 

. 250 

. 250 

. 500 

. 350 

.250 

..... 125 

. 50 

. 125 

.1000 

. 100 

.ioo 

. 50 

. 1.25 

. 0.05 

. 0.05 


Biotin (free acid). U.0006 


Calcium pantothenate. 0.10 

Thiamine Hydrochloride. 1,00 

Nicotinamide. 0.10 

Pyridoxine H ydrochloride. 0.10 

Riboflavin. 0.10 

Choline chloride. 1.00 

Guanylic Acid.25,(X) 

Adenylic Acid.25.00 

Brucine cytidylate.50.00 

Uracil.60.00 


Factor II preparation from liver 1* 10 
(prepared as previously described*) 


Pteroylglutamic acid, pteroic acid, pteroyldigiutamyl glutamic acid 
(fermentation factor) and 2 amino-4 hydroxy-6 methyl pteridine were 
supplied by Dr. E. L. R. Stokstad of Lederle Research Laboratories. 
Xanthopterine and ^-aminobenzoyl-glutamic acid were supplied by Dr. 
George H. Hitchings of the Wellcome Laboratories. The sample of 
pteroylhexaglutamylglutamic acid (Vitamin B c conjugate) was sent to 
us by Dr. O. D. Bird of Parke, Davis Co. Research Laboratories. Without 
the generous codperation of these investigators this study would not have 
been possible. 

Since the terminology of the group of compounds under discussion is 
rather cumbersome, a set of abbreviations similar to that used by Lampen 
and Jones, 9 has been devised. These are as shown in table 2. 
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TABLE 2 

PAB.p-Aminobenzoic Acid 

PGA..Ptcroylglutaroic Acid 

PABG. .p-Aniinobenzoylglutamic Acid 

PHGA.Pteroylheptaglutamic Acid (this is, in turn, an abbre¬ 
viation for pteroylhcxaglutamylglutamic acid 6 ) 

PTGA.Ptcroylt riglutamic Acid (Pteroyldiglutamylglutamic 

' acid 6 ) 


Results ,—When the activity of PGA was tested, using the present base 
medium, it was found that half-maximum response was obtained with 
0.00064 microgram per nil. of medium (Fig. 1). This is in good agreement 
with our earlier findings 7 of 0.00005 microgram per ml. of medium for 
half-tnaximum activity. 



FIGURE 1. 

Dose response curves of PGA, PTGA and PHGA. Dosage is on a total weight of 
compound basis. The curves were constructed from results obtained after third serial 
transplant. 

* 

Figure 1 also represents the growth response of T. geleii to varying con¬ 
centrations of PTGA and PHGA. The half-maximum potency of PTGA 
is 0*00078 microgram per ml. and that of PHGA is 0.00084 microgram 
per nil. These responses are on the basis of the total weight of compound 
used. When these values are recalculated for the free PGA content, very 
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different curves are obtained (Fig. 2). It is immediately apparent that 
PHGA is more active than PTGA, which, in turn, is more active than the 
free acid. On the basis of PGA content, PHGA has a half-maximum po¬ 
tency of 0.00032 microgram per ml. This figure is just half of that which 
is obtained for free PGA, indicating that in the conjugated form PGA is 
twice as active. The half maximum activity of PTGA may be expressed 
as 0.0005 microgram of free PGA per ml., which is intermediate between 
the two. 



riGUKK a. 

Dose response curves calculated from same data as that used in Figure 1. In this 
series of curves all values represent the amount of ptcroylglutamic acid present. Curve 1 
is for PHGA. Curve 2 is for PTGA, 

Inasmuch as our previous findings 7 had shown that the SLR factor, 
which is fully active for Streptococcus femits and inactive for Lactobacillus 
casei , had low but definite activity for T. geleU t it was of importance to 
test the activity of synthetic pteroic acid, which is fully active for S.fecalis 
and inactive for L. casei. Pteroic acid proved to be entirely "without 
activity in concentrations as high as 0.5 microgram per ml., either with 
or without added glutamic add. By comparison with the SLR factor, 7 
this amount should have been adequate for half-xdaxiimim growth of T. 
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gdeii if the two are identical. No toxicity of the pteroic acid was noted 
at this level. 

Xanthopterine and 2 araino-4 hydroxy-0 methyl-pteridine were without 
activity, either alone or in combination with PABG. These results are 
summarized in table 3. 


TABLE 3 

Growth Response of Tetrahymena gclcii W to Various Compounds of the "Folic 

Acid” Group 


COMPOUND 


H H 

O 

1 ^rsy 

H H 

1 I 

/,N\ 

// 

£ 

—NH Z 

H MAX. ACTIVI¬ 
TY > ML, 

PGA HOOC C N - 

! 

CH, 

c 

.NT - C— 

*H 


1 

OH 

.... 0.00064 


HOOC ~CH, 


PTGA (expressed as PGA content). 0.0005 

PHGA (expressed as PGA content). 0.00032 


H H O 

! I l 

PABG HOOC—C—N—C - / 

CH, 

I 

HOOC--CH, 




^>—NH, 


H H A/Nt NH „ 

__ I 'I ! *' 

Pteroic Acid HOOC-4 J> -- N -C- ~^ N A^.N 


H 


OH 




Xanthopterine HO—^ 


N 



/N 


OH 


H 

,Nv 

, N, 

•C—■ 

V' NT./ 

‘wN 


H 


OH 


Pteroic Acid 4* Glutamic Acid.. 

Xanthopterine 4* PABG. 

Methyl Fteridine + PABG. 




Not active 


Not active 


Not active 


Not active 


Not active 
Not active 
Not active 
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Discussion —The fact that synthetic pteroic acid fails to give growth 
at levels at which the SLR factor does, would at first thought appear to 
indicate their non-identity. An earlier report to this effect has been 
published. 8 However, when it is. recalled that the sample of SLR used 
is a concentrate from natural sources, rather than a synthetic product, it 
would'appear likely that a slight contamination with PGA was present. 
This would readily account for the results* since the amount of SLR factor 
required for half-maximum growth was about 500 times as great as the 
amount of PGA required. Thus, the presence of 0.02 per cent PGA in 
the sample would be sufficient to give the results obtained. 7 It may be, 
therefore, that the SLR factor and pteroic acid are identical. 

The results with pteroic acid also indicate that T . geleii is unable to form 
the specific peptide bond which links glutamic acid to the PAB portion 
of the pteroic acid molecule in the formation of PGA. 

Similarly it appears that this ciliate cannot join a pteridine ring to the 
amino group of either free PAB or of PABG. When xanthopterine was 
found to be inactive, the possibility still remained that a pteridine with a 
methyl or hydroxymethyl group in position 6 would exhibit activity. 
The failure to synthesize PGA from PABG and xanthopterine might 
have been due to an inability to transmethylate either the PABG or the 
xanthopterine. Whether or not this transmethylation is possible cannot 
be decided, since the organism also failed to synthesize PGA from PABG 
and the methyl-p.teridine, It would be of interest to test its ability 
to utilize £-methylimino-benzoyl glutamic acid and xanthopterine, but the 
former compound was not available. 

Tetrahymena geleii is the only microorganism which has so far proved 
capable of utilizing PHGA. The failure of other microorganisms to 
utilize PHGA has been attributed to a lack of carboxy-peptidase. 6 Since 
by far the larger part of the naturally occurring vitamin is in the con¬ 
jugated form, T. geleii should be valuable as an assay organism. Dr. 
O. D. Bird is at present investigating the formulation of such an assay 
procedure. The occurrence of PGA largely in the conjugated form in 
natural foodstuffs is of great theoretical as well as practical importance. 
It is this fact which explains the failure of patients with pernicious anemia 
to recover on a natural diet. Free PGA causes an immediate remission of 
the symptoms, while PHGA is without effect. 6 This has been attributed 
to the fact that in such patients the enzyme (carboxy-peptidase) responsible 
for splitting the conjugated form to free PGA is lacking. 10 * 

In macrocytic anemias due to nutritional* deficiencies the situation is 
different, since any one of the three compounds, PGA, PTGA, or PHGA, 
is effective. 11 Whether or not activity increases with the addition of more 
and more glutamic acid residues as it does in the case of T. geleU, remains 
to be seen, although there seems to be some indication that this may be 
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so. Totter 11 reports that PTGA gives a better and more lasting response 
than equal amounts of PGA. On the other hand, Hutchings, et a/., 12 
report equal activity for PTGA and PGA in producing growth and stimu¬ 
lating hematopoiesis in the chick, but they concluded that biological 
variability in these experiments makes it difficult to assess the comparative 
activity. 

It is likewise difficult to find an explanation for the greater activity of 
PHGA. In other microdr gani sms (e.g„ L. casei) this compound is prac¬ 
tically devoid of activity, indicating a lack of conjugase. It seems evident 
that other organisms also require at least a part of the vitamin in the free 
form. In addition it is apparent that at least part of the PGA is stored 
in the conjugated form. It is known that T. geleii stores relatively large 
amounts of the PGA with which it is supplied. 2 It is therefore possible 
that stores of PGA as PHGA must first be replenished, while free PGA is 
utilized in metabolism. Pfiffner 6 makes the statement that PHGA is 
utilized directly in metabolism, but does not offer experimental support 
for this statement. That free PGA must be required at least in part is 
evidenced by the results on pernicious anemia patients. It is also possible 
that free PGA is required for hematopoiesis and not for other metabolic 
functions. If it is true that storage of PHGA is compulsory, then, when 
only free PGA is supplied, storage would be less efficient because synthesis 
of both glutamic acid and of PHGA are involved. When PHGA is sup¬ 
plied storage proceeds immediately and only a small portion need be 
hydrolyzed for metabolic needs. This would also explain the intermediate 
position of PTGA in the scale of potency. Effectiveness of the various 
compounds appears to increase directly with the number of glutamic acid 
residues present. 

Summary —Vitamin B c conjugate (pteroylhexaglutamylglutamic acid) 
is utilized by the ciliate Tetrahymena geleii W. On the basis of its pteroyl- 
glutamic acid content it is twice as active as the free acid. Fermentation 
factor (pteroyldiglutamylglutamic acid) is utilized and its activity is inter¬ 
mediate between the other two compounds, on the basis of its pteroyl- 
glutamic acid content. Xanthopterine, ^-aminobenzoyl glutamic acid, 
pteroic acid and a methyl pteridine proved to be inactive, either alone or 
in combination. 

* Aided by a grant from the U. S. Public Health Service. 
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BLOOD GROUPS OF THE RAT (RATTUS NORVRGICUS) AND 

THEIR INHERITANCE 

By S. O. Burhob 

University op Maryland,* College Park 
Communicated March 24, 1947 

Earlier studies of rat blood were largely exploratory. Rohdenberg 
(1920) was unable to detect agglutination in mixtures of blood from 50 
rats. Lambert (1927) failed to find agglutination in blood mixtures from 
46 rats of five different strains. Dr, Hibino, however, working with Dr. 
Furuhata, an authority on the blood groups of the Japanese, demonstrated 
isohaemagglutination in the rat, but did not continue the work (personal 
communication in 1934). Friedberger and Taslokawa (1928) found 
numerous cases of agglutination between the blood of wild and tame rats 
in Berlin, and postulated four haemagglutinins with corresponding ag¬ 
glutinogens. 

My own studies were begun at the Bussey Institution of Harvard Uni¬ 
versity in 1932, at the suggestion of Dr. W. E. Castle, and were continued 
subsequently at the University of Maryland. 

Blood group differences in animals depend upon the existence of two 
complementary agencies in blood, an agglutinogen carried in bldod cells, 
and an agglutinin carried in blood plasma. Clumping of the blood cells 
occurs when the two agencies are brought together. Blood which con¬ 
tains a particular agglutinogen regularly lacks the corresponding aggluti¬ 
nin; otherwise it would dump spontaneously. 

Consequently agglutination occurs only when blood from different in¬ 
dividuals is mixed, one supplying the agglutinogen, the other the aggluti¬ 
nin. 

Animals of a species may be classified in blood groups on the basis of 
their possession or lack of particular agglutinogens. 

In a search for blood groups' in a species in which their existence is un* 
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certain, it is desirable to make combinations of blood from as many un¬ 
related stocks as possible. In the present investigation rats were obtained 
for study from 15 different laboratory stocks, in addition to wild rats 
caught at Forest Hills, Mass. 

In the course of the investigation, two agglutinogens have been found, 
one of which resembles the A and B agglutinogens of human blood, the 
other resembling the M and N agglutinogens of human blood. Because 
of these resemblances it seems appropriate to designate the newly dis¬ 
covered agglutinogens of the rat A and M respectively. 

The agglutinin which acts in conjunction with agglutinogen A to effect 
blood clumping is found as a natural ingredient of the blood serum of all 
rats which do not possess the A agglutinogen . It may be called agglutinin a. 

An agglutinin, which will act in conjunction with agglutinogen M to 
induce blood clumping, does not exist as a natural ingredient of rat blood, 
at least not in detectable amounts. But it can be artificially produced by 
injections of blood containing agglutinogen M into animals which lack M. 
The agglutinin, which may be called m, is produced as an antibody to the 
foreign substance, M. Blood serum containing such an antibody is called 
an immune serum. 

To secure blood for injection or for agglutination tests* the end of the 
tail may be snipped off, the animal being first etherized. But the yield 
by this method is small, usually 2 cc. or less, and the product frequently 
contaminated. 

A better method is to bleed from the heart, as described by Burhoe, 1940. 
The yield is larger and more likely to be sterile. 

To obtain serum, the blood is collected in 6 cc. agglutination tubes and 
allowed to dot. The clot is broken up with a clean probe or small twisted 
wire, and the material centrifuged. 

In preparation for testing the agglutinating properties of a rat's blood 
corpusdes, a few drops of freshly drawn blood are put in a mixture of 1% 
sodium titrate in physiological salt solution. 

Injections for the production of an immune serum may be made either 
subcutaneously or into the body cavity. An injection of from 1 cc. to 5 cc. 
of blood should result in producing immune agglutinin in about five days. 
The immunity, however, gradually disappears thereafter and is entirely 
gone within two months, unless the injection is repeated. 

The presence of agglutinin a in a rat does not predude the development 
of agglutinin m along with it. Thus a rat possessing a may be made to 
develop m also, if agglutinogen M is injected into it, resulting in bivalent 
serum, a + m. 

In the initial experiments mixing of blood from different laboratory 
stocks gave negative results (no clumping) as a like procedure had in the 
case of many earlier investigators, but finally a stock of red-eyed yellow 
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rats supplied by Dr. H. W. Feldman of the University of Michigan, 
showed dumping of blood cells introduced into its serum from all other 
races tested. This result indicated that the yellow race contained in its 
serum an agglutinin which was effective in the clumping, but was an ex¬ 
clusive possession of that particular race. 

This race was the original source of agglutinin a. Its serum was used 
in diagnosing the blood constitution (presence or absence of agglutinogen 
A) of other laboratory stocks and of captured wild rats. In fact all animals 
so tested in the initial experiments were found to have A. But when 
crosses were made between the peculiar red-eyed yellow race and other 
stocks, there appeared in the F 2 generation an abundance of animals (re- 
cessives) which lacked the A agglutinogen and so naturally possessed the a 
agglutinin. 

The existence of a second agglutinogen was demonstrated by the method, 
originally devised by Landsteiner, of producing immune sera by reciprocal 
or multiple exchanges of blood between individuals. In exploratory studies 
of the rat being undertaken in this case, the method is particularly effective 
when races differing as widely as possible are used. The immune serum 
m was produced thus. Blood was taken from a selected individual of each 
of eleven different laboratory stocks. Two cc. of blood were drawn from 
each donor, centrifuged to separate the blood cells, which were then washed 
in saline, pooled and injected intraperitoneally at semi-weekly intervals 
into an individual of each of the eleven races which had furnished the blood 
cells. Tests for the presence of an agglutinin were thereafter made every 
two weeks, using serum of each injected animal, into which pooled blood 
cells of the donors were introduced. 

After six weeks of injections the immune agglutinin was detected in 
the sera of certain of the injected animals, its presence being revealed by 
clumping of the introduced blood cells. For example, serum of the in¬ 
jected individual of family D was found to clump .cells of families E, H, and 
J. Further tests made with the newly produced serum, showed that of the 
16 families included in the study, 9 laboratory stocks consisted wholly or in 
part of individuals carrying the M agglutinogen, while the wild rats tested 
all were carriers of it. Four different albino stocks, including two Wistar 
albino strains, and a black strain supplied by Dr. Feldman were found to 
. lack the M agglutinogen but to carry A. Only one family, the red-eyed yel¬ 
low family supplied by Feldman, carried neither agglutinogen. 

Demonstration of the existence of two different agglutinogens in the rat 
make it possible to classify individuals in four blood groups, viz,, (1) those 
which carry both A and M (group AM), (2)'those which carry A but not 
M (group A), (3) those which carry M hut not A (group M) and (4) those 
whidi cany neither A nor M (group 0). 

The results of crosses made between individuals of the four blood groups 



Vol. 32, 1047 


GENETICS: S. O. B URHOR 


105 


arc summarized in table 1. They show the character of each individual 
tested with diagnostic sera in 508 litters of rats aggregating 3203 individ¬ 
uals. The crosses show consistently that the agglutinogens are inherited 
as dominant characters and assort independently, which means that their 
genes are carried in different chromosome pairs. 


TAHI.K l 


Data on tiik Iniikritanck of tub Two Blood Group Gbnks, A and M 

1 1 


CROSS* 


NO. OH 

B 1.000 GROUPS 

OP YOUNG 

TOTAL 

No. 

OUMOTYFM OF FAHKNTH 

I.1TTUKS 

AM 

A 

M 

o 

YOUNG 

1 

O x ,o 

9 

m * - 

* * - 

p * * 

53 

53 

2 

AAMM X AAMM 

10 

61 

p p * 

* p * 

« * p 

01 

3 

AA X AA 

lo¬ 

f f K 

93 

p p * 

• * ft 

03 

4 

AAMM X O 

ir. 

92 

* * p 

* * * 

* * * 

92 

5 

AM X AM 

23 

88 

32 

33 

10 

163 

6 

AM X O 

50 

102 

85 

74 

89 

3.50 

7 

AMM X O 

4 

15 

* * * 

13 

* • * 

28 

8 

A X M 

14 

29 

21 

16 

21 

87 

0 

AAM X 0 

fj 

28 

25 

* * * 

* « p 

53 

10 

M X M 

10 

r * * 

■i ► * 

78 

32 

110 

IT 

AA X 0 

8 

A * • 

50 

i 1 1 

P 4 * 

50 

n b 

F,, A X A 

24 

p 4 ■ 

100 

t * ■ 

42 

142 

IT 

BC. A X O 

00 

* * ■ 

283 

* * 

262 

545 

12* 

MM X 0 

11 

#- * a 

P « * 

61 

fc * * 

61 

12 6 

Fj, M X M 

43 

* t t 

w * * 

177 

71 

248 

12" 

BC, M X O 

89 

i 

F 4 * 

* * * 

282 

293 

575 

13“ 

AA X MM 

2 

7 

i # 1 

* k P 

a > * 

7 

13 6 

F,, AM X AM 

19 

65 

24 

23 

7 

119 

14° 

AAMM X O 

14 

80 

* k * 

► ^ # 

* p a 

80 

14* 

BC, AM (F,) X O 

41 

77 

70 

04 

75 

286 


Totals 

508 

• ■ k 

* ■ * 

r i t 

* * 4 

3203 


From an examination of table 1 the following conclusions may be drawn: 

1. Group G individuals are double recessives, carry neither dominant 
gene, and breed true (cross 1). 

2. Group A individuals may be either homozygous (AA) or heter¬ 
ozygous (A). When homozygous they produce only group A progeny in 
matings with group O individuals (cross 11°). When heterozygous they 
produce both A and O individuals in a 1:1 ratio (cross ll c ). 

3. Group M individuals also may be either homozygous (MM) or heter¬ 
ozygous (M). When homozygous they produce only group M progeny in 
matings with group O individuals (cross 12“). When heterozygous they 
produce both M and O progeny in a 1:1 ratio (cross 12 c ). 

' 4. Group AM individuals carry both dominant genes (A and M) but 
may be either homozygous for both, heterozygous for one only or heter¬ 
ozygous for both. The four possible varieties of genetic constitution of 
group AM individuals are shown in the following crosses: AAMM in 
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crosses 4 and 14 tf ; AAM in cross 9; AMM in cross 7; AM in crosses 6 and 
14* (in which a 1:1:1:1 ratio is approximated). 

5. When double heterozygotes (AM) are mated together, a 9:3:3: 1 
ratio is obtained (crosses 5 and 13*). 

We may conclude that the inheritance of the two agglutinogens, A and 
M, is in every respect typically mendelian, that the two dominants assort 
independently and so are undoubtedly carried in different chromosome 
pairs. 

Linkage Studies —In order to identify, if possible, the chromosome pairs 
in which the genes for the agglutinogens A and M are located, tests have 
been made for linkage with eight different mutant genes of the rat, each of 
which is thought to be located in a different chromosome pair. The results 
of these tests are summarized in tables 2 and 3. 

TABLE 2 

Data from Tests for Linkage Between the Gene for Agglutinogen A and 
Eight Other Mutant Genes of the Rat. D Means the Dominant Allele of the 
Character Under Investigation, O Means Double Recessive 

MUTANT OENB 


AMD NATU*« 

OF CKQttft 

DA 

CLABSBS OF 
D 

YOUNO 

A 

o 

TOTAL 

YOUNO 

CROBA- 

OVEHB 

NON-CROSS* 

OVK80 

dbv/fm 

Agouti, R 

23 

21 

25 

22 

91 

45 

46 

0.1 

Kinky, R 

25 

27 

21 

22 

95 

47 

48 

1.6 

Red-eye, R 

14 

11 

16 

17 

58 

31 

27 

0.8 

Curly, C 

14 

14 

15 

16 

59 

29 

30 

0.1 

Curly*. C 

22 

20 

20 

22 

84 

40 

44 

0.6 

Blue, C 

19 

20 

15 

21 

75 

35 

40 

0.9 

Hairless, C 

39 

30 

39 

38 

146 

69 

77 

0,9 

Hooded, F„ R 

97 

30 

30 

9 

106 

60 (expected 62) 

0,5 


Tests for linkage of A are shown in table 2. Crosses were first made to 
produce individuals doubly heterozygous for gene A and one of the mutant 
genes under investigation. Then the double heterozygote was crossed to 
the appropriate double recessive, if such was available. In table 2, the 
first seven crosses listed were of this nature, a double heterozygote being 
mated to a double recessive. If the original cross was repulsional, this is 
indicated by R in the table, first three and last entry. If the cross was 
coupling in character, this is indicated by C, four entries. The classes of 
young which are crossover (recombinations) are italicized. 

In the case of the hooded gene, no double recessive was available for 
crossing with the double heterozygote. Consequently an Fa population 
was produced. In this case the two middle classes of young, numbering 30 
each, are recombination classes which would involve, in the production bf 
every individual, either one or two crossover gametes. If there is no link¬ 
age (repulsion) between A and the gene for hooded, we should expect the 
middle classes to contain ten-sixteenths of the population of 166 individuals, 
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i.e., 62. Actually they contain 60, a deviation without statistical sig¬ 
nificance. 

If there were linkage, we should expect a significant diminution in these 
two classes from the calculated total, 62, Since it does not occur, it is 
fair to conclude that existence of linkage is highly improbable in this case. 
The seven other linkage tests recorded in table 2 were made by the pref¬ 
erable method of crossing an Fi individual to double recessive mates. In 
each instance an equality of crossover and non-crossover individuals is ex¬ 
pected, and from this expectation no significant deviation is observed, as 
shown in the last column of the table. 

TABLE 3 

Data from Tests for Linkage Between the Gene for Agglutinogen M and 

# 

Eight Other Mutant Genes of the Rat. D Means the Dominant Allele of the 
Character Under Investigation, O Means Double Recessive 


MUTANT OKNTl 

AND NATURB CLAHSKB OF YOUNG TOTAL CROSS- NON-CROSS- 


OP CROSS 

DM 

u 

M 

o 

YOUNG 

OVBRS 

OVBRS 

DKV/PIt 

Agouti, C 

34 

35 

42 

31 . 

142 

77 

65 

1.5 

Curly, C 

14 

14 

14 

17 

m 

28 

31 

0.6 

Curly,, C 

18 

26 

20 

22 

80 

46 

40 

0.0 

Hairless, R 

19 

17 

11 

12 

59 

31 

28 

0.4 

Hooded, R 

34 

27 

35 

28 

124 

02 

62 

0 

Blue, F s , C 

50 

. 17 

19 

5 

91 

5 (expected 5.7) 

0.4 

Kinky, K,, R 

81 

33 

15 

0 

135 

48 (expected 50.0) 

0.7 

Red-eye, Fs, R 

07 

23 

18 

8 

110 

41 (expected 43,5) 

0.7 


In table 3 tests for linkage of the same eight mutant genes with M are 
recorded. Here are shown the results of three original coupling crosses 
subsequently back-crossed to the double recessive (first three entries). 
There follow two repulsion crosses similarly back-crossed to the double 
recessive. Finally listed are three F 2 populations from crosses, one of 
which involved the coupling relationship, and the last two the repulsion 
relationship. No indication of linkage is found in the five back-cross ex¬ 
periments. 

The Fa tests for kinky and red-eye (last two entries) are similar in char¬ 
acter to the hooded test in table 2 already discussed and have a similar 
outcome. No significant deviation is shown from the numbers expected in 
the two middle (exclusively crossover) classes, if no linkage exists. 

The F s test for blue was based on a coupling cross. Here the double re¬ 
cessive class (4th column) could arise only from recombination (crossover) 
gametes. Its frequency is 5, where the maximum expectancy, if no linkage 
exists, is 5.7, a non-significant difference. 

We may conclude that the experiments summarized in tables 2 and 3 give 
no indication of linkage between the genes for agglutinogens A and M and 
genes serving as genetic markers of eight pairs of autosomes of the rat. 
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Since we must conclude that the genes for A and M do not lie in any of 
the eight chromosome pairs tagged by the mutant genes listed in tables 2 
and 3, it follows that they will constitute marker genes, respectively, for a 
9th and 10th autosomal pair. Dr. Castle informs me that in recent years 
the number of known mutant genes has been increased to 22. It is quite 
possible that some of the newly discovered mutant genes, not listed in 
tables 2 and 3, may actually he in chromosomes for which agglutinogens 
A and M now serve as markers. To ascertain this, further linkage studies 
are needed. 


Summary .— 1. In an attempt to discover blood groups in the rat, lf> 
different laboratory stocks and a collection of wild rats have been studied. 

2. The wild rats and ten of the laboratory stocks were found to be car¬ 
riers of two different agglutinogens, A and M. Four of the .laboratory 
stocks carried A only, and one stock carried neither A nor M. 

3. Rats which lack A, either by original mutation or by genetic re¬ 
combination following a cross with a race lacking A, have as a nutural in¬ 
gredient of their serum an agglutinin which will cause clumping of the blood 

... % 

corpuscles of a rat having agglutinogen A. • This natural agglutinin may be 
called agglutinin a . 

4. Agglutinogen M is capable of demonstration only by immune serum 
created by injection of blood containing M into rats which lack it. Such 
an artificially induced agglutinin may be called m. It causes agglutination 
of blood cells containing M, when they are introduced into it. 

5. On the basis of the presence in or absence from individual rats of the 
agglutinogens A and M, rats may be classified in four blood groups, AM, A, 
M and O. Wild rats (so far as studied) and many laboratory stocks 
(Long-Evans, at least in part) are AM. Most stocks of albino rats (in¬ 
cluding Wistar stock albinos) are A, as are also some colored stocks. One 
stock only has been found to be O. An M group has been obtained as and 
F 2 recombination class, following a cross between AM and O individuals. 

0. Presence of Agglutinogen A or agglutinin a in a rat does not inter¬ 
fere with the development also in it of agglutinin m % upon injection of M 
cells into said rat, A bivalent test serum results, a and m. 

7. Agglutinogens A and M are inherited as simple dominant characters, 
and may occur either as homozygotes or as heterozygotes, together or apart. 
They segregate and recombine independently, and behave in every respect 
as typical autosomal characters. 

8, No indications were found of linkage of either A dr M with eight 
mutant genes believed to be borne in as many different chromosome pairs. 


* Based in part on a thesis for the decree of Ph.P. presented to the Biological Faculty 
of Harvard University in 1937. 
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THE DOMESTICATION OF THE RAT 
By W. E. Castlh 

Division of Genetics, University of California, Berkeley 

Communicated April 14, 1947 

The Norway rat (Rattus norvcgicus) is a comparatively recent immigrant 
to Europe and America and at the present time is reproducing in enormous 
numbers both in a wild state and under domestication. A comparative 
study of its behavior in the two contrasted states is thus made easy and 
should throw light on what takes place in a species of mammal when it is 
brought into captivity and its breeding is controlled by man. 

The Norway rat entered western Europe by way of the Norwegian 
peninsula in the first half of the Eighteenth Century and bears a specific 
name indicating the route by which it arrived. Its ecological predecessor 
was the black rat (Rattus rattus) the rat which spread plague in London 
in 1664-1665. This species was soon afterward replaced in Western Europe 
by its mortal enemy the newly introduced Norway rat, which promptly 
made its way on ships to the New World, where the black rat had preceded 
it but was, as in Europe, promptly supplanted by the Norway rat except 
in out-lying districts such as northern New Hampshire where Dr. C. C. 
Little secured for me live examples *of Rattus rattus about 1910, and on 
which Dr* H. W. Feldman made genetic studies. One interesting result 
of these Studies was the demonstration that crosses between the two 
species, R. rattus and R, norvegicus, are very difficult to obtain: embryos 
never coming to term alive. So it is easy to see why hybrids do not occur 
in nature* 

At sometime after the introduction of the NorWay rat into Western 
Europe, it is probable that albino mutants made their appearance in the 
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wild population, as they do in the case of most wild mammals. Albino 

f 

individuals were probably captured and tamed because of their attractive 
and distinctive appearance and thus the tame white rat became the 
earliest domesticated type of rat.. Similarly a black (non-agouti) mutation 
made its appearance, and also a piebald (hooded) mutant appeared, 
perhaps originally gray-and-white in color, but if mated to black indi¬ 
viduals resulting in the production of the double recessive black hooded 
type. Then if the black hooded type was crossed with albinos, triple 
recessives would result, albinos homozygous for black and piebald (cc 
aa hh). Keeler has shown that black individuals are in temperament 
gentler than grays of like ancestry and it seems probable that this made 
easier the process of taming the mutant strains, since the gentler individuals 
would be more amenable to handling and confinement and would thus 
come to predominate in the domesticated race. 

At any rate we know that when the first recorded breeding experiments 
with white rats were undertaken by Crampe about 1880, an albino female 
which he mated to a wild gray male transmitted as recessives to her gray 
Fi offspring the three mutant genes, c (albino), a (non-agouti), and h 
(hooded). Although Crampe’s experiments were made in the pre-Mende- 
lian period, his records as analyzed by Doncaster (1906) fully support this 
interpretation. 

It is clear also that when white rats of European origin were brought to 
America (by Dr. H. H. Donaldson and others) and were made the founda¬ 
tion of the Wistar Institute race of albinos, these were homozygous for the 
same three mutant genes (cc aa hh) as were Crampe's albino. Albino rats 
which Dr. Donaldson kindly supplied to me about 1903 were of this genetic 
constitution. 

Dr. Donaldson in 1906 transferred his colony of albino rats from the 
University of Chicago to the Wistar Institute. Here Dr. Helen Dean 
King in 1908 became associated with him in a comparative study of the 
albino rat and its wild gray ancestor. She had the happy thought that 
it would be interesting to re-enact the domestication of the rat under 
controlled conditions and thus to observe just what occurs in the process. 
In this she had the cooperation and support of Dr. Donaldson, with con- 
sequences of the highest importance to the science of genetics. In the 
spring of 1919 Dr. King began rearing in captivity the progeny of wild, 
rats captured in the vicinity of Philadelphia. In 1929 she reported on 
the life processes observed in the first 10 generations of captive gray rats, 
Dr. Donaldson at the same time reporting on size of body and organs of 
the rats. Ten years later, after Dr. Donaldson’s death, Dr. King made a 
further report on life processes as observed in 26 generations of captive 
rats. 

Donaldson in 1929 had summarized as follows the initial differences 
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between wild gray rats and albinos. “The wild Norway are more excitable 
and much more savage. They gnaw their cages. The body weight is 
less for a given body length, hence it is a slighter animal. The skeleton 
is relatively heavier, also the suprarenals (both sexes) and the testes and 
ovaries. The thyroid is of like weight, but the hypophysis distinctly 
lighter in both sexes. On the other hand, the brain and the spinal cord 
are both heavier than in the Albino.” 

After ten generations in captivity Donaldson finds that in captive grays 
there has been an increase in body weight in relation to body length, i.e., 
the body has become less slender, more like the albino in conformation. 
The hypophysis has increased slightly in weight. No change has occurred 
in the weight of the gonads. Decrease in weight is shown by brain, thyroid 
and suprarenals. But brain, suprarenals, gonads and bones are still 
heavier than in the Albino race. “Ten generations of captivity have, 
by no means, he says, served to give the captive Grays the organ con¬ 
stitution of the Albino/’ It would seem, accordingly, that a changed and 
controlled environment had effected little racial change in the course of 
ten generations. 

As regards the changes observed in life processes during 25 generations 
in captivity Dr. King (1939) notes a gradual increase in the “rate and 
extent of body growth,” i.e., in general body size. “At the last generation 
growth acceleration (more rapid growth during the adolescent period) was 
nearly equal to that found in stock albino rats that have been under 
domestication for a long period of time. At the twenty-fifth generation 
adult rats of both sexes were, on the average, about 20 per cent heavier 
than individuals of the first generation,” 

“Rats attaining an adult weight much above the average for all indi¬ 
viduals of like sex in the same generation group appeared in increasing 
numbers as the generations advanced.” The weight increase is ascribed 
tentatively to genetic mutation rather than to a direct effect of a changed 
environment. 

At the twenty-fifth generation the average length of the reproductive 
period was nearly 8 months longer than for the first generation. This 
extension resulted from the earlier breeding of the rats and the persistence 
of reproduction to a more advanced age. 

Fertility of the rats, as measured by litter production increased steadily 
reaching its maximum at the nineteenth generation where females pro¬ 
duced an average of 10.18 litters each, as contrasted to an average of 3.5 
litters each for generation one. No significant change in the size of indi¬ 
vidual Utters was observed. Litter size continued at an average of 6.1 
throughout generations 2-26. Variability in body size decreased, i.e., 
the race became more uniform in body size. 

On the whole it would seen* that in the experiments of Dr. King genetic 
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differences present in the foundation animals or mutational changes oc¬ 
curring in their descendants will account adequately for the changes 
observed. 

Those changes are (1) accelerated growth rate resulting in increased 
body size; (2) decreased '‘nervous tension* 1 resulting in tamableness when 
the animals were handled frequently in early life; (3) mutations in color 
or structure of the hair. 

In the course of Dr. King's experiments with captive wild gray rats, 
she observed the new occurrence among them of four mutations previously 
known, c, a, h and c? of table 1. Of these h was already present as a re~ 


TABLE 1 

Mutations of the Rat 




GENETIC 

SYMBOL 




NATURE OR 



AND 




population 



LINKAGE 


TIME AND PLACE 


IN WHICH IT 

DESIGNATION 

GROUP 

NATURE 

OB ORIGIN 

RECORDED BY 

APPEARED 

1. 

Albino 

Cl 

Absence of 

17th or 18th 

H. Crampe, 

Wild 




pigment 

Centuries 

1886 





from coat 

in Western 






and eyes 

Europe 



2. 

Non-agouti 

a 

Absence of 

17th or 18th 

H. Crampe, 

Wild 




wild coat 

Centuries 

1886 





pattern, 

in Western 






uniform 

black 

Europe 



3. 

Hooded 

hi 

White except 

17th or 18th 

H. Crampe, 

WUd 




head and 

Centuries 

1885 



* 


back stripe 

in Western 




* * 



Europe 



4. 

Pink-eyed 

PI 

Coat yellow, 

1907, 

Castle 

wad 


yellow 


eyes pink 

England 



5. 

Red-eyed 

rl 

Coat yellow, 

1907, 

Castle 

wad’ 


yellow 


eyes red 

England 



6. 

Curly 

Cull 

Hairs of coat 

1920-1930 

Helen Dean 

Captive wad 




and vibris- 

Wistar 

King 





sae curved 

Institute 



7. 

Brown 

b II 

Black pig¬ 

1920-1930 

Helen Dean. 

Captive wUd 




ment of 

Wistar 

King 





coat and 

Institute 






eyes re¬ 
placed by 
brown 




8. 

Stub 

si IV 

Short stubby 

1939 Wistar 

Helen Dean 

Captive wad 



I 

tail 

Institute 

TTiitg 


0 

Rp by-eyed 

Allele of al¬ 

1918 in wild 

Whiting and 

Captive wild 


dilute 


bino gene. 

rats in 

King 1918, 





c, pigmen¬ 

Phila.; later 

King 1939 





tation di¬ 

in captive 






minished 

grays. 


1 



* 


1920*1930 

H 


' ' ' . 
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10. 

Curly 2 

Cut 

Coat hairs 

Davis, Calif., 

Blunn and 

Long-Evans 




and vibris- 

1935 

Gregory 

captive 




sae strongly 
curved 



gray stock 

11. 

Kinky 

klV 

Coat hairs 

Ann Arbor, 

H. W. Feld¬ 

Domesticated 




and vibris- 

Michigan, 

man 

strain 




sae strongly 
curved 

1935 


* 

12. 

Lethal 

11 

Skeleton 

England 

H. Grime- 

Domesticated 




imperfect 

3939 

berg 

strain 

13. 

Blue 

d 

Black pig¬ 

University 

E. Roberts 

Domesticated 




ment di¬ 

of Illinois, 


strain 




luted 
(clumped) 
to yield 
a blue 

1929 



14. 

Hairless 

hr III 

Hair lost at 

University 

E. Roberts 

Domesticated 


4 


about 4 

of Illinois, 


strain 




weeks of 

1940 






age 




15, 

Wobbly 

, wo III 

Ataxic loco¬ 

Univ. of 

Castle, 

Domesticated 




motion 

Iowa, 1941 

King, and 

strain 






Daniels 


16. 

Waltzing 

w I 

Huns in 

Wistar In¬ 

Helen Dean 

Domesticated 




circles 

stitute, 

1936 

King 

strain 

17. 

Incisorless 

in II 

Incisors 

Squibb Labs., 

R. 0. Greep 

Domesticated 




lacking 

New Bruns¬ 
wick, N. J., 
1941 


strain 

18. 

Anemia 

an 11 

Young anemic 

Cornell Univ,, 

Smith and 

Domesticated 




at birth, 
lack of red 

1939 

Bogart 

strain 




blood cells 



% 

19. 

Cataract 

Ca 

Opaque lens 

Cornell Univ., 

Smith and 

Domesticated 




visible in 
unpig- * 
mented 
eyes, pink¬ 
eyed or 
albino 

1943 

Barrentine 

strain 

90. 

Jaundice 

* 

i 

Skin and hair 
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cessive in one animal of the foundation wild stock. Three previously un¬ 
known mutations of the rat made their appearance in the captive stock, 
curly in generation 17, brown in generation 22, and stub seven generations 
later. 

Castle had reported in 1907 the occurrence in wild rats in England of 
mutations p and r. One of these, r, made its appearance independently 
in Wistar Institute stock (not captive gray) as reported by King, 1923. 

Meanwhile several other mutations had been observed in domestic 
laboratory stocks. Roberts in 1924 reported the occurrence of hairless 
(hr), and in 1929 of blue dilutin (d). Wilder (1932) observed an inde¬ 
pendent occurrence of the hairless mutation, and Feldman demonstrated 
the identity of the two. Gregory and Blunn in 1935 reported the occur¬ 
rence of a second dominant curly mutation which they designated Curly 2 , 
and showed to be distinct from Curly, the two being independent in 
inheritance, and so obviously borne in different chromosome pairs. In 
the same year (1935) Feldman discovered a recessive form of curly hair 
which he named kinky (k). 

In 1936 King reported the discovery of a recessive gene for waltzing 
(w) in Wistar albino rats, mutants from captive grays. In (1937) Daniels 
discovered a recessive gene for wobbly, which was described and its linkage 
relations canvassed by Castle, King, and Daniels. In 1938 Gunn de¬ 
scribed a recessive gene for jaundice. In 1939 Smith and Bogart reported 
the discovery of a recessive lethal, anemia-(an); and Grtineberg reported 
on a different lethal (/) resulting in an abnormal skeleton. This he showed 
to be carried in the albino chromosome. In 1941 Creep reported the 
discovery of incisorlers (in). In 1943 Smith and Barren tine reported the 
discovery of a new dominant mutation cataract (Ca). King has also 
discovered three other mutations on which as yet no publication has been 
made. They are silver, a recessive; fawn, also recessive; and shaggy, a 
dominant resembling the curly mutations. 

Burhoe, studying the blood groups of the rat, has demonstrated the 
existence of two dominant agglutinogen genes, Ag and M . 

One striking fact concerning the mutations of the rat is that they may 
occur again independently of an original and earlier occurrence. King has 
demonstrated this in her own studies for c, a , h and r, also for Cu$ observed 
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as occurring independently in New Haven, Conn., by Whitney. The 
blue mutation (d) originally observed by Roberts in 1929 was shown to 
have occurred independently later in New York (Curtis and Dunning, 
1940). Curly, as well as Curly*, has made a second independent appear¬ 
ance, at Madison, Wis., (personal communication from Dr. A. B. Chap¬ 
man). 

Linkage studies made to discover what genes are carried in a common 
chromosome pair have been made by Roberts and Quisenberry (1936), 
by Burhoe and by Feldman, but all their findings were negative. The 
first positive finding was made by Castle and Wright, who showed that 
the two genes for yellow coat, p and r are linked with each other. Later 
it was found by Castle, Dunn and Wachter that they lie in the same 
chromosome pair as the albino gene. Castle and King found that the gene 
for waltzing also lies in the albino chromosome, and Griineberg added a 
fifth gene, a lethal l to this first linkage group. A second linkage group 
was found by^ King and Castle to include curly and brown, to which later 
were added the genes shaggy, anemia and incisorless. A third linkage 
group was found by Castle, King and Daniels to include the genes wobbly 
and hairless. A fourth group includes genes kinky and stub, as demon¬ 
strated by Castle and King. Conventional linkage maps may be ex¬ 
pressed as follows: 
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For the following genes no linkage has as yet been found, though the 
investigation is far from complete: a, Ag, Ca, Cu 2 > d, h, j and M. If all 
of these should be shown to be independent of the established linkage 
groups we should have genetic markers for 12 of the 20 autosomal chromo¬ 
some pairs, no sex-linked gene having as yet been discovered. 

By way of summary we may say that the earliest attempts at domesti¬ 
cation of the Norway rat followed the discovery in wild populations of 
conspicuous mutants, albinos, non-agouti blacks and piebalds. These 
were captured, and intercrossed, resulting in the formation of a race of 
albinos homozygous for the three mutant genes c, a and A. Such is the 
genetic constitution of the ordinary laboratory white rat. 



116 


GENETICS: W. E. CASTLE 


Proc. N A S. 


Unconscious selection was probably made of the more gentle and tamable 
individuals for propagation, which also favored increased productiveness 
in captivity. 

Experimental re-enactment of domestication by taking wild gray rats 
into captivity has resulted in (1) increased body size, (2) decreased savage¬ 
ness (inclination to bite and attempt to escape) and (3) increased fertility. 

These may be regarded as consequences of mutations affecting behavior 
either directly or by way of endocrine changes, rather than as direct effects 
of a changed environment. At the same time mutations have been ob¬ 
served to occur which affect the structure of the hair or its pigmentation, 
or the central nervous system (waltzing, wobbly), the eyes or the skeleton 
(stub tail, lethal /). These are not to be regarded as consequences of 
domestication but purely as sports, spontaneous and without assignable 
causation. 
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AN EXPRESSION OF HOPES INVARIANT* AS AN INTEGRAL 

By J. H. C. Whitbread 
Magdalen College, Oxford, England 
Communicated March 28, 1947 

1. Let S 2 C R* and 5® C R 4 be spheres in the sense of Euclidean 
geometry, S 2 haying unit radius, and let f:S* —> S 2 be a twice differentiable 
map. Let x\ x 2 , x % be local codrdinates for 5*, let X, fx be local codrdinates 
for S* and let <r(X, y) be the area density on S 2 . Let 

--£ <•> *>-*•* 3) - (u) 

* 

where X, a*, in (LI) stand for the functions X(x l , x* f x z ), m(#S x*, x*), by 
means of which / is expressed locally. Then u iS are the components of an 
alternating tensor in 5*. It may be verified that the divergence of this 
tensor vanishes. That is to .say 

dtfss/d# 1 + d«8i/d# 2 + buvg/bx* » 0. 

Hence, by de Rham's theorem 1 there is a covariant vector-field t%, 
ti), defined over the whole of 5®, such that 

bvt/dx* — itof/dx* * uq. 


(L2) 
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The main object of this note is to prove that 


4ir 



<T 


t 


Vi V2 t>3 

ax ax ax 

dx 1 dx 2 ax® 

a M a M a M 
ax 1 5?* a? 


# 

dx x dx 2 dx % « 7, 


(1-3) 


where 7 is the Hopf invariant of the map /. Notice that this integral can 
also be expressed in the form 

fuxUm - 7 , (1.4) 


where o>i and o> 2 are the forms whose coefficients are and « w# and □ 
denotes Grassmann multiplication. 

Before starting the proof we re-state the theorem in topological terms. 
Let w 2 be the basic co-cycle on S 2 t defined as a function of singular 2- 
simplexes, and let u 2 = f*w 2 , where /* stands for the map of co-chains, 
which is dual to /. Since bu 2 — 0, because bw 2 = 0, and since the second 
co-homology group of 5® is trivial, there is a co-chain, r l , such that bv 1 « w 2 . 
Our theorem is equivalent to the statement 

I/ 1 w M® W 7C®, 

where c* is the basic co-cycle on 5®. This form of the result has been 
obtained independently by N. Steenrod, as an application of a process, 
which he has developed but has not yet published. 

2. We shall prove (1.3) with the help of a theorem concerning 3-di¬ 
mensional manifolds, which are fibred in the original sense of H. Seifert. 2 
Let Af * be such a manifold, which we assume to be orientable and closed. 
Let f :M* —► M 2 be a fibre mapping of M * on an orientable, 2-dimensional 
manifold M % . Let Af 2 , the map / and the fibres be twice differentiable. 
Let each fibre be oriented so as to have a positive intersection with a 
transverse 2-cell, which takes its orientation from a given orientation of 
A/ 2 . We recall Seifert's definition of a fibre neighborhood, T, of a given 
fibre H (p. 150), and the number n, which is the degree of the map f\E 2 
in the point f(H), where E 2 is a cross section of F. We shall call n the 
order of the fibre II, and H will be described as a simple or a multiple fibre, 
according ass * lorn > 1. In either case we may take T « 
where Ey 2 C M 2 is any sufficiently small 2-element, of which f(H) is an 
inner point. 

Let x 1 , x\ x z be local coordinates for M* t let X, ju be local coordinates for 
Af 2 and let* <r(X, /*) be an area density for AT 2 , which may be given ab¬ 
stractly or defined in terms of a Riemaunian metric. * Let a be the re¬ 
ciprocal of the total area of Af 2 , which is compact since Af* is compact, and 
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let Uij be defined by (1.1), with 1/4** replaced by a. We assume the ex¬ 
istence of a covariant vector-field v tj defined over the whole of M z and satis¬ 
fying (1.2). As in Section 1 we write, using the summation convention, 


(o) wj “ 0£<r(X, ju) ((Tkdfi — d\d^i) *= UijdxHixf, 

(ib ) <oi * vadxK 

I say that 

foil = /«! “ y t say, 
h n* 


( 2 . 1 ) 


( 2 . 2 ) 


where IT and IV are any two simple fibres and the integrals are both taken 
in the positive sense and y is thus defined. For d\ = dp = 0 along a fibre 
whence f u?. * 0 over any surface which is generated by fibres. Let A C M 2 
be a smooth, non-singular arc joining /(//) to /(//') and not containing the 
image of any multiple fibre. Then 2 = /"*($) is generated by fibres and 
is obviously bounded by =*=(77 — IV). Therefore 

sw\ ■— fw i * * “ o, 

H W Z 

which establishes (2.2). 

3. Let D denote the determinant in (1.3). The theorem referred to 
in Section 2 is that 

afffaDdx'dxHx* - y, (3.1) 

Af* 

where y is defined by (2.2). Let II be a simple fibre and T a fibre neigh¬ 
borhood of II. We may represent T as the topological product E 2 X II 
where EJ is a cross-section of T, which is mapped topologically on f(E 2 ) t 
with non-degenerate Jacobian. We assume thajt/(!£*) is contained in the 
domain of a local coordinate system, (X, /*), for A/ 2 , and use the same 
coordinates for p « E 2 as for f(p). Thus T may be referred to coordinates 
(X, ft, $), such that /(X, 0) « (X, /<)*and 0 € < 0, 2v > is a periodic co¬ 

ordinate for H, Let * w\dk + w^dj u + w^i0 and let J/(X, m) 8:5 
/"^X.m). Then D * «>*(X, 8) and 

*tr 

y * ./* wi « y* ti; tf (X, ju, 0)d0. 

H(x, M) o 

Hence the integral in (3.1), extended over T , becomes 

«y i y*y , <r(X, 8)dkd^idB 

T 

“ M)y* 

£* 0 

0 fy 4 /'y > cr(X, fi)d\dfx (3 2) 

* 

» ay X area of /(E*). 
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There are but a finite number of singular fibres in Af*. Let q u ..., q m C 
M 2 be their images under / and let K 2 be a triangulation of M 2 — (<?i w ... 

which will be on infinite complex if there are multiple fibres. Let 
the simplexes in K 2 be so small that T — /“ l (r 2 ) is a fibre neighborhood of 
II *s for each 2-simplex r 2 in K 2 and any inner point q e r 3 . We 

may also suppose that each r 2 is in the domain of a local coordinate system 
for M 2 . Then (3.1) is established by summing the equalities (3.2), with 
T - /-»(r«), for each r 2 in K 2 . 

4. Now let a simple fibre, H, bound 4 a surface, C, which we assume to 

4 * 

be piecewise differentiable. Let C be given locally by x % = x* (fc v)* 
where x*(£, t?) are differentiable functions of the parameters £, ij. Then, 
by (1.2), (1.1) and Stokes’ Theorem we have 


y 





f f JJQiA **> , Wi m ) 

a J J * \b(x\ x*) 5(f, tj) d(x*, x 1 ) 

d(**, x 1 ) b(X, n) d(x\ *») \ 
m r,) + b( x \ X *) m v ) f d(4v 



b(X, m) 

m v) 




which is the degree of the map / |C Hence y is the Hopf invariant of the 
map/, and (1.3) is established in case f:S * -+ S 2 is a fibre mapping. 

5. Let S 2 be given by x 2 + y 2 + z 2 « 1 and S* by jf| 2 + Jij|* * 1, 
where x } y, z are Cartesian coordinates for 22* and £, rj are complex co¬ 
ordinates for 22 4 . Let f:S* —► S 2 be given by 


x + iy - 2 P n n , z - p(|«r - hi*"), 

where p asa l/(|?l*" + h|*") and m, n are any (positive, zero or negative) 
integers, which are prime to each other (unless one or both is zero). Then, 
/ is a fibre map, with fibres given by 5 $ * fa in tf , i? * ijo *> and its Hopf 
invariant* is **mn t the sign depending on the orientation of S*. Thus 
m and n may be chosen, say with m «« ** y, n « 1, so that / has a given 
invariant, and is therefore homotopic 7 to a given map^S 8 —► S 2 . 

6 . We complete the proof of (1.3) by showing that the integral is an 
invariant of the homotopy class of the map /. This will be included in a 
more general result, which has no reference to fibre maps. Let M* and 
M 2 be twice differentiable manifolds and f:M* —* M 2 any twice differenti¬ 
able map. Let w 3 be the form in M* which is given by (2.1), and assume 
that u>i is an exterior derivative. Let o> 3 , where «' denotes the 

exterior derivative of «. Then we prove that 
(^4) The integral 


1(f) - fviOo* 
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0 

is independent of the choice of the form wi, satisfying W * co 2 . 

(B) Let F:M 8 —♦ A / 2 be any twice differentiable map , which is homotopic 
to /. Then the form ih t given by (2.1) in terms of F, is also an exterior deriva¬ 
tive, and 

(C) 1(F) - 1(f). 

The statement (-4) follows at once from the fact that, if W — <V ® w 2 , 
then cbi — m is a closed form. Since u> 2 is an exterior derivative, so is 
(«i — wi)Da> 2 , whence 

y*wiD«a — y > aj 1 nco 2 « ® o. 

Af* Af* 

In order to prove (3) and (C) we imbed A/ 2 as an analytic surface in R *. 
Let 2V be the open set consisting of points whose distance from A / 2 is less 
than a positive pu which is so small that no two normals to Af 2 intersect 
in N. Let p > 0 be so small that, if 5(q , q f ) < p, where <?' Cl A / 2 and 
$(& #') is the Euclidean distance from q to q\ then the linear segment, 
which is given in vector notation by (1 — t)q + tq f , for —1 < t < 2, lies 
in iV. This being so, let <f>(q t q f t t) be the normal projection of (1 — t)q + 
tq f on Af 2 . 

It is clearly sufficient to prove (B) and (C) in case 5 \f(p), F(p )} < pfor 
each p e Af 3 . * Let this be so and let A / 4 be the open manifold AP X ( — 1,2). 
Then a twiee-differentiable map, g:M* —► Af 2 , is defined by 

g(p x o - 4>{m, m, <}. 

and g(p X 0) *» f(p) t g(p X 1) = F(p). Let x\ x\ x 8 be local coordinates 
for M 9 and let the map g be given locally by X « \(x\ x % , x 8 , /), p ** p(x\ 
x 8 , x *, /). Let be the form in Af 4 , which is given by (2.1). Any cycle 
in Af 4 is homologous to a cycle in Af 3 X 0, on which a> 2 reduces to the form, 
<*>*(0), associated with the map /. Since the latter is an exterior derivative 
its integral over any cycle in Af 8 is zero. Therefore the integral of wj 
over any cycle in Af 4 is zero. 

Let Afo 4 « M 9 X <0, 1>, so that Afo 4 is a bounded manifold in M\ 
On p. 06, el seq., of de Rham’s paper let A be a complex covering Af 0 4 . 
Then, with other minor adjustments in his arguments, it follows that 
there is a form &i, defined throughout an open set, U C Af 4 , which contains 
Af® 4 , such that «i' « w* in Z7. Since Afo 4 is compact we may take U * 
M 9 X (—«, 1 + «) for some « > 0. 

Since w/ ® in V we have Wit) “ W 2 W (—< < t < 1 + «), where 
wi(/) and Wt) ate the forms which are obtained from and u* by writing 
dt » 0. This establishes (B) t since w 2 (0) » w 3 , o^(l) * f2#, regarding 
«i(2) and w*(f) as forms in Af 8 , which depend on the parameter L 

In order to prove (C) it is sufficient to prove that bw%(t)/bt is an exterior 
derivative, where «*(0 » wi(2)□<**(/) {—< < / < 1 + s). For/treating 
wi(2), oh (2), «i(/) as forms in Af 3 , which depend on the parameter /, we have 
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' it /*"»w d “»w “ f &*(*)/* - o 

if da>*(/)/d£ is an exterior derivative. To prove that it is we write » 
a>iDu> 2 . Then «*' « w/Da* * a> 2 [I]a> 2 , and it is clear from (2.1) that 
— 0. Let u a b c (a, b, c * 1, ..4; x 4 =» /) be the coefficients of 
«a. Since * 0 we have 


bHjk 4 

dx* 


_l 

dx^ dx* 


dw 




ot 


0 (i, j, k « 1, 2, 3). 


But Uijk (i, j , A * 1, 2, 3) are the coefficients of aj(t). Therefore dw«(/)/ 
df *= ^ 2 / , where 02 ~ u^dx^x^, and the proof is complete. 

7. We conclude with some additional observations. First notice that 
(3.2) is valid even if if is a fibre of order n > 1. For, provided the total, 
area of M 2 is finite, (3.1) is true for open as well as for closed manifolds, 
the proof being the same in each case. Therefore (3.2), with n > 1, follows 
from (3.1), applied to the interior of T . 

Also 


V 1=5 ttfitix 

H 


(7.1) 


if if is a fibre of order n. For if if' is a simple fibre in a fibre neighborhood 
of II it is obvious from the definition of a fibre neighborhood that there is a 
surface which is generated by fibres and bounded by (if' — nil). There¬ 
fore (7.1) is proved in the same way as (2.2). 

Also if if is a fibre of order n and E 2 is a cross-section of a fibre neighbor¬ 
hood, r, of if, then / maps E 2 on f(E 2 ) with degree «, Combining these 
three results, we have 


y*fa>]Dc *>2 =«= ay X area of f(E 2 ) 


r 


an J* oil X ~ J* (X, fx)d\djx 


It h* . 

386 J*o>i X /«, 

H K» 

“ x y*wi, 


(7.2) 


u 


m 


where tn is the boundary of £ 5 . 


8 . Let us now start with wi, that is to say with a covariant vector- 
field V, which is defined all over M*. Then curl V is an alternating co¬ 
variant tensor, which is the same as a contravariant vector density. 
Therefore 4, lines of flow" or "lines of force" are defined by curl V and we 
assume them to be the, fibres discussed in Section 2. Let H be a given 
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fibre and T a fibre neighborhood of H. Let \ n, B be the coordinates for 
r, which were defined in Section 3, except that we restrict 6 to the interval 
— 1 jn< 9 < 1/n. Then these coordinates are valid even if II is a multiple 
fibre, of order n. In these coordinates curl V has components of.the form 
0, 0, w(X, /x» Q)t and 

From the transformation law of the components, u ih of curl V, namely 

dr * 

Vab = «y '^y. - 

it follows that <r(X, m) = m(X, 0) is unaltered by coordinate transforma¬ 
tions of the form B f — 6 f {\ , /u, 0), X' * X, p! « m and transforms in the 
same way as a scalar density in Af 2 under transformations of the form 
X' »s \'(X, p), p f = m^(X, ju)» 0 ; “ 0* Hence curl F, whose components 
in the coordinates (X, p t 0) are 0, 0, a(\, p) t is related to the fibre mapping 
(X, p, 6) (X, ju) by the equations (1.1), with the factor l/4ir discarded. 

In the notation of vector calculus (7.2) becomes 

fffV curl Vdr = fV-ds X fV-ds 

T II M 

* Hopf, H., Math. Annalen, 104, 637-605 (1931). 

1 de Rh&m, G., Journal de Math p. et a 96, 185 (1931). 

1 Acta Mathematua, 60, 147-238 (1933). 

* <r > 0 in positively oriented coordinate systems. 

4 In any case the fact that <*% is an exterior derivative implies that IT bounds with 
division. 

* Cf. Seifert, loc. cit. t p, 159. 

* Let Hu Ht be fibres of orders m, n. Then II ~ mH\ hi 5 s — Hi and H f ~ nHt in 

$* — H, where H, H’ are simple fibres near H u Hu respectively, and it follows that 

y wm L(Hu Hi), where L denotes the linking coefficient. In this case Hi, given 

by if ** 0, is of order n and H%, given by £ ** 0, is of order m, and L(H lt H%) “ *1 (cf. 

Hopf, loc. cit p. 655). 

• 6 _ _ 

7 Hurewicz, W., Proc. Akad. Amsterdam, 38, 119 (1935). Sec also H. Freudenthal, 
Composite Math., S, 299-314 (1937). 
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COHOMOLOGY INVARIANTS OF MAPPINGS 

• Bv N. E. Stebnrod 

Department op Mathematics, University op Michigan 
Communicated March 28, 1947 

The Hopf invariant 1 of a map of a (2 n — 1)-manifold on an n-manifold, 
■and the Gy sin 2 extension of the Hopf mechanism appear as special cases 
of the following general operation involving a map, cocycles and their 
products. 

Let K t K* be complexes, and /: K K f a simplicial map. Then / 
induces homomorphisms of the cochain groups and cohomology groups 
with integer coefficients. These are denoted by 

f: £7(A") C P (K), f*: H*(K') -+ IF{K). 

Suppose u e II* (K f ) are such that 

f*u - 0, u- v « o. (1) 

Choose representatives cocycles u', v’ of u t v. By (1), there exist cochains 
a € (7^ l (K) t b « C*+ q -\K’) such that 

f'u f ~ 5a, u'^v f 5 b. 

It follows that 

► 

a^ fV - fb ( 2 ) 

is a (p + q — 1)-cocycle of K . A different choice of u f , a, b usually 
alters the cohomology class of (2). However, it does so by an element 
of the subgroup of generated by the two subgroups f*H v 

( K ') and Hence (2) defines a unique element 

[/, u t v] € H 9 +9 *" 1 (K)/[f*H p +*~ l (K*) + H p ~ l (K) (3) 

In particular, if /: 5® —► S 2 is a map of a 3-sphere on a 2-sphere,, then 
any u , v t satisfy (1), and [/, u, p] € In case u « v is a 

generator of IPiS 2 ), it can be proved that . • 

[/, «, u] * yz (4) 

where z generates IP(S*) and the integer y is the Hopf invariant of /. 

This last result has a direct interpretation in tensor form by means of the 
de Rham theorem as formulated by Whitney.® Let U be a covariant 
second order, alternating tensor field over 5* whose integral over S 2 Is 1. 
Assume / to be differentiable, and let fU denote the field induced in S % 
by U and /. Since the outer derivative of U is 0, so also is that of /' l/. 
Since the second Betti number of S® is 0, it follows from de Kham’s theorem 



Vol. 33, 1047 


MATHEMATICS: N. E. STEEN ROD 


125 


that there exists a vector field A over S 8 whose outer derivative is /' U. 
According to Whitney, the outer product A-fU corresponds to the cup 
product a w f'u. Therefore, by (4), the integral A'fU over is y. 
This form of the result was obtained independently by J. H. C. Whitehead 4 
who called my attention to the connection. 

The principal property of the operation (3) is 

1°. If / is homotopic of g, then [f, u t v] * [g, «, v]. * 

This permits defining (3) for any continuous/by the method of simplicial 
approximation. 

2°. [/, «, u] is linear in u. For «/’s satisfying (1) and f*v « 0, it is linear 

invalid [/, «, v] « (—l) M [/,v,«]. 

3°. If/: K-> K f t g: K' -*> X* and w, v on K 9 satisfy (1) with g, K* in 
place of/, K\ then u, v satisfy (1) with gf t K u in place of/, K f and 

f*[g, U,v] - tg/, «, »]. 

The left side is defined by choosing a representative of [g, «, a] in IF Vq 1 
(K') t forming its f* image and reducing by the appropriate subgroup, 

4°. If f: K K* t g: K' K* and u, v on K" satisfy (1) with gf t K* in 
place of/, K then g*w, g*v satisfy (1) and 

. If, g *«, e*v] - [gf, u, »] mad[f*ir u ' \K') + IF~\K) 

5°. If w e // r (A') and 7/, v satisfy (1), then both w— u t v and u, v 
satisfy (1) and 

f*w^[f,u t v] = ( 1 ) r [/, w u t v], [/, tt, v] -f*w - [/, w, v—w]. 

The products on the right sides are defined by choosing representatives in 
the cohomology groups of K t multiplying, and then reducing by the appro¬ 
priate subgroup. 

The novel feature of the operation (3) is its use of those parts of the 
cohomology groups on which/ 41 is trivial, namely: the kernel of f* and the 
factor group of if* +<r ~* A (X) by the image of /*. The operation is potentially 
richest in the case of just those maps heretofore called “algebraically in¬ 
essential. 1 ’ It would seem appropriate to narrow the meaning of alge¬ 
braically inessential to include only those maps / for which /* = 0 and 
each [f, u P v] « 0. 

Several examples will indicate the ability of the operation to distinguish 
between maps of the same homology type. 

A . Let Y be composed of two circles a, 0 with a common point. Let 

X be a circle, and let / map X into the commutator Then / 

is homologically trivial. However, if u } v are generating 1-cocycles on 
a, ^ then [f, u, v) generates H X {X). 

B , Let Y » 5*US X be the union of a 2-sphere and a 1-sphere with a 
common point Let X be a 2-sphere represented as a long tube T with 
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two caps Ci, C 2 . Orient Ci, C 2 concordantly and map each on *S 2 with 
degrees +1, — 1, respectively, and so that their boundaries are mapped 
on 3 fc. Map T once around S l . Then / is homologically trivial. How¬ 
ever, if u is a generating 2-cocycle on S 2 , and v a generating 1-cocycle on 
S l , then [f t u, v] generates IP{X). 

C. Let Y be projective 3-space, and /: S* Y the 2-fold covering. 
Then IP{ Y) has one non-zero element u } and [/, u, u] is the non-zero ele¬ 
ment of IP(S*)/f*FP(Y ). 

D. Let M t N be manifolds of dimensions p t q and let «, v be generating 
p y q~ cocycles. Form M X N. Let « M\ «o c N , and let Y = M X 
ttoUwo X N. Let U be a closed normal neighborhood of Y in M X N } 
and let F be the retraction of U into Y, Let X be the boundary of U and 
/ = F\X. Then X is a (p + q — 1) -manifold and [/, «, v] is its generating 
(p + q — 1)-cocycle. (Note that examples A, B are special cases of D>) 

E. If, in D , M and N are spheres, then X is a sphere, and / represents 
the J. H. C. Whitehead product [ M , N], 

The operation can also be defined for relative cohomology groups 
Lf^A, L) (based on cocycles of K which are 0 on L). Let Lu L* be sub- 
complexes of K and Lz = L 1 IIL 2 ; and similarly A', L\ t LY, L/. Suppose 
/: (A, L\ , L 2 ) (.A', £/, L 2 0- Then/induces homomorphisms 

f *: L/) IP\Ky L t ) i - 1, 2, 3. 

Suppose w e LY), v e 7L ff (A', L 2 '), /i*« - 0, « ^ v - 0 in H P + 9 (K\ 

Ls r )* Then (2) defines a product 

. Lf, «, V] € Lz)/U*H P+9 ~\K\ LY) + H P ~\K, L l )^f*v]. (30 

A second extension involves the squaring operations introduced 

by me in a recent paper. 6 If u c H P (KL') t then u^ 0 u =» c 

(A', LO and u^ t u (i * 1,2, .,.) is an element of i/ 3 *(A',.£/) (reduced 
mod 2 if p — i is even). Assuming f*u « 0 in IF(K t L) and u^ t u * 0, 
choose as before u f , a t b and form 

a w t _ia + — fb. (4) 

Then (4) is a (2p — i — l)-cocycle of A which is 0 on L (mod 2 if p — ♦ is 

even). Alteration of the choice of u', a, 6 varies the cohomology class 

of (4) by an element of the subgroup of J/ 3 *~‘ < ~ 1 (A, L) spanned 

(A', LO and squares of order i — 1 of elements of L). Thus (4) 

defines 

if, U, v], « L)/if*^- l ~\K', L') + Sq t - X H*-\K, L)]. (5) 

(These groups are reduced mod 2 if p — * is even.) 

Now suppose u « H V (L') and 

. 8: 2r(L') -» II*+\K', L') 
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is the homomorphism induced by attaching to each cocycle of L its co¬ 
boundary in K - L. If f*u = 0 in IP{L), and « = 0 in' 

it follows that f*hu = 0 in ir +1 (K, L ), and to-v, bu - 0 in Il u ~ i+ \K', 
V). Thus 

{/, u, u] ( * + Sq,... i H v ~ l (L)] •(<>) 

If, Su, « H lv ~‘(K, L)/[f*H ip ~ l (K', V) + Sq,ir(K, L)] • (7) 

1 

are defined. It follows now that 

8\f> w]< * [/. te, (S) 

where the left side is defined by choosing a representative, applying 8, 
and reducing by the subgroup in (7). 

If one starts with /: 5* —» S 2 } and the result of (4), then applies the 
operation of Einhangung and (8), the following result is obtained. If 
/; *$—* 5*, and u generates then 

[ft u > w ] n -2 ~ yz * H* fl (S* +1 ) mod 2 (9) 

where z is the generator of Ji* +1 (5" +1 ) and y *= 0 if / is inessential, y = 1 
if / is essential. 

Let L be a subcomplex of K, f : L —> 5", and suppose the problem is 
to determine whether or not/ can be extended to a map/'; jK“*S n . Choose 
an (» + l)-cell E whose boundary is 5”. In any case / extends to a map 
F: (K, L) (E, 5”). Let m generate H n+l (E t 5“). Then «It ^ 
(K t L) and is precisely the primary obstruction 5 to the extension of / to 
/'. If F*u « 0, then / can be extended to a map of the (n + I)-skdeton 
of K into S n . Then a secondary obstruction s n+2 (/) is obtained. We 
have shown that this is a unique element of 

ir n (K, L)/Sq n ^H n (K, L) mod 2. 

Using (8) and (9), it can be proved that 

«. «]„-1 n > 2. 

Thus, if dim(X — L) * n + 2, then [F, u, * 0 is a necessary and 
sufficient condition for the existence of the extension/'. If dim {K—L) > 
n + 2, the vanishing of all [F, u, u) t (i «= 0,1, ..., n) is a necessary condition 
for the existence of /. With more information concerning the homotopy 
groups of 5*, one might hope to prove it sufficient if dim (FT — L) < 2». 

Proofs of properties of [/, u, v] based on the cochain definition (2) are 
long and cumbersome. The following second definition uses only well- 
established invariant properties of cohomology groups and products so 
that [/, «, v] is invariant by definition. Proofs based on this definition 
are much simpler.; 
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Let AT, Y be topological spaces, / a map AT —> F, and let u c TF{Y) f 
v c II 9 (Y) satisfy (1). Let C be the mapping cylinder of/, and F : C—> Y 
its projection. Let 

i : X ^ C, j: (C, 0) (C, AT) 

be identity maps. Since F is homotopic to the identity map of C, F* is 
isomorphic. Let w « F*u , 5 =* F*p. Then ir-'i; ** F*(u'~'v) « 0. 
Furthermore ** » (Ft)*# *■ f*u «* 0. By exactness of the 

cohomology sequence of (C, AT), there exists a u f $ lF(C t X) such that 
j*u f — ii. Form u'^v t H*+ q {C t X). Then j*{u'^v) « j*u f ^v *» 
sr o. By exactness of the cohomology sequence of (C, AT), there 
exists an element e //* + * ~ l (Af) such that hw « u f ^v. An examination 
of the effect of choosing different elements u' f w shows that w » — [/, 
u t v] is unique modj/*iF +fl “ l (F) + IP" 1 X)^f*v]. 

* Math. Annalen, 104, 637-665 (1031); Fund. Math., 25, 427-440 (1935). 

* Comment. Math. Helv 14, 61-122 (1942). 

* Bull . .dmer. Sac., 43, 785-805 (1937). 

4 See also "An Expression of Hopfs Invariant as an Integral,’* Proc. Nat . Aco<2. 

33, 117-123 (1947). 

1 "Products of Cocycles and Extensions of Mappings,” to appear in the Anndk of 
Math., No. .2 (1947). 



THE {UySPACE OF RELATIVE MEASURE 
By Philip Hartman and Aurel Wintner 
Department of Mathematics, The Johns Hopkins University 

Communicated March 17, 1947 

1, Let a real- or complex-valued function / « f(x) t where 0 < x < «, 
be called of class (AT 3 ) if it satisfies the following conditions: f(x) is of 
class (ZA) on every bounded interval (0, X) and the mean-value, M(\f\ *), 
of |/| 2 exists as a finite limit, where the operator M is defined by 

x 

M(g) ** lim jT g(x)dx/X. (1) 

X~+m 0 

If / and g are of class (AT 9 ), then M(\f — g\ s ) < <», where 

# x 

M(p) » lim sup S p{x)dx/X, (p £ 0). (2) 

X—♦ oo 0 

Since M{p\ + pi) Si St (pi) 4* St (pi), it follows that a metric function space, 
to be called the (iV*)-space, can be defined as follows: The elements of the 
space consult of all functions of class (N*), and two dements, f and g, of 
the space are considered as identical if their distance is afero, with die under- 
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standing that the distance is defined as the non-negative square root of 

* 0 /-«!•>. 

It is clear that, when /( x) is periodic (for x > 0), it is of class (Y 2 ) if and 
only if it is of class (JJ) over a period, and that the metric of the space 
(Y 2 ) then becomes Identical witli the metric of the corresponding (L 2 )- 
subspace. More generally, it is clear that, if almost-periodicity (B 2 ) is 
referred to the half-line x > 0, then f(x) is of class (Y 2 ) whenever it is of 
class (B 2 ), and that the metric of the space (Y 2 ) becomes identical with the 
metric of its (J3 2 )-subspace. However, while both subspaces (L 2 ), (B 2 ) are 
linear vector spaces, it turns out that the full space (Y 2 ) is not linear. On 
the other hand, the completeness property of the subspaces (L 2 ), (B 2 ) 
(Fischer-Riesz, Besicovitch) proves to be shared by the full space (Y 2 ). 

2. Let f(x) be called of class (Y 2 )o if it is a bounded function of x and 
is of class (Y 2 ), and let the metric space (N 2 ) 0 be defined as the function 
space consisting of the functions of class (Y 2 ) 0 and carrying the metric of 
the (Y 2 )-space. 

By considerations rediscovered by Besicovitch (1926), Nalli 1 (1914) 
proved that, if a sequence of elements in (Y 2 ) 0 is a Cauchy sequence, then 
it has a limit in (Y 2 ), In addition, Nalli 2 emphasized that her result 
implies an analogue of the Fischer-Riesz theorem for the 1 ‘orthogonal 
system” — » < x < 00 , of the (B 2 )-space. 

However, the (Y 2 ) 0 -space is not complete. In order to see this, it is 
sufficient to consider the sequence of partial sums of the Fourier series of 
any periodic function of class (L 2 ) which fails to be bounded (even if re¬ 
sets of measure zero are disregarded). 

3. The space (Y 2 ) is not a linear space} 

m 

This is equivalent to the statement that fi and /, can be in (N*) when 
/i + /* is not. When /i and /, are real, this, in turn, is equivalent to the 
statement that the mean-value, (1), of the product g = / 1/1 of two functions 
of class (N*) need not exist. Hence, if /i is chosen to be the constant 1 
and if /, is denoted by/, it follows that it is sufficient to ascertain the exist¬ 
ence at a function / of class (A^) for which M{f) fails to exist. But such 
an / results by choosing /(*) to be -f 1 or — 1 according as x is or is not in 
S, where S is a sequence of ^-intervals having the following property: 
The mean-value M(h) does not exist if h is the characteristic function of 
S (that is, h(x) is 1 or 0 according as x is or is not in S ). Since the existence 
of such 5 or h(jc) is obvious, it follows that (N 7 ) is not linear. 

There does not exist in ( N *) a linear subspace containing all linear sub¬ 
spaces of (IV*). 

This contains the preceding fact (since otherwise the space (N 7 ) itself 
would be an extremal linear subspace), but the converse deduction is also 
possible. In order to see this, it is sufficient to observe that the constant 
multiples of any / contained in (IV*) form a linear subspace of (IV*). 
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4. The space (iV 2 ) is complete . 

In other words, if fa, fa, ..; is any sequence of functions contained in 
(N*) and satisfying 

M(\fa — fk \ 2 ) 0 as j, k *», (3) 

then there exists in (N 2 ) a function / satisfying 

J0*(|/ — fa \ 2 ) —► 0 as j —■» . (4) 

The proof is a refinement, and at the same time a simplification, of the 
proofs of Besicovitch 4 and of Nalli. & 

The limit relation (3) obviously implies the existence of an unbounded 
increasing sequence of positive numbers ft(l), ft(2), . .. such that 

lim <r(n) = 0 F 

od 


where 



« fin sup 
m > «, X > JR(m) 


/|/m(.v) -/»(*) I 
0 



if the fin sup refers to w, while n is fixed. Let ni < < ... be a sequence 

of integers satisfying 

ao 

J2<r(n k ) < ». (6) 


Let gk denote the n^-th function of the sequence fa, fa, ... and let S(k) = 
ft(n*). Put/(x) ** 0 if 0 < x < 5(1) and fax) — gfax) if 5(i) ^ x < S(k + 

1), where k « 1, 2,- 

It will first be shown that 


•^d/ - &|*) 0 as k —+ oo. (7) 


To this end, let X be any number exceeding S(k), where k is fixed. If 
i (Hzk) denotes the integer for which 5(i) < X % S(i + 1)| then 


X it-l 5(^4*1) 

Slf(x) - gk(x )1 2 dx = £ J fo(*) ~ gk(x)\*dx + 

S(l) Jml SO) 

«-i 5(y+D x . 

E / &(*) - gk(x) | *dx + f\gi{pc) - gk(x )| 

SU) >'«) 

* 

Hence it is seen from (fl) and the definitions of & and S(j), that 


X k~l SU) i 

s\f(x) - gk(x)\*dx/X s £ / |&(*) - ft (*)|*.*■ A' + 2>(%). 

S(1> S(^-)) i-*+i 

Consequently, as A -* », 
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^(l/- ah s 

and so (7) follows from (6). 

It is clear that (4) follows from (7), and from the definition of g k , in 
virtue of the triangular inequality. 

It remains to be shown that f(x) is of class (N 2 ). Clearly, the existence 
of (1) for g = |/J 2 , where n = 1,2, ..., and (3) imply that 

n = lim M(\f H \ *) (8) 

n—► to 

exists as a finite limit. On the other hand, by Minkowski’s inequality, 

| f\j{x)\*dx - f\fn(x)\*dx\/X< f\f(x) -f n (x)\Vx/X; (9) 

0 0 0 

hence, if the integer n is fixed so that neither | /u — M{\f n \ 2 )| nor M{\}~ 
/„ | a ) exceeds a given t > 0, then, whenever X exceeds a bound depending 
on € and n, 

\f\j{x)\*dx/X - M | < 2«. 

0 

Consequently, (1) exists for g » |/| and 

- M . ( 10 ) 

5. Ivet a function f(x), where 0 < x < «>, be called of class ( N 2 ) if f(x) 
is of class (L 2 ) on every bounded interval (0, X) and Ii?(|/| 2 ) is finite. 
The functions of class (N 2 ) will be considered to form a metric space carry¬ 
ing the same metric as that of the (iV 2 )-space; so that the (iV 2 )-space is a 
subspace of the (N 2 )-space. 

The (IV *)-space is linear and complete . 

The linearity of (IV 2 ) follows from the inequality mentioned at the be¬ 
ginning (after the definition of M). On the other hand, the completeness 
is a consequence of the above proof, even though not of the final wording, 
of section 4. 

6. It is clear that the above considerations can be adapted to any of 
the spaces (N p ), where p g; 1, which correspond to the space (IV 3 ) in the 
same way as the classes (L p ) relate to the class {V ). 

If p g 1 is arbitrary, the space (N p ) is complete but not linear . 

It is understood that, if p » 1, the class (IV) = (IV 1 ) is meant to be 
defined as consisting of those functions / which are of class (L) » (L 1 ) 
on every bounded ^-interval and satisfy the condition that M(\f\) exists 
as a finite ligoit. 

If p > 1 and p~ l + g" 1 » 1, then the product of two functions, one of 
which belongs to (B p ) and the other to (B q ), belongs to (B) *• (B l ). But 
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this becomes false if (B p ), (B q ) and (B) are replaced by (N p ), (N*) and (N), 
respectively. This follows, even for p = 2 ** g, from the above example 
proving that (N 2 ) is not linear. Correspondingly, (N*) cannot be interpreted 
as the dual space of (N p ), since such an interpretation would involve the 
definition of a scalar product. 

7. Let ( N p ) denote the space which relates to the space (N p ) in the same 
way as the space (AT 2 ) relates to (N 2 ), 

If p 1 is arbitrary , the space (N p ) is complete and linear . 

The proofs are the same as before. 

The situation can be summarized as follows; {B p ) is a subspace of 
(N p ) and (N p ) is a subspace of (N p ) ; all three of these spaces are complete; 

the first and third of them are linear but the second is not. 

* 

1 Actually, the definitions of Nalli (loc. cil.J p. 306) ore based oft what results when 
the distance is assigned under the assumption that the upper limit occurring in ,(2) is 
replaced by the corresponding limit (which is required to exist). However, a glance at 
the proofs given by Nalli shows that this definition of her function space is equivalent 
to the above definition of the function space (iV*) 0 . 

* Nalli, P., RendiconU Ctrcolo Matematico Palermo, 38, 307, 318-319, 322-323 (1914). 

* This fact has curious methodical consequences for a problem relating to the Rie- 
inanu zeta-function; cf. Wintner, A., Duke Mathematical Journal , 10, 430 (1943), 
where the situation is explained in detail. 

4 Bcsicovitch, A. S., Almost Periodic Functions, Cambridge, 110-112 (1932). 

* Nalli, P., loc. cit . * pp. 308-309. 


ON THE MAXIMUM PARTIAL SUM OF INDEPENDENT 

RANDOM VARIABLES 

By Kai Lax Chung 

Department op Mathematics, Princeton University 
Communicated April 6, 1947 

Let X n , n •* 1, 2, ... be independent random variables with moments 

E(X n ) - 0 , E(X n *) - 1 , £( 1 ** 1 *) - y n . ( 1 ) 

The reduction of the variance to 1 is not necessary, but is made here solely 
for the sake of simplicity. Let 

5. - i x„ v - Max. \S,\ 

lsSp&tt 

It is a trivial pbservation that the same law of the iterated logarithm 
holds for Sn* as for S*. In particular one of Feller’s theorems 1 becomes: 
If 

sup. I*.| - 0 ’ (2) 

then ("*. o ” standing for "infinitely often"). 
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Pr(Sn* > n‘ A [2Zgs» + 2Hg t n + 2lg*n + ... + 2lg p ~in + (2 + &)lgjt]' /t 
i. o .) is zero or one according as 8 is positive or not. 

In the opposite direction Erdds has proved (oral communication) that 
there exist two constants c 3 > ci > 0 such that 

Prfa < liin inf n^ /% {lg 3 n) l/t S n ^ < c%) « 1. 

His method, of an elementary nature, seems incapable of a sharper result. 
We shall show that if, besides (1), we assume that y n is e.g. bounded, 
then we can prove the following precise theorem which is the counterpart 
of Feller’s theorem. 

Theorem. We have . 

Pf{S n * < tt8+ Igitt + .,. + lgp~\n + (1 + 8)lg^n\^ 

i. o.) 

* 

equal to zero or one according as 8 is positive or noU 
The assumption that y n is bounded can be considerably weakened; see 
the last paragraph of this abstract. However, the best possible condition 
has not been obtained. 

We may also remark that the corresponding theorem for 5* is radically 
different and has been treated by Erdds and the author.® 

We shall sketch the main lines of our method in a series of lemmas. 

Let Vj \jk~ l n]> j * 1, .. k. Then (5„, ..., Sv k ) is a random point 
in a ^-dimensional space. Let its distribution function be F(u\ } ..., 
«*) « Pr(S vl & uu Ut). Lemma 1 is an extension of Liapounoff- 

Berry theorem* to k dimensions and is proved by an extension of their 
methods. The condition regarding the third absolute moments is prin¬ 
cipally needed here. Notice that the dependence on k is essential. 

Lemma 1. We have 

I w .... - Huu ...,«*) | < &**»-* 

where Qi (as Qi, ... later on) is a constant depending on the random variables 
but not on k, n, or the u/s; and $(«i, is the k-dimensional distribution 

function corresponding to the characteristic function 

(h + • • • + <t)*^ 

, We shall write $(«) — *(«, ..., u). Lemma 2 is an improvement on 
Erdds-Kac inequality. 4 The proof depends on T^mma 1 and also uses 
Liapounofif theorem, * 

Lemma 2. Let c > 0, ^, > 0 and n/4> m T ®, <■ i 0. Then we heme 
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> Pr 





In order to evaluate we shall consider the special case where 

each X v ** ***1 with probability 1/2. In this case we find 
Lemma 3, If a n * 0 (\/n) t then 


Pr(S n * < a n \/n) 


4 y (-i y 
rih o 2* + 1 



(2* + 1 )V\ 
8<V / 


+ 



W + 0 



where T(a^) is defined by the series . 

The proof of * Lemma 3 starts with a combinatorial formula due to 
Bachelier, 5 and makes use of standard approximations together with a 
Fourier series transformation. 

Combining Lemmas 2 and 3, and choosing, e.g., 


we get 


Ign 

Slgtfi 


T (?-$£) +R -* Pr ( s -' ■<» Vf.) 2 r (w:) -*■ «> 

where 7\a) is defined in Lemma 3 and 



«„%” \ , / fn y /, \ 

i fyAirt) + \«nW /• 



1 

We may remark in passing that from (8) and (4) we can deduce a re¬ 
mainder term to the limiting distribution of S n *, e.g., if a is a constant, then 


Pr(V- < « v^) - 7X«) + 0 (/g»n(/f«)- ,/ *). 

Putting in (3) and (4) ,/ ’ =» ij n and choosing, e.g., % ^ 1600 Igtn 

(lgn)~' ,> we obtain 


i*j ^ Q<vg»r m 

If = o(l), it is easily seen that there exist two Constants >1* > At > 0 
such that ' 
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- c~*' (1 - A x 






These estimates can be sharpened to a certain extent, but they are sufficient 
for our present purposes. We state the main result as follows. 

Lemma 4. If t 00 and 

tn *' 0 (lgin)> 


then , 


Pr 


(s»' 




- tr*' (t + «(i)). 

V 


Evidently the sequence, 


* lg 2 fi + 2lgzft + lg 4 n + ... + kp~ \n + (1 + $)k P n, 
satisfies the conditions of Lemma 4. 


Now we have the tools for proving our theorem. The proof for the 
case 5 > 0 follows easily from Lemma 4 by taking a'sequence ~ exp. 
(k/lgk). The proof for the case 5 0 is much deeper and depends on the 

subtraction of a further subsequence with k v 4 vlgvlgdu. We use in part 
arguments similar to Feller’s, combined with estimates based on Lemma 4. 
It is impossible to indicate the method without going into details. 

We state a more general theorem as follows. Let 

It ft 

•«n 2 = £ *’» ■= E7< 

1/«• ] r • 1 


and make the following assumptions: 


r, - 0 (s, J Max. 7. 7 ') 

I <.v£n 


Max. y. V * « 0(^ ,_ "), &>0 

l£v£tt 




t 00 f then 




is equal to zero or one according as 


E “7 int~* n 


W-1 Si 


is convergent or divergent. 


4 
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Detailed proofs of the above results will appear in another publication. 

1 Fetter, W., ''The General Form of the So-Called Law of the Iterated Logarithm/* 
Trans . Amer. Math, Sac., 54, 373-402 (1943). 

* Chung, K. L. t and Erdds, P., “On the Lower Limit of Sums of Independent Random 
Variables/ 1 to appear in Annals of Mathematics. 

• Berry, A. C., “The Accuracy of the Gaussian Approximation to the Sum of Inde¬ 
pendent* Variates/' Trans . Amer. Math, Sac., 49, 122-136 (1941). 

4 Erdds, P., and Kac # M. t “On Certain Limit Theorems of the Theory of Probability/' 
Bull. Amer. Math. Soc S2, 292-302 (1946). 

4 Bachetier, Calcul des probabilith, 1.1, Paris (1912). 


SOME RESULTS ON ADDITIVE THEORY OF NUMBERS 

By Loo-Kbng Hua 
Institute foe Advanced Study, Princeton 
Communicated March 31, 1947 

Let k be an integer >11. Let r*,(P) be the number of solutions of the 
system of Diophantine equations 

+ ... x f * * y\ + ... y,\ 1 < h < k (1) 

1 < x y < P. 

The author has proved that, for 

5 > k % {2 log k .+ log k l + l /s log log * + 4), (2) 

the asymptotic formula 

r,.(P) ~ aciP*'- ,/ ' < *+ v , (3) 

holds (for P —> ®) where c\ is a constant defined by the integral 

f\ff* ltakXi+ •• + ?'*'dxf , da\ ... dot 

-« — co 0 


aqd c» by a singular series. 

If k < 11, the formula (3) is still true for s > s«, where s, is defined in the 
following table 


k j 

2 

3 

4 

5 

' 6 

7 

8 

9 

10 

5 0 

4 

9 

24 

63 

157 

381 

890 

2035 

4596* 


This is a precise information about Tarry's problem. 

The author has previously 1 established an asymptotic formula for the 
number of solutions of the system of Diophantine equations with prime 
unknowns - 
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Pi h + ... + p 9 k - iV*, 1<*<*. 

He has now succeeded in extepding its range of validity from 

^ t 

s > 4.14Jfe(Jfe + l)(k -f 2) log k (s> 11) 
to 

$ > Jfe ? (4 log k + 2 Vtog + log log it + 9) (s > 11). (4) 

* 

Concerning Waring's problem Vinogradow 2 shows that the Hardy- 
Little wood's asymptotic formula for the number of solutions of 

x* + ... + x s k =» JVj x v > 0 

holds for s > 20 k 2 log k. His method is hardly able to go beyond the 
order of magnitude k 2 log k, but the numerical factor may still be improved. 
Indeed the author has replaced Vinogradow's inequality by a sharper one 

s > 4jfe a (log k + r /i Vlog k 2 + y 4 log log k + 1). (5) 

Vinogradow’s asymptotic formula for Waring-Goldbach's problem also 
holds within the range (5). 

1 Hua, Additive Prime Number Theory, This booklet was accepted for publication 
by the Acad, of USSR in 1940. The appearance was delayed by World War II. 

» Comptes Rendus of USSR, 1942, No. 7. 


ON THE MULTIPLICITY OF STEADY GAS FLOWS HA VING THE 

SAME STREAMLINE PATTERN 

By M. Munk and R. Prim 
Naval Ordnance Laboratory, White Oak, Mu. 

Communicated April 7, 1947 

The streamline pattern for any one steady flow of an ideal gas is the 
streamline pattern for a great many different modes of flow of such gas. 
Such trivial variants of the given flow as those obtainable by changing 
all pressures and densities in the same proportion are but special cases of 
wide classes of substitution flows having a common streamline pattern 
with the original flow, One such class of substitution flows of particular 
interest will be discussed here. 

We shall consider steady flows of an ideal gas in which changes in entropy 
occur only in infinitely thin shock-front regions. This means that in 
regions between shocks the flow is ismtropic , but not necessarily konttn- 
tropiCv That is, the entropy in a shock-free region is constant along any 
gwm streamline but is not necessarily constant throughout the flow . Only 
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if the flow is homentropic and not merely isentropic will the density be 
a unique function of the pressure throughout the shock-free region. The 
existence of such a function is the necessary and sufficient condition that 

1 

the acceleration field,-grad p t possess a potential (be irrotational). 

P 

Since irrotationality of the acceleration field is necessary (but not sufficient) 
for irrotationality of the flow field, only such isentropic flows as are also 
homentropic may possibly be irrotational. Hence in considering flows 
which are isentropic but not necessarily homentropic we include rotational 
as well as irrotational flows. 

We shall first limit our attention to regions between shock fronts,and 
consider that class of substitution flows for a given steady streamline 
pattern for which the pressures remain unchanged. That is for which 


P f - P (1) 

Now the dynamic equilibrium of the force components normal to the 
streamline requires that the normal component of the pressure gradient 
balance the centrifugal reaction of the flow, or 


dp' pV* 
dn " R 

dp pp a 

&»“ R 


(2a) 

(2b) 


> 

where R represents the local radius of curvature of the streamline, v the 
flow velocity and p the mass density. Since p f « p, the condition 


pV* ■* pi> 2 

follows. 

Now, for gases of constant specific heats, C v and 

pxp y exp. (s/Cp) Vy ss C p /C % 

L$ 3,8 entropy (specific) 

For such gases the ‘‘velocity of sound” is given by 

c - V (1.). ■ ^ 

and the Mach number, defined by 


(3) 

(4) 


( 5 ) 
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becomes 



Since p f — p and pV 2 = pt/ 2 , the additional condition 

M 9 - M (8) 

is obtained. 

A further condition restricting the possible substitution flows is the 
necessity of dynamic equilibrium of the force components along each 
streamline. That is to say, Bernoulli's equation must hold along each 
individual streamline: 


~i P' + gpV'-ffV ' 0) 

\ 

where H f is a quantity (the “total enthalpy") which is constant along any 
particular streamline. The original flow satisfies a similar equation 

7 Ti A + \ !»>* - H P (10) 

Hence, from (1) and (3) it follows that 

H 

Up' * Up, or p =*= fpP = m P ' (11) 

where m is a parameter constant along any given streamline but variable 
from streamline to streamline. Since there are no further conditions to 
be imposed on the substitution flows, we still have at our disposal the 
value of the arbitrary parameter, m, for each streamline. 

The streamline pattern and all pressures and Mach numbers are left un¬ 
changed if along each streamline the values of density and of velocity are 
multiplied respectively by m and 1/y/m, where m may change from streamline 
to streamline. 

This class of substitution flows has thus far in our discussion been 
l imi ted to shock-free regions, but this restriction can now be removed. 
Consider the flow quantities immediately in front of and immediately 
behind a shock front to be designated by the subscripts 1 and 2. Then 
the necessary conditions of conservation of mass, momentum and energy 
for a streamline passing through a steady shock front can be expressed in 
the form of equations (12-14): 

r 

plVi » p%Vi 

piV\* Bin 2 ax + px ■* pjta* sm 2 a* + p a 


( 12 ) 

(13) 
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Pit*i* + Kpx “ pat^ 1 + 



where a represents the angle between the streamline and the shock front, 
and K is a constant depending on the kind of gas involved. It is clear 
that any substitution flow consistent with the requirements of equations 
(1), (3) and (11) will satisfy these shock conditions as well as does the origi¬ 
nal flow. Therefore this group of flow substitutions produces no change 
in streamline pattern even if shock fronts are present. 

In the most general flows of an ideal gas the total enthalpy, II, (ss* + 


v 


where i is the specific enthalpy) is constant along each particular 


streamline, whether or not it intersects shock fronts, but it varies from 
streamline to streamline. The entropy is constant along each particular 
streamline in regions between shock fronts, but varies from streamline to 
streamline and increases discontinuously whenever the streamline crosses 
a shock front. 

In supersonic regimes (v > c) flows of this most general character can 
be computed by the use of the general method of characteristics combined 
with the shock-front integral relations (equations (12-14)) when suitable 
boundary conditions are imposed. However, the computation is con¬ 
siderably simpler if either the total enthalpy, II, or the entropy, s, is 
universally constant for a region under consideration. For if II is constant 
throughout the flow, a universal relation exists between v and c, as from 
(5) and (10): 






On the other hand, if s is constant throughout a region of the flow, there 
exists a universal relation between p and />. (See equation (4).) 

By the use of the class of substitution flows discussed above, a flow of 
non-constant H and s can be readily replaced by a substitution flow having 
either constant H or (in a shock-free region) constant s if the values of 
m are suitably chosen on any surface intersecting each streamline a single 
time. The simpler substitute flow would then yield directly the pressures, 
Mach number and flow pattern of the original flow and, after a simple 
inversion of the conversion from original to substitute flow, the densities 
and velocities as well. > 

Similarly, if it is desirable to do so, an original flow problem involving 
non-constant H and constant s could be replaced by one having constant 
H and non-constant s, and vice versa. It is not possible, however, to 
substitute a flow having both II and s constant for one in Winch either is 
non-constant. In other words, this class of substitution flows does not in 
general allow the replacing of a rotational flow by an irrotational one. 
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The relations discussed may be arrived at more briefly, but less directly, 
from dimensional considerations. Along each stream tube, there exists 
, for a perfect gas only one independent dimensional reference quantity, 
as for instance the “reservoir 0 pressure. All variables can be expressed 
in terms of that reference pressure in conjunction with one non-dimensional 
quantity as for instance the local Mach number. Thus the local pressure 
is equal to the reference pressure multiplied by a function of the Mach 
number, and of non-dimensional quantities representing the geometry 
involved. Hence the lateral pressure gradient is determined and invariant 
with respect to transformations not involving changes of the geometry or 
changes of the reference pressure and thus changes of any pressure. It 
follows that it must be possible to write all pertinent equations in terms of 
the local pressure, the local Mach number and the space coordinates, 
thus eliminating one dependent variable. 

Among possible flows calling for application of these relations, there 
are jets from different “reservoirs* 5 flowing together. Such is the flow 
when a propulsion jet issues into the rapidly moving air (relative to a 
missile or airplane) of the atmosphere. It may also be instructive to 
idealize boundary layer wakes by considering them as jets of a perfect gas 
with a lowered total enthalpy. 


TURBULENCE AS AN ENVIRONMENTAL DETERMINANT OF 

RELATIVE GROWTH IN DAPHNIA 

* 

By John L. Brooks 

Osborn Zoological Laboratory* Yale University 

* 

Communicated March 24, 1047 

Temporal variation or cyclomorphosis is pronounced in many limnetic 
races of Daphnia. The relative length of the head is the most variable 
aspect of such races of the north temperate zone. The winter and early 
Spring generations bear short round heads resembling those characteristic . 
of pond Daphnia. Individuals of midsummer generations have elongate 
heads, called helmets, which are often nearly as long as the rest of the body. 
During the period of these striking phenotypic changes reproduction 
is entirely a sexual, which means that the genetic constitutions of all genera¬ 
tions are almost identical. These phenotypic differences must therefore be 
determined by seasonally variable cytoplasmic or environmental factors, 
in' all probability the latter. 

The aim of the present investigation is precise determination of all of 
the environmental factors controlling cyclomorphosis. The efforts of 
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students in the first two decades of this century were directed toward 
finding a single environmental variable which controlled the relative head 
size. Wesenberg-Lund 1 concluded that temperature was the controlling. 
factor while Woltereck*, denying this, claimed that the level of nutrition 
was the prime control. The experiments of Coker and Addlestone* in 1938 
indicated, however, that different environmental factors were effective at 
different periods of the life history of an individual. They showed that 
temperature did control head size, but only during the embryonic period, 
some unisolated factor being involved during postnatal life. The author 4 
was able to confirm these findings of Coker and Addlestone on several 
species. 

The rate of relative helmet growth during postnatal life can be measured 
by the value of A in Huxley's* allometric equation, y =» bx*, as was dem¬ 
onstrated in the study 4 of the population of D. retrocurva Forbes in Ban¬ 
tam Lake, Connecticut (1945). From April until mid-June head (y) and 
carapace ( x) grew at the same relative rate (A = 1). Thereafter, helmet 
growth was tachyauxetic, the rate reaching a maximum (A ** 1.44) a 
month later. It was still greater than unity (A = 1.27) at the end of the 
series in mid-August. Tachyauxetic growth occurred that season only 
when the water was above 18-19°C., but above this threshold appeared 
to be independent of both temperature and nutrition. Individuals of this 
population were cultured in laboratory vessels under conditions of temp¬ 
erature and nutrition which supported tachyauxetic helmet growth in the 
lake. Yet the helmets always grew relatively more slowly (A — 0.52 to 
0.74) than the rest of the body in these laboratory cultures. An investi¬ 
gation of the effects of size of vessel* and population density 4 proved that 
they are not responsible for this difference between the rates of relative 
helmet growth in the lake and in-laboratory cultures. An experimental 
study of the rdle of turbulence was more fruitful and forms the subject of 
this report. 

The population of D. retrocurva in Bantam Lake was so small in the sum¬ 
mer of 1946 that it was impossible to collect any experimental animals of 
this species. The substitution of another species was necessary, so a race 
of Daphnia longispina with apicate helmets, also present in Bantam Lake, 
was utilized. The shape of the helmets of this race in mid-summer can be 
judged from the right-hand column of figure 2. Individuals from this 
population were used in the investigation of the influence of population 
density and size of vessel, as well as that of turbulence on the rate of post¬ 
natal relative helmet growth. Some of the Daphnia collected on September 
2 were preserved and the remainder were brought back alive to the labora¬ 
tory. Twenty adults with eggs or embryos in the broodpodch were selected 
as parents. These adults were divided into two equal groups. One Was 
to be maintained in turbulent water while the control group wtt ktspt in 
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the usual quiet water of laboratory culture vessels. The cultures were 
kept in two similar rectangular museum jars of dim en sions 20 X 23 X 30 
cm. Each held ten liters of Bantam Lake water, which had been twice 
filtered through 10 X bolting silk. The jars were placed side-by-side un¬ 
der fluorescent lights in a room with a fairly constant temperature. A small 
electric stirrer rotated a nearly straight glass rod which extended about ten 
centimeters below the surface of the water. The turbulence so produced 
was judged to be sufficient when the Daphnia were swept around by the 
current. Measurement of the amount of turbulence was not possible. 
The nannoplankton of the lake water reproduced rapidly enough to serve 
unaugmented as a sufficient source of food. 

Periodic microscopic examination of the adults showed that all of them 
lived and reproduced in each culture. No measurements of their offspring 
were made during the first two weeks. The temperature fluctuated slowly 
between 17.2°C. and 23.1 °C. The mean of the daily readings for the tur¬ 
bulent culture was 19.4°C., for the control 19.3°C. At the end of this 
period those offspring of each culture which had matured were measured and 
drawn. 

The difference in relative head length in the two cultures was re¬ 
markable. While the heads in the controls were of the same relative length 
as in all previous laboratory cultures, those reared in turbulent water had 
relatively longer helmets, more nearly like those found in the lake. A rep¬ 
resentative adult from this first generation of each culture is drawn in 
figure 2. 

Accumulation of sufficient data for a determination of the relative rates 
of helmet growth in the two cultures was highly desirable. All the instars 
of the first generation constituting the population at the end of the period 
could not be grouped to provide this information as the temperature, hence 
the relative head length at birth, had been too variable. It was therefore 
necessary to attempt a more rigorous temperature control. The two ves¬ 
sels were placed side-by-side in a 60-liter water bath. First generation 
adults were used in this experiment. Eight from the turbulent culture 
were replaced in turbulent water. Ten from the control culture were re¬ 
placed in non-turbulent water. The temperature in each remained be¬ 
tween 19.4°C. and 22.4°C. during this sixteen-day experimental period, 
except on the first day when it reached 23.0°C. Temperature fluctuations 
were simultaneous in the two cultures. The mean of the sixteen daily 
temperature records in each culture was 21.2°C. Nutrition as judged by 
the color of the guts was very good during the early phase of the experiment 
and slowly decreased so that at its termination, although adequate, it was 
poorer than at the outset. This change followed the same course in both 
vessels. It should be emphasised here that the relative rate of helmet 
growth is not influenced by changes in the nutritive level. 
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CARAPACE LENGTH — MM. 

FIGURE 1. 

Comparison of rates of relative head growth (Daphnia longispina, Bantam Lake* 
Conn.) in laboratory cultures with turbulent and non-turbulent water. See text for de¬ 
tails. 

* 

Periodically a portion of the Daphnia population was removed from 
the culture vessels for examination. Bach specimen was anesthetized with 
ethyl urethane, measured, and drawn with the camera lucida. These 
animals if properly treated, appeared to suffer no ill effects and-woe re¬ 
turned to the cultures. The measurements of head length and carapace 
length were made with an ocular micrometer. The head length was then 
plotted on a logarithmic grid against carapace length for each individnal. 
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This gives a linear array of points for each culture. Measurement of the 
slope of the line of best fit for each array provides the k value for each 
culture. The details of measuring and analysis of measurements are given 
elsewhere. 4 When the pre-adult rate of relative helmet growth is isauxetic 
or tachyauxetic, there is an appreciable fall in the rate after maturity. No 
change in rate is apparent when early growth is bradyauxetic. The ex¬ 
ponent, k t for immature specimens in the turbulent water is 0.99. Cal¬ 
culated for all specimens in non-turbulent water it is 0.6S. (Kg. 1.) 

This difference between the rates of relative helmet growth in tur¬ 
bulent and non-turbulent cultures could be either a direct effect of turbulent 
water movements on the Daphnia or an indirect one. Turbulence might 
act indirectly by increasing nutrition or oxygen concentration. Yet, as 
pointed out above, the difference between the levels of nutrition in the two 
cultures at any time was small when judged by microscopic examination of 
the guts of the transparent living animals. Oxygen determinations using 
the Winkler process showed that the water in both vessels was saturated 
with oxygen at the end of the experiment. This leaves a direct effect of 
turbulence as the more likely explanation, but no definite information is 
available as to the manner in which it influences the growth processes of 
Daphnia. It is possible that there are environmentally conditioned differ¬ 
ences in metabolic rate associated with different rates of relative helmet 
growth. This would parallel the situation in Locusta migratoria where the 
externally determined solitary and migratory phases are known to have 
significantly different rates of oxygen consumption. 7 

Adult Daphnia reared in turbulent water in the laboratory have helmets 
relatively larger than those reared in non-turbulent cultures but they do 
not attain the proportions of adults which developed in the lake at about 
the same temperature. A comparison of development in these three en¬ 
vironments is given in figure 2, These camera lucida drawings are all to 
the same scale, except for the neonatae which have twice the linear mag¬ 
nification. The left and center columns contain specimens taken from the 
non-turbulent and turbulent laboratory cultures, respectively, while that 
on the right shows specimens in the Bantam Lake population at the time 
when the parents for the experimental cultures were collected. These 
parents had the appearance of the adult at the top of that column. The 
adults of similar size which head the other two columns are the offspring 
of these females which were reared under turbulent and non-turbulent 
laboratory culture. Development in the two laboratory cultures will first 
be considered. The relation of each specimen to the rest of the population 
samples can be checked in figure 1. More than one specimen is drawn for 
mopt size groups to illustrate the range of variation. Specimens toward the 
left of either column have relatively smaller helmets, appearing below the 
li&e of best fit in figure 1. Those to the right have relatively larger helmets 
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NON-TU RBULENT I TURBULENT I LAKE SEPT. 2,*46, 


FIGURE 2. 

Camera lucid a drawings illustrating differences in helmet development m individuals 
from the same population of Daphnta longispina (Bantam Lake, Conn,) when reared in 
three different environments. The range of temperature and nutrltlveconditlotts was the 
same in all three. See text for details. ‘ 
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and those in the middle correspond to points on the curve. The relative 
helmet size of each Daphnia is given as a ratio. The effect of the different 
relative growth rates is apparent even on comparison of the neonatae with 
the next larger size group. While the newborn of the two cultures are 
identical, the lowest HL/CL ratio for specimens of the next larger size 
group in the turbulent culture is as high as the highest among the same 
sized individuals of the control culture. Among larger specimens the low¬ 
est HL/CL ratios in the turbulent culture are greater than the highest found 
in the same size group from non-turbulent water. The younger individuals 
in the right-hand column represent the only specimens of the appropriate 
instars to be found in the sparse population in Bantam Lake at that time. 
Unfortunately no neonatae were taken. As the temperatures at the sur¬ 
face, at one meter’s depth and just above the bottom were 22.7°C., 21.6°C. 
and 20.2°C., respectively, the neonatae undoubtedly had helmets of about 
the same relative size as those in the laboratory cultures. If so, the hel¬ 
mets must have been growing relatively more rapidly than those in the tur¬ 
bulent laboratory culture in order to produce the higher helmets in the 
later instars. Although the absence of representatives of the early instars 
precludes an accurate determination of the relative growth rate, comparison 
with the laboratory growth rates should provide an approximation. The 
helmets in the turbulent laboratory culture were growing at the same rel¬ 
ative rate as the rest of the body (isauxesis) since the slope of the line best 
fit is essentially unity (k 0.99). Relative helmet grow thin the lake must 
therefore, have been tachyauxetic (ft> 1). 

The information which this experiment provides concerning the rel¬ 
ative rates of helmet growth under different environemntal conditions is 
incomplete, yet it invites integration with what we know of the seasonal 
differences in relative growth rates in D. relrocurva. The helmets of the 
Bantam Lake population of the latter species grew isauxetically from the 
first of April to the middle of June 1945, under a wide range of nutritive 
and thermal conditions. The race of Daphnia longispina in the turbulent 
laboratory culture, well fed and at somewhat higher temperatures exhibited 
isauxetic helmet growth. This suggests that turbulence of the lake waters 
may be the factor permitting isauxesis. If so, it seems probable that tur¬ 
bulence is also necessary for tachyauxetic growth. Differences in the 
amount of turbulence might determine the rate of relative helmet growth 
or turbulence may be a necessary, but not a sufficient environmental factor 
for tachyauxesis. Further laboratory experimentation will explore this 
possiblity. There is also hope of estimating the seasonal variation in the 
amount of turbulence in lakes. 

One remark about the significance of turbulence in the interpretation of 
the biology of limnetic Daphnia should be made. Should turbulence prove 
to be a necessary environmental condition for the development of helmets 
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in many races it would explain the oft-noted restriction of helmeted pop¬ 
ulations to the upper, turbulent waters of stratified lakes. Those living in 
lower, less turbulent waters usually have shorter helmets. 

Summary.—Preliminary experiments on a cyclomorphic race of Daphnia 
longispina indicate that turbulence of the water is one of the environmental 
factors controlling relative rate of helmet growth during postnatal life. 
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in Daphnia longispina,’’ Jour. Elisha Mitchell Set. Soc., 54, 45-75 (1938). 

4 Brooks, J. L., “Cyclomorphosis in Daphnia. I,” Eeol. Mon., ltf, 409-447 (1946), 

1 Huxley, J., Problems of Relative Growth, New York, MacVeigh (1932). 

* Suggested in Coker, R. E., "The Problem of Cyclomorphosis in Daphnia," Quart. 
Rev. Biol., 14, 137-148 (1039). 

1 Butler, C. O., and Innes, J. M., “A Comparison of the Rate of Metabolic Activity 
in the Solitary and Migratory Phases of Locusta migratoria," Proc. Roy. Soc. London, 
Ser. B. 119, 206-304 (1936). 


A DIRECT DEMONSTRATION OF THE PHOSPHORUS CYCLE IN 

A SMALL LAKE * 

By G. Evelyn Hutchinson and Vaughan T. Bowen 

Osborn Zoological Laboratory, Yale University and American Museum op 

Natural History 

Communicated March 24,1947 

It is well known that the total quantity of plankton present in the waters 
of a lake may undergo marked and rapid variation, so that in the course of 
a year a number of pulses or maximum populations may succeed each other. 
Juday and Birge 1 noted that such rises in the phytoplankton might occur 
without reducing the phosphate content of the water and that on occasions 
both phosphate and plankton might rise together. It has also been noted 
for example by Pearsall, 2 that rises in the population of blue-green algae 
may occur at the end of summer when it would seem that the phosphorus 
content of the water was totally inadequate to support an increased phy- 
toplanktonic population. In an earlier paper 2 much indirect evidence was 
assembled indicating that in Linsley Pond, a small inland lake which de¬ 
velops a very stable thermal statification in summer, there is a continual 
liberation of phosphorus from the mud into the free water. Such of this 
phosphorus as enters the illuminated layers of the lake is believed to be 
taken up by the phytoplankton, later to be sedimented as a fine rain of 
particulate matter, partly no doubt dead phytoplankton, but also faces of 
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zooplankton feeding on the plant cells. The resultant movement of phos¬ 
phorus is thus believed to be a horizontal movement into the free water 
as phosphate, and a vertical downward movement as seston or particulate 
matter. The very low concentrations usually observed in summer in the 
surface waters of lakes are thus to be regarded as steady state concen¬ 
trations, maintained at low levels by the activity of the phytoplankton, the 
rate of development of which depends rather on the rate of supply of phos¬ 
phate ions from the mud than on their concentration in the free water. 
Such an hypotheses explains the rather paradoxical situations encountered 
by other workers and is in accord with the facts relating to chemical cycles 
in Linsley Pond and other lakes. If the hypothesis is correct, phosphorus 
present in the surface as phosphate on any given day should move to greater 
depths during the course of the succeeding few days or weeks, even in fully 
stratified lakes in which virtually no mixing is taking place. The pos¬ 
sibility of obtaining relatively large amounts of the radioactive isotope of 
phosphorus P 82 permits the hypothesis to be tested. . 

On June 21, 1946, a sample of radiophosphorus, of strength approxi¬ 
mately ten millicuries, received as phosphoric acid and made up as sodium 
phosphate in hundredth normal sodium bicarbonate, was introduced into 
the surface water of Linsley Pond in twenty-four approximately equal 
portions. Twelve of the portions were placed at approximately equal 
distances along a line running across the middle of the lake from West to 
East. The other twelve samples were placed along a line between the 
first line and the outlet at the south end of the lake. As a light south wind 
was blowing at the time, and as the surface water of the lake could be seen 
to be drifting northward when the boat was anchored in the middle of the 
lake, it was believed that this distribution of the samples would secure a 
fairly uniform dispersion of radiophosphorus in the circulating surface 

mo 

W a LCt w * 

Collections of water were made on June 28 in the deep central part of the 
lake normally used for limnological stations. For measurement of radio¬ 
activity, the vertical water column was divided into four layers, from each 
of which approximately 18 liters of water was collected, as is indicated in 
table 1. The depths of collection refer to the position of the top of the 
1,25-liter Nansen reversing bottle used to collect the water, the figures 
after the depths indicate the number of times the bottle was filled at each 
depth. The deepest water to be included at each filling of the bottle came 
from approximately 50 cm. below the top of the bottle so that the com¬ 
posite samples may be regarded as representing I, 0-3 m.; II, 3-6 m.; 
Ill, 6-9 m. and IV, 9-14.5 m. layers. The composite sample from each 
layer was evaporated almost to dryness, the organic matter oxidized with 
nitric and perchloric acids, and after addition of a drop of phosphoric acid 
as a carrier, the phosphate was precipitated as ammonium phosphomolyb- 
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date. The measurements of radioactivity were performed on the dry 
phosphomolybdate precipitates on filter paper. 

Owing to the great dilution of the radioactive material, it was neces¬ 
sary to make a large number of counts, particularly on the sample from 
layer III, and to test the significance of the means obtained by Fisher's 4 
table of /. The voltage stabilizer of the only Geiger counter circuit avail¬ 
able was not sufficiently good to prevent alterations in the background 
count which completely obscured the increases, in single two-minute counts, 
due to the radioactivity of the samples. In the case of the samples from 
layers I and II, the mean count was found to be significantly different from 
the background when twenty-one 2-minute counts had been made; for 
quantitative determination nine more counts were included. For the lower 
activity of the sample from layer III, sixty-three runs of two minutes, alter¬ 
nated with background counts on a control sample of phosphomolybdate 


TABLE 1 






COUNTS 
PHR M.* 

PROBABILITY 
HUB TO 

VOL. 

LAYER 

COUNTS 

PBR 

LAYRlt 


LAY Kit 

COMPOSITION OP SAMPLB 

PER MIN. 

CltANCK 

M.» 

PHR MIN. 

I 

0-3 m., 

0.0 m„ 2; 
1.0 m„ 3; 
2,0 m. f 3; 

0.5 m.* 3 

1.5 m.* 2 

2.5 m., 2 

1100 

0.01-0.001 

241,800 

266.10* 

II 

3.6 m. 

3.0 m., 2; 
4.0 m., 3; 
5.0 m., 3; 

3.5 m.* 2 

4.5 m.» 2 

5.5 m., 2 

980 

0.01-0.001 

192.400 

189.10* 

III 

6-9 m. 

6.0 m., 2; 
7.0 m., 3; 
8.0 m., 3; 

6.5 m.* 2 

7.5 m., 2 

8.5 m., 2 

620 

0.0&-0.01 

120,400 

75.10* 

IV 

9—14,8 in, 

9.0 m., 4; 
11.0 m., 2; 
13.0 m., 2; 

10.0 m., 3 
12.0 m., 2 
14.0 m., 1 

(200 

0.5-0.6) 

Sum of sig¬ 
nificant 
values 

680.10* 


precipitated in concentrated oxidized surface water collected on June 13, 
1946, were made. The counts for layer III only appear significant if the 
significance of the mean difference between each run and the immediately 
preceding control background run be considered. This is reasonable, since 
the voltage will vary little between two consecutive counting periods, but 
over the whole sixty-three pairs of observations the over-all changes in 
voltage will greatly increase the variance of both background and sample 
counts. The sample from layer IV gave no significant indication of radio¬ 
active phosphorus after forty-two observations had been made and must 
be regarded as negative. With improved counting facilities and a some¬ 
what larger quantity of radiophosphorus it may be possible to measure the 
activity of phosphate phosphorus, organic soluble phosphorus and sestehk 
phosphorus spearately and to follow the cycle for longer periods on some 
future occasion. 
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The results of the study are set out in table 1, all counts being adjusted 
for decay and fluctuation of the counting rate, to correspond to the time 
and conditions of measurement of a phosphomolybdate preparation of an 
aliquot of 10~* of the original sample, which gave a count above the back¬ 
ground of 71o per minute on July 8. On this basis the total quantity of 
P 32 put into the lake corresponds to 713,10* counts per minute. The total 
recovery therefore amounts to 74.2% of the P 32 introduced. 



Vertical distribution of temperature aud total phosphorus in Llnsley Pond 21 and 28 
June, 1940, and limits of the four layers used in the present study. 


The temperature curves (fig. 1) for the days at the beginning and end of 
the experiment are almost identical below three meters. The slightly 
lower temperature in the deep water on June 28 is certainly insignificant, 
and due to slight distortion of the isotherms by wind, as frequently occurs 
in ah lakes. The chief change in the week of the experiment was a great 
heating of the surface water due to a sudden spell of hot weather. 
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Determinations of total phosphorus indicate a movement of phosphorus 
into the epilimnetic layer I during the period under consideration. The 
apparent decline in the total phosphorus at 4 m. in layer II is probably due 
to the descent of decomposing plankton which was clearly visible in the 4 ni. 
sample on June 21, but which was probably at a greater depth and was 
consequently missed in sampling on June 28. 

In spite of the fact that phosphorus has entered the epilimnion during a 
period when there can have been practically no vertical mixing, it is clear 
from the radioactivity measurements that 47% of the phosphorus present 
as phosphate in solution at the surface on the first day of the experiment 
had descended into the stratified part of the lake below 3 m. and about 
10% had crossed the 6 m. level. These findings completely confirm the 
hypothesis put forward in 1941 and summarized in the first paragraph of 
the present contribution. 

Of the 25.8% of the.? 82 put into the lake and not recovered, the greater 
part had probably entered the aquatic plants and sediments in contact with 
the 0-3 m. layer. Assuming uniform sedimentation, the bottom of the 
lake from the 0 m. to 3 m. contour, having an area of about 24.6% of the 
surface area of the lake, would have received a like fraction of the radio¬ 
phosphorus. Actually uniform vertical sedimentation is unlikely in the 
shallow water, but an appreciable amount of radiophosphorus entered the 
aquatic vegetation growing in the littoral zone. Littoral plants, mainly 
Potamogeton spp., were collected on June 28 and July 12 and showed the 
activities in counts per minute, given in table 2. 


June 28 
July 12 


TABLE 2 

PEA ORAM 
WET 

1.65 

0.68 


PER ORAM 
WRY (80°C.) 

8.85 

4.47 


PER ORAM 
P. 

4700 

2800 


If the wet weight be taken as approximately equal to the volume it 
will be observed that on June 2N, when the surface waiter gave a count of 
the order of 10* per m.* per minute, the weed gave a count of the order of 
10* per m.® per minute, indicating a thousand-fold concentration erf radio- 
phosphorus in the weed over that in the water. It is unfortunate that no 
quantitative data are available on the population of littoral plants ih Lin- 
sley Pond, though, except at the south end, no extensive beds occur. The 
results just given suggest that in lakes in which there are wide expanses of 
littoral vegetation, this vegetation competes with the phytoplankton for 
phosphorus. Such competition is of course likely to be most severe during 
the growth period of the plants front April to June, and may conceivably 
account for phytoplankton minima often observed at the end of May or 
June. . 



Vol. 33, 1947 


ZOOLOGY: HUTCHINSON AND BOWEN 


163 


* The authors wish to acknowledge their indebtedness to Dr. E. F. Pollard for his 
help and advice and for arranging for the manufacture of the sample of P* 2 employed. 
An unsuccessful attempt to perform an experiment of the kind described was made in 
1941 by Pollard, Hutchinson and W. T. Edmondson. 

1 Juday, C., and Birge, E. A., “A Second Report on the Phosphorus Content of 
Wisconsin Lake Waters,” Trans, Wis . Acad . Sci. t Arts Lett. 26, 353-382, 1931. 

2 Pearsall, W. H., “Phytoplankton in the English Lukes. II. The Composition of the 
Phytoplankton in Relation to Dissolved Substances,” J. Ecol ., 20, 241-”202, 1932. 

* Hutchinson, G. E. f “Limnological Studies in Connecticut. IV. The Mechanism of 
Intermediary Metabolism in Stratified Lakes,” Ecol. Monographs, 11, 21-00, 1941. 

4 Fisher, R. A., and Yates, F. p Statistical Tables, London, 1938. 
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A” 1 NURENINE AS AN INTERMEDIA TE IN THE FORMA TION OF 

NICOTINIC ACID FROM TRYPTOPHANE BY NEUROSPORA * 

/* 

By G. W. Beadle, H. K. Mitchell and J. F. Nyx: 

Kerckhoff Laboratories of the Biological Sciences, California Institute of 

Technology, Pasadena, California 

Communicated May 14, 1047 

For a number of years it has been dear that nicotinic acid is synthesized 
by at least some mammals. The amount of this vitamin retained in the 
body of a rat plus that excreted may far exceed the dietary intake. 1 ~ 3 On a 
diet containing adequate protein the dog appears not to need exogenous 
nicotinic acid. 4 . Recently it has been shown that nicotinic acid synthesis in 
the rat,* 6 “ 7 man/- 0 the horse 10 and the cotton rat 10 is increased when the 
diet is high in tryptophane. 

It has likewise been shown by Woolley 11 and by Kodicek, Carpenter and 
Harris 151 that nicotinic acid and tryptophane are interchangeable in coun¬ 
teracting the pellagragenic effects of 3-acetyl pyridine, indole-3-acetic acid, 
and a factor present in corn t hat may be related to one of these. 

As pointed out by Rosen, Iluff and Perlzweig* these facts suggest that 
tryptophane may serve as natural precursor of nicotinic acid. Other inter¬ 
pretations are possible, however. 13 

Evidence in support of the hypothesis that tryptophane is a precursor of 
nicotinic acid and that kynurenine is an intermediate in the conversion 
comes from a study of a mutant strain of Nmrospora emssa. This mutant 
strain, designated 65001, descended from a conidium irradiated with 9400 
ergs of ultraviolet per square millimeter. The manner of treatment and of 
isolating and detecting mutant stains has been described elsewhere. 14 

Mutant strains of Neuroapora requiring exogenous tryptophane for 
growth are known. 1 * Other strains have been studied that will not grow 
unless nicotinic acid or a related compound is supplied in the medium. 1 * 
In certain of these strains the requirements are specific. Tryptophaneless 
strain 10675 Will not respond to nicotinic arid, and nicotinic acid-requiring 
stmihs 3416 and 4540 will not grow on tryptophane. Strain 65001, on the 
other hand; grows if supplied with either tryptophane or nicotinic acid. 
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In outcrosses to wild-type strains, mutant 65001 behaves as though it dif¬ 
fered from normal by a single gene. Asci from the cross carry four asco- 

rift*- 

spores that give rise to cultures that grow in the absence of both trypto¬ 
phane and nicotinic acid and four spores that give cultures which, like the 
mutant parent, require either but not both of these growth factors. The 
gene in which 65001 and wild type differ is not sex linked. Its genetic rela¬ 
tion to genes carried in mutant form by previously reported tryptophane- 
less and nicotinicless strains has not yet been completely established. 

The behavior of strain 65001 suggested to us that it, like the rat, might be 
able to make nicotinic acid from tryptophane. Kynurenine, known as a 
product of tryptophane metabolism in mammals, 171M insects 19, 20 and bac¬ 
teria, 20 suggested itself as a possible intermediate in this process. Tests of 
/-kynurenine, isolated from the urine of rabbits and kindly made available 
to us by Professor S. Lepkovsky of the University of California, showed it to 
be active in promoting growth of mutant 65001. As determined by three- 
day growth in 125-ml. flask cultures, 16 approximately 1.6 micromoles of /- 
kynurenine gives half-maximum growth. The corresponding values for 
nicotinamide and /-tryptophane are 1.4 and 9.N micromoles, respectively. 

Following the method of Butenandt, et a/. 21, 22 (//-kynurenine was synthe¬ 
sized. It proved to have half the activity of the natural material showing 
that the (/-isomer is not utilized as a growth factor by 65001. 

Like the mammal, strain 65001 produces an excess of nicotinic acid (or 
amide) when grown in the presence of an excess of tryptophane but not 
when grown on an amount just sufficient for growth. Thus four 500-ml. 
flask cultures of 65001, made up with 100 ml. of culture medium each, two 
containing 2 mg. (//-tryptophane per ItK) ml. medium and two containing 
four times as much, were grown for seven days and the culture medium 
tested for nicotinic acid. The lesser amount of tryptophane was adequate 
for growth of strain 65001. Following replenishment of sugar and biotin, 
the culture media were tested for ability to support growth of mutant 3416, 
a strain which appears to be specific for nicotinic acid or nicotinamide. 1 ® 
The media initially high in tryptophane gave good growth while those ini¬ 
tially low in tryptophane gave very little. While it is conceivable that the 
compound accumulated is not nicotinic acid or nicotinamide but a com¬ 
pound of unknown nature with similar biological activity, this seems un¬ 
likely. 

An experiment made in a similar manner shows that when 65001 is sup¬ 
plied (//-kynurenine in an amount just sufficient for maximum growth (500 
micrograins per 20-mi, medium), no nicotinic acid is given off in the culture 
medium in 12 days. But when the kynurenine is increased fourfold, nico¬ 
tinic acid accumulates in the culture medium in an amount sufficient for 


maximum growth of strain 3416—at least 0.5 microgram per milliliter of 
culture medium. 
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These experiments lend strong support to the view that Neurospora con¬ 
verts tryptophane to nicotinic acid by way of kynurenine. 

Since kynurenine is active as a growth factor for strain 39401 which was 
used as an assay vStrain by Bonner and Beadle 16 in the isolation of two nico¬ 
tinic acid precursors accumulated by strain 4540, the question arises as to 
the relation of kynurenine to these precursors. Elementary analyses of the 
strain 4540 precursors reported by Bonner and Beadle show that they can¬ 
not be kynurenine, a conclusion consistent with independent evidence indi¬ 
cating that they both contain a pyridine ring, 16 A reexamination of the 
properties of mutant 39401 shows that it, 4ike mutant 65001, grows when 
supplied tryptophane. These two strains may be alike genetically; at¬ 
tempts to cross them have so far been unsuccessful. 
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Proposed scheme of synthesis of tryptophane and nicotinic acid in Neurospora. 


On the basis of the evidence so far available, we suggest that the synthe¬ 
sis of tryptophane and nicotinic acid in Neurospora takes place according to 
the scheme shown in figure 1. It is clear that this scheme is incomplete. 
The part played in it by the gene in which strain 65001 differs from wild 
type is not yet entirely clear but we suspect that it is concerned with one of 
the steps between anthranilic acid and indole. In addition the evidence 
strongly suggests that one of the functions of nicotinic acid is to act cata- 
lyticaHy in the synthesis of tryptophane. 

Summary ,—On the basis of the growth responses of Neurospora mutant 
strains to tryptophane, nicotinic acid and kynurenine, it is postulated that 
nicotinic acid is normally formed from tryptophane with kynurenine as an 
intermediaite. If this conclusion is correct, kynurenine has a biological sig¬ 
nificance not heretofore suspected. Whether kynurenine serves as an in- 
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termediate between tryptophane and nicotinic acid in the mammal remains 
to be determined. 

* Work supported by grants from the Rockefeller Foundation, the Williams Waterman 
Fund for the Combat of Dietary Diseases and The Nutrition Foundation, Tnc. The 
authors are indebted to Miss Susanne McLean for assistance in carrying out experiments. 
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ON THE EVOLUTION OF THE GENUS NICOTIAN A* 

By T. H. Goodspeed 

Department op Botany, Untvkrbity op California 
Communicated May 7, 1947 

Taxonomic Status. —The relatively advanced family Solanaceae is allied 
to such families as the Labiatae, Hydrophyllaceae, Boraginaceae and Pole- 
moniaceao but most closely related to the Nolanaceae and Scrophulariaceae. 
The approximately seventy-five genera have been organized in five to nine 
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tribes or subtribes. Don, Endlicher, Miers and Dunal placed Nicotiana in 
the tribe Nicotianae , Bentham and Hooker and von Wettstein, in the 
Cestr(in)eae. 

In taxonomic organizations of the Solanaceae the genera most frequently 
associated with Nicotiana are Petunia ., Cestrum , Sessia, Vestia, Metternichea, 
Retzia , Fabuina and Nier ember gia. From my point of view the morpho¬ 
logical evidence more intimately relates the following genera to Nicotiana: 
Petunia , Cestrum , Vestia and Fabuina. 

A recent taxonomic reorganization of the genus ((k>odspeed r ) adopts the 
treatment of Don and recognizes three subgenera and eleven sections with a 
total of fifty-eight species involved. In subgenus Rusiica there are sec¬ 
tions Paniculatae (seven species), Thyrsiflorae (one species) and Rusticae 
(one species); in subgenus Tabacum , sections lomentosae (five species) 
and Genuinae (one species); in subgenus Petunioides , sections Undulatae 
(three species), Trigonophyllae (two species), Alalae (nine species), Nocti- 
florae (four species), Acuminatae (ten species) and Suaveolentes (fifteen 
species). 

The significance with regard to evolutionary mechanisms in Nicotiana 
of certain of the inter- and intrageneric relationships defined in the taxo¬ 
nomic status of the genus briefly summarized above will appear in what 
follows. 

Morphology. --Nicotiana is a conservative genus in the sense* that it 
does not exhibit characteristic morphological specialization of particular 
floral or vegetative organs. On the other hand, no other genus of the 
family, save possibly Solanum , shows a greater range of variation in habit, 
inflorescence and flower than does Nicotiana , and the degree of physio¬ 
logical specialization attained by many of its species indicates the extent 
to which they have evolved. 

Between the extremes represented, on the one hand, by desert ephemerals 
a few inches high and, on the other, by shrubby to subarboresccnt xero- 
phytic or subtropical perennials to twenty-five feet in height are robust 
annuals some of which become limited perennials in favorable environ¬ 
ments, and also root perennials spontaneously propagating from under¬ 
ground parts regardless of the fate of aerial ones. Inflorescence types in¬ 
clude a thyrse panicle and a flat spray, between which complex extremes lie 
such intermediates and specializations as mono-, di- and pleiochasial cymes, 
solitary flowers and inconstant, diffuse paniculate-cymose mixtures. 

Variability of the flower is chiefly expressed in the form and color of the 
corolla, stamen insertion and aestivation. In some species the flower is 
vespertine. The corolla is essentially salverform to trumpetform or tu¬ 
bular, the limb entire to rather deeply lobed. Red, green and yellow in 
various intensities and combinations occur. Pure white is found in only one 
species while a corolla predominantly white with a green to purplish flush 
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exteriorly is common. The stamens may be included or exserted, equal or 
unequal, long or shorthand inserted at any point from near the base of the 
corolla to immediately below the limb. 

Consideration of major and minor details of habit, inflorescence and 
4 flower of Nicotiana species reveals correlations suggesting five definite but 
interrelated morphological nuclei or clusters of species. The rusticoid and 
tomentosoid nuclei can be related by shrubby habit,* thyrse inflorescence, 
non-vespertine corolla with tendency for the limb to pass slowly through 
an upright, horizontal and recurved condition, and low insertion of stamens. 
The other three—the alatoid , noctijloroid and corymbosoid— also show 
interrelation. They are herbaceous nuclei; the inflorescence is variable 
but not a thyrse; the flower is usually whitish, vespertine and salverfonn; 
the limb seldom passes through a series of orientations; stamen insertion 
is higher, sometimes apical. 

The rusticoid nucleus (subgenus Rustica in general, and a group of its 
member species in particular) shows greatest regularity in leaf form, size 
and distribution; evenness in distribution of branches; an inflorescence 
derivable from a leafy shoot and capable of producing other known inflo¬ 
rescence types in the genus by reduction; pronounced regularity of all four 
whorls of the flower; relatively little adnation of filaments; a conservative 
condition of corolla throat, stamens, pistil and hypogynous disc. On 
morphological grounds it is, therefore, taken to represent that portion of 
the genus in which the most primitive characters have been preserved. 
By contrast with various species of tile tomentosoid and corymbosoid nuclei, 
the more strictly rusticoid members of subgenus Rustica exhibit relatively 
little polymorphy; the same is true of most members of the alatoid nucleus 
(including species of section Alatae ) and less true of the noctijloroid (includ¬ 
ing species of section Noctiflorae ). 

The morphological evidence points to the r61e of hybridization in the 
origin of the five modem nuclei. Thus, one may assume that on a primi¬ 
tive ancestral level a series of progenitors of genera including put Nicotiana, 
prePetunia, pr eCestrwn and the ultimate ancestors of other genera now 
related to Nicotiana began to vary each about a distinct morphological 
mean—differentiation referable to genic and structural alterations accom- 
panted by combination and recombination, selection and genetic and geo¬ 
graphic isolation. Two ancestral complexes, the gtaucoid and the petunia 
oid, appeared as a result of hybridization of pxtNicotiana with, in the first 
case, preCestrum and, in the second, prtPetunia, followed bv differentiation 
within two diverging modes of morphological variation thus established. 
Most of the members of the modern rusticoid and tomentosoid nuclei arose 
from the glaucoid complex, while, to the same degree, the alatoid, rtocti- 
ftoroid and corymbosoid nuclei were derived from the petuniaid complex. 
To this point and to this extent a dendroid diagram of the evolution of 
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Nicotiana might be constructed. However, certain species and species 
groups within and without the five nuclei cut sharply across such a dia¬ 
gram and transform it into a reticulum. Thus, there are modern species 
which owe their origin to hybridization between derivatives of the glaucoid 
and petunioid complexes, and others, to hybridization between components 
of those ancestral complexes themselves. 

^distribution- Today the distribution of the genus is essentially tri¬ 
partite: South America, North America, Australia and the South Pacific. 
In South America Nicotiana occurs in approximately the entire ‘Tail” of 
the continent, and also in southern and western Peru, the drier southwest 
of Ecuador, parts of Bolivia and the southern portion of western Brazil, 
but is absent from the drainage systems of the Amazon and Oronoco and 
from the northern countries of the continental “shoulder.” In North 
America it is found native in central and northern Mexico and in the 
western United States. Scattered stations are known in Guatemala and 
the West Indies. In Australia it has been collected in all but the tropical 
north and northwest. In the South Pacific it extends in isolated localities 
from New Caledonia to the iqid-Pacific Marquesas. This distributional 
picture is a product of the fact that, in general, modem species of Nicotiana 
demand light, a well-drained soil and dry rather than humid heat Only 
a few species have set aside one or another of these requirements and occur 
on the margin of the moist tropics. 

Presumably in South America existed the original reservoir from which 
the present-day assemblage of Nicotiana species arose. Certainly there is 
striking numerical preponderance of South American species and the ex¬ 
tent of their differentiation into morphologically and cytogenetically dis¬ 
tinct subdivisions has no parallel in the other two distributional areas. 
More specifically the center of distribution is taken to be the region now 
represented by the general area of junction of Peru, Bolivia, Argentina and 
Chile which corresponds to the current distribution of the rusticoid nucleus 
shown above to represent, on morphological grounds, the most primitive of 
the five clusters of modem species. 

The tripartite, geographically discontinuous distribution of the genus 
is explicable on the assumption that ecologically suitable paths for migra¬ 
tion connected South America with each of the other two continents in 
which species of Nicotiana are today native. The obvious suggestion that 
such a pathway to Australia included Antarctica and Tasmania is sup¬ 
ported by the tracing of an extension of the Andean system into the Ant¬ 
arctic continent, the indication that a temperate flora existed there at a 
relatively recent time and that migration from Antarctica to Australia via 
Tasmania occurred. The problem of a route permitting passage from 
South .to North America involves the semixerophytic nature of most mod¬ 
em Nicotiana species and the tropical zone which now separates the two 
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continents. There may have been a Caribbean path followed by certain 
progenitors more tolerant than current species of semitropical environ¬ 
ments. Along it they could have passed from the northern “shoulder” of 
South America through the arc of the West Indies to Mexico, a route to 
which the distribution of other plants points more clearly. On the other 
hand, if the considerable decrease in temperature postulated for Central 
America during the glacial epoch induced a somewhat dry subtropical cli¬ 
mate, migration might largely have followed the path of today's land con¬ 
nection between the two Americas. From central California to Mexico and 

* 

from Chile to southern Peru a previously greater westerly extension of land 
has been postulated. Had a similar extension once existed between 
Mexico and Ecuador another pathway between central western South 
America and southwestern North America might have become continuous. 
In these various connections it is to be noted that both the western United 
States and Australia have undergone considerable desiccation since the 
presumptive advent of Nicotiana . In the former case this has encouraged 
the northerly spread of the genus; in the latter it has stranded, segregated 
and specialized forms already^ present. The South Pacific localities ore 
considered (Wheeler**) to represent eastern migration from the Australian 
coast probably involving in the extreme instance—the M arquesas—-intro- 
duction by man. 

The distributional evidence indicates that the genus Nicafiana has main¬ 
tained itself from at least a period prior to the formation of an effective 
Andean barrier, was present in Antarctica when that continent supported 
a temperate, herbaceous angiosperm flora, and passed from South to North 
America. It has survived land mass alterations of great magnitude which 
played a r61e in transforming a restricted, continuous area of distribution 
into a large, tricontinental and discontinuous one, and were responsible for 
forcing colonization of new areas and adaptation to new environments upon 
individual species, as well as for the extinction of others. 

i 

Chromosome Number, —In the Solanaceae haploid numbers from 7 to 36 
have been reported; in the Scrophulariaceae the range is from 6 to 30. In 
the Solanaceae over fifty-five per cent of the species investigated show 12 
pairs while a multiple of 12 pairs occurs in an additional twenty per cent. 
In the Nolanaceae all the five species counted have 12 pairs and in the 
Scrophulariaceae species with 12 as well as species with 6 pairs occur. 

Of the fifty-eight species of Nicotiana the chromosome numbers of fifty- 
five are known. Twenty-eight species show 12 pairs; eleven, 24; four, 16; 
three, 2; two, 10; two, 19; two, 20; in one species each the baploidumn- 
bers are 13, 21 and 22. In related genera the known haploid numbers ore: 
7 (Petunia ), 8 (Oestrum, Vestia), 9 (Petunia, Fabtana, Nierembergia), 22 
(i Salpiglossis ). 
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Subgenus Rustica and subgenus Tabacum contain only species with 12 or 
24 pairs. In the third subgenus ( Petunioides ) four of the six sections con¬ 
tain species showing 24 pairs and all but one section species showing 12 
pairs. Two aneuploid series occur, each in a separate section of sub¬ 
genus Petunioides: 9 to 12 pairs in section Alatae and 16 to 24 pairs in sec¬ 
tion Sucweolenles. 

The rfile of hybridization in Nicotiana phylesis suggested by the morpho¬ 
logical evidence offers a partial explanation of the origin and evolution of 
the present-day chromosome number situation just summarized. The 
primitive ancestral reservoir above referred to which included at least pre- 
Nicotmna , pr eCestrum and pr ^Petunia, and which via hybridization on the 
pregeneric level gave rise to the basic Nicotiana complexes, the glaucoid 
and the petunioid t is assumed to have been 6-paired. From the two 6- 
paired complexes a 12-paired Nicotiana level arose by interspecific hy¬ 
bridization followed by chromosome doubling and, to a lesser extent, by 
autoploidy. During the establishment of the 12-paired level a residue of 
6-paired species, now extinct, was also in existence. Finally, from the 12- 
paired level, an almost exclusively alloploid 24-paired level was developed, 
thus contributing largely to the transformation of a basically dendroid into 
a reticulate diagram of evolution of Nicotiana . 

Two aneuploid sequences arose, one between the 6- and 12-paired levels, 
the other below the 24-paired level. The former is today represented only 
by 9- and 10-paired species, all of them in section Alatae , although earlier 
existence of 8-paired species may be reflected, as will be indicated below, in 
the occurrence of the other (16- to 24-paired) aneuploid series. In this 
connection it is to be recalled that 7-, 8-, 9- and 22- (x =» 11) paired species 
are found in modem genera related to Nicotiana. 

The postulated lower numbers in the 6- to 12-paired aneuploid sequence 
presumably had a sesquidiploid origin. The higher numbers were doubt¬ 
less derived by reduction from the 12-paired condition, perhaps in part in¬ 
volving reciprocal translocation (cf. Babcock*). There are a number of 
explanations of the origin of the 16- to 24-paired aneuploid series, all species 
of which are members of the section Stuweolmtes. In my opinion two or 
more 24-paired ancestors of section Smveolentes arose, as did the nine mod¬ 
em 24-paired species, by amphiploidy on the early 32-paired level. 
During a corresponding period, the same or related 12-paired species, 
crossing with certain of the not yet extinct ^paired species, produced by 
chromosome doubling the 18-paired condition which by reduction initiated 
the 18-paired group of species. Such establishment of the 16-, 18- and 
24-paired progenitors of section Smveolentes was followed by the produc¬ 
tion 19% 20-, 21- and 22-gpired species as a result of hybridization, sesqui- 
diploidy, addition through fragmentation or reduction by loss or fusion. 
Other suggested explanations (Kostoff 4 ) involve now extinct 8-, 9- and 10- 
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paired species in the amphiploid production of 16-, IS- and 20-paired 
species or take 1 6- and 20-paired species to be secondary derivatives from 
an 1 S-paired one so derived. Yet another (Wheeler 5 ) assumes the former 
existence of a series of 8-paired species which by successive amphiploidy 
gave rise to the 16- and then the 24-paired condition, with subsequent hy¬ 
bridization between the products resulting in the 18- to 22-paired sequence. 
In any case, it appears that this modem aneuploid sequence represents a 
series of secondary derivatives with amphiploidy the fundamental mecha¬ 
nism responsible for their origin. 

Chromosome Morphology . For the genus as a whole a combination of 
median (m) and submedian (sm) chromosomes predominates over sub¬ 
terminal ( st ) ones in the ratio of five to three. In each of the three sub¬ 
genera there is a distinctive ratio of m plus sm to st: in subgenus Rustica 
it is 9:1, in subgenus Tabacum 5:2 and in subgenus Petunioides 4:3. In 
addition, there is a basic karyotype characteristic of those'species which 
represent the morphological core of each section. In other words, chromo¬ 
some morphology in Nicotiana exhibits sufficiently distinctive features to 
have phylogenetic significance (Goodspeed 6 ). 

In the species of genera related to Nicotiana for which chromosome mor¬ 
phology is known, the genoms consist almost exclusively of m or sm chromo¬ 
somes. Thus, in species investigated of both Cestrum and Vestia all of the 
chromosomes are m or approximately w, and in 7-paired species of Petunia 
5 are m % 1 is sm and 1 is st . 

The contention that primitive groups ten<} to possess predominantly m 
chromosomes while those of more advanced status show an increasing pro¬ 
portion of heterobrachial ones is apparently borne out in Nicotiana . 
Based upon this contention, the above postulated aggregation of 6-paired 
ancestral species probably possessed all m chromosomes. Subsequent evo¬ 
lutionary levels, progressive in terms of chromosome multiplication and 
with aneuploidy as their by-products, were in most instances characterized 
by differentiation in chromosome morphology, particularly at the 12- 
paired level. Thus, although the rusticoid derivatives (species of subgenus 
Ruslica) of the glaucoid complex have preserved almost exclusively^ the 
primitive m type of chromosome^ its tomentosoid derivatives (species of sub¬ 
genus Tabacum ), derivatives of the petunioid Complex (species of subgenus 
Petunioides) and species derived by hybridization between the two com¬ 
plexes themselves today combine m, sm and st chromosomes iti varying 
proportions. In the rusticoid nucleus the tendency toward preservation of 
the postulated ancestral m type of chromosome may be a product of the 
initial setting apart of a relatively more uniform, and thus more stable, 
type of internal chromosomal structure, perhaps genicaHy conditioned, to¬ 
gether with the persistence of relatively uniform or favorable environmental 
conditions. 
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There is evidence suggesting the direction which possible future altera¬ 
tion of the typical m karyotype of subgenus Rustica may follow. In all 
12-paired species of Nicotiana at least four nucleoli are seen, and apart 
from those of subgenus Rustica the majority of the species correspondingly 
show four satellites. In seven of the eight 12-paired species of subgenus 
Rustica only two satellites appear. However, in each of them at least one 
snt chromosome consistently shows a distinct tertiary constriction which 
is presumably associated with a nucleolus organizer. Such chromosomes, 
by fragmentation at the distal portion of the less stable heterochromatic 
regions doubtless associated with these tertiary constrictions, might be ex¬ 
pected to become transformed into st satellited chromosomes. As a prod¬ 
uct of an equivalent internal structural differentiation followed by frag¬ 
mentation the full complement of satellited chromosomes characteristic of 
the majority of the species of subgenus Tabacum and subgenus Petunioides 
could have been derived. The transitional position in terms of satellite 
evolution which subgenus Rustica apparently occupies would argue in 
favor of its primitive status, one which is indicated on other grounds. 

Meiotic Chromosome Behavior .—Complete pairing between structurally 
homologous chromosomes is shown at MI in the majority of species. In 
certain 12-paired species, however, bridges and fragments at A'l, and in 
others frequent occurrence of non-conjunction or non-disjunction followed 
by irregular distribution of chromosomes, give evidence of the structural 
hybridity of their genoms. Iti only one species, an amphiploid on the 24- 
paired level, has the presence of multivalents been observed. Study of 
meiotic behavior in races of at least one polymorphic species demonstrates 
that certain of these races differ from one another by one to several re¬ 
ciprocal translocations and suggests the r61e of structural alterations in 
initiating species differentiation in Nicotiana . 

All of the twenty-four monosomies of j V, tabacum (Clausen and 
Cameron 7 ) and all of the twelve primary trisomics of AT. sylvestris (Good*- 
speed and Avery 8 ), as well as numerous other chromosomal variants in¬ 
volving loss or addition of one to several chromosomes have been studied 
in respect to meiotic chromosome behavior. These and similar investi¬ 
gation of variants involving reduction or multiplication of entire genoms— 
haploids, triploids and tetraploids—have yielded evidence of evolutionary 
signifipance. For example, the conspicuous' morphological distinctions 
characterizing each of the primary trisomics of a single species demon¬ 
strate the extent to which such chromosome unbalance may be reflected 
in differences in morphological expression. For example, again, the oc¬ 
currence at MI in tetraploid forms of a number of 12-paired species of 
valencies higher than four (Fardy and Hitieri) suggests the compound 
character of the diploid representatives of those races. 

Meiotic chromosome behavior at MI has been studied in a total of two 
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hundred and thirteen F x interspecific hybrids of Nicotiana . While this 
number of hybrids represents but a small percentage of the possible com¬ 
binations of the fifty-eight species of the genus, they include representative 
combinations pertinent for interpretation of relationships: fifty-three 
species are involved in the eighty-threc intrasectional, forty-nine inter- 
sectional and eighty-one intersubgeneric hybrids analyzed. 

On the basis of the results of these Ml analyses the two hundred and 
thirteen Fy interspecific hybrids may be classified into five categories: 
lack of pairing, complete, low variable, high variable and “Drosera Scheme” 
pairing (cf. Goodspeed 10 ). In the high and low variable categories where 
an extremely wide range in number of pairs may occur the high point in 
the range is considered significant as indicating the maximum number of 
appreciable homologous segments in the two genoms involved, while the 
mode may be an expression of normal expectancy on the basis of the maxi¬ 
mum number of homologous segments present or may indicate thomimbcr 
of chromosome"pairs possessing relatively large pairing blocks.tySimilarly, 
in the lack of pairing hybrids with a range of zero to 4 (frequently 0 to 1, 
2 or 3), mode zero, the occurrence of up to 4 pairs presumably represents 
the maximum, though not consistent, expression of small homologous seg¬ 
ments residual in the genoms involved, while the characteristic mode of 
zero is largely a reflection of the lack of pairing blocks of appreciable size 
and effectiveness. The presence of a limited number of non-homologous 
segments in the genoms of the two parental species may explain the oc¬ 
casional occurrence of univalents in a hybrid in which the mode is complete 
pairing. Therefore, on the basic assumption of the significance of pairing 
(cf. Stebbins ll ), w the maximum extent of pairing in an F\ interspecific hy¬ 
brid may be considered as an index of the relationship of the species in¬ 
volved in terms of their residua of ancestral homology. Such application 
qf extent of pairing as a criterion of relationship in Nicotiana largely con¬ 
firms the morphological evidence expressed in the taxonomic organization 
of the genus. Thus, in approximately ninety per cent of the F\ hybrids 
investigated amount of pairing parallels extent of taxonomic relationship 
of the parental species. In the ten per cent in which extent of pairing does 
not correspond to degree of taxonomic relationship some few show higher, 
while the majority show lower, than the amount of pairing to be anticipated. 
Exceptions of the former type furnish an illustration of the value of a pair* 
ing check on a taxonomic organization. Although genetic alterations, re¬ 
flected in morphological distinctions setting apart two species, have oc¬ 
curred, genically they have more in common than other species of a timilar 
degree of morphological differentiation which show negligible pairing in the 
Fi hybrid between then?. This means that, in the one case as contrasted 
with the other, there has been less fundamental divergence from a cpfcn- 
mon (or related) ancestor. On the other hand, lowfcr pairing in than 
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corresponds to degree of taxonomic relationship between the two parental 
species may be attributed to one or more of the factors recognized as con¬ 
tributing to secondary disturbance of conjugation. 

In terms of hybrids which reach maturity and thus are available for 
eytological analysis Nicotiana is apparently exceptional, at least among 
genera extensively investigated, in degree of - compatibility between its 
species. Thus, relative remoteness in relationship is not a bar to com¬ 
patibility, as indicated, first by the fact that approximately sixty-five per 
cent of F\ interspecific hybrids show meiotic irregularities, and second, as 
noted above, that the same proportion involve as parents members of 
different subgenera or sections. In other words, it appears that factors re¬ 
stricting compatibility have evolved less rapidly than those inhibiting pair¬ 
ing and those responsible for specific morphological distinctions. Cer¬ 
tainly in Nicotiana high degree of compatibility is characteristic of many 
present-day species which have diverged considerably in respect both to 
external morphology and to extent of pairing in F\ hybrids between them** 

In some cases both, and in all cases one, of the species related to the 12- 
paired ancestry of each of the nine modem American species on the 24- 
paired level can be identified by meiotic chromosome behavior in appro¬ 
priate F\ interspecific hybrids. For three of the nine an amphiploid origin 
is recognized, with identification of the present-day 12-paired descendants 
of both the original parental races provided in large part by the “Drosera 
Scheme” pairing relations exhibited by the hybrids between these descend¬ 
ants and the 24-paired species in question. Of these three, N. arentsii 
furnishes a demonstration of an evolutionary sequence initiated by amphi- 
ploidy which is today in progress. Thus, the descendants— N. undulata 
and N, vdgandioides —of the two 12-paired races which entered into its 
amphiploid origin possess in their genoms sufficient homologous segments 
to prqihlce a considerable number of bivalents at MI of the Fi hybrid be¬ 
tween them. Therefore, the original parents represented only certain 
extents of differentiation, both genic and structural, from a common an¬ 
cestor or closely related ancestors on the 12-paired level. Consistent with 
this proposition is the occurrence in A r . arentsii of niultivalents which also 
appear frequently at Ml in F\ hybrids between that species and N. un¬ 
dulata and N, wigandioides. By contrast, N, labacum , another 24-paired 
species of known amphiploid origin, combines in its ancestry progenitors of 
two 12-paired species— N» sylvestris and N. otophora or another member of 
the same section—which are today taxonomically remote. Correspond¬ 
ingly, the Ft hybrid between these two 12-paired species shows almost com¬ 
plete lack of {miring and no multivalents appear at MI in N. Uibacum . 
this evidence indicates that the considerable degree of multivalency ex- 
hibited by F\ hybrids between N, labacum and both N. sylvestris and N. 
otophora (or its relatives) is ref erabl e to translocations within the genoms 
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of N. sylvestris and of N. otophora or within the genom of N. tabacum during 
the evolution of these three species. 

For the remaining six 24-paired American species an amphiploid origin 
is indicated by “Drosera Scheme'" pairing or approximation thereof at MI 
in Fi hybrids between each of these species and a specific 12-paired species. 
In each case the modem descendants of the other original parent on the 
12-paired level have presumably become extinct. However, in some in¬ 
stances morphological and in others cytogenetic evidence points to the po¬ 
sition ifi the author's taxonomic organization of the genus which those* 
species would have occupied. Both types of evidence suggest for certain 
pairs of modern 24-paired species one common 12-paired ancestor, in some 
instances represented by descendants today, in others not so represented. 

The group of related species including N. repanda , N. nesophila and N . 
stocktonii provides a present-day illustration of species differentiation from 
a common ancestor on the 24-paired level. Morphologically the dis¬ 
tinctions within the group pattern are considerable but complete pairing 
in F\ intragroup hybrids occurs. The case of N . arentsii , discussed above, 
provides a possible picture of the origin of such species groups since the 
products and by-products of multivalent formation, including substitution 
between members of subgenoms, to be anticipated in the evolution of N. 
arentsii could initiate species differentiation. 

Processes similar to those known to be responsible for origin of the 24- 
paired level from progenitors of known 12-paired species were presumably 
operative in initiating the 12-paired level from postulated 6-paired an¬ 
cestral species (cf. Kostoff 4 ). Parallel origin from a primitive 6-paired 
ancestral level not only of pxeNicotiana but also of, at least, pr eCestrum 
and prePetunia permitted inter-pregeneric hybridization. In part the 
product of such hybridization on the next level of differentiation, when 
those various genera were establishing their distinct modes of morphological 
variation, was, as already noted, the definition of the 6-paired glaucoid and 
petunioid complexes in NicoHana . A subsequent period of expansion of 
these two complexes gave a series of species whose ranges of morphological 
variation in some instances did and in others did not appreciably overlap. 
Correspondingly, their genoms became to different extents mutually ex¬ 
clusive in terms of genic content and structural organization. 

Crossing between 6-paired races of various degrees of differentiation from 
the p reNicotiana level onward, followed by chromosome doubling, was 
doubtless a determining factor in the origin of the 12-paired level, just 
as such amphiploidy has been largely responsible for the origin of the 
modem 24-paired level. On this assumption, the extent of funda¬ 
mental relationship between 6-paired ancestors plus accumulation of genic 
and structural distinctions since establishment of the 12-paired level ate 
reflected in the amount and character of pairing at MI of F\ hybrids be- 
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tween present-day 12-paired species/ Thus, complete pairing in such 
hybrids may be interpreted as the expression of an originally maximum de¬ 
gree of relationship together with minimum later accumulation of genic 
•and structural alterations. The opposite extreme, almost complete lack 
of pairing, would then be referable to minimum initial relationship plus 
maximum incidence of distinctions subsequently produced, while low and 
high variable pairing indicate intermediate expressions of the two factors. 

Obviously, the possibility of an auto- as contrasted with an essentially 
alloploid origin of certain members of the original 12-paired from the (>- 
paired level cannot be excluded. The occurrence of multivalency in cur¬ 
rent 12-paired species or evidence of autosyndesis in F\ hybrids between 
them should follow such origin. The iirst of these consequences has not, in 
my experience, been demonstrated and evidence concerning the second 
would be difficult to obtain because of lack of large morphological distinc¬ 
tions at MI between members of the genoms of Nicotiana species. On the 
other hand, it is possible that autosyndesis, a product of autoploid origin 
of one or both parents, may explain in certain instances high variable pair¬ 
ing in F\ hybrids between modern 12-paired species. A 6-paired ancestor in 
common between two such species, each originating by alloploidy, could be 
reflected in low variable pairing. In any case, pairing variability is doubt¬ 
less a product largely of differentiation after attainment of the 12-paired 
level which has served to reduce the size and alter the arrangement of 
originally extensive homologous segments. 

Conclusion .—The point of view presented here concerning the evolution 
of Nicotiana emphasizes the rdle which hybridization has played in estab¬ 
lishing the modern expression of the genus, assuming the existence of a now 
extinct reservoir of 6-paired pre Nicotiana races from which the progenitors 
of modern 12-paired and 24-paired species levels were derived, largely by 
amphiploidy. Differentiation on the 6-paired level produced two basic an¬ 
cestral complexes in the development of which hybridization between pre- 
Nicotiana and at least pr tCestrum and prePetunia was concerned. From 
these complexes was produced a series of 12-paired derivatives certain of 
which are united in the subdivisions of the author’s taxonomic treatment of 
the genus while others trace their origin more directly to both the ancestral 
complexes via hybridization between their components or immediate deriv¬ 
atives. The present-day 24-paired species level arose largely by amphi¬ 
ploidy involving members of most of the 12-paired clusters of species into 
Which the ancestral complexes became segregated. Throughout the evo¬ 
lutionary sequence genic and structural chromosomal alterations played a 
part at first more, and later less, definitive than amphiploidy in producing 
differentiation at successive levels, culminating in the range of morphologi¬ 
cal variation exhibited by the current Nicotiana species assemblage. Docu¬ 
mentation of these propositions is afforded by the combined taxonomic, 
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morphological, distributional and cytological evidence, the most pertinent 
aspects of which have been briefly outlined above. 

In evaluating the present and predicting the future evolutionary status 
of Nicoliana it is to be borne in mind that evidence indicating antiquity doeA 
not necessarily indicate senescence from the genetic point of view. Al¬ 
though the extent of morphological, and especially physiological, speciali¬ 
zation attained by many species of Nicoliana suggests a point in the ge¬ 
neric cycle past maturity, the degree of polymorphy indicates a plasticity 
and capacity for expansion characteristic of a relatively aggressive stage of 
the cycle (Clausen, Keck and Hiesey 12 ). The degree of polyploidy already 
attained by the genus, a product of the continuing and definitive rdle of 
hybridization in its evolutionary history, might argue for its advanced or 
even senescent status. On the other hand, it appears that hybridization 
with the genom or the gene as the unit of differentiation remains a poten¬ 
tially effective mode of future evolution because apparently genetic bar¬ 
riers are accumulating less rapidly than genic alterations determining spe¬ 
cies distinctions, with the result that there is a high degree of intersubge- 
neric as well as intersectional and intrasectional crossability. While the 
present-day range of distribution of the genus in terms of species is, in gen¬ 
eral, locally restricted and apparently not increasing, the tripartite nature 
of its global spread argues against the possibility of extinction since, ob¬ 
viously, future climatic or other alterations would be unlikely to be opera¬ 
tive over a sufficient geographic area to eliminate all its species. Indeed, on 
the assumption that the early part of an interglacial period now obtains, 
the future extension of a genus, most species of which are arid or semiarid 
types, would be favored by increasingly warmer, drier climates. In other 
words, despite the fact that numbers of species of Nicoliana have doubtless 
become extinct, that others have become extremely restricted in extent, and 
that many are today polyploids exhibiting considerable specialization, sur¬ 
vival of Nicoliana as a genus is favored by its relatively wide range in dis¬ 
tribution and morphological character together with its lack of barriers to 
hybridization. ^ 
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ANTIBIOTIC SUBSTANCES FROM BASIDIOMYCETRS L Pleura- 

tus griseus* 

By William J. Robbins, Frederick Kavanagh and Annette Hervky 
Department op Botany, Colombia University, and New York Botanical Garden 

Communicated April 18, 1947 

In a survey 1 conducted in this laboratory it was noted that 213 of the 332 
species of Basidiomycetes studied produced substances that inhibited the 
growth of Staphylococcus aUreus . Among the species that seemed worthy 
of further investigation was Pleurotus griseus , 2 

P. griseus grew with medium rapidity on a thiamine-peptone agar 1 and a 
modified Czapek-Dox agar to which corn steep solids had been added. It 
formed a pink pigment which diffused into the agar. After the fungus had 
grown for one to several weeks, discs 5.5 mm. in diameter were cut on a ra¬ 
dius extending from the center of the colony into the agar adjacent to the 
colony. These discs were placed on a yeast-peptone agar seeded with 
Staph, aureus and the plates incubated overnight at 37 ^ 2°C. Clear zones 
of inhibition were found around the discs indicating that some substance or 
substances had diffused from the agar discs into the surrounding seeded 
medium in sufficient concentration to inhibit the growth Of the staphylo¬ 
cocci in the agar. A disc cut from the agar at as great a distance as 20 mm. 
from the edge of the colony frequently produced a zone of inhibition. The 
zones, while small, were clear, indicating that bacteria resistant to the an¬ 
tibiotic substance or substances were absent. Disc tests, with strains of 
Staph . aureus resistant to other antibiotic substances, indicated that P . 
griseus produced an antibiotic substance which was different from penicillin 
and different from the active substances produced by several other Basidi- 
omycetes. The antibiotic substance or substances from P . griseus did not 
inhibit the growth of Escherichia colt. 

P. griseus was grown on several types of nutrient media, differing from 
one another in the source of nitrogen and carbon, to determine the effect of 
the medium on the production of the antibacterial substances by the fungus. 
Cane sugar, dark brown sugar, galactose, lactose, mannitol and corn steep 
solids were ineffective carbon sources; maltose and soluble starch were 
poor; dextrose and levulose were the best and nearly equal so far as the 
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production of antibacterial substances was concerned. Various amounts of 
dextrose ranging from 10 to 100 g. perl, were tested; 40 g. per 1. seemed 
somewhat superior to 20 or (>0 g. Nitrates and asparagine in the presence 
of dextrose, were unsatisfactory sources of nitrogen; com steep solids, ah 
extract" of com steep solids made with 90 per cent methanol, N-Z-CASE, 
amigen mid neopeptone were all effective. On the basis of this survey it 
was decided that a practical medium to use for liquid culture was a modi¬ 
fied Czapek-Dox mineral solution* to which 40 g. of dextrose and 5 g. of 
corn steep solids were added per liter of solution. 

Antibiotic Material in Liquid Culture - The fungus was grown at 25°C. 
in Fernbach flasks on coils of beech shavings, using one liter of the above 
medium per flask. After a growth period of about one month, the fungous 
mat bad nearly covered the entire liquid surface; the liquid had an activ¬ 
ity of about 1000 dilution units per ml. when assayed with Staph . aureus 
(Heatley strain). The culture fluid was then decanted and replaced by one 
liter of fresh corn steep medium. After a further incubation period of 
from 5 to 7 days, the antibacterial activity of the culture fluid in the re¬ 
flooded flask was usually at least 2/>G dilution units. This culture fluid 
was then decanted and replaced by fresh nutrient solution. This reflood 
technique saved from seven to fifteen days in the production of each lot of 
active culture fluid and was especially useful for those Basidiomycetes 
which grow slowly, 4 Flasks which had been reflooded nine times have 
shown as rapid and as great a production of antibacterial substance during 
the last period of reflooding as during the first. 

Isolation of an Antibiotic Substance. —Pooled culture fluids with an 
activity of from 256 to 1024 dilution units per ml. were strained through 
cheesecloth to remove bits of mycelium and wood. They were then ex¬ 
tracted by shaking with a one-tenth volume of chloroform. The chloroform- 
in-water emulsion was removed and centrifuged to break the emulsion. 
The chloroform portion was extracted three times with one-tentli volume of 
one per cent sodium bicarbonate solution to remove acids. The chloroform 
solution was then reduced to a few milliliters by distillation under reduced 
pressure, transferred to a small beaker and left at room temperature until, 
all the chloroform had evaporated. A reddish gum in the beaker was dis¬ 
solved in the minimum volume of hot ethanol, ether was added, the beaker 
covered and let stand at room temperature to permit slow evaporation of 
the solvents* Orange-colored crystals formed soon after the ether was 
added. The crystals were removed, washed with ether and air-dried. The 
product was recrystallized from a chloroform-ether solution. Large amber 
colored crystals were formed when evaporation of the solvents took place 
very slowly. Fine needle-like yellow crystals were formed as a result of 
rapid evaporation of the solvents. From 100 to ISO mg. of the crystalline 
material were obtained per 1. of culture fluid. 
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A solution prepared from the crystals showed activity after 24 hrs. 
against Staph . aureus at a concentration of 1 jug. per ml. of solution and \\o 
activity against E. coli. The crystalline antibiotic substance was named 
pleurotin. 

Chemical Properties of Pleurotin.' .Pleurotin began to melt with decom¬ 

position at temperatures between 200° and 215°C. depending upon the rate 
of heating. Qualitative tests indicated the absence of ash and of the follow¬ 
ing elements: halogens, nitrogen and sulfur. 

Microanalysis 6 gave the following: C, 70.83, H, 6.43; Mol. wt. (Rast) 
343; MeO, 0.0. The computed values for an empirical formula of C&H 22 O& 
were C, 70.16; H, 6.47; Mol. wt. 342.4. Pleurotin was optically active 
with afiy * —20°; C « 0.59 in. chloroform. We are indebted to Dr. J. 
D. Dutcher of The Squibb Institute for Medical Research for the molecular 
weight, analysis and optical rotation. 

The absorption spectrum had a single absorption peak in the ultra violet 
at 2500 A for which the molecular extinction co-efficient was 13,680 (molec¬ 
ular weight assumed to be 342) for a solution in 4 per cent ethanol. The 
absorption in the visible was not measured. 

The solubility of pleurotin at 25* was in water 0.125 mg. per nil., in 95% 
ethanol 6.8 mg. per ml., in 5% ethanol, 0.37 mg. per ml., in ether 3.5 mg. per 
ml. and in chloroform more than 200 mg. per ml. It was relatively insol¬ 
uble in dilute acids, dilute solutions of sodium bicarbonate and in petroleum 
ether. It was more soluble in acetone. 

Pleurotin did not give a color reaction with ferric chloride. It liberated 
iodine from acidified potassium iodide solution. Its reaction with a solu¬ 
tion of potassium cyanide to give a blue color was used as the basis of a 
colorimetric method suitable for the quantitative determination of pleuro¬ 
tin in culture fluids and other solutions. 


Pleurotin was adsorbed from culture fluids by Norit A and eluted from 
the air-dry carbon by chloroform, Pleurotin is a neutral substance which 
reacts with alkali to give an acidic product devoid of antibacterial activity. 

Pleurotin was not thermostable. Solutions of pleurotin in 0.1 M. phos¬ 
phate bufier when boiled for ten minutes lost 50 per cent of their biological 
activityat pH 3, 75 per cent at pH 6.5 and all their activity at pH 8.5 and 
higher. Pleurotin was 75 per cent destroyed % one hour at pH 8.5 and 
25°C. An aqueous solution containing 100 Mg* of pleurotin per ml. lost 30 
per cent of its pleurotin as determined chemically after autoclaving at 
120°C. for 15 min. Pleurotin in solution was rendered inactive by expo¬ 
sure to light for a few hours. It was filterable through a Seitz filter pad. 

The chemical and physical properties of pleurotin are sufficient to estab¬ 
lish it as different from all other antibiotic substances that have been pre¬ 
pared in pure form. The low solubility of pleurotin in aqueous solution 
and its instability suggest that its possible therapeutic value is unlikely. 
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Antibacterial Action of Pleurotin .—The antibacterial activity of pleurotin 
was determined by the methods in use in this laboratory.® The bacteria 
used were: Staph . aureus, Klebsiella pneumoniae, Photobacterium jischcri, 
and the following standard tester strains of S. A, Waksman: E . coli , 3. 
mycoides and B. subtilis . The following table gives the minimum antibac¬ 
terial concentrations of pleurotin after an incubation period of 24 hours; 


BACTRKXA #»0 CUM Ut. 

Staphylococcus aureus 0.8 

Bacillus mycoides 1.6 

Bacillus subtilis 0.2 

Escherichia coli 500.0 

Klebsiella pneumoniae fiOQ . 0 

Photobacterium fis heri 6,0 


The activity for incubation periods of 16 to 18 hrs. was somewhat higher 
and for 48 hrs. was one-half or onc-quarter the values given. 

Pleurotin was active only on the gram-positive bacteria. The culture 
fluid from Pleurotus griseus was active only on the gram-positive bacteria 
indicating the absence of an appreciable amount of a second antibiotic 
substance with antibacterial properties markedly different from those of 
pleurotin. The antibacterial activity of a culture fluid was equal to that 
of a solution of pure pleurotin of the same concentration, the pleurotin 
content of the culture fluid being determined by the potassium cyanide 
method. 

Toxicity for Mice .—Tests made by Dr. G. Rake at the Squibb Institute 
for Medical Research indicated that a single dose of pleurotin was not toxic 
when given intravenously to white mice at the rate of 24 mg. per kilogram 
of body weight. Pleurotin is so insoluble in aqueous solutions that larger 
amounts could not be given. For the twenty studies 11.4 mg. of pleurotin 
were dissolved in 1.0 ml. of warm ethanol and diluted with 19.0 ml. of warm 
saline solution. By maintaining the solution at >37° crystallization was de¬ 
layed long enough to permit intravenous injection. 

Activity on M, tuberculosis .—Through the courtesy of Dr. Ralph R. Mel¬ 
lon, Institute of Pathology, Western Pennsylvania Hospital, Pittsburgh, 
Pa., tests were carried out by Miss Jean Onslow on Mycobacterium tubercu¬ 
losis. Discs cut from a 29-day old colony of P. griseus grown on the modified 
Czapek-Dox medium containing corn steep solids showed inhibition of an 
avirulent strain of M. tuberculosis H 234 on a yeast peptone agar. The 
activity was confined to the discs from the colony and was leak than for 
Staph, aereus. A comparison for the two organisms is given in the follow¬ 
ing table where the inhibition in nun. is given for 0 discs taken on a radius 
extending from the center of the colony, Discs 1 and 2 came from the fun¬ 
gous colony. 
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1 2 3 4 5 6 

17 17 11 9 8 Halo 

11 7 0 0 0 0 

Agar discs saturated with pleurotin produced no zones of inhibition. 
Pleurotin at a concentration of 100 Mg- per ml. of Youmans* medium 7 or 
Kirchners medium* was ineffective. 

Discs from a colony P. griseus 9 days old were tested on virulent M, tu¬ 
berculosis H 37 grown on Herrold egg medium, A disc taken from within 
the limits of the fungous colony produced an inhibition zone of 7 mm. 
Discs from the edge of the colony or in the agar adjacent to the colony were 
ineffective. 

Relative Activity of Pleurotus griseus and pleurotin -Some observations 
made during the course of our investigation indicated that all of the anti¬ 
bacterial activity of P. griseus was not accounted for by pleurotin. Disc 
cut from within the limits of a colony of P. griseus gave zones of inhibition 
on Staph . aureus and M. tuberculosis considerably larger than those ob¬ 
tained with similar discs saturated with pleurotin. The presence in the 
mycelium of an enzyme capable of forming an antibacterial substance dur- y 
ing the incubation of the discs at 37° or of a factor which enhanced the ac¬ 
tivity of pleurotin was not demonstrated by our experiments. 

On the other hand, an aqueous extract of the mycelium tested by the cup 
method against Staph, aureus was considerably more effective than a satu¬ 
rated solution of pleurotin and an acid fraction." prepared from culture liq¬ 
uid gave large zones of inhibition. 

The acid fraction showed some activity (1333 dilution units per g.) on 
M. tuberculosis H 234, although a saturated solution of pleurotin was inac¬ 
tive. The activity of this fraction on Staph, aureus was 8000 dilution units 

- P«g- 

This evidence was taken to indicate the production by P. griseus of an 
antibacterial substance or substances other than pleurotin. Since the un¬ 
identified substances were not isolated, we do not know whether they fall 
within the antibiotic range (effective at a dilution of 1 to 40,000 or less). 
In any event, the quantity in the culture liquid must be small since within 
the limits of error the antibacterial activity of the culture liquid can be ac¬ 
counted for on the basis of its pleurotin content as determined chemically. 

* This investigation was supported in part by grants from The Commonwealth Fund 
Sad The Squibb Institute for Medical Research. 

1 Robbins, W. J., Hcrvey, A., Davidson, R. W., Ma, R., and Robbins, W. C, Bull. 
Toney Bei. Club , 72, 186-190 (1946). 

* The fungus was obtained from Dr. Ross W. Davidson and is numbered 14818-R in 
his collection. Another isolation of Pleurotus griseus obtained from Dr. Mildred K. 
Nobles was also active. No difference in the pleurotin formed by the two strains was 
detected. 


DISC 


ORGANISM 


Staph . aureus 
M . tuberculosis H 234 
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* The mineral solution contained per liter, 3 g, NaNO a , 1 g. KHaPCb, 0.5 g. KC1, 
0.5 g. MgS0 4 .7H 2 0 and 0.01 g. Fe 2 (S0 4 ) s . 

4 Robbins, W. J., Kavanagh, F. A., Hervey, A., Ann. N. Y. Acad. Scu t 48 , 67-72 
(1946). 

8 The microanalyses mid molecular weight determinations were carried out by Mr. 
J. J. Alicino of The Squibb Institute for Medical Research. 

8 Kavanagh, F,, Bull. Torrey Club, 74 |in press], 

^ Youmans, G. P.. Proc. Soc. Exp . Biol, and Med ., 57,119-122 (1944). 

8 Kirchner, O., Zbl.f, Bakt . / Orig > 124, 403-412 (1932). 

* The acids removed from the chloroform extract of the culture liquid by treatment 
with NaHCO,, as described previously, were dissolved in ether. The ether solution was 
ex racted with 1 per cent NaHCO*, the bicarbonate solution acidified and the organic 
acids passed into ether. This process was repeated nine times, a procedure which 
should have removed all pleurotin. The acid fraction obtained iti this way was taken to 
dryness and extracted with water. Tile resulting water extract was the acid fraction 
referred to in the text. 


ANTIBIOTICS FROM BASIDIOMYCETES //. Polyporus biformis* 

* 

t By William J. Robbins, Frederick Kavanagh and Annette Hervey 

Department of Botany, Columbia University, and New York Botanical Garden 

Communicated April 25, 1947 

■* V 

In a survey of fungi reported earlier, 1 Polyporus biformis 2 , was found to 
produce antibacterial substances. Its activity on Staphylococcus aureus 
(H) as evidenced by the disc test, encouraged us to investigate it further. 

This fungus grew well at 25°C. on malt agar, thiamine-peptone agar and 
a modified Czapek-Dox agar to which corn steep solids had been added, 1 
and produced antibacterial substances on all three media. Tested by the 
streak method, inhibition zones extending 12 to 25 mm. from the edge of 
the fungus colony were observed. The inhibition of E . coli was less than 
that of Staph, aureus . When the antibacterial activity was tested by 
the agar disc 1 method, inhibition areas as large as 25 mm. in diameter with 
a 5.5 mm. disc were obtained with Staph , aureus . 

Culture liquids of P. biformis evidenced antibacterial activity. The 
fungus was grown at 25°C. in 2800 ml. Fernbach flasks containing 1 1. of 
modified Czapek-Dox medium with dextrose and corn steep solids* on 
cqils of beech wood shavings which furnished mechanical support for the 
mycelium. After a growth period of 2 weeks or more, the activity of the 
culture liquid on Staphi aureus ranged from 64 to 256 dilution units. When 
the activity of the culture fluid approached 256 dilution units, the liquid 
was decanted with suitable precautions to prevent contamination of the 
cultures and each mycelial mat was reflooded with 11. of fresh sterile cul¬ 
ture solution. Within 6 to 10 days the activity justified further decanta¬ 
tion and refiooding. Several mats were reflooded a$ many as 20 times in the 
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course of a year with as rapid and as great production of antibacterial 
substances during the last reflood period as,during the first. Maximum ac¬ 
tivity of culture liquid in reflooded flasks was reached in 2 weeks or less; 
extending the period to 8 weeks did not result in a material increase in ac¬ 
tivity. An extract of the mycelium prepared by grinding with sand and 
water exhibited considerable antibacterial activity for Staph . aureus. 

Preliminary experiments showed that the antibacterial activity was in¬ 
creased 4 to 8 times by boiling the culture liquid for 10 minutes. For ex¬ 
ample, culture liquid with an activity for Staph, aureus of 64 dilution units 
per ml. was mixed with an equal volume of 0.1 M. phosphate buffers to pro¬ 
duce pH 3.0 or pH 6,5. An equal volume of sodium bicarbonate-so'dium 
carbonate buffer solution of pH 8.5 was added to some of the liquid and to 
another aliquot an equal volume of 2 per cent Na 2 C0 3 to reach approxi¬ 
mately pH 11.0. Each of the.se solutions was allowed to stand 1 hr, at 
25°C., 1 hr. at 60°C. and 10 minutes at 100°C., neutralized and assayed. 
Boiling at 100°C. at pH 3.0 and 6.5 increased the activity on Staph . aureus 
4 times, did not affect it at pH 8.5 and reduced it at pH 11.0. The follow¬ 
ing table in which the activity on Staph . aureus is given in dilution units per 
ml. summarizes the effects of pH and temperature on the culture liquid in 
this experiment. 


pH 

1 hr., 25°C. 

1 mt., 60 °C, 

10 MINUTES, 100° 

3.0 

32 

64 

128 

6.5 

64 

32 

256 

8.5 

16 

32 

16 

11.0 

16 

2 

<2 


There appeared to be two antibiotic substances in the boiled culture liq¬ 
uid of P. biformis; one neutral in character; the other, acid. It was 
found that most of the active material could be extracted by organic sol¬ 
vents from slightly acid, neutral or slightly alkaline solutions; that is, it be¬ 
haved a£ a neutral substance. However, by extracting the culture liquid 
twice with CHCls at pH 6 to 7, acidifying the residual culture liquid to 
pH 2, or lower, and re&ctracting with CHC1 3 , the presence of a small 
amount of an antibiotic substance acidic in nature was demonstrated. 
The neutral substance was named biformin and the acidic, biforminic acid. 

It was found, further, that the antibacterial activity was completely lost 
if the culture liquid, or extracts from it, were dried. The CHCU extracts, 
even though dried in a high vacuum, formed a black, insoluble product and 
lost their activity completely. 

" Concentration of Antibacterial Substances .—The concentration procedure 
eventually developed and generally used in our experiments was as fol¬ 
lows: The pooled culture liquid (pH 4.9) from 20 Fernbach flasks was 
boiled for 10 minutes, cooled and extracted with 0.1 volume of CHCU to 
ifmove biformin. The residual culture liquid was acidified to pH 2.0 or 
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less and refcxtracted with 0*1 volume of CHCla. This CHOU solution con¬ 
tained the bifortninic acid. The aqueous extracted solution had little ac¬ 
tivity add was discarded. 

The CHCl* solution containing the biformin (neutral antibacterial sub¬ 
stance) was evaporated at room temperature to small volume in a large 
crystallizing dish by blowing a stream of warm air from a hair-drier over 
the surface of the liquid. Before complete drying, the CHC1 S was covered 
by a layer of water and evaporation Continued until all of the chloroform 
was removed. The turbid, brownish aqueous solution was filtered to re¬ 
move water-insoluble substances. The filtrate was clarified and sterilized 
by filtration through a Seitz sterilizing pad. The resulting pale yellow solu¬ 
tion had an activity against Staph, aureus of from 900 to 1750 dilution units 
per mg. of solids. 

The biformin was further purified by precipitating with silver nitrate 
and recovering it from the silver precipitate. Two procedures were fol¬ 
lowed, both of which appeared satisfactory. An aqueous solution of crude 
biformin, prepared as described above, was acidified with HNO* and silver 
nitrate was added. An alternate method was to stir a CHCl* extract of cul¬ 
ture fluid containing biformin with one quarter volume of 0.17 per cent 
AgNOa for four hours. 

The yellow silver compound was found to darken on drying and biformin 
could not be recovered from the brownish material. It seemed to be stable 
if kept under water. Biformin was recovered from the silver compound by 
suspending it in a large volume of water, stirring vigorously with an electric 
stirrer and adding KI and HC1 slowly. Stirring was continued for an hour 
after the addition of the KI and HC1. The mixture of silver iodide, biformin 
and water was neutralized and extracted several times with ether. The 
ether was removed by rapid evaporation over a layer of water with stirring. 
The aqueous solution was filtered through a Seitz filter to remove finely di¬ 
vided solids and to sterilize the solution. A solution of biformin prepared m 
this way assayed 3600 dilution units per milligram against Staph, aureus . 

The chloroform solution containing biforminic acid (the acid antibac¬ 
terial substance) was extracted twice with one-tenth volume of 1 per cent 
sodium bicarbonate solution. The combined bicarbonate solutions were 
extracted twice with an equal volume of ether, which was discarded. The 
bicarbonate solution was then acidified to less than pH 2 and the turbid 
aqueous solution extracted three times with an equal volume of ether. The 
ether extracts were combined and washed several times with water. The 
biforminic add was extracted from the ether solution by a small amount Of 
one per cent spdlum bicarbonate solution. This antibiotic substance was 
nearly as sensitive as biformin to drying, 

The antibacterial activities of biformin and biforminic ad& wepe similar. 
This was the justification for naming the add substance Ufqrmhfic add. 
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Biforminic acid accounted for less than 1(5 per cent of the antibacterial ac¬ 
tivity of the boiled culture liquid. The biforminic acid content of the cul¬ 
ture liquid, as far as our observations indicated, was not materially affected 
by boiling. The increased activity on boiling the culture liquid was the 
result of the formation of biformin. The precursor of biformin was not 
extracted by CHCb or methyl isobutyl ketone and was inactive on Staph . 
aureus. 

Chemical Properties of Biformin .—Biformin was found to be soluble in 
water, very soluble in ether, chloroform, methyl-isobutyl-ketone and al¬ 
cohol. It formed nearly colorless solutions in water. It was not volatile 
with steam. Its activity was unaffected by heating to boiling in 0.01 N acid 
or alkali. Biformin was quite stable in dilute aqueous solution, but un¬ 
stable in concentrated aqueous solution. Its instability on drying and in 
concentrated solution and its ability to form a silver compound, all suggest 
that it is a highly unsaturated substance. The black, insoluble product 
which resulted from drying biformin, was interpreted to be a polymeriza¬ 
tion product. 

Neither biformin nor biforminic acid gave a colored compound with po¬ 
tassium cyanide solution. They did not release iodine from cold hydriodic 
acid. A biforminic acid preparation of low purity gave a brown color with 
aqueous ferric chloride; biformin did not react. 

Antibacterial Activity of Biformin and Biforminic Acid. —Both biformin 
and biforminic acid were active against a wide variety of bacteria. The ac¬ 
tivities were determined by serial dilution and are given in the following 
table; 


OHOAN ISM 

Bacillus mycoides 
Bacillus subtihs 
Escherichia colt 
Klebsiella pneumoniae 
Photobactenum fischen 
Pseudomonas aeruginosa 
Mycobacterium phlei 
Mycobacterium smegmatts (smegma) 
Stophylococcus aureus 


INHIBITORY 

UTKOKM1N 

121 3 

CON CK NTH AT I ON 
HI FORM IN 

114-417 

IN pO PKK UU 

HI FORM! NIC ACll> 

IU 71 

5 

13 

3 4 

0 04 

0 04 

0 2 

1 6 

0 0 

3 4 

1 fl 

0 (1 

(> 8 

0 02 

U 0 


GO 

32 

220 

0 G 

>25 

0 8 

3 

3 5 

5 8 

0 3 

0 8 

0 7 


Results for two of the purest preparations of biformin prepared through the 
silver compound are given. The biforminic acid was a concentrate that had 
good activity. The results are reported as the minimum concentration in 
It g, per ml. that caused inhibition of growth of the test bacteria for 24 h >urs. 
The Pseudomonas aeruginosa was obtained through the courtesy of Merck 
& Cd., Inc.; the Mycobacterium phlei was obtained from Dr. O. Rake; 
the M. megmatis (smegma) was a strain that had been carried in culture on 



180 


BOTANY: ROBBINS, KA VANAGH AND HERVEY Proc. N. A. S. 


t 

an egg medium at Smith College for many years and was furnished by Dr. 
Elinor V. Smith* 

Pseud . airuginosa was the most resistant organism tested, requiring 32 to 
50 Mg- per ml. for inhibition. B. $ubtilis t E. coli t K . pneumoniae , M. pklei , 
AT. smegmatis (smegma ), Photo, fischeri and Staph. aureus were inhibited 
by less than 5 Mg* per ml. B. mycoides was somewhat more resistant. 

We were not successful in developing strains of Staph . aureus resistant to 
biformin. 

Antifungal Activity —P. biformis and biformin exhibited considerable 
antifungal activity. This was suggested by the observation that contami¬ 
nation of cultures of P. biformis after decanting culture liquid and reflooding 
was extremely rare. Inhibition of various fungi growing in the vicinity of 
colonies of P. biformis was observed. No growth of Trichophyton mentagro- 
phytes occurred in a nutrient agar containing 4 dilution units (Staph, au¬ 
reus) of biformin per ml. 4 

* 

Mycobacterium Tuberculosis — Through the courtesy of Dr. Ralph R. 
Mellon, Institute of Pathology, Western Pennsylvania Hospital, Pitts¬ 
burgh, Pa., preliminary tests were carried out by Miss Jean Onslow on the 
activity of P. biformis on M. tuberculosis. Agar discs, cut from a 6-day old 
colony grown on Czapek-Dox agar medium supplemented with corn steep 
solids, inhibited an avirulent strain (H 234) of M. tuberculosis on a yeast- 
peptone medium. Discs from a 4-day old culture of the fungus were found 
to give zones of inhibition on virulent M. tuberculosis H 37 grown on Her- 
rold egg agar. A comparison of the activity on Staph . aureus and M. tuber¬ 
culosis on the two media is given in the following table. The discs were 5.5 
mm* in diameter and cut on a radius extending from the center of the col¬ 
ony. The first two discs came from within the limits of the fungous col¬ 
ony. The diameter of the zones of inhibition is given in mm. 


DISC 


ORGANISM 

AND MRDIT7M 

l 

2 

2 

4 

5 

6 

Staph. aureus 

Yeast peptone 

M. tuberculosis (H 234) 

22 

22 

22 

12 

Halo 


Yeast peptone 

18 

15 

n 

9 

0 

* 

Staph. aureus 







Herrotd egg agar 

M. tuberculosis (H 37) 

9 

9 

0 

0 

0 

0 

Herrold egg agar 

18 

14 

14 

* ' * 

0 

0 

0 


Boiled culture liquid with an activity of 256 dilution units for Staph, aureus 
showed some activity in Kirchner's medium for both strains of M. tubercu¬ 
losis. 
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Further experiments 6 with a biformin sample prepared through the 
silver compound indicated the activity in vitro to be as great or greater on 
M. tuberculosis as on Staph. aureus, This is shown in the following table, 
in which the minimum inhibitory concentrations are given in j*g. per ml. 

M. 

M. M. tuberculosis Staph. 

aakpus NO. COMPOUND phlei smegmatis H 37 Rv aureus (//) 

121-3 Biformin 1.4 1.8 0 66 0.97 

Staph . aureus was grown in beef heart broth and the Mycobacteria in 
a modified Kirchner’s medium. 

Effect of Blood on Activity of Biformin, —The addition of 5 per cent calf 
serum to beef heart broth had little or no effect on the activity of biformin 
on Staph . aureus . The addition of 5 per cent defibrinated rabbit blood re¬ 
duced the activity to 0.1 that in the both. 

Animal Toxicity .—Given intravenously, 10.7 mg./kg. of sample 121-3 
caused no deaths in 5 mice used for each test. However, 12.5 mg./kg. of 
sample 121-3 killed 3 of 10, 15.0 mg./kg, killed 6 of 10 mice and 18.8 mg./ 
kg. killed 5 of 5. Given intraperitoneally to small numbers of animals, 9.4 
mg./kg. of sample 121-3 killed 4 of 5; with 12,5 mg./kg. of sample 121-3, 2 
of 5 were killed and 37,5 mg./kg. killed 5 out of 5, At the lower dosage the 
deaths were delayed. Administered subcutaneously or intraperitoneally, 
7.15 mg./kg. per day over a period of 5 days caused no deaths of 5 treated 
mice, while 4.68 mg./kg. per day, administered intraperitoneally to younger 
mice for 12 days, resulted in 1 death in 10 mice. 

One of us (F. K.) suffered from severe dermatitis involving swelling and 
watery blisters after contact with preparations of biformin. 

Chemotherapeutic Action, —No chemotherapeutic benefits were observed 
in mice of preparation 121-3 against Staph, aureus (Smith) or M, tuberculo¬ 
sis H 37 infections in mice. The lack of activity in vivo was probably re¬ 
lated to the action of blood in reducing the actiyity of biformin (see above). 

Preparation 121-3 was given intraperitoneally and subcutaneously at 7*.5 
mg./kg. in tests with Staph . aureus (Smith). The experiment was repeated 
with 3.75 mg./kg. intraperitoneally with one group of mice and 7.5 mg./kg. 
subcutaneously with another. In tests with AT. tuberculosis preparation 
121-3 was given intraperitoneally at 9.38 mg./kg. daily for 3 days and re¬ 
duced to 4.69 mg./kg. per day until death of the animals. The experiment 
was repeated using an intraperitoneal injection of 2.5 to 3.75 mg./kg. daily. 

Summary,—Polyporus biformis produces two antibiotic substances in 
culture liquids. These have been named biformin and biforminic acid. 
Both substances inhibit a number of gram negative, gram positive and acid- 
fast bacteria. The best preparations of biformin inhibited Staphylococcus 
aureus in beef broth at less than 1 vg. per ml. and were equally active on 
Mycobacterium tuberculosis. Serum did not affect the activity in vitro but 



182 EMBR YOLOG Y: D. F. POULSON Proc. N. A. S. 

I 

whole blood reduced the activity materially. No chemotherapeutic action 
was observed against Staph, aureus or M. tuberculosis infections in mice. 

* This investigation was supported in part by grants from The Commonwealth Fund 
and Th& Squibb Institute for Medical Research. 

* Robbins, W. J., Hervey, A., Davidson, R. W., Ma, R., and Robbins, W. C„ Bull. 
Torrey Bot, Club , 72, 166-190 (1945). 

* This fungus was obtained from Ross W. Davidson and is numbered 71423R in his 
collection. 

' * Robbins, W. J., Kavanagh, F., and Hervey, A., these Proceedings, 23, 171- 

176 (1947). 

4 The authors are indebted to Dr. Ilda McVeigh for this experiment. 

6 The authors are indebted to Miss C. M. McKee, The Division of Microbiology, 
The Squibb Institute for Medical Research, for assistance in these experiments and 
those on blood, animal toxicity and therapeutic action. 


THE POLE CELLS OF DIPT ERA, THEIR FATE AND 

SIGNIFICANCE 

By D. F. Pqulson 

Osborn Zoological Laboratory, Yalb University 
Communicated May 10, 1947 

Numerous investigations of the pole cells of Diptera, Miaslor, Chirono- 
mus, Calliphora, Lucilia and Drosophila have amply verified the classical 
observations of Metschnikoff (1855, 1866), Leuckhart (1865) and Balbiani 
(1885) that these are the source of the germ cells in the gonads of flies. 1 The 
generalization of the early separation of germ and somatic lines of cells has 
become so firmly established among biologists that certain very funda¬ 
mental facts concerning the pole cells have been overlooked in spite of a 
number of important pieces of information reported in recent investiga¬ 
tions by Rabinowitz (1941), Sonnenblick (1941), and Aboim (1945).* The 
kst named alone has recognized the possibility that some of the pole cells 
may have some other developmental fate than that classically demon¬ 
strated. 

In the course of a detailed study of the normal embryology of Drosophila 
the author has obtained embryological and cytologicnl evidence which es¬ 
tablishes the pole cells in a new light and at the same time fills out our 
hitherto incomplete and unsatisfactory understanding of the nature and 
origin of the mid-gut of higher Diptera. 

The formation of the pole cells in Drosophila melanogaster was first de¬ 
scribed by Huettner (1923). Subsequently Rabinowitz (1941) studied 
them in great detail providing data to show that far more pole cells are 
farmed than ever enter the gonads. The number at the incipient blasto¬ 
derm stage is 39-73. average 55. but prior to the invaginations which are the 
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most conspicuous feature of gastrulaliori, some of the pole cells migrate be¬ 
tween the posterior blastoderm cells to the outer surface of the yolk mass, 
leaving 20-47, average 39, pole cells to be carried into the proctodaeal- 
aramotic invagination. Of these pole cells only slightly more than half are 
included in the gonads according to Sonnenblick (1911) and Aboim (1945). 
The non-included pole cells are not easily followed in iron hematoxylin 
preparations, and Sonnenblick suggests they arc lost in the gut contained 
yolk. Rabinowitz states that the early migrating pole cells become lost 
and degenerate in the yolk. Aboim observed no signs of degenerating pole 
cells in the gut, but he was not able otherwise to establish their fate. 

The observations here reported elucidate the fate of these “lost ,J pole cells 
and clarify the nature of the first pole cell movements between the blasto¬ 
derm cells to the interior of the egg. A detailed account illustrated with 
photomicrographs will appear elsewhere. This report is based on a study 
of a series of sections of timed embryos of the Oregon R. wild stock of D. 
melanogaster which were silver impregnated by the Bodian technique, as 
described by Poulson (1945).* This method provides remarkably clear dif¬ 
ferentiation of various cell and tissue types. The pole cells stand out dis¬ 
tinctively in such preparations and there is little likelihood of confusion 
with other cells, both with regard to nuclear structure and appearance of 
cytoplasm. 

After the dorsal and lateral movement (7 -9 hours) of the germinal pole 
cells into the mesoderm at the level of the 10th segment where they become 
incorporated in the gonads, the remaining pole cells are found in association 
with the posterior mid-gut rudiment. They come to take up a position at 
the anterior edge of the posterior rudiment as it moves to unite with the an¬ 
terior rudiment of mid-gut between the 9th and 10th hours. They form 
two groups (on either side and not so noticeable in iron-hematoxylin prep¬ 
arations, but conspicuous in Bodian treated sections) at the points of union 
of the mid-gut rudiments. At first the groups look like small gonads, but 
this appearance rapidly changes as the mid-gut cells undergo the move¬ 
ments and form changes which complete the enclosure of the yolk. The 
pole cells retain their characteristic appearance, and it can be seen that at 
the time at which the sac-like gut begins to change its form to a long tube 
one of the first constrictions is at the level of the intestinal pole cells. With 
the completion of the form-change in the mid-gut the pole cells are seen to 
form the inner epithelium of the mid-section of the mid-gut. They remain 
characteristically different in size and form from the cells of the more ante¬ 
rior and posterior sections of the mid-gut and clearly correspond to the large 
’cells of that region of the larval mid-gut designated by Marie Strasburger 
(1932) os the "Mitte.” 4 Strasburger’s observations on the physiology of 
this section of the gut set it off from the other parts of the mid-gut as the re¬ 
gion of acid secretion* The physiological studies of Hobson (1931) on the 
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same region of the gut of Lucilia characterize it as a region of low pH (3.2) 
and of little or no proteolytic enzyme activity. 5 Studies of Waterhouse 
(1945) on the differential uptake of metallic ions by certain cells in this re¬ 
gion of the mid-gut of Lucilia cuprina are of interest in view of its origin. 6 
The fate of this region in metamorphosis to the adult requires careful study, 
although from Robertson’s (1936) account of metamorphosis of the mid¬ 
gut 7 it seems likely that these cells are lost with most of the other larval 
mid-gut epithelial cells. 

The early entry of pole cells between the posterior blastoderm cells to the 
interior is interpreted as the first of the series of movements in gastrulatioa 
in the eggs of Drosophila and other higher Diptera. These cells remain at 
the posterior surface of the yolk spreading out on it and later moving dorso- 
anteriorly with the extending embryo. They become incorporated also 
with the posterior rudiment of mid-gut and thus a part of the definitive larval 
intestine. They come to lie along with the “lost' 1 pole cells in the middle re¬ 
gion of the mid-gut and are difficult to distinguish from them. 

Experimental proof of this should be obtainable in embryos and larvae 
in which the pole cells have been removed or killed by cautery or ultra-violet 
light; in these the middle section of the mid-gut must be reduced or miss¬ 
ing. Such material is already in the hands of Geigy (1931) and Aboim 
(1945) who had followed the development of agametic gonads of Dro¬ 
sophila following ultra-violet treatment of pole cells. 8 It is hoped that this 
experimental evidence will soon be forthcoming. 

It is no longer possible to interpret the posterior polar plasm, or oosome, 
and its included granules as germ cell determinants in the original sense of 
Hegner and his predecessors, or even in the modified sense of Huettner 
(1923). The pole cells must be regarded in a new light as potential, but not 
as completely determined, germ cells. The latter is true only when, as 
Aboim (1945) has so beautifully demonstrated, they enter the lateral meso¬ 
derm. When they do not, they become a specialized section of the mid-gut 
whose function may well repay careful investigation. Although no cytolog¬ 
ies! differences have been demonstrated between those cells which are ob¬ 
served to leave the mid-gut and those which remain there, physiological and 
biochemical differences may well be sought at an early stage. 

1 For references and discussion of early literature bn the pole cells see: Huettner, 
A. K., Jour. Morph., 37, 385-423 (1923); Wilson, B. B„ The Cell in Development and 
Heredity, 3rd ed., Macmillan Co., New York, 1232 pp. (1928). 

3 Rabinowitz, M., Jour. Morph., 69, 1-49 (1941); Sonnenblick, B. P., these Pro¬ 
ceedings' 27,484-489 (1941); Aboim, A. N., Revue Suisse de Zool., 52,53-154 (1945). 

* Paulson, P. F., Trans. Conn . A tad. Arts . Sci, 36,449-487 (1945). 

4 Strasburger, Marie, Z. f. wiss. Zo6L, 140, 539-649 (1932). 

6 Hobson, R. P., Jour. Exp . Biol, 8,109-123 (1931). 

3 Waterhouse, D. F., Conn. Sci. Jnd . Res. (Australia), Bull. 191,1-20 (1945). 

* Robertson, C. W., Jour . Morph., 59, 851-399 (1986). 

* Geigy, R., Revue Suisse de Zook , 38,187-286 (1931); Aboim, A. N„ toe . cti. 
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A GENERAL CLASS OF PROBLEMS IN CONFORMAL MAPPING 

By A. C. Schaeffer and D. C. Spencer* 

Department of Mathematics, Stanford University 
Communicated March 17, 1947 

A function f(z) which is defined in the unit circle is said to be schlicht 
there if the relations f(zi) = f(z 2 ) } \z { \ < 1, \st\ < 1 imply that Zy = ^ 
We shall say that a function 

/(*) = fx*”, |*| < 1, Q) 

|i as 1 

belongs to.class S if f(z) is regular and schlicht in | z\ < 1 and at *= 1. 

Let R be a closed set lying in J z\ < 1, and let ^(r) be a measure function 
defined in the space R. Given an integer n there is a number M = M n 
such that |/ (,,) (£)| § M for all z C R and for v ** 0, 1, 2, .. n when/(z) 
belongs to class 5. Let F v {$ 0 , f 0> ..., j\) denote a complex-valued 

function which is continuous together with its first-order partial deriva¬ 
tives in an open set containing the closed set | £„| g M, (p — 0, 1, ..., n). 

Given the functions Fu F< it ... F m and the measure functions ^ 2 , 

\l/ Jet 

p. - APJM. !(*), • • •, /"’to. P\z))d% (2) 

for v = 1, 2, 3, ..m. If f(z) belongs to class S then the point 

Pf = (Pi, Pi .Pm) 

* 

is a point in a Euclidean space of 2m real dimensions, and the point P f is 
said to belong to f(z). As f(z) ranges over S, the point P f belonging to 
J(z) ranges over a set which we call P. Since the class S is compact, the 
set P is closed and bounded. The problem is to find the region P, 

Many of the problems on schlicht functions which concern the values 
taken in the interior of the unit circle, as opposed to boundary-value 
problems, are subsumed under this general formulation. Since special 
problems included in this general statement can often be carried further 
toward complete solution, this note will discuss several specific problems 
of this type and it will be observed that the method applied to these prob¬ 
lems can be extended, at least in part, to the general problem. The region 
of variability of the coefficients (<h> <h> *.., a*) of functions belonging to 
class S is one problem of this type, and it has been discussed in a previous 
note by the authors. 1 

If Si is a point of \z\ < 1, an important problem is to find the region of 
variability of f(z 1 ) when f(z) belongs to class S, Let f(si) *° p + iff, 
where £ and q are real. Then for fixed z u the point (/>, q) ranges over a 
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closed plane set P when / ranges over S. Let <?(/>, q) be continuous to¬ 
gether with its first order partial derivatives in an open set containing P t 
and let the gradient of G be non-vanishing in P. Let the maximum of 
G(p t q) in P occur for a particular function /(«) C S. 

In a paper to appear shortly, the authors show that if (a, 0) is an analytic 
Jordan arc in | z\ < 1 not passing through z « 0 or z » zu then for every 
sufficiently small complex number e there is a function f € (z) which tends 
to f{z) as € tends to zero, and such that 


,, v a/ v , « rP PM f(uf'(u) V 2 f(z) 

f(z)\ du + * r* ~ p ~ u) i sr(z) -~ + - - 

■ /W ; + 2« 2m 2 l ; W 1 - uz 


zf{z) 


u + z 


} 


u 


du + o(c). 


(3) 


Here p(u) is an arbitrary function which is analytic in a domain containing 
(a, 0) and vanishes at a and 0. 

It Ap + iAq is the variation of then the variation of G when 

f(z) is replaced by f 0 (z) is given by 


or 


where 




*~Ag + <?(e) 
Oq 


AG - ReiGt A(f(»i))\ + o(c), 



dG_.dC 
Up t bq‘ 



The variation A(/'(s t )) of f(zi) can be obtained by differentiating (3) 
with respect to e and setting z =» Zi. If we substitute this in relation (4) 
we find that AG is equal to the real part of an expression of the form 



2ri 


A(zi, u)du -f 



u)du + o(t). 


We may replace the second term by its conjugate without changing the 
real part, so AG is, within an error o(«), equal to the real part of 


A /»»*(«> W) V p w 
2«i Jm 2u* tv /(«) / p f m ■ 


M 


f(*i) 

M) 3* 

2 nt 


Zi 


« + ^ l + 

v v 1 — 
■w(2 ■>« 'tt§t) 






. ^ fl/7 — t 

(u - 2i) s (1 - itfO* 


du, (8) 


Here P - 2G 1 f'(s l )/(*i), 0 - G&Tfo) and M - 2G i z l f($i). Since G 
attains its maximum for the function /(*), the real pact of (5) is non* 
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negative for all small e so (5) must be equal to zero. Since p(u) is an arbi¬ 
trary analytic function subject to the conditions stated, we see that f(z) 
must satisfy the differential equation 


'«rwy to ~/w 


+ Si 2 z — z\ 

v ” + (/;-r + A/-.. 

Z — Z\ 1 *- ZZ) (z — Si) 5 


Vtjw 


~.s(2 zz i) 

A/; . 

(I — SSi ) 2 



where z has been written in place of u. 

The right-hand side of (6) is real on the unit circle j z\ = 1, and can 
be shown to be non-negative there with at least one zero of even order on 
|s| ** 1. If we set w * f(z), then this differential equation can be written 
in the form 


a i AY 


(■ 


2w — a 
dzj w*(w — a) 2 


(s - e«)*(z — z%) (zz a - 1) 


(z “ *,)»(! — ZZ\Y 


(7) 


Here ,4, a, s* are constants with ^ rail, z%\ g 1, and a « 
conditions that w(z) is normalized at the origin and that (w - 
approaches w*(zi) as z approaches z% imply that 


w(zi). The 
* a)/(z - Zj ) 


A ~ ae il ^ZzZi 2 


and 

A = «(st - 2Sit)(*jg» - I)(2l — e**) **,-»(! - |si| 2 )~ 2 - 

The point Si can be taken real and positive without loss of generality. 

The variables in equation (7) may be separated and the integrals ex¬ 
pressed in terms of elementary functions. Thus the region of variability 
of /'fa) is obtained exactly at all points of the unit circle j z | < 1. A 
function belonging to a boundary point of this region maps | z| < 1 onto 
the w-plane minus analytic slits which have at most a finite number of 
critical points. The authors hoi* t0 discuss this region in greater detail 
in a later paper. 

If f{t) belongs to class S the area of the map by w *» /(s) of the circle 
|*| £ a, 0 < a < 1, is given by the expression 

A - So a fJ,\f(re^rdrde W. 

^ . 

To illustrate the principle with equations which are not too complicated, 
consider the allied problem of maximizing the integral 

B - fZ, \f(ae«)\ t d0 


m 
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when f(z) ranges over S. Let the maximum of B occur for a particular 
function f(z) C 5. If the variation (3) is written in the form 

/«(*) •* /(*) + «$(s) + *&{z) + a(«) 

then, substituting/*^) for f(z) in (8), one obtains 

* 

B. = B + 2J?e{« fj w (f* + ffldS | + o(«). 

It therefore follows that 


yX (j* + f* da) = o 


and if the function p{u) is “peaked,” it follows after some manipulation 
that 




Z — U€ 


ae-" nae*)f{ae*) 


1 + me' 


1 




Here the independent variable z has been written in place of u. 

Several sub-classes of the class S are often studied, of which we mention 
three: 

Sjit, the class of functions/(s) C 5 which satisfy |/(s)j £ Mm \z\ < 1. 
where M is some constant exceeding 1. 

S rt the class of functions f{z) C 5 which are real for real z. 

So, the class of functions/(«) C 5 which satisfy/(—s) » —/(a). 


For functions belonging to Sm we have in place of (3) 


*.(s) - /(«) + 


2iri 


_ „<(„ t±J + 


/»a />(«) (/ »/'(k) V 

i 2 m* l\ /(m) / /(m) f{t) 

't-m s - »ilw; ^ 

^r(«) ! +/(*)i 

1 — uz ) 


U r~ Z 


<Pu + o(i), ( 9 ) 


where# however, 

Condition (10) restricts the small complex number < to lie in a half-plane. 
Using (9) and (10), Hie differential equation satisfied by a function (*)/ 
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of class Sm which belongs to a boundary point of the region of variability 
of f{z\) } f C S M , is of the form 



« . it f(z) (2M* — &f(z) 

oj* + 



& 


2 z 
(* 


*20 — 0 2 0! 0 + Si , „ 1 + 201 , 

2 + P77 : T o + V -r 7 -—- + p 

2 (1 — 00i) 2 s — Zi 


Z\) 


1 - zh 


where a = f(z\), X, & and y are complex constants and p is a non-negative 
constant. The variation can also be modified such that, if f(z) belongs to 
S T or to So, so does f t {z). Corresponding differential equations are then 
obtained for functions belonging to these classes. 

The general problem stated in the beginning of this note leads to a 
differential equation for extremal schlieht functions which is of the form 

/dwV 

u) "<*> - «*>• 

Here N(w) and Q(z) will be rational functions whenever (2) reduces to the 
form 

p, - i: pm*,), A*,) — f in) (z>),r n '(zj)) (is) 

j - i 

for v — 1,2, . .., m. This is the most important case at the present time, 
and problems concerning the regibn of variability P of the point (Pi, P a » 

.. P m ) y where P„ is given by (13), can be further classified according to 
the order n of the highest derivative involved. 

* This note was written during the time that the authors were under contract with 
the Office of Naval Research. 

1 Tke coefficients of schlieht functions III, these Proceedings, 32, 111-119 (1946). 


CONTINUOUS PARTICLES 
By M. Hessaby 

University of Tehran and Princeton University 

* 

Communicated March 28, 1947 

The Gravitational Field of an Uncharged Mass,~ln the theory of the 
electromagnetic field an antisymmetric tensor F M v is defined by the relations 

&/>, 

a*, bx M 


(i) 
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where ^ is the vector potential. The charge and current vector is 



(2) 

and the energy tensor is 


U; - —F >ia F ra + 

(3) 

which gives 


77 ' s » F P*’ = F J a 

* ii a* * ft, a*' » 

(4) 

* 

and also by contraction yields 


U x* 0. 

(5) 


We postulate the validity of the expression (3) for the gravitational 
energy tensor> subject to the supplementary condition 


r " 0 (6) 

corresponding to the fact that there is no electric charge. We postulate 
further that the existence of an electromagnetic field corresponds to the 
condition 


' i//* „ 9* 0 at that point. (7) 

Identifying therefore £// with the gravitational energy tensor (—i?/ -f 
Yjsg/J?), we see that We must have R « 0, and hence — RJ » U* % which 
shows that now 7?/, „ = 0, in agreement* with the Bianchi identities. The 
form (1) suggests the possibility of a torsional stress in addition to the 
radial stress. Denoting by P and r the radial and torsional stresses, 
respectively, we have the following scheme for F„ 


0 

r 3 


Pi 

•.— T# 

0 

111 -*,1 tilt M 

n 

p» 

Tj 

—n 

0 

Pi 

-Pi " 

—Pa 7 

i 

> 

;_ 

0 


Consider* the case where there is no torsional stress. We can write the 

interval around a particle with spherical symmetry in the form: 

* 

ds * ■» —e^dr* — r i dS i — r* sin* Odf* + €dt 1 . (9) 

The only components of , being F» -> — F« «* Pu "We get from (3), 

-Pi 1 - - »/ tPftr*-'. (10) 

The equality Ri 1 » P, 4 leads to the relation X' » —v , ‘, substituting this 
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result in the differential equation R * 0 , we obtain, replacing e v by y t 
the expression 1 


y 



2m 

r 



where m is the mass of the particle and A is a constant to be determined. 
We shall determine A by the condition that the integral of the energy 
density over the whole of space shall be equal to m> with a numerical factor 

A 

depending on the units chosen. We have i? 4t « — , and 


- Jr" V-gdV - 4irA f o — 


dr _ 

2mr + A 


4 tA 


VA-m*(S +f 


m 


arc tan 


Va 


m 


.) 


(LI) 


Setting A » 2m 9 , this expression becomes equal to (br 2 m, and we obtain 
thus for y, 


y 


2m 2 m 2 

* 4 — - 

r j 2 



The particle appears, therefore, as a continuous distribution of energy 
through space, the energy density being finite at every point, and tending 
to zero at infinity, the greater part of the mass being concentrated near 
the origin. We remark that for r < 2m the field, given by l /*y\ becomes 
repulsive. For r < m, there is a compression, and for r > m, there is a 
dilatation. The numerical value of r for which y 1 , is, for a neutron 
equal to 

1.23 X 10“** cm. (13) 


The expression for # 4 , is determined by the condition F A \ „ « 0 which is 
equivalent to 



winch gives 




Calculating the value of the invariant R^R? P we find that it is equal to 
(Sm/r*) 1 , which shows that # S8St 2m/r is an invariant function of position. 
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If we take into account all the components of the vector potential </>„ 
we are led to consider the identification of the torsional stress with the 

2m 2 

spin. The value of — Rt 4 being — , if the energy of the torsional stress 
can also be put in the form then the integral of the energy / ™\/—-gdV 

Y Y 


would take the form , so that the torsional energy would be inversely 

m 

proportional to the mass of the particle, as is the case for the spin. 

2 . The Electron .—If we consider the mass of the electron to be wholly 
due to its electric energy, we must determine F iV by the two conditions 


fjW-gdV - c 

and 

f'/*E*V'-gdV « m, 


(15) 

(16) 


where E is the electrostatic field of the electron, and / 4 the charge density. 
We have £ = F«; also J* = F*", and the g„ , are Galilean. The 

two conditions are satisfied by the potential 





2ke 2£V\ 

r T ,< ) 



where k is a constant equal to 3.8 X 10~" 4 . The field is given by 

2k n 

and reduces to the Coulomb field at large distances. The charge and the 
energy densities are seen to be finite at every point, and tend to zero at 
infinity. The electron appears thu9 to be a continuous distribution of 
charge through space. 

We remark that for a positive charge the field changes sign at a distance 
r • 3,7 X 10~ u cm., and that two positive charges should therefore 
attract each other in the range 3.7 X 10~ 18 cm. to 1.8 X 10~ 18 cm. 

The electrostatic stress at a point may be* considered as a transverse 
stress on a narrow tube situated on the radius vector. 

Moreover if the radial stress of an uncharged mass has a transverse 
Poisson effect, then a neutron might be expected to have an attraction for 
a positive charge. 

3. Waves in Particles ,—The wave equation of Maxwell's theory is 

g( 18 ) 

* 

For an uncharged particle = 0. Moreover, in regions of weak fields 
R„ a may be neglected, and the wave equation reduces to 


□ 4 , «* 0 


( 19 ) 
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A solution of this equation is 


** - fo” dk± a klm P? cosOe im 'r~' / '[aJ l + Vt (kr) + 0J_ t _ Vt (kr)]e ikct 

l ~° ' ( 20 ) 

Imagine an observer 0i whose position coincides at time / with the center 
0 of a particle in relative motion with respect to the observer. The form 
of (t> will not depend on the angle *p t but it may depend on the angle 0. 
Let us assume that it does not depend on 0. In that case we have / * 0, 
and the solution becomes: 

<t> - fo~ o*r” ,/, [«/ Vl (*r) + f}J-i/,(kr)]t? kel dk. (21) 

If we want to express this in exponential form we set a »» i, & » —1 
so that 


* 



e %k(r + ct) 

a * hr dk 



Let us consider first (a) as a constant not depending on k. The solution 

will then give us again the potential \ already obtained for the static case. 

We must therefore assume that a* will be found by the observer 0* to be 
a function of k. We assume for a k the form 


1 




where ki depends on the momentum of the particle and the nature of the 
medium. We obtain thus 


* 




A contour integration 2 around the point kt gives 

f[~ 2 * sin ki(r + ct) + f Q X Ct) dk \ < 25) 

the last integral diminishes very rapidly at distances of the order of ~ 

so that at a distance of half a wave-length from the center of a moving 
particle a decreasing harmonic wave form is fully established and we 
have simply . 

0 m — sin ki(r + cl). (20) 



m 


PHYSICS: M. HBSSABY 


Bkoc. N. A. S. 


The particle thus appears to be surrounded by a spherical wave pattern 
which escorts it in its motion. The common velocity of the infinite 
number of waves Which constitute the wave pattern, including the prin¬ 
cipal wave k Xf is c. 

Substituting the form (26) in the wave equation □<£ = 0 we obtain, 
if h does not depend on time, the equation A<£ + k^<f> » 0. If now we 
h 

set Xs *** —, in accordance with the results of experiment this expression 
, MV > 

becomes A <t> H-= 0, or, replacing x ]%mv t by E — U in the case 

hr 

* f, 

of small velocities, 




U)4 - 0 



where E is the total and V the potential energy of the particle. 

Summary.—A reinterpretation of Maxwell’s equations in general 
relativity leads to the deduction of a metric tensor for the field of an 
uncharged particle which yields a finite density of energy at every point 
in space, the integral of the energy Over the whole of space being equal to 
the mass of the particle. The particle thus appears to be a continuous 
distribution of energy through space. 

An expression is deduced for the electrostatic energy of an electron 
giving charge and energy densities which are finite at every point in space, 
the integrals over the whole of space being, respectively, equal to the 
charge and to the mass of the electron. An indication is found of the 
possibility of an attraction between two positive charges in a certain 
fange of distance, and of the possibility of an attraction between a positive 
charge and an uncharged mass. 

The consideration of a certain solution of the wave equation of Maxwell’s 
theory leads to the notion of a harmonic spherical wave surrounding a 
particle in motion. This leads to a new interpretation of Schrddinger’s 
wave equation, , < * 

} This form was obtained by Nordstrom and by Jeffery, who interpreted the constant 
A as an electric charge; see Eddington, Math, Th. Rel. t p. 186. 

* Lamb, Hydrodynamics , p. 401, 
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RADIO-WA VJi PROPAGATION AND ELECTROMAGNETIC 

SURFACE WAVES 

By Paul S. Epstein 

California Institute of Technology, Pasadena 
Communicated March 31, 1947 

!• A Discrepancy and Its Resolution ,—The problem of the propagation 
of radio-waves along the surface of the (plane) earth was first treated in a 
celebrated paper by A. Sommerfeld (1909). 1 Let the (r, v?)-plane of a 
cylindric system of coordinates coincide with the plane of the earth surface 
and let the s-axis point vertically upward. Sommerfeld considered a 
vertically oscillating dipole (radio-antenna) in the air, close to the origin 
(z ® 0, r = 0) and asked what secondary waves were produced by the 
discontinuity due to the presence of the partially conducting earth. His 
investigation led to the result that the Hertzian vector 11 describing the 
electromagnetic field can be divided, in either medium (air and earth), into 
two parts: II « Q + P t where the part () has the character of space-waves, 
which at large distances from the origin are proportional to R if R = 
(r* On the other hand, P is a surface-wave: at large distances 

it becomes proportional to r~ 1/5 and is restricted to the vicinity of the earth 
surface. 

Ten years later (1919) the problem was re xamined by H. Weyl 2 who 
used a somewhat different mathematical approach. He obtained a 
solution which was identical with Sommerfeld’s space waves Q but which 
did not contain the surface wave P. 

The reason for this discrepancy has never been satisfactorily explained. 
Since Weyl’s method seemed mathematically simpler his result was favored 
by public opinion in numerous papers by other authors. Finally, in 1935, 
Sommerfeld himself conceded that the surface wave has no reality.* Re¬ 
ferring to F. Noether, 4 he attributed this to an inaccuracy in the evaluation 
of his general solution, This evaluation consisted in carrying out a con¬ 
tour integration in which a pole of the integrand yielded the surface-wave 
P and two branch-cuts accounted for the space-wave Q . According to 
Noe tiler’s explanation the pole is so close to one of the branch-cuts that 
the method of integration used by Sommerfeld, possibly, was not suffi¬ 
ciently reliable. • , 

The question has not only historical interest but retains even now some 
actuality because Sommerfeld s method was recently applied by C. Y. 
Fu* to tile analysis of the propagation of seismic waves. In this case, the 
singularities, instead of nearly coalescing, as in Sommerfeld’$ problem, 
are rather far apart so that the evaluation does not present any difficulties. 
If Noether’s suggestion is the complete explanation for the absence of 
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surface waves in the electrodynamic disturbances, it should not apply 
to seismic waves. In other words, an oscillating elastic dipole within the 
earth would produce, among other things, seismic surface waves. It is, 
therefore, important to decide what the true nature of the discrepancy is 
and whether the above explanation is exhaustive. * 

We shall show in the next section that Noether's explanation is both 
insufficient and unnecessary. The difficulties already arise (and can be 
resolved) when only the general solution is considered, and before any 
evaluation is attempted. It seems that the resolution of the discrepancy 
has been delayed so long because of the mental attitude of all involved 
which led them to take it for granted that one of the conflicting solutions 
must contain a mathematical error. This is not so: from the mathematical 
point of view, both Sommerfeld s and Weyl's solutions arc unimpeachable. 
However, they represent two different physical phenomena. On the 
one hand, Weyl’s solution (Q) corresponds just to the wave of the oscillat¬ 
ing dipole with its secondary space waves due to reflexion and trans¬ 
mission. On the other hand, Sommerfeld’s solution ((? + P) is the super¬ 
position of two independent physical systems as follows: (1) the oscillating 
dipole with its secondaries (Q), (2) an electrodynamie surface wave (P). 
These two systems stand in no causal relation to each other, their yoking 
together in one mathematical expression is purely accidental. The fact 
that the space-waves Q, as evaluated by Sominerfeld, are identical with 
those found by Weyl does not bear out Noether’s suggestion that the 
evaluation is at fault. On the contrary, Sommerfeld’s evaluation seems 
to be entirely adequate. 

2. Mathematical Proof. - Sommerfeld starts from the representation of 
the 2-component of the Hertzian function for an oscillating dipole, 
Ho « exp. (ikR)/R in the form of the integral 

IIo - ~ j* Il{\r) exp. (rz)<r~ l \d\ t (1) 

<r - (X 2 - <r' - (A 2 - *' *) v \ 

* i , 

We designate here by k and k f the wave-numbers of the upper and lower 
medium (air and earth), while II denotes Hankers cylindric function of the 
first kind and of order zero. The upper sign of the exponent refers to the 
case z > 0, the lower to z < 0, while the signs of the roots must be chosen 
so as to make the real parts of <r and a* positive. The path of integration 
(L) in the X-plane is the real axis from — co to + 00 . 

The Hertzian function determines the field components in the following 
way 

£ * Mb 2 + V.(V ♦!!), H » -tHnj-’V X tl, (2) 

where c is the velocity of light, <u the frequency, and the time factor exp. 
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( —iw/) is omitted. 7'his leads to the border conditions at the surface of 
the earth (z « 0), 

Frr - k'nv « o, d(n - \v)/bz - o, (;j) 

where IT is the total Hertzian function in the upper medium, IP in the 
lower. 

To satisfy the border conditions, Sommerfeld assumes the existence of 
a reflected Hertzian function in the upper medium, If R = fT — IIo, and of 
a transmitted one IP, in the lower, which differ from the expression (l) 
mainly by the respective factors /(X) and /'(X) in the integrands. These 
expressions satisfy the wave equations V71 + £71 ~ () and V7T + 
k f ~M f « 0, while the factors can be chosen so as to fulfill the border condi¬ 
tions. Thus the total Hertzians in the two media become 

II = 'AfJTfrr) exp. (-«)*“• [1 +f(\)]\d\, (4) 

IT' = V, f ll(\r) exp. (5) 

the paths of integration being the same as in IT<). With the help of the 
border conditions the factors arc found to be 

1 + /(X) - (£7£' 2 )/'(X) - (iV - *'V)/(£V + £' 2 <i). (6) 

The singularities of the integrands 
of (4) and (5) are represented in 
Fig. 1. They consist of the branch 
points, X = £, X - £', and of the 
pole, X ™ £i), of the expression ((>). 

The path of integration (L) can be 
displaced and is equivalent to two 
loops Q\ and Q t around the branch 
cuts and to the residuum at the pole. 

As we mentioned in Section 1, the 
loops represent the space-waves Q = (Qi + ft)> the residuum the surface- 
wave P. 

It should be noticed, however, that the integrand of the expression (1) 
representing the original dipole does not have any singularity at the point 
X « £(,. Hence, the path of integration of this integral can be displaced 
into the curve (L f ) passing above the point X = Since all that is re¬ 
quired of the expressions (4) and (5) is that they satisfy the respective 
wave equations and the border-conditions, the integrals in them can be 
also conducted over the path lV ). Thus, in addition to the L-solution 
discussed above we have a second solution which we shall call the L'- 
solution. It is given by the integrals (4) and (5) conducted over the 
path L\ The evaluation of the i'-solution can be effected in the same 
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way, by displacing the path of integration upward. It is thus equivalent 
to the two loops about the branch cuts (which represent the space waves) 
and it does not include the residuum of the pole (i.e., it does not contain 
the surface-wave P ). 

The existence of the second solution was heretofore overlooked. Drawing 
attention to it is the essential contribution of this article. From a mathe¬ 
matical point of view, the existence of two different solutions is not at all 
surprising because it is well known that the integral of the equation V *11 + 
PII, for given border conditions, is not unique. 5 Since the L-solution 
and the L'-solution each satisfy the differential equations and the border 
conditions of the problem, it follows that their difference must also satisfy 
the same conditions and represent a third possible solution. This is given 
by the integrals (4) and (5) conducted over the paths +L and — L' t 
which are equivalent to a circuit about the pole X * ko or to the residuum 
in this pole. We know already that this residuum represents the surface 
wave P of Sommerfeld. We find, in this way, that the surface wave 
satisfies independently all the conditions of the problem and can exist for 
itself without any connection with the oscillating pole. This result is 
not entirely new since in another connection Sommerfeld himself had 
recognized the independent existence of surface waves? 

However, Sommerfeld considered there only plane waves while here 
we have to do with a circular surface-wave. Therefore, it will be well to 
say a word about this case. The simplest expressions for the s-components 
of the Hertzian functions II* and H/, (in the two media) of a circular sur¬ 
face-wave are as follows 

n, « AIJ(\r) exp. (—<rjs) f 11/ ** exp. (i <r'z) t (7) 

where A and B are two constant coefficients; the other components being 
zero. 

The border conditions (3) take then the form 

k*A - k n B m 0, (rA + <r'B - 0. 

The two equations are compatible only when their determinant vanishes, 

fc'V + k V «. 0. (8) 

Hence, the value which the parameter X must be given in the expressions 
(7) is the root of the eq. (8). This root, X is identical with the pole 
of the functions (6). Therefore, it is easy to see that the expressions (7) 
become identical with the residua of the functions (4) and (d) for the pole 
X « h, when the constants A, B are suitably chosen. In other words, 
they are identical with Sotntnerfeld's surface wave P. 

From the physical point of view, the most interesting of our results is 
the existence of the //-solution. As this solution contains the oscillating 
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dipole but not the surface wave, it shows conclusively that the latter 
wave is not a part of the dipole radiation and is not generated by the 
dipole. This is true not only for electrodynamic but also for elastic 
oscillating dipoles which also do not generate (seismic) surface waves. 
Yet, apart from dipoles, the surface waves can exist and in seismology they 
are regularly observed in connection with earthquakes. # The question 
how they are generated is an important one but it lies outside the scope 
of this article. 


1 Sommerfeld, A,, A tin aim. Physik, 28, 005 (1909). 

« Weyl, H., Annolen . Pkysik , 60, 481 (1919). 

8 Sommerfeld, A., coil trihut ion to “ Frank-Mises, Differential- und Integra F gl eic hurt gen. 
Z writer TeiiP p. 932 (Braunschweig, 1935). 

4 Noether, V\, Funktionentheoric und ihre A nwendungm in dcr Teehnlk. 105 (1931). 
The reference was not accessible to the author. 

6 Fu, C. Y., Geophysics , 12, 57 (1947). 

6 Sommerfeld attempted a proof of the uniqueness (reference 1, pp. (180 *(>82). How¬ 
ever, this proof breaks down for wave functions which possess source singularities, us 
both the oscillating dipole and the surface wave do. In this respect the wave equation 
is in no way different from the Laplacean equation. 

7 Frail k-Mises, loc. cit., 877, 878, 930. 
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FORCES BETWEEN POLYATOMIC MOLECULES 


By J. H. Hildebrand 

Department of Chemistry, University of California at Berkeley 

Read Before the Academy, April 28, 1947 


Much progress has been made during recent years in understanding the 
liquid state. Most of it has been based, quite properly, upon the simplest 
possible model, that of spherically symmetrical molecules, of which the 
monatomic noble gases furnish the examples. However, most of the 
molecules with which we have to deal are polyatomic, and we are faced 
with the question of their conformity to the monatomic model. 

The structures of several monatomic liquids have been revealed by x-ray 
diffraction. This structure is expressed by a radial distribution function 
which describes the short range order around a given molecule. With it, 
one can calculate the number of molecular centers within a sphere of any 
radius, r, around the reference molecule. We 1 have shown experimentally 
that this is a general function of the degree of expansion of the liquid over 
its close-packed structure, and have shown, further, 2 how it could be used to 
express the relation between the energy of vaporization of a liquid and the 
intennolecular potential energy by means of a continuous integration, 
analogous to the summation over all lattice pairs in the case of crystals. 
The formula is, 






2irW 
v 


y 


tWr'hlr, 


where E, and b, refer to the^otential energies per mole in the gas and liquid, 
respectively, N is the Avogadro number, v the molal volume of the liquid, 
W the experimental distribution function, c the potential energy between 
pairs qf molecules at distances, r. If we neglect repulsion and express f by 
—jfe/f* in accord with the theory of London,* we can write the approximate 
equations, 


J 


s, - ®i * Ae v , p 


2i riV»* fWdr 
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and 


_ 2irN 2 k fWdr 
dv 2 v 2 J r x 


Since the integral changes but little with temperature, we can write, 

vAE vap , » v-(dB/dv) » a, 

a constant corresponding to the van der Wauls’ a, though not necessarily 
having the same numerical value as that computed from critical data. It 
is a remarkably good one, for experimental values determined from Ae 
and dE/dv agree within a few per cent. 

This approach has been extended to give a formula for the energy of 
mixing two liquids whose molecules, while possessing different radii and 
fields of force, are nevertheless mixed with maximum randomness by 
thermal agitation, a kind of solution we have called '‘regular.” 4 The 
fundamental expression for the energ/ of mixing n t and n> molecules in 
volume v is, (2ir.V 2 /v)[»K/*(ll) + n|,/*(22) + 2 wiw 2 ,/*(12)], where the 
integrals are those corresponding to the first equation, above, but with the 
integrals referring to like and unlike pairs, respectively. An approximate 
solution of this equation gives, for the partial molal energy of solution of 
component 1, 

Ki = 4 >‘vi[(Aei/vi)‘ a - (Ae 2 /v 2 )' a ], 


where <j> denotes volume fraction, and AEi and AB 2 refer to the pure liquid 
components. For regular solutions, we have, further, the possibility of 
calculating solubility relations from i[. I wish to mention that Dr, 
vSeatchard* has contributed significantly to these developments. 

This formula has proved far more useful than one had any right to expect 
in view of the approximations that had to be made to put it into practical 
form. It not only neglects repulsions and possible dipole interaction, but 
was derived on the assumption of spherical molecules with similar, radial 
force fields. Nevertheless, it applies remarkably well to polyatomic 
molecules, provided tha t they are not too unsymmetrical or different in size. 
The following illustrations are selected from many. 

Void* measured the heat of mixing CCU am^SiCh and found 32.8 cal. 
per mole for a 50 mole per cent mixture, while the value calculated from 
the equation was 28,0 cal. 

We predicted that and CCU should give two liquid phases above the 
melting point of iodine, with a consolute temperature between 150°C. and 
170°C, with the mole per cent of iodine about 70. Experiment gave 
100.6°C. and 08 mole per cent. 

The substances SiCU and & 1 I 4 differ so greatly as to form two liquid 
phases above the melting point of the latter. From the measured solu- 
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bility* of SnI* in SiCl* at 59°C. we calculate 117.0 cal./cc. for A u/v of SnTi 
while the heat of vaporization gives 118.3 cal./cc. 

But in spite of such successes, there is reason to believe that the field of 
force around large, polyatomic molecules is not best described as radial. 
The London forces are very short range, and it is the peripheral atoms 
which are most important. OsFg, for example, is very volatile although Os 
i9 extremely non-volatile. I have sought to throw light upon this question 
by a rather simple, direct test; a comparison of the entropy of vaporization 
of two liquids under different but corresponding conditions. My col¬ 
league, Dr. Pitzer, 8 has pointed out that two liquids which obey the theory 
of corresponding states should have equal entropies of vaporization at 
equal ratios of v p /v ft but that this presupposes, among other conditions, 
radial force fields of the same shape. 

Now there are also two other rules regarding the entropy of vaporization. 
Trouton’s rule, the historic one, states that all normal liquids have the same 
entropy of evaporation at their boiling points. But this is not strictly true, 
for there is a gradual increase with increasing boiling point, and I proposed 
years ago, as a substitute, a rule that has come to be known as the “Hilde¬ 
brand Rule”, 9 according to which the comparison should be made at equal 
vapor volumes instead of, pressures. 

Now two van der Waals’ liquids should have the same entropy of vapori¬ 
zation not necessarily at equal v p /v/ but at equal v„/(v* — ft), as can be 
seen from the following equations : 

(dPjdT) v = R/(v - b) - (ds/dv),-; 

- S| * R [In v„ - ln(v, - ft)]. 

This follows also from u simple statistical analysis. 10 We can see that for 
the noble gases there is high probability that v* is proportional to v* — ft, 
but this is not necessarily the case for larger, polyatomic molecules, where 
the peripheral atoms are the main centers of attraction. In order to bring 
to light any significant difference between evaporation at equal v g and 
equal v p /v*, it is necessary to select liquids which differ considerably in 
liquid volume but which are otherwise as nearly alike as possible. Table 1 
shows the comparison between two pairs, first, chlorine and carbon tetra¬ 
chloride; second, ethane and diisopropyl. Good thermodynamic data are 
available for our purpose. 

TABLK 1 


Entropy op Vaporization 


RRP8R. 

LIQUID 

r 

Art 

a. 

205 

26.3 

CU 

223 

22.6 

C,H, 

148 

26.8 

C*He 

160 

23.2 

1 

* Di-isopropyl. 




AS AT SAMS 


.. 

Vff 

Vg/Vl 

T/Tc 

24.7 

27.2 

29.7 

21.7 

24.2 

26.3 

26.5 

28.3 

31.8 

22.7 

26.5 

28.3 


rent 

ecu 

ecu 

C.H.4* 

C.H.4 
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It can be seen that the entropy of evaporation, As, for CCU agrees best 
with that for Cb when the comparison is made at equal vapor volumes; 
less well at equal ratios of vapor to liquid, and much more poorly at equal 
corresponding temperatures. 11 The agreement with the Hildebrand rule 
is even closer with ethane and diisopropyl. 

It must be concluded, I believe, that the forces between polyatomic 
molecules are chiefly those between their neighboring parts. Although the 
assumption of similar radial fields does remarkably well for molecules of 
moderate size, it will prove increasingly inadequate as one considers larger 
and larger compact molecules. The localization to which we are accus¬ 
tomed in the case of coulombie forces where they exist in large molecules 
is even more necessary when considering van der Waals’ forces, in view of 
their much shorter range. 12 

1 Campbell, J. A., and Hildebrand, J. H., J. Chan, Phys., 11, 334 (1943). 

* Hildebrand, J. H., and Wood, S. E., Ibid., 1, 12 (1933). 

* London, F., Trans. Farad. Soc., 33, 8 (1937). 

4 Hildebrand, J. H., “Solubility of Non-electrolytes,” Reinhold Pub. Corp. 1936, p. 
65ff. 

4 Scatchard, G„ Ghent . Rev., 8,321 (1931). 

* Void, R. IX, J. Am. Chem. Soc., 59, 1510 (1937). 

7 Hildebrand, J. H., and Negishi, G. R„ Ibid., 59, 339 (1937). 

8 Pitzer, K. S., J. Chem, Phys., 7, 583 (1939). 

* Hildebrand, J. H., J . Am. Chem. Soc., 37, 970 (1915); 40 t 45 (1918); J. Chem. 
Phys., 7, 233 (1939). 

1 ® Hildebrand, J. 1L, J. Chem. Phys., 15, 229 (1947). 

n cf. Guggenheim, Ibid., 13, 253 (1945). 

! * cf. London, F,, J. phys . Chem., 46, 305 (1942). 


URETHANE (ETHYL CARBAMATE) THERAPY IN SPONTA¬ 
NEOUS LEUKEMIAS IN MICE*i 

Bv L. W. Law 

Roscob B, Jackson Memorial Laboratory, Bar Harbor, Me. 

Communicated May 10, 1947 

Palliative effects due to urethane therapy have been reported in human 
cases. 1, 2 The response to urethane in lymphoid leukemia was less pro¬ 
nounced and more variable than in myeloid leukemia. On the other hand 
the responses of transplantable animal leukemias (rat and mouse) were 
found by the same authors 8 to be very much less striking than in humans, 
if evident at all. Murphy and Sturm 4 have shown a marked effect of 
urethane on the percentage of ‘‘takes 1 ’ of a transplantable lymphoid leu- 




kemia in the rat. Recently, it has been shown in a small series of mice 
inoculated with a chronic myeloid ehloroleukcmia that certain palliative 
effects similar to x-ray therapy were obtained. 5 The effect on prolongation 
of life was not determined in any of the above experiments. 

Preliminary work is reported here relating to the effect of urethane on 
spontaneous leukemias arising in the C 68 and RIL, subline B, inbred leu¬ 
kemic strains of mice. In this laboratory approximately 90% of mice of 
both sexes develop leukemia beginning at 0 months of age in the Cm strain. 
The majority of these leukemias are lymphoid (lymphocytic) although 
occasionally myeloid and “stem-cell” leukemias appear. Early symptoms 
of leukemia in mice of this strain can be detected by periodic palpation of 
subcutaneous lymph nodes. Usually a single lymph node is initially in¬ 
volved. 6 In all such cases diagnosed in this manner as leukemia, immature 
leukocytes have been found in the circulating blood and the animal has 
developed a generalized, systemic disease. Thus, life expectancy within 
this strain may be determined easily and a moderate degree of accuracy of 
the effect of chemotherapeutic agents on length of life of leukemic mice may 
be expected. An incidence of nearly 80% leukemia has been observed in 
the RIL strain of mice. The incidence is slightly higher among females. 
Myeloid, lymphoid and ‘‘stem-cel!" leukemias have been found and the 
majority of leukemias involve initially and principally the thymus. In 
these cases the first symptom observed is dyspnea and the animals are at 
this time in the terminal stages of the disease. 


Thirty-eight cases of spontaneous leukemia have been observed in this 


preliminary study, the majority arising in the C&* strain. 


Urethane 7 was admipistcred intraperitoneally in aqueous solution. 


daily dosage was 0.5 mg./gram of body weight. The dose per gram of 
mouse was contained in 0.0085 ee. distilled water. This sub-anesthetic 


dose did not materially effect the body weight. 

The majority of spontaneous cases reported herein received urethane 
therapy beginning from 5 to S days following discovery of symptoms by 
palpation. Thus, in many of the mice in the experimental series, therapy 
was instituted after the disease was well advanced. The effect of ure¬ 
thane was similar in all spontaneous cases studied. After 3 daily doses 
(approximately 45 mg. urethane) white blood-cell counts dropped mark¬ 
edly. In most cases white blood-cells counts were down to normal levels 
within 7 days and with continued therapy the counts remained within 
normal limits or the animals developed a definite leukopenia. Only 2 cases 
were observed in which during the terminal stages of the disease (day of 
death or day preceding death) the white blood-cell count returned to ex¬ 
tremely high levels. 

Differential white-cell counts obtained periodically following treatment 
of spontaneous cases showed a drop in percentage of immature cells. In 
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Table Typical Blood Pictures in Spontaneous 

Following Urethane Treatment 
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None 

17,875 

34 

49 

17 


7.875 

18 

- ■* >4 

72 

8 

12.5 

80,500 

13 


♦ First reading following urethane therapy at 3 days. Subsequent readings at approximately 
7-day intervals. 


most cases this was a gradual decrease with continued therapy resulting in 
levels of only a few immature cells at approximately 9 to 10 days. These 
levels usually remained low until death. Two cases of myeloid leukemia 
in the Cu strain responded in the same manner. The amount of reduction 
was found not to be proportional to the pre-treatment immature cell 
count. 

In addition to the marked decrease in total white blood cells and im¬ 
mature forms there resulted also a conspicuous decrease in circulating 
lymphocytes and a corresponding increase in polymorphonuclear leuko¬ 
cytes. This phenomenon was described by Hawkins and Murphy* in the 
blood of rabbits subjected to urethane anesthesia. 

Following is a typical example of response of a spontaneous lymphoid 
leukemia to the drug: Cm <f 79508 was administered urethane, 15 mg. 
daily, five days after appearance of symptoms. The white-cell count had 
fallen to 12% of the original figure after 7 days of treatment. This leuko¬ 
penic level was maintained by therapy throughout the life of the animal. 
The immature cells showed a reduction in absolute count to 25% of the 
original after 13 days and to 4.8% (2% immature cells) of the original after 
18 days of treatment This level was maintained by therapy. The typi¬ 
cal decrease in circulating lymphocytes and increase in polymorphonuclear 
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Leukemic Mich of the Cm and JUL .Strains 
(Sub-Anesthetic Dose) 


FOLLOWING mtCTHANF T11UKAPY* 
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t Myeloid leukemia. All others lymphoid. 

t Urethane therapy started in terminal stages 12 days after appearance of symptoms. 
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leukocytes was evident after 7 days of treatment. After 27 days the circu¬ 
lating lymphocytes had fallen from 37 to 8% and the polymorphonuclear 
leukocytes had increased from 20 to 84%. 

In contrast to the results obtained in human cases 1 there was not ob¬ 
served a general rise in hemoglobin levels. In 2 treated mice only was 
there observed a rise in hemoglobin levels. In 9 Css 78977 the hemo¬ 
globin value rose by an average of 10.7% (100% = 14.5 g. Hb per 100 ec.) 
after 19 days of therapy. In cf C&g 81 the hemoglobin value rose by an 
average of 11.1% after 17 days of treatment. Indications are, however, 
that the fall in hemoglobin levels in urethane treated leukemias is not so 
precipitous as in the untreated controls. This is more evident in spon¬ 
taneous cases given urethane immediately upon discovery of symptoms. 
These cases are not included in this series in which hemoglobin levels were 
relatively low when therapy was initiated. (See table 1 for typical re¬ 
sponse of blood counts in spontaneous cases of leukemia.) 

Marked changes in the blood picture were evident 24 hours after ad¬ 
ministration of urethane (sub-anesthetic dose). The leukemic blood pic¬ 
ture returned immediately upon cessation of treatment. 

In mice given urethane within 3 to 5 days after discovery of palpable 
nodes, the subcutaneous node (or nodes) regressed completely within 2 to 









208 


PATHOLOGY: L. IV. LAW 


Proc. N. A. S. 


'A days of continued therapy. In cases where urethane was given S days or 
later after appearance of symptoms a definite decrease in size resulted. 
The difference in mean weights of subcutaneous lymph nodes (axillary, 
inguinal and cervical) in the control and urethane-treated cases was 24S.N 
mg. where / — 2.7 and P — 0.02%. 

There was a definite decrease in the size of the spleen in spontaneous cases 
already showing splenic involvement upon therapy. In cases where treat¬ 
ment was begun before the spleen was palpable the spleen did not become 
infiltrated greatly. The difference in mean weights of the spleen in control 
and urethane mice obtained at autopsy was 224.0 mg. where / = 1.29 and 
P < 0.3%. There was considerable variation in splenic weights in the 
urethane-treated series probably as a result of institution of therapy at 
various time intervals after appearance of symptoms. 


TABLE ii 

Comparison of Mean Weights of Spleen, Lymph Nodes and Thymus in Urethanb- 

Trkated and Control Spontaneous Leukemias 


NO, 

SPLKItN 

-WISlUHTS IN MILI.ir.KAM8- 
LYMP1I NODUS* 

THYMUBt 

Urethane treated 7 

731.4 

194.3 

73.7 

Controls 13 

1055.4 

470.1 

530.8 

Difference (means) » 

324.0 

284.8 

457.1 

t w 

1.20 

2.7 

3.7 

p * 

<0.3% 

0.02% 

< 0.01% 


* Including all axillary, inguinal and cervical lymph nodes. All weights obtained at 
death of animals. 

! Thymus weights on 8 experimental and 13 control animals were obtained principally 
from R1L, subline B, pedigreed mice and are unrelated to spleen and lymph node 
weights obtained principally from C w pedigreed mice with systemic disease originating 
in subcutaueous lymph nodes. 


The mean length of life of untreated spontaneous leukemias in the C& 
strain was 21.K =** 7.15 days and in urethane-treated leukemias 35.9 * 8.76 
days following discovery of symptoms by palpation. In one case, 9 C#g 
80302 life was maintained for 52 days. Although the difference of the 
means is not significant in the series reported here, indications are that if 
urethane is given early, following discovery of symptoms, a greater life ex¬ 
pectancy may be obtained. 

Leukemic mice from both the C&a and RIL strains (8 animals), in which 
there was initial thymic involvement resulting in dyspnea followed usually 
by a rapid, generalized systemic course of the disease, were given urethane 
treatment immediately upon discovery of the dyspnea. There resulted a 
marked depression in the white-cell count, a decrease of immatures in the 
circulating blood and in most cases a sudden disappearance of dyspnea. 
In these mice there was a significant increase in the length of life, 22.7 **» 
3.1 days compared with 7.7 * 5.34 days, for untreated controls. At 
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autopsy it was found that the thymus had regressed, was soft, spongy and 
yellowish-brown in color. The difference in mean thymus weights between 
the urethane-treated and control series was 457.1 mg. where t = 3.7 and 
P < 0.01% (see table 2). 

The following histological picture obtains in leukemic mice receiving 
daily sub-anesthetic doses of urethane: In the lymph nodes of mice receiv¬ 
ing urethane shortly after appearance of symptoms there was observed in 
most cases an intense necrobiosis with pyknosis, karyorrhexis and chroma¬ 
tolysis, This was usually generalized throughout the nodes. However, 
the process was localized in leukemic mice in which therapy was begun in 
the terminal stages of the disease. Where therapy had been continued for 
a relatively long period of time there were found areas of necrosis in the 
lymph nodes. In several cases moderate to intense reticulosis and fibrosis 
were observed. The reactions of splenic tissue to urethane were similar but 
not so intense as in lymph nodes. 

The most pronounced effect of the drug has been observed in the thymus 
where intense generalized necrobiosis, large areas of necrosis and fibrosis 
and severe hyperemia were observed. 

Phagocytosis was very prominent in the livers of treated mice. Large 
areas of perivascular fibrosis in regions of leukemic infiltration were pres¬ 
ent. In some hepatic cells there was a moderate degree of vacuolar de¬ 
generation. Hyperemia was pronounced in some livers. 

In cf RIL 2N in which there was severe thymic involvement and in which 
urethane therapy was started 8 days after appearance of symptoms there 
occurred moderate leukemic infiltration in the lung. There was observed 
in these areas of infiltration a very intense necrobiosis. 

More complete details concerning the histology of urethane-treated 
tissues will be given later. 

Summary .—Definite palliative effects of daily sub anesthetic doses of 
urethane have been observed in IS cases of spontaneous leukemia in the 
Cw and RIL inbred strains of mice. The majority of these generalized 
systemic leukemias were lymphoid although the response of two myeloid 
leukemias was similar. The effects produced were: (1) a pronounced fall 
in total white-cell count to or below normal limits and a maintenance of 
these levels with continued urethane therapy; (2) a marked reduction in 
the number of immature cells in the circulating blood; (3) a possible sta¬ 
bilizing effect on the hemoglobin levels; and (4) a pronounced diminution 
in the size of enlarged subcutaneous lymph nodes and spleen. The life 
expectancy of urethane-treated leukemics is greater than control leukemics 
but not of statistical significance. 

In a series of 8 leukemic mice of the RIL strain in which there was initial 
and principal thymic involvement the same palliative effects were ob¬ 
tained. In addition there was relief from symptoms of dyspnea and tho- 
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racic enlargement, a statistically significant decrease in the size of the 
thymus, and a statistically significant lengthening of life. 

A generalized necrobiosis in the spleen, thymus and lymph nodes followed 
by localized necrosis in animals receiving long continued therapy has been 
observed. Moderate to intense reticulosis and fibrosis were evident in 
cases receiving treatment early and over a relatively long period of time. 

* This work has been aided by grants to the Roscoc B. Jackson Memorial Laboratory 
by the Jane Coffin Childs Memorial Fund and the National Advisory Cancer Council. 

t Technical assistance of Mr. Lester E. Bunker, Jr., and Miss Betty-Ann Norris is 
gratefully acknowledged. 
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INFLUENCE OF HUMIDITY ON THE SURVIVAL OF DIFFERENT 
CHROMOSOMAL 7 YPES IN DROSOPHILA PSEUDOOBSCURA 

By M. J, Heuts* 

University of Louvain, Belgium, and Department of Zoology, Columbia Uni¬ 
versity, New York 

Communicated May 7, 1947 

Populations of Drosophila pseudoobscura show a high variability with re¬ 
spect to the gene arrangement in the third chromosome. Several gene 
arrangements, which must have arisen from each other by inversions of 
blocks of genes, occur frequently in the same territory. Populations of 
different localities very often differ in the relative frequencies of the gene 
arrangements, 1 and in at least some localities, the frequencies change also 
from month to month, the changes being connected with the succession of 
year’s seasons. In particular, seasonal changes are observed in the popu¬ 
lations of Pifion Flats and Andreas Canyon, on Mount San Jacinto in 
California. The Standard gene arrangement increases in frequency during 
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the hot period of the summer, remains rather constant {luring autumn and 
winter, and decreases in frequency during spring. The Chiricahua arrange¬ 
ment undergoes a cycle opposite in sign to that of Standard, and the Arrow¬ 
head arrangement shows relatively little change. 2 These data suggest that 
carriers of different gene arrangements differ in adaptive value, and that 
the seasonal changes represent adaptive responses of the jjopulations to 
changing conditions of the milieu. Artificial populations kept in spe¬ 
cially constructed “population cages*' bear out the hypothesis of natural 
selection, in so far as, at relatively high temperatures (above 21 °), changes 
are induced which seem to parallel those observed in natural habitats in 
summer. Thus, if the initial population of a population cage contains less 
than 50 per cent of Standard and more than 50 per cent of Chiricahua 
chromosomes, the former increase, and the latter decrease in frequency, 
until an equilibrium is established at about 70 per cent Standard and 30 
per cent Chiricahua. Similarly, Standard is, at high temperatures, rela¬ 
tively superior to Arrowhead, and Arrowhead is superior to Chiricahua. 
At temperatures below 21°, the adaptive values of the carriers of all gene 
arrangements appear to be alike. 3 

The experiments just referred to describe, however, the net differences 
between adaptive values of the different gene arrangements. It is not 
known at just what stages of the developmental cyele the differential sur¬ 
vival takes place. Furthermore, in the experiments so far published, the 
carriers of the Chiricahua gene arrangement have never proved superior in 
adaptive value to those with Standard and Arrowhead. Vet, in the nat¬ 
ural populations, Chiricahua chromosomes do increase in frequency at the 
expense of the others during the spring season, It follows that, an eco¬ 
logical niche should be found in which the carriers of Chiricahua will be 
relatively superior. One of the environmental agents never tried before 
which may have an effect on the survival of the chromosomal types, is 
humidity. The pupal stage is especially likely to be sensitive to humidity 
variations. Among the known facts which point in this direction, suffice it 
to mention that, differential mortality of wild type pupae and pupae 
homozygous for certain mutants has been found in Drosophila meUinogaster 


at low humidities. 4 

In the experiments to be described below, Drosophila pseudoobscura 
pupae, homozygous for Standard, Arrowhead, and Chiricahua gene arrange¬ 
ments have been used. The ancestors of all the experimental flies came 
from the Pifion Flats locality in California. At least ten strains with each 
gene arrangement were intercrossed, so that the experimental flies, though 
structurally homozygous, were genically heterozygous (the importance of 
which is discussed by Wright and Dobzhansky 3 ). The parental flies were 
placed in population cages, some hundreds of males and females of each 
type in a different one. The cages were kept in a constant temperature 
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FIGURE 1 

Ordinates: percentages of hatched pupae. Abscissae: relative humidity in per cent. 
Solid circles—Standard pupae; open circles—Chiricahua pupae; triangles—Arrowhead 
pupae. 

TABLE i 


HUMIDITY 

UKNO- 

TYPK 

riRHT bxprkimknt 
FUVAU PUBS % 

SECOND BXPKRIMBNT 
PUFAR PLUS* % 

PUPAK 

total 

FURS 

% 

100% 

ST/ST 

300 

248 

82.6 

400 

340 

85.0 

700 

588 

84.0 

100% 

CH/CH 

300 

276 

92.0 

400 

363 

90.7 

700 

639 

91.0 

100% 

AR/AR 

300 

220 

73.3 

400 

300 

75.0 

700 

520 

74.5 

92% 

ST/ST 

300 

278 

92.6 

300 

284 

94.6 

600 

562 

93.6 

92% 

CH/CH 

300 

233 

77.6 

300 

258 

80.0 

600 

491 

81.8 

92%, 

AR/AR 

300 

256 

82.0 

300 

252 

84.0 

600 

508 

84.6 

76% 

ST/ST 

500 

419 

83.2 

300 

262 

87.3 

800 

681 

85.1 

76% 

CH/CH 

500 

376 

75.2 

300 

239 

79.2 

800 

615 

76.9 

76% 

AR/AR 

300 

265 

88.3 

300 

250 

83.3 

600 

511 

85.1 

50% 

ST/ST 

l 4 


* * 

300 

242 

80.0 

3(X> 

242 

80.6 

56% 

AR/AR 

• * 

* * 

» * 

200 

168 

84.0 

200 

168 

84.0 

0% 

ST/ST 

300 

122 

40.8 

700 

468 

66.9 

1000 

590 

59.0 

0% 

CH/CH 

' 300 

94 

31.3 

700 

446 

63.7 

1000 

540 

54.0 

0% 

AR/AR 

300 

215 

71,0 

700 

526 

75.1 

1000 

741 

74.1 


room at 19°, and at relative humidities ranging from 45 to 50 per cent. 
When pupae began to form in the cages, they were extracted individually 
by means of a needle, and transferred into glass vials, one hundred pupae 
per vial. The vials were closed by cheese cloth held by a rubber band. 
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Only very young and light pupae were taken. The vials were placed in 
desiccators at the desired humidities. Five relative humidites were used, 
namely 100%, 92%, 70%, 50% and 0%. They were obtained by placing 
on the bottom of the desiccators, distilled water, K 2 S0 4 , NaCl, NaBr in 
oversaturated solutions, and anhydrous CaCl 2 , respectively (according to 
Ludwig and Landsman 4 ). The desiccators with pupae were placed at a 
constant temperature of 25°C. 

The experiments were replicated twice. The results obtained arc re¬ 
ported in table 1, and represented graphically in figure 1. It can be seen 
clearly that, at the temperature of 25°C, Chiricahua pupae are more viable 
than Standard, and the latter more viable than Arrowhead at 100% hu¬ 
midity. At 92% humidity, Standard is superior to the other two. At 
76%, Standard and Arrowhead are alike, but both of them are superior to 
Chiricahua. At lower humidities, Arrowhead is superior to both Standard 
and Chiricahua. Thus, Chiricahua is most favorable, and Arrowhead 
least favorable, at 100% humidity, but the relations are reversed at 0%. 
The two series of experiments showed the same hierarchy of hatchabilitics 
of the pupae with the three gene arrangements, although in the first experi¬ 
ment the hatcliabilities were lower in almost all humidities than they were 
in the second experiment. The difference must have been due to more 
favorable environmental conditions in the second than in the first series of 


population cages in which the pupae were reared. 

The results of the experiments just reported suggest that, flies with 
Chiricahua chromosomes are relatively better adapted to climates with 
high humidities, and Arrowhead flies to low humidities, Standard being 
intermediate. The temporary superiority of Chiricahua observed during 
the spring season at Pinon Flats might, then, be due to the relatively high 
humidities prevailing at that season. The validity of this hypothesis must, 
of course, be tested by studying the survival rates of pupae at different tem¬ 


peratures. 

I wish to express my gratitude to Prof. Th. Dobzhansky for his generous 
hospitality throughout the course of this investigation, and for his con¬ 
tinuous advice and encouragement. 


* Fellow of the Belgian American Educational Foundation, Inc. 

1 Dobzhansky, Th., and Epling, C., Carnegie Inst, of Washington Tuhl. 55*1 (1944). 
a Dobzhansky, Th., Genetics t 28, 162-180 (1943). 

* Wright, and Dobzhansky, Th., Genetics, 31, 125-156 (1946). 

4 Geisler, F. S., Anter. Natur., 76, 223-224 (1942). 

* Ludwig, D., und Landsman, H. M., Physiol . Zool., 10, 171-243 (1937). 
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PERTURBATIONS OF DISCONTINUOUS SOLUTIONS OF NON¬ 
LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 

By Norman Levinson 

Massachusetts Institute ok Technology 
Communicated May 3, 1947 
Theorems about solutions of the system 

dxi 

-j * Nt(x u 1 , ..«, ( 1 ) 


where the X t are regular functions of e for small |t|, are classical. More 
recently studies of cases of (1) subject to the various conditions that allow 
one or several X { to become large as e —► 0 have been studied. 1 

In all the studies just referred to it is assumed that the system (1) has a 
solution with a continuous derivative in case t = 0; sufficient conditions 
are given for this also to be the case for € # 0. There are cases of con¬ 
siderable interest where, when e = 0, the system (1) has only a discontinu¬ 
ous “solution.It is known as a practical matter that in these cases when 
t ^ 0 but small the system may have a continuous solution which ap¬ 
proaches the discontinuous one as t —0. Practical applications of this 
have been made by the Russian school of non-linear mechanics (Mandle- 
stam, Chaikin, Lochakow). A rigorous treatment of this case appears so 
far to have been given 2 only for a special relaxation oscillation problem in¬ 
volving two unknown functions (so that the simple topology of the phase 
plane could be exploited). 

Here the following system of arbitrary order is considered: 


s 


dXi _ du . 

— Ji~j *T* ^ If • i 

dt at 
d*u , du 

e-rr + g- —f- h = 0. 


dt 2 


’dt 



In (2), /«, 4>u g and h are all functions of xi, .. ,x H , u, and t which we shall 
denote hereafter by /<(x, u, t), etc. We shall first show that (2) is general 
enough to include certain cases oi obvious interest : 

Example 1. The van der Pol equation, with a change of time scale, be¬ 
comes 

d 2 u du 

e— + (u 2 - 1)— + u » 0: 
dt 2 K at 

Example 2 . The Rayleigh type equation, 

+ (^ 2 — l)i + x + x z » 0 f 
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is not included in (2). 


However if we differentiate it and set x — u we get 


dx 

dt 



d 2 u 



du 

+ — 1)— + u + 3x ~u 

dt 


0 


which is of the form (2); 

Example 3 . Consider the system 8 


dxf 

dt 


« dl t (x, w, t),i « 1 , .. 


n, 


dw 

« ,7 * Wi 0* 

a/ 


In case the right members above are not linear in w, tliis system can be 
brought to the form (2) simply by differentiating the last equation only 
with respect to /. 

In case the right members are linear in w, we can introduce u defined by 
u w and the system assumes the form 

dXi A , du 

dt ~ ^ ^dt ' 


d*u 




+ h(x, 0. 


which is a special case of (2). 

To formulate our result precisely wc consider along with (2) where c > 0, 
the degenerate system 


dyj 

dt 




.. .n, 


dv 

g(y> V t ty- + h(y ; v } t) » 0 , 



which is (2) with « « 0. We shall regard a solution of (3) as a curve Co in 
£«+a, the n + 2 dimensional space (y, v f t). We shall assume that there is 
an open continuum D in which contains the solution Co and in which 
fu Z and h are continuous and have continuous first order partial de¬ 
rivatives with respect to y it v and U 

Definition . The n + 1 functions y<(0, v(t), denoted briefly by the n + 1 
dimensional vector Y(t) f is said to be a solution of (2) the degenerate system 
(3) in the interval a & i £ 0 if: 
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( 1 . 1 ) Y(t) is continuous and possesses a continuous derivative except 
possibly at a finite number of interior points, r p of the closed interval (a, 0) 
and except at the r Y(t) = (y*(/),«'(/)) satisfies (3). 

( 1 . 2 ) Except at the points r it 

v{t), t) s* 0 . 

(1.3) Both Y(tj — 0 ) and Y(rj + 0) exist, and we denote them by Y- 
and F-f, respectively. Similarly we define y- t v -, etc. By /<- we mean 

tj ), etc. 

(1.4) For each j t g - « 0 ; 

(1.5) For each j, ^ 0; 

(1.6) Denoting by y(t\ t 5 ) the solution, y it of 




355 ff(y> d ) 


for which y{v~, 17 ) = y- and y(v+ t tj) = y-f, let 




Jg(y{v> Tj), V> T j)(I V 


0- 


(1.7) There exists no Vo interior to the interval (»-, r+) such that the 
integral in ( 1 . 6 ) vanishes if v+ is replaced by Vq in the upper limit of the 
integral. 


(1.8) Let / denote 


dr> 


. y» ^ j- 
^ ^ > ./<• 


Replacing y by y -, v by v- and / by -r,. 


I becomes 7-. We assume that 

(/-)(*-) > 0. 


(1.9) For small 5 > 0, 

' g{x(r } — 5), v(tj - 3), r, — 5) > 0. 

* 

The curve Co in £*+ 2 is determined by Y{t) for 1 ^ ^ and by y(r, r^) 
where v goes from v- to when t * Thus Co is continuous, and Co 
possesses a tangent except at the several points F- and F+. 

The above rather complicated definition of a discontinuous solution of 
(1.3) is justified by the following result. 

Theorem I. Let the degenerate system (3) have a solution Co, for a £ t £ 
0. Let X(t) = u(t)) be a solution of (2) for * > 0 such that 

\X(a) - 7(«)| = 2|* ( («) - y*(«) I + |«(«) - f(«)| S 8, 

(ml 

du(a) ^( tt ) 

dt dt 



€ 
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If e, and 5s are sufficiently small, X (/) t.v a solution of (2) over a g 0. 
Moreover as e, 5 } and 5 2 0, the curve representing X{t) in 7S B+a approaches Co. 


In particular X(fi) F(/3). 


dt 


dm 

' dt * 


Thus we see that the existence of a solution, even though discontinuous, 
of the degenerate system (3) implies the existence of nearby solutions of the 
system (2). 

Let us denote the initial values of one of the n + 1 coordinates of A*(a) 
and F(a) by a . Then we can regard the values of A" and Y at t = $ as 
functions of & and a. We have 
Theorem II. As $i and 5 2 —> 0, 


Also as e, $i, 5a —*► 0, 


mm ^ am g) 

da da 

d r/w(/3, a) d dv(ff t a) 
da dt da dt 

du 

Moreover denoting the value of _ at a bv c > we have as € —► 0 

dt 


dXiff, c) 
dc 



d du(fi t c) 
dc dt 


0. 


In case the degenerate system (3) has a periodic solution and the Jacobian 
associated with the determination of this solution by varying initial condi¬ 
tions is distinct from zero, then it follows from Theorem II that the corre¬ 
sponding Jacobian for (2) also will not vanish and therefore (2) will also 
have a periodic solution. 4 

The treatment can be generalized readily to the case where not one but 
several or even all the equations of (2) assume the same form as the last 
(n + 1st) equation and moreover where the terms/, <t> , g and h depend on e 
(but approach finite limiting values as t 0). 

A further generalization is the following system: 


du* 

j yi fiAxt u , ~f" 4>t{x , u, /, e), i = 1, ... w, 

dt j 0.1 at 


dxi _ w 
i-i 


d*u m duj 

6"y™ + ]jT] W, tp t) y 4 ht(x, U, t, «) 583 0, t = 1 , . . • TK. 
dt 2 jm i at 


Let us denote the square matrix 

(£</*.«. i >«)) 
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by G and its determinant by ]G|. We assume that the degenerate system 
(e * 0) has a solution which can be continued up to t ** r where r is such 
that for the solution in question |G(jt(r), u(t), r, 0)| — 0, Part of our 
sufficient condition for the perturbed system to have a solution is the re¬ 
quirement that the characteristic equation 

|g (/ (*(r), «(r), r, 0) - XS„| = 0 
have X *= 0 as a simple root. 

1 M. Nagumo, ObeT das Vcrhalten dcr Integrals von \y* 4* f{x, y, y\ X) * 0 fur 
X — 0. Proc . Phys. Math, Soc. Japan, 21, 529-634 (1939). I. M. Volk, A Generaliza¬ 
tion of the Method of Small Parameter in the Theory of Non-Linear Oscillations of Non- 
Autonomous Systems. C. R. (Doklady) Acad. Set. V.S.S.R., 51 , 437-440 (1940). Volk 
considers (1) where the Xi are merornorphic functions of t for small « and periodic in t. 
K. O. Friedrichs and W. R. Wasow, Singular Perturbations of Non-Linear Oscillations. 
Duke Math . Jour., 13, 307- 381 (1940). Here the X{ are not functions of t and for i g 
n — 1 are not functions of c. X n contains e in the form of a factor l/t. 

* D, A. Flanders and J. J. Stoker, The Limit Case of Relaxation Oscillations , Studies in 
the Linear Vibration Theory, New York Univ., 1940. 

* This ts the system, except that / is not necessarily excluded from the right members, 
which is considered by Friedrichs and Wasow, lac. cit. 

4 See Friedrichs and Wasow, and Volk, loc. cit, for continuous cases where right 
members do not and do, respectively, depend on t. 


A MINIMUM PROBLEM ABOUT THE MOTION OF A SOLID 

THROUGH A FLUID 

Bv G. P6 lya 
Stanford University 
Communicated April 25, 1947 

1. An incompressible frictionless fluid of uniform density p fills the 
whole space outside a moving solid and is at rest at infinite distance. 
The motion of the solid is one of pure translation. The magnitude of the 
velocity is U t its direction cosines with respect to a coordinate system fixed 
in the solid X, p, v. The kinetic energy of the fluid is of the form 

T » yjf D». 

The quantity M, called the virtual mass, depends on the direction of the 
velocity: 

M/p sss i4X 2 *4" By? Cf* -i“ *2A f yv -f- 2J3 , fX -i* 2C f \y» 

A, B, CyA'tB'yC are uniquely determined if the shape and size of the solid 
and the relative location of the codrdinate system and the solid are given. 
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A closer study of the dependence of A, B, C, A', B' and C on geometric 
data may seem desirable. 1 Taking a first step in such a study, we consider 
the average virtual mass ]Q, obtained by averaging M over all directions X, 
/u, v and assuming p —. 1: 


d? = (A + B + C)/:i. 

\f is independent of the location of the coordinate system and depends only 
on the size and shape of the solid. It is easy to show that of all ellipsoids 
with given volume the sphere has the minimum average virtual mass. It would 
be natural to suspect that this statement remains true if for "ellipsoids" 
we substitute solids. At any rate, 1 shall prove the analogous general 
theorem in two dimensions. 

2. We consider now the two-dimensional motion of an incompressible 
frictionless fluid of uniform density p that fills the space around a cylinder 
of infinite length. The motion is parallel to a plane, the plane of the com¬ 
plex variable s , that is perpendicular to the cylinder and intersects it in a 
closed curve C (the notation of section 1 has been dropped). The exterior 
of C is mapped conformally onto the exterior of the unit circle in the f-planc 
so that the points at. infinity correspond. Thus, z moving outside C is 
represented by the series 


z 


-i 


f + c « + J +.) 






(i) 


convergent for jf| > I. The number X is positive. 

We begin with the case in which the motion of the fluid at infinite 
distance is parallel to the real axis and has the velocity U (uniform flow 
disturbed by a fixed cylindrical obstacle). The corresponding motion in 
the f-plane, around a circular cylinder and with velocity UX at infinity, 
has the complex potential 



Yet (2) represents also the complex potential for the s-plane provided that 
z and f are linked by the mapping (1) that transforms streamlines into 
streamlines and, especially, the unit circle of the f-plane into C. 

3. To the motion just considered we add a uniform velocity V directed 
along the negative real axis. We obtain thus a new motion (disturbance of 
a fluid which is at rest at infinite distance by a cylinder moving through it 
sidewise to the left). The complex potential of this motion is obviously 

X - X' - c* - + J) - *] (3) 

where z and f remain linked by (1), (Of course the coordinate system re- 
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mains fixed with respect to the solid.) The velocity at the point z is 
conjugate to 



The kinetic energy of a layer of the fluid, of unit thickness and parallel to 
the z « x + iy plane, is 



w 


dx dy 


1 

*> 


MU*. 



The integral is extended over the exterior of C, and M is the virtual mass 
per unit height . From (4) and (5) we obtain 


Mh - ff\{ 1 “ p)f -idxdy 

- //I - i' - lb 



the latter integral is extended over the exterior of the unit circle in the f = 
£ + ii) plane. Introducing (1) and polar coordinates, we obtain from ((>) 
in the usual way that 


M/p « 7r\ 2 (i<'i — 1 2 + 2 6* 2 + 3 Ci 8 + ...). 



Now the area of C or, what is numerically the same, the volume V of the 
moving cylinder per unit height is 


V = irX 2 (l - |c,|* - 2|c s | s - 3|d* (N) 


This is well known and obtained by a computation analogous to the one 
just sketched. It follows from (7) and (8) that 


V + M/p = 2irX 2 (l — fltei). (0) 


where (Rci denotes the real part of c*.. 

4. Now, we wish to obtain M «, the virtual mass per unit height 
corresponding to a direction of the velocity that includes the angle a with 
the direction just considered. We reduce this problem to the foregoing by 
a rotation, introducing the new complex variables z f and f 

s' - 


We obtain from (1) that 
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Substituting c l e l,a for C\ in (9), we obtain 

V + M a /p — 2jtX 2 (1 — (Hcie tia ) (9') 

and hence 

V + M a+w/t /p = 2ttX 2 (1 + «c,e 2< “) (10) 

We define A?, the average virtual mass per unit height by 

a = M„da = (11) 

(lit has, in fact, the dimension of an area, and so has F.) From (9'), (10) 
and (11) we find finally 

V + M « 2ttX 2 (12) 

5. Now X is the so-called outer radius of C (that is the radius of the 
circle onto the exterior of which the exterior of C is so mapped that the 
points at infinity correspond to each other with unit magnification). It 
follows from (8) (and is well known) that 

V < irX 2 . 

unless C is a circle. Therefore, by (12), 

M > v 

with the same proviso. For the circle, however, M = V. Thus, we have 
proved that of all cylinders having the same area of the cross-section y the 
circular cylinder has the minimum average virtual mass per unit height. 

We can derive another result from (12): the average virtual mass per 
unit height decreases by symmetrization. Indeed, we know that sytnmetriza- 
tion leaves V unchanged and decreases the outer radius X. 2 

1 This is suggested by a systematic study of the dependence of the capacity on geo¬ 
metric data which has been undertaken recently by Mr, G. Szegd and the author. 

* See G. P61ya and G. Szegd, “Inequalities for the Capacity of a Condenser,” Amer . 
Jmr, Math., 67, 1-32 (1945), especially pp. 13-14. 
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A SUPPRESSOR IN NEUROSPORA AND ITS USE AS EVIDENCE 

FOR ALLELISM* 

By Mary 13. Houlahan and Hkrschel K. Mitcheli, 

William G. Kerckhoff Laboratories, California Institute of Technology, 

Pasadkna, California 

Communicated June 10, 1947 

In Drosophila recessive mutations have been observed which suppress 
the effect of specific mutations at other loci. Thus an individual, homo¬ 
zygous for a suppressor gene in the mutant form and for the mutant gene 
upon which the suppressor acts, is phenotypically wild type, or nearly so. 
Suppressors of black, 1 purple, 2,3 sable 4 and vermilion 4, 6 are among those 
which have been reported. In the vermilion case there is evidence 6 which 
shows that the action of the suppressor is to restore substance (kynure- 
nine), the formation of which is prevented when the mutant gene vermilion 
is present in the homozygous condition. 

A similar situation which has been found in Neurospora will be reported 
here. The effect of a mutation which prevents the synthesis of pyrimidine 
is partly suppressed by the presence of a mutant gene at a different locus. 
It seems logical to assume that the presence of the second mutation results 
in the formation of an intermediate in pyrimidine synthesis which is 
lacking in the pyrimidineless strain. Evidence that the new mutation is 
not due simply to duplication of the pyrimidineless locus will be presented. 

Results of studies of combinations of the suppressor with five pyriraidine- 
less strains have supplemented other evidence regarding relationships 
among the mutant genes concerned. Genetic difference is readily demon¬ 
strated in Neurospora* but evidence for aUelism is less convincing, because 
neither the absence of crossing over, nor the heterocaryon test 7 is con¬ 
clusive. For this reason additional evidence, obtained by use of the 
suppressor, that three pyrimidineless strains carry allelic genes, is welcome, 
particularly since these strains show marked physiological differences, 
and therefore constitute the first series of multiple alleles to be described 
in Neurospora. This series may prove useful, since one would expect 
biochemical studies to be simpler in Neurospora than in more complex 
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organisms such as corn, Drosophila and mammals, in which multiple 
alleles have been studied in detail. 

Forty-five independent occurrences of mutation which results in py¬ 
rimidine deficiency have been recorded in Neurospora. These were ob¬ 
tained from x-ray and ultra-violet treatment as described by Beadle and 
Tatum. 8 The deficient strains utilize uracil or the nucleosides and nucleo¬ 
tides of uracil and cytosine, as will be reported in detail elsewhere.® One 

■ 

of the five strains to be discussed here, number 263, has been described 
by Loring and Pierce. 1 " 

Crosses to Determine Genetic Relationships .—Isolation numbers of the 
strains considered are 263, 38502, 37301, 37815 and 67G02, but for con¬ 
venience they will be referred to here as 1, 2, 3a, 3b and 3c. Each strain 
behaves in backcrosscs as if the difference from the parent wild type were 
due to modification of one gene. That is, when any one is back-crossed 
to the parent strain, and the eight ascospores from each of a number of 
asci are isolated and tested using techniques reviewed by Beadle, 8 four of 
the eight spores always prove to be like the Ynutant parent and four like 
the wild-type parent. 


TABLE 1 




Crosses Between Mutant Strains 


STRAINS CROSS*!) 

NUN SR ft 

DP ASCI 
URSBRVEO 

ASCI WITH 1 
PAIR OP WILD- 
TVPB SPORES 

ASCI WITH 2 
PAIRS OP WILD- 
TYPE SPORES 

ASCI WITH 4 
PAtRS OP MUTANT 
SPORES 

1 

X 3a 

37 

5 

0 

32 

1 

X 3b 

94 

8 

0 

86 

1 

X 2 

17 

11 

0 

6 

1 

X 3c 

53 

5 

0 

48 

3a 

X 3b 

59 

0 

0 

59 

3a 

X 2 

17 

10 

0 

7 

3a 

X 3c 

15 

0 

0 

15 

3b 

X 2 

19 

6 

t 

12 

3b 

X 3c 

too 

0 

0 

100 

2 

X 3c 

21 

7 

0 

14 


Table 1 gives results of intercrosses among the five strains. (In all 
cases here only asci are included from which at least one member of each 
£pore pair germinated.) From these results it appears that 3a, 3b and 3c 
are alike genetically, while 1 and 2 are different from these three and from 
each other. This is evident since from crosses among the first three, no 
asci were observed containing wild-type spores, while all crosses involving 
1 and 2 gave some asd of this type. In order to confirm evidence of genetic 
difference it was demonstrated that an ascus containing wild-type spores 
also contained spores carrying two mutant genes. This was done by out- 
crossing a mutant strain derived from such a spore to wild type and re¬ 
covering asci containing six or eight mutant spores. If an ascus from the 
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intercross contains four wild*type spores, then obviously the other four 
spores must carry both mutant genes, but if the aseus contains two wild- 
type spores then only two of the six mutant spores will give rise to double 
mutants. 11 only asei of the latter type are obtained from an intercross 
it would be necessary to cross to wild type a strain derived from one mem¬ 
ber of each of the three pairs of mutant spores, were it not often possible 
to distinguish the double mutants, partly on the basis of the position of 
spores in the aseus and partly because of slight differences in growth habit. 
Results from crosses of double mutants to wild type appear in table 2. 

It is interesting that the* three loci represented are on the same chromo¬ 
some, as can be seen from the data in tables 1 and 2. The distances from 
the centromere are, roughly, 12, 29 and 17 units for 1, 2 and 2, respectively. 


TAMI.lt 'J 





Crosses 

Hhtwkkn Uouhu 

it Mutants 

AN l> Wll 


Tveit 






N UMIJhR 

ASCI WITH 1 

AHCl 

W J 

i n j 

ASCI WITH 4 





OF A SC l 

FAIR iiF WII.Ii 

PAIR 

il 

Will* 

FAIRS OF 

strain: 


.i tssi: i> 

OUSKKVI.O 

i vrii sriHi f.s 

i vim: 

sr 

OKI'S 

M ITT ANT Sl’OK 

b 

2 a 

X 

wild 

21 

,X 


2 <i 


0 

1 , 

2 b 

X 

wild 

m 

2 


Hi 


0 

1 , 

o 

w 

X 

wild 

12 

t 


5 


0 

U 

2 c 

X 

wild 

27 

O 

w 


25 


0 

2 a 

o 

t *j 

X 

wild 

1 

1 


0 


0 

2 k 

, 2 

X 

wild 

10 

S 


1 


1 

2 

2 c 

X 

wild 

r» 

A 


«> 

±4 


0 


A Suppressor of 3u. A strain of 2a, which had begun to grow in the 
absence of pyrimidine as if a back mutation had occurred, was tested by 
crossing it to wild type. Two types of asei would be expected if back 
mutation had taken place, one containing eight wild-type spores, arising 
from nuclei carrying the back mutation, and the other, from nuclei carrying 
the mutant gene unchanged, containing four wild-type and four mutant 
spores* These two types were Jountl, but a third type appeared as well, 
containing six wild-type and two mutant spores. This third type of aseus 
cannot be explained on the basis of back mutation at the 2a locus, but, 
rather, it is necessary to assume that, at a different locus, a mutation had 
occurred which, in some way, suppresses the effect of the mutation at the 
2a locus. If this assumption’ were correct then all three types of asei 
would be expected, if there were no close linkage. The second type could 
result either from nuclei which did not carry the new mutation or from 
failure of the two mutant genes to combine in any spore pair. The first 
type could result from combination of the two mutations in four .spores, 
and the third from combination in two spores. 

From an aseus with eight wild-type appearing spores one member of 
each sjx>re pair was crossed to wild type. 1 wo of these crosses gave only 
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wild-type progeny, while from the other two, the three types of asci just 
described were recovered, demonstrating that the assumption made above 
is correct. As a further check, an ascus containing four wild-type and four 
mutant spores was selected from one of the above two crosses. A wild- 
type spore from such an ascus should carry the suppressor gene. This 
proved to be the case, for when a strain from one of these spores was crossed 
to an unchanged strain' of 3a the three ascus types described above were 
recovered. 


TABLE 3 

Crosses Between Mutants and the Suppressor" 


STRAINS CROSSED 

NUMVUK 

OH ASCI * 
OBSERVED 

asci with 4 

PAIRS OH WILD- 
T¥PK SPORES 

asci with 3 

PAIRS OH WILD- 
TYPE SPORES 

ASCI WITH 2 
PAIRS OP WILD - 
TYPE ftp OR US 

1 

X 

s 

19 

0 

0 

19 

3a 

X 

s 

6 

1 

l 

4 

3a-S 

X 

wild 

38 

10 

22 

6 

3b 

X 

S 

19 

2 

10 

7 

2 

X 

S 

17 

0 

V 0 

17 

3c 

X 

S 

U 

3 

2 

6 

3c-S 

X 

wild 

14 

4 

7 

3 


In some cases germination of spores from crosses between mutants and the sup¬ 
pressor was very poor. For this reason data from crosses of mutant-suppressor combi¬ 
nations to wild-type are included. 

The Effect of the Suppressor on Other Pyrimidineless Mutants .—Results, 
given in table 3, from crosses between the suppressor strain and the re¬ 
maining four mutants show that the suppressor has no effect when in combi¬ 
nation with 1 and 2, since each ascus recovered contained four mutant 
and four wild-type spores. In order to show that these two mutants had 
not simply failed to combine with the suppressor each was crossed to a 
strain carrying both 3a and the. suppressor gene in the mutant form. The 
appearance, among the progeny of both crosses, of asci containing six or 
eight mutant spores demonstrates that in these asci the two mutants had 
indeed combined with the suppressor and had not been affected by it 
This follows from the fact that in a cross involving the suppressor and two 
mutants, both of which were capable of being suppressed, no asci could 
occur containing more than four mutant spores. 

The data in table 3 show that 3b and 3c, as well as 3a, are suppressed. 
This fact is taken as evidence that mutation at the same locus has occurred 
in the three strains. 

Growth Requirements of the Mutants.—The three mutants which-behave 
as alleles all have much the same requirement for uridiqe or hydrolyzed 
nucleic acid if they are allowed to grow at 35°C., but at 25°C. there are 
striking differences (Table 4). At this temperature 3a requires nearly the 
same amount of uridine or hydrolyzed nucleic acid as it does at 35 °C., 
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while 3c needs only about one sixth as much and Hb grows normally in the 
absence of any source of pyrimidine. Hence it would appear that the 
genetic block is complete in the three strains at H5°C., and in Ha at 25°C. 
also* but is only partial in He at 25°C. and seemingly non-existent in Hb at 
this temperature. 


TA131.K 4 


Growth Rkquirkmknt ok Mutant Strains 



UYDROLYZUH 

NUCLKIC ACIO* KKyUlKlSl) 


koK '/ s Mi 

\XIM1TM GROWTH (MO.) 

BTKAIN 

25 °C. 

35°C. 

3a 

3.3 

3.15 

3b 

0 

2.4 

3c 

0.38 

2.3 


* Ribonucleic acid in 1 N NaOH, 24 hours at 25°C. 


Strain 2 has not been thoroughly tested* but the data available indicate 
that its requirements are similar to those of 3c. Strain 1 has much the same 
requirement for uridine as Hb, but it differs from the other four strains in 


that it can utilize orotic acid as a substitute for uridine. Further studies 


along these lines will be reported elsewhere.' 1 

Growth Characteristics of the Suppressed Mutant. .Preliminary experi¬ 

ments have shown that growth of a strain carrying the mutant gene Ha 
and the suppressor is not completely normal in the absence of pyrimidine. 
The dry weight of mycelium obtained after four days growth at 25°C. in 
20 ml. of medium is about 40 mg. while that obtained using a wild-type 
strain under the same conditions is about. 80 mg. Normal growth of the 
suppressed mutant takes place if any one of the following supplements is 
added to the medium: 0.5 mg. of uridine, 3 tng. of hydrolyzed nucleic acid, 
10 tng. of lysine or 10 mg. of histidine. If the medium contains 0.5 micro¬ 
gram of arginine no growth takes place, although arginine in concentra¬ 
tions as high as 10 mg. in 20 ml. does not affect the growth of the wild type. 
Citrulline and ornithine are also inhibitory but are far less so than arginine. 
The quantities of these three compounds which, in 20 ml. of medium will 
allow half-maximum growth are as follows; arginine 0.15 microgram, 
citrulline 230 micrograms and ornithine 400 micrograms. Inhibition by 
arginine can be overcome by hydrolyzed nucleic acid or lysine, but not by 
histidine. The five mutant strains without the suppressor, when grown 
on a medium containing a quantity of hydrolyzed nucleic acid which 
allows half-maximum growth, or less, are not affected by the addition of 
5 micrograms of arginine, but show a sSight inhibition if 10 mg. of histidine 
are added. 

No interpretation which is consistent with all of these facts has been 
made as yet, but further experiments are in progress. In connection with 
the lysine-arginine interaction reported here it should be mentioned that 
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Doermann 11 has found the lysine-requiring mutants of Neurospora to be 
inhibited if the molar concentration of arginine in the medium exceeds that 
of lysipe. 

Discussion. Although it has not been proved directly, there is much 
evidence which is consistent with the hypothesis that modification of a 
gene results in a direct change in the activity of one enzyme. 1 - On this 
basis tlie differences in growth characteristics of the three mutants which 
behave as alleles would make it appear that different modifications of the 
same gene are possible, each of which results in a distinct difference in the 
activity of the enzyme. This view agrees with observations on multiple 
alleles in other organisms. 1:1 A study of the properties of the enzyme 
affected in the three pyrimidineless strains may prove to be useful, but such 
a study will not be possible until further knowledge of the reaction in¬ 
volved is available. 

It would be of interest to know the former condition of the gene which, 
by mutation, became able to take over the function of the inactive gene 
at the 3a locus. Perhaps the most obvious possibility is that the wild-type 
parent carries an inactive duplicate of this locus which was made active 
by mutation. This possibility would seem to be ruled out, however, by 
the fact that arginine suppresses the suppressor but does not affect wild 
type, in which the Iki locus must be active. Also the fact that growth of 
the mutant strains without the suppressor, on limiting quantities of hy¬ 
drolyzed nucleic acid, is not affected by arginine would seem to indicate 
that arginine inhibition of the suppressed mutant is not simply a result 
of an insufficient supply of pyrimidine. 

Two alternative possibilities that have been suggested are, first, that 
an entirely new gene has arisen from inactive genic material, and, second, 
that a gene corresponding to an enzyme which promotes a reaction in 
another vsynthesis has been modified so that the enzyme now catalyzes the 
required reaction in pyrimidine synthesis as well. No basis of choice 
between these two possibilities seems apparent at present. 

Summary .—A suppressor, comparable to those found in Drosophila, 
has occurred in Neurospora. This suppressor acts upon three physio¬ 
logically different pyrimidine-requiring strains which behave in genetic 
tests as if they carry allelic genes. It has no effect in combination with two 
other pyrimidineless strains which are genetically different from these 
three. 

The characteristics of one of the suppressed mutants are sufficiently 
different from those of wild type to make it unlikely that suppression is 
due to duplication of the suppressed locus. 


* Work supported by grants from the Rockefeller Foundation. 
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X-RAY AND ULTRAVIOLET STUDIES ON POLLEN TUBE 
CHROMOSOMES. II. THE QUADRIPARTITE STRUCTURE OF 
THE PROPIIA SE CHROMOSOMES OF TRA DESCA NT!A * 

By C. P. Swanson 

Department of Biology, The Johns Hopkins University 

Communicated May 20, 1947 

Most x-ray data dealing with induced chromosome breakage are inter¬ 
pretable on the basis of a divided or an undivided chromosome. The 
extensive studies on induced breaks in the microspore chromosomes of 
Tradescantia 1 indicate that chromatid and chromosome breaks result, 
respectively, from changes occurring within a divided or an undivided 
chromosome. Data from pollen tube chromosomes in the same plant, 2 
where the split nature of the chromosomes can be determined at the time 
of treatment, agree with the above view, and, at the same time, invalidate 
beyond a doubt the interpretation of Darlington and LaCour* as to the 
origin of induced aberrations of the isochromatid type. The relative lack 
of mosaics in x-rayed Drosophila 4 suggests that, for the most part, the 
chromosomes in the sperm head are undivided at the time of treatment, 
although chromatid breaks are by no means rare in the treated salivary 
gland chromosomes. It appears, therefore, that, as a general rule, the 
smallest subdivision of the chromosome to be involved in breakage and 
rearrangement is the chromatid. This interpretation explains very well 
similar breakage results obtained from chromosomes treated with ultra¬ 
violet,las well as the extensive data of Stadler* on endospermal deficiencies 

in treated maize. 

That the chromatid is not the smallest subdivision of the chromosome, 
however, has long been known (see Nebel 0 * 7 and Kuwada* for reviews). 
In addition to earlier observational studies there is much supporting data 
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of recent date. Mention may be made of the x-rayed chromosomes of 
Tradescantia and Steatococcus, 10 the quadripartite nature of the trabant 
in the microspore chromosomes of Tradescantia , n and the occurrence of 
half-chromatid exchanges in the pollen tube chromosomes of the same 
plant. 2 Carlson 12 has likewise reported the probable occurrence of half¬ 
chromatid breaks in the neuroblast chromosomes of Chortophaga embryos, 
as has Marshak* 51 in Vicia , but these have been dismissed by some* as 
irrelevant observations. Similar half-chromatid breaks are frequent in 
the pollen tube chromosomes of Tradescantia following x-ray or ultraviolet 
treatment, 2 although they are admittedly difficult to distinguish from the 
openings between adjacent somatic coils. 

Recently a number of aberrations have been found whose interpretation 
can only be understood in terms of half-chromatid breaks and rearrange¬ 
ments, and it is the purpose of this note to present a consideration of them. 
Because of their sporadic appearance, no attempt has been made to relate 
them to dosage, but they are frequent enough to convince the author that 
the chromosomes in very early prophase (the^ time of treatment) are 
quadripartite. 



C D 
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FIGURE 1 

Semi-diagrammatic drawings of Tradescantia pollen tube chromosomes. A and B. 
Half-chromatid exchanges between non-homologous chromosomes. C. Half chromatid 
exchange between the two chromatids of the same chromosome. D. Half-chromatid 
deletion which has rotated from an inside to an outside position. E. Metaphase chro¬ 
mosome showing a quadripartite condition in the centric region. 


Figure 1 illustrates the types of half-chroroatid aberrations found. 
Figures 1.A and IB are exchange breaks. At the points of exchange, the 
stretched condition of the threads permitted the split in the individual 
chromatids to be viewed with clarity even though the portions of the 
chromatids on either side of the break presented a solid and undivided 












appearance. Figure 1C illustrates an exchange break between half- 
chromatids of the same chromosome. The sister chromatids have moved 
apart from each other at their centromeres, but they are held in close 
juxtaposition at the point of exchange. 

The exchange type of break has never been found following treatment 
with ultra-violet. The breakage of a single half-chromatid, however, has 
been observed, and, in figure 11), the rotation of the broken piece from an 
inside to an outside position leaves little doubt as to the interpretation: 
it cannot be confused with the separation of the gyres of a coiled chromatid. 
Further evidence of the quadripartite structure is illustrated in figure IE. 
The chromosomes, in passing down the pollen tube, are frequently 
stretched, with the strain being evidenced by an attenuation of the centric 
region. When so stretched, this portion of the chromosome shows four 
very thin parallel strands, each possessing one-or more coils of small di¬ 
ameter. Whether or not these stretched and coiled strands represent 
the centromere, or a portion of it, is not known; more likely, they are the 
half-chromatids pulled free from body of the chromatids. If the latter, 
it may be pointed out that there is no evidence of a chromomeric differentia¬ 
tion even though the threads approximate the thinness of a leptotene 
chromosome. The coils, too, are of a much smaller diameter than the 
usual somatic coil. 

The fact that the chromatid is further split into half-chromatids in the 
early prophase stages poses the problem of “What is the functional unit of 
the chromosome, and what determines its integrity?” In crossing over, 
genetical and cytological evidence leaves little doubt that the chromatid 
is that functional unit. The chromatid also appears to be the smallest 
functional unit in coiling, 1 * and, as pointed out above, most x-ray and 
ultra-violet data are understandable if interpreted in terms of chromatids 
or chromosomes, but not in terms of some smaller unit. Since, however, 
the evidence presented reveals a quadripartite structure which under most 
circumstances behaves as though it were bipartite, the conclusion is un¬ 
avoidable that there must be some structural unit in the chromosome 
other than the chromoncmata themselves which preserves the integrity 
of the chromatid, thus enabling it to react as a single entity in crossing 
over, coiling, breakage, and rcattachmcnt. Occasionally this structure 
can be broken in such a way by radiation as to permit the formation of 
half-chromatid exchanges, thus revealing a further subdivision of the 
chromonemata, but under ordinary circumstances the unitary behavior of 
the chromatid remains. It is tempting to suggest the matrix as the struc¬ 
tural unit which determines the behavior of the chromosome, or chromatid, 
in breakage and reattachment, but the speculative nature of our knowledge 
concerning the structure and function of the matrix is such as to make one 
proceed in that direction with caution♦ It is only possible to state that 
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the degree to which the ehroinonemata is subdivided is not the limiting 
factor which determines the types of breakage and subsequent recombi¬ 
nation found following x-radiation. It likewise follows that ultra-violet, 
although possessing a localized photochemical action, is capable of breaking 
a bipartite chromatid. Whether it does so by disrupting some structure 
other than the eliromonema itself remains to be determined. 

* This research was supported in part by a grant-in-aid from the U, S. Public Health 
Service. 
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ON TIIE ASYMPTOTIC SOLUTION OF THE DIFFERENTIAL 
EQUATION FOR SMALL DISTURBANCES IN A LAMINAR FLOW* 

By Wolfgang Wasow 

SWARTHMORB COLLBGK 

Communicated May 29, 1947 

The hydrodynamical equation of Orr and Sommerfeld (see C. C. Lin 1 
for a detailed analysis) is a special case of differential equations of the 
form 


+ xW-‘> - 0 (1) 

jm 0 A»« 

Here a v 6* are analytic functions of the complex variable x, X is a'large 
complex parameter with constant argument, ao ■» 1, and bo has a rero of 
first order at some point, say at * ■* 0. 

The aim of the present work is to supplement the hydrodynamical theory 
by a mathematical study of the validity of the formal asymptotic develop¬ 
ments used there and, in particular, to shed some additional light on the 
phenomenon of the so-called "crossing substitutions.’* 
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For the convenient statement of our results we need a few definitions. 
We denote by Q(x) the two-valued function 


Q(x) = f(~b n (t))Kit 
0 


and by r\{x) the function 

,(«) = t.-*' 

Let S be the domain in the x-plane defined by the inequalities 

0< |Q(*)| 5$ K, 

where K is a constant chosen so that S does not contain any zeros of bn. 
There exist three curves C u C 2 , Ca, along which Re(\Q(x)) — 0. These 
curves meet at the origin and divide *$ into three curvilinear sectors 5*, 
(k — 1, 2, 3). We choose our subscripts so that S k is bounded by the two 
curves C>, (j ^ k), and we assume that Cj belongs to S k . 

We finally introduce a generic symbol E(S) to denote any function of 
x and X which, together with its first three derivatives, is bounded uni¬ 
formly for |\| ^ R > 0 and for all x in any given closed subdomain of S. 
The symbols E(S k ) t E(S — C*), etc., are similarly defined. 

Theorem 1. There exist solutions A k {x, X), (k -■ 1, 2, 3) of (1) having 
the asymptotic representations 

= + ( 2 ) 

Here Q(x) has to be taken with the determination for which Re(\Q(x)) ^ 0 
in 5*. and the functions Q(x) and r)(x) are regular analytic in S — C^. 

Remark: Note that Ak(x, X) is asymptotically equal to two different 
branches of on the two sides of Cu- 

Theorem 2. Let u(x) be any solution of the differential equation 

2 

= 0. Then there exist solutions Uk(x, X), (k = 1, 2, 3), of (1) 

such that 


U k (x, X) 


u(x) + 


E(S - 




Both these theorems can be proved by appropriate modifications of 
us e d for more general differential equations, but for real x only, 
by W. J. Trjitzinsky.* 

Theorems 1 and 2 combined give us fundamental systems of solutions 
of (1) with known asymptotic properties in any two out of the three 
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sectors S u 5* Sg. The next question is to determine the asymptotic 
character of the solutions introduced in theorem 2 in the remaining sector 
S k . This question is partially answered in the next two theorems: 

Theorem 3. There exist solutions V(x, X) of (1) such that 

!'(*, X) - v{x) + (4) 

X^ 

where v(x) is a solution of 'Yjb k y { ' 1 " k) = 0 which is regular at x = 0. 

Remark: Note that the essential difference between (3) and (4) is that 

E{S) is bounded in S and not only in S — S k , 

2 

Theorem 4. Let u(x) be a solution of Y*bk¥~ k = 0 which is singular 

4t =*= 0 . 

at x = 0, and let U\(x f X) be a corresponding solution of ( I) such that (3) is 
true. Then U k (x t X) diverges at every interior point of S k , as X —>* <». 

The last two theorems can be derived fron^ theorems 1 and 2 by using 
three sets of fundamental systems, each having a known asymptotic 
representation in two of the sectors S kt and by studying the linear relations 
between these fundamental systems. 

Theorem 4 helps to clarify the questions connected with the so-called 
“inner friction layers.” C. C. Lin and others conclude from the behavior 
of the solutions which we have called A ir A%, that the particular solutions 
of (1) occurring in the hydrodynamical application approach a discontinu¬ 
ous behavior at Ci and C 2 , as X —► «>. Using theorem 4 it is easy to give a 
complete proof of this statement. Moreover, our results show that C\ 
and Ci are not isolated curves of discontinuity for the limits of these solu¬ 
tions, but that they diverge in the whole sector S 3 . 

It may be remarked, in concluding, that the asymptotic character of 
U k (x, X) can be investigated in greater detail, using somewhat different 
methods. It turns out that U k (x, X) is in 5* asymptotically equal to a 
function of the form X“ v * where <j>(x) is bounded and not 

identically zero. 

* The results presented in this paper were obtained iti the course of research conducted 
under the sponsorship of the Office of Naval Research. 

1 Liu, C. C., “On the Stability of Two-Dimensional Parallel Flows; Parts Mil,” 
Quarterly Applied Math., 3, 1945. 
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eter/’ Acta Mat,, 67, pp. 1-50, 1930. 

1 Wasow, W., “On the Asymptotic Solution of Boundary Value Problems for Ordinary 
Differential Equations Containing a Parameter,” Jour, Math, Phys., 23, pp. 173-133, 
1944. 
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ABSTRACT GROUP GENERATED BY THE QUATERNION UNITS 

By G. A. Miller 


Department of Mathematics, University of Illinois 
Communicated June 12, HM7 

According to Alexander Macfarlane's Ten British Mathematicians , 
page 44 (1916), W.R. Hamilton stated in a letter to his son that on October 
1(), 1843, he cut with a knife on a stone of Brougham Bridge, near Dublin, 
Ireland, the fundamental formula with the symbols t, j, k, namely, 


i 2 - p ~ ft 2 - ijk 


1 


It is desired to emphasize here the fact that this continued equation is 
really an equational definition of the abstract uon-abelian group of order 8 
which is now commonly known as the quaternion group, generated by the 
quaternion units t, j, k t and that it seems to be the earliest example of an 
abstract non-abelian group which had been clearly defined then by a set of 
generational relations between a set of generating operators of the group. 

Such definitions soon thereafter became somewhat popular, especially 
with American writers on group theory, and their origin has frequently 
been credited to A. Cayley, who emphasized them somewhat later and 
embodied their fundamental nature in what is known as Cayley's dictum, 
"a group is defined by the law of combination of its symbols." What A. 
Cayley embodied in this dictum had really been involved earlier in what 
W. R. Hamilton regarded as the discovery of quaternions and had noted 
by the continued equation stated in the preceding paragraph. Probably 
no other finite non-abelian abstract group has attracted such wide attention 
and aroused such great hopes as regards its usefulness as did the quaternion 
group soon after its discovery by W. R. Hamilton in 1843. 

A simple proof of the fact that the noted continued equation is really a 
usable definition of the quaternion group may be given as follows: It 
results directly from this equation that the two operators i and j are two 
group operators of order 4 which have a common square and that ij « k 
and hence that the transform of j by i t that is, i*ji « —ki =» — j . In other 
words, the operator i transforms the operator j into its inverse. The 
group of order 4 generated by j is therefore transformed into itself by the 
operator i and involves the square of L When the group of order 4 gene¬ 
rated by j is extended by the operator i there results the well-known 
group of order 8 which is now commonly called the quaternion group and 
is characterized by the fact that it contains (j operators of order 4. 

The fact that W. R. Hamilton explicitly laid much stress on the associa¬ 
tive law in the combination of operators makes it clearer that he may 
properly be regarded as the founder of the abstract theory of groups instead 
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of A, Cayley* On the other hand, W. R. Hamilton did not use the term 
group but favored the use of his own term quaternions for the development 
of a theory based upon the special abstract group of order 8 which involves 
6 operators of order 4. The associative law was later very commonly 
embodied in the definitions of an abstract group and the development of 
these groups did much to emphasize the fundamental importance of this 
law* These observations in regard to W. R. Hamilton seem to imply 
that the theory of abstract groups may reasonably be regarded as about 
ten years older than the assumption that A. Cayley was the founder of 
this theory would imply. Implicitly, W. R. Hamilton emphasized the 
importance of the quaternion group in his Lectures on Quaternions , page 
xxvi (1853), 


LIMITS FOR THE NUMBER OF SOLUTIONS OF CERTAIN 
GENERAL TYPES OF EQUATIONS IN A FINITE FIELD 

By H. S. Vandiver 

Department of Applied Mathematics, University of Texas 

Communicated May 22, 1947 

Dickson, 1 using cyclotomic integers, obtained an inferior limit for the 
number of solutions of the congruence 

xf + y* + / 0 (mod p) (l) 

where e and p are given primes with xyz & 0 (mod p), Hurwitz 2 gave 
superior and inferior limits for the number of solutions of the congruence 

ax* -f by 9 + of ^ 0 (mod p) t (2) 

where abexyz & 0 (mod p). Recently, the writer has considered generali¬ 
zations of these results and has arrived at limits both superior and inferior, 
for the number of solutions of the equation 

C\X | ttl + C&f* + . . . + C S X** + 1 0 (3) 

in the x*s, where the a's are integers such that 0 < a £» 1; r *£ 2; the 

c's belong to a finite field of order p* t p prime, which will be designated by 
F{p l ); and 


CiCs* *, c 3 X 1 X 2 .. ,x$ 96 0 

in F(p'). As a^corollary to this it is possible to show that U we take the 
c’s in (3) as rational integers and pat / = 1, so that we have a congruence 
modulo p in effect, then for p sufficiently large the congruence has solutions, 
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with the x’s all prime to />. There is a similar theorem involving algebraic 
nunjbers. However, in the present paper we shall confine ourselves to the 
derivation of certain quadratic relations between the numbers of solutions, 
x m f y m , of trinomial equations of the type 


1 + ax m - by m (3a) 

for various values of a and b in Fip*), abxy ^ 0, as given in Theorem I. 
Other quadratic relations connecting such solutions have been given 
before, 8 ’ 4 but those given here are of a quite different character, and they 
will be used in another paper in the proofs of the results concerning (3) 
referred to above. 

Consider a finite field of order p l designated by F(p l ), where p is a prime. 
Write p i = 1 + me. Let g be a generator of the cyclic group formed by 
the non-zero dements of F(p*). Further let (i, j) denote the number of 
solutions g\ g s of 

1 + g>+”» . (8b) 


if r and s are each in the range 0, 1, ..c — 1, noting that g mc — 1. 
If we write ind. for index and g tnd x = x t represent the index of (—1), 
modulo by t, then for any i and j it is known 1 that 

(i,j) « (j + «,* + «)« (-j + i - j) = (i - 7 + €, -j) = 

(—*, J — 0 - C/“< + €, -» + €). (4) 

Also we have 4 

E(b 0) — c — 1; Z(*J) = c, (4a) 

i * 

where is 0,1, . . ., m - I; j = 1,2, .... m - 1 modulo m. We also 
note that 

(i, j ) = (*-+- am, j 4- 18 m) 

for any integers a and /3. A fundamental relation we shall employ in 
what follows is (Mitchell, 4 his ^ function defined on p. 165; for b = 
a, a + b * d) 

- p‘ (4b) 

where 

KM = E (*,i)«" -+# 

ij 

a being a primitive mth root of unity, a and d any integers subject to the 
conditions a NO, d*0, a - dm 0(mod m) with i and j ranging inde¬ 
pendently over the integers 0,1, .. ,,m — 1. 
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We shall now determine the quantities 

* £ (t.j) (i + h, j + k) - A hk 

*\ 3 

First we determine Am. Now if a & 0 (mod m) d & 0 (mod m), d 
(mod m) then if « is a primitive with root of unity, (4b) gives 


0 to tft "■ 1 

£ (i,j)(i + h,j + k)a- tth+dk 

# hijk 


- />' 


Let « 1 + me. Consider the summation 


m — 1 0 to tn -- 1 

£ £ + h,j + *)« 

t/»0 hijk 


ni — J 

— fi/i _ V' 

ii**0 


d 5^ 0 


For a & 0(mod m), d & 0(mod m), a — </ ^ 0(mod m) each term in the 
sum with respect to d = //. Now consider the value when d — 0, which is 

0 to w -1 N 

£ + h,j + k)a~ ah 


Set i + h = i r , j + k ~ j' then this expression becomes 

£ = C. 


i.j* >' ,y 


This is obviously equal to 


( 0 to m — 1 \ /() to m -• 1 

£ «/>*)( £ «T. 

i>j /\ 


and each of these equals (—l) if a & 0(mod m), hence 


(Ha) 


Now consider the case when a — rf ss 0(mod w) in (7). The corresponding 
term reduces to 


£(*J)(t',jV 


offt — It) 


If * — j — f, then for a 0 0(mod m), using (4), 

£(/+ (, ~j)a~ af = £(/- ~ 

/7 j.f 

and similarly for the second factor* Hence 

C M *= 1* <1 0(mod 


-1 


( 10 ) 
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Now if a 0(mod m) in (N) then we find 


Coo = {me — 1)* (11) 

employing (8a) and (4a). 

We now simplify (7) under the assumption that a & 0 (mod m). Using 
(7), (K), (9) and (10), we find 

m - I 

E C ad = (m — 2)ft + 2; a & 0(mod m). (12) 

For the case where a ~~ 0(mod m) we obtain in the same way that (9) 
was derived 

Cod — I* d & 0 (mod m ). (13) 

Hence 

m 1 

E C* - (me - \y + m - 1 (13a) 


Now the left hand member of (12) may be written 


tn — 1 

E E 

AA 


where A hk is defined as in (5). 

Now 

m — 1 

E E A hk a~ ah+dk 

d m 0 hk 

= E + «*+... + 

hk 

« 0 if A ^ 0 (mod *w). 

Hence 

*« i , , 

E E 

d*0 A/r 

or from (12), 

wE — 2)^ + 2, (14) 

A 

if a ** 0 (mod m) and it equals {me — l) 2 + m — 1 otherwise. 

Hence 

Em^a' 0 * - (» - 2)(me + l)(m - 1) + 2(m - 1) + 

«-o . {me — l) 1 + w — 1 
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or 

mM* = m 2 c 2 + m 3 c — 3m’c + m 2 
or 


A„ =.(c ~ 1) 4 + (m - l)c 
Now for a N 0 (mod m ) we have from (14) 

* «“((» - 2)p* + 2) 


and for a ^ 0 (mod m), 


m£.4* = (me - 1)* + m - 1. 

A 


(14a) 


Hence 

m = (me - l) 2 + m - 1 - <(m - 2)/>» + 2) - 

«-o * N (c» - c)m 2 , 

or = m*(c* — c), 

^ A p< 0 (mod m). (15) 


We shall now show also that 

A oh a* c* — c t k & 0 (mod m). (16) 

We have 

A ok - £ + *) 

ij 

But by (1) 

(*» i) *= (7 +«, * 4-«) 

(*, j + Jb) = (J + k + t, i + «) 

* 

Hence 

£ (*. j) (*, j + *) - E (O'+ «) + *.» + «)0*+ «.• + •). 
o >+*. *■+« 


where j + «and i + t range over the same set 0, 1, ... m — 1, modulo m 
as do i and j so that this equation gives (16), using (15). 

We lastly determine Am with h * 0, k # 0 (mod m). Consider the sum 


m — 1 0 to m 

tZ 0 hifk 


(ij)(i + hj, + h)a~ a * +dk - ti - B«, 



We know from (6) that each term corresponding to a given 4 equals 
p l a^ vd except when d sk 0, o as 0, or d ae &i (niQd ft%)* For d 0, then 
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the corresponding term equals unity if a & 0 (mod m) f using (9). For 
dsflwe have by (10) that the term is <x~ av t Hence 

B^, ^ 1 + <x~ v p‘ + a~ 2 ’ P‘ + ■■■ + p' + a~ M - a~ ttV p‘ 

B« d , = 1 - p‘ + - p‘) (IS) 

But Bad* can also be written as 

m — 1 

mA*T* + £ A hk *- ah {\ + a*'” + ■ • • + « (M - 1,( *-* ) ) 

kt*v 

and the last summation is 0. Hence by (18) 


mA^a ^b ~ 1 

— P* + « aP (l — p { ) 


or 

A h ,a- ah = 

— c — a 6 

(19) 

and 

a —ah A sa 

Ah*a 35 ““ 

.vo 

ca — ca 

(20) 

We also have, from (17), for a 

0 (mod w) 


Bod* “ 

me 2 — 2c 

(21) 


for if we take (17) with a s 0 (mod m) then for d as () (mod m), we find 
that the corresponding term is (pic — 1) 2 while the other terms, correspond¬ 
ing to each d are a P , a 2 *, ..a using (13). From (20) and (21) 

we find 

*£ A h *a~ ak + 5a ■* m z\-ca av - ciT* f+ “) + me 2 - 2c = mc\ 

am 0 d«*0 

if v *t s (mod m), or 

A„ = c 5 ; s pi 0, v sA 0, s r* v (mod m). (21a) 

For v m s we have from the above 

A„ - c 1 - c; s 0 (mod m). (22) 

Hence we have, employing (14a), (15), (16), (21a) and (22), 

Theorem I. Set 

A hi + + 

>, J 

where (♦, j) is the number of sets of values f and l in the set 0, 1 . c — i, 

which satisfy the equation 
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I + R i+fm = g + " 

in the finite field F(p l ) where p is a prime such that p l = 1 + cm, g being a 
primitive foot in F(p l ). Then 

Aoo = (c - l) 2 + c(m - 1); (23) 

A^ = A ok = c l — c y h pt 0, k f* 0 (mod m); (24) 

Akk £ 2 . h & k (mod m); h *£ 0, k 0 0 (mod m); (25) 

A h k = c 2 r, (25) 

if h m k (mod m). 

1 Crelle , 135, 181-188 (1909). Cf. also Pellet, Pm//. A/a/A. fc SW. Prawre, 15, 80-93 
(1880). 

* Crelle , 136, 272 292 (1909). 

’These Proceedings, 32, 47-52 (1940). 

4 Mitchell, Proc. .4wcr. Math. 17, 107 (19.10). 


\ 

CHARACTERISTIC COORDINATES FOR HYPERBOLIC 
DIFFERENTIAL EQUATIONS IN THE LARGE 

By T. Y. Thomas 

Department or Mathematics, Indiana University 
Communicated May 31, 1947 

Partial differential equations of hyperbolic type are habitually treated 
by the introduction of characteristic coordinates. When such equations 
occur in physical problems their solutions in the large are necessarily de- 
manded. In spite of this fact the existence of characteristic coordinates 
appears to be established only locally. We shall here give conditions for 
the existence of a (1, 1) differentiable transformation defining the charac¬ 
teristic coordinate system in the large. The form of these conditions is 
suitable for practical application but such applications of the theorem 
will not be included in this communication. 

Let D be an open simply connected two dimensional domain, finite or 
infinite, referred to a system of rectangular coordinates x*. At each point 
of D characteristic directions X are defined as the solutions of the equation 
= 0 in which the summation is over the values 1, 2 of the indices 
and it is supposed that the coefficients are continuous and have con¬ 
tinuous first partial derivatives in D . Assuming det. |g«^| < 0 (hyper¬ 
bolic case) there will be exactly two distinct characteristic directions at 
each point of D and these directions will generate two families or con¬ 
gruences of characteristic curves each of which will cover D completely. 
In fact any point P of D is contained in a local codrdinate system, e.g., a 
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system obtained by rotation of the x coordinate neighborhood of P, within 
which gn 9^ 0 and relative to this system the characteristic curves of cither 
congruence are given as solutions of a differential equation of the form 
dy/dx = f(x , y) where the function/(x, y) is continuous and has continuous 
partial derivatives with respect to x and y. Each characteristic curve 
therefore has a parametric representation jc“(.s’), admitting continuous first 
derivatives with respect to the parameter 5 which can be taken as the arc 
length, and such that (dx l /ds) 2 + (dx*/ds) 2 ^ () at any point of the curve. 
For brevity such a curve is said to be regular . Evidently a characteristic 
curve cannot end at a point of D (interior point); hence a characteristic 
curve can be continued indefinitely in either direction through a point of 
D or it can be continued until it meets a boundary jniint of D at which point 
the curve will be considered to terminate. 

Now we consider a regular curve C in D defined parametrically by x a (p) 
for a < p < h where either a or b can be finite or infinite. The curve C 
will be said to be a cross section for a congruence of curves covering D 
under the following conditions: (1) each curve of the congruence meets 
C in one and only one point and (2) a curve of the congruence is not tangent 
to C at its point of intersection with C. We now make the following 
fundamental assumption. Each of the above congruences of characteristic 
curves in D admits a cross section. 

Denoting one of the characteristic congruences by A and the other by 
B, let C A and Cn be the cross sections of A and B, Let Ca and C* have the 
parametric representations .r “(/>) with a < p < b and x a (q) with c< q< d t 
respectively. Let h(p), a g p £» b, be a monotorically increasing (or 
decreasing) and continuously differentiable function of p and k{q) } c g 
q 2* d t an analogous function of the variable q. Now define the function 
<p(x) over D by the condition that <t>(x) be constant along the individual 
curves of the congruence A and that it assumes a value on any particular 
curve of A equal to the value of the function h(p) for the value of the 
parameter p at the point where the curve cuts C A . In a corresponding way 
we define a function \p(x) over D using the characteristic congruence B , 
the cross section Cn and the function k(q ). Jt is evident that both functions 
4>(x) and \p(x) are continuous and bounded over D. 

We now prove that the functions 4>(x) and \p(x) have continuous first 
partial derivatives in D. Neighboring any point Q of D we can make a 
continuous differentiable transformation, x^-^y t to a y coordinate system 
relative to which the A and B curves are the parametric lines y ] and y\ 
respectively (local characteristic coordinate theorem). Hence in the y 
system 0 « <t>(y 2 ) and ^ » ^(y 1 )* Two such systems y and y are evidently 
related by a transformation of the form y 1 - f{V)> y~ =* g(f) in their com¬ 
mon domain where the functions / and g have continuous non-vanishing 
derivatives. Now let Q be any point in D and consider the A curve 
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through Q which intersects C A . Denote this point of intersection by P. 
The arc PQ of the A curve can be covered by a finite number m of the 
above local coordinate systems. Denote these systems by y u ..y m and 
suppose that system y t contains the point P, system y m the point Q, and 
furthermore that any two successive systems yt, y, +l contain a region 
of intersection so that it is possible to traverse the arc PQ by passing 
through these local systems in the order y t , ..., y m . Since <j> * in 

the y„ system the derivative A<t>/by m x exists at Q and is equal to zero. It 
suffices therefore to prove the existence and continuity of the derivative 
M>!iytn at Q. For this purpose we write 

A<ft Ah Ap Ay t * Ay w _i* 

Ay m s A p Ayi ! A y 2 * ''' Ay m 2 

The last factor in the right member of (1) can be considered as the ratio of 
the increments Av m _i 2 and Ay m * at a point on th^ arc PQ in the intersection 
of the ym~ i and y m codrdinate regions. A similar remark applies to pre¬ 
ceding ratios up to and including the ratio Ayi s /Ays* where the increments 
are taken at a point on the arc PQ in the intersection of the y, and y 2 
regions. These ratios approach limits since the local coordinate trans¬ 
formations involved are differentiable. In the yj system the curve C A is 
represented by yi“(p). Hence dy^/dp exists and this derivative is different 
from zero since the curves y t * = const, are not tangent to C A . Hence the 
inverse relation p * p(y,*) exists and is differentiable. This proves the 
existence of the limit of Ap/Ay,*. Finally the limit Ah/Ap exists since 
the function k(p) is differentiable by hypothesis. We thus deduce the 
existence of the derivative dp/dy m i by taking the limit of the right member 
of (1) as Ay m * —> 0; moreover, this derivative is seen to be continuous 
since it is expressible as the product of derivatives each of which is con¬ 
tinuous. The existence and continuity of the derivatives of the function 
<t>(x) with respect to the original variables x" follows from the fact that the 
local transformation x *—> y m possesses continuous partial derivatives. In 
a similar manner we prove the existence and continuity of the partial 
derivatives of the function 4>(x). 

The derivative dp/dyj is not equal to zero at Q since each of the deriva¬ 
tives which results by taking the limit of the right member of (1) is observed 
to be different from zero. Similarly d$/dy m l is different from zero at Q. 
Hence, the functional determinant of d* ^ relative to the local y system is 
not equal to zero. From this it follows that the functional determinant 
relative to the original coordinates *“ is not equal to zero set any point Q 
of D since this determinant is a scalar density under coordinate trans¬ 
formations (the functions <t> and & being absolute scalars). The trans¬ 
formation <f> m p(x), tp * f{x) is therefore (1,1) locally. 
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Bui the alme transformation tfx), ${x) is easily seen tobe(\, 1) in the large, 
i.e,., over the entire domain D . For suppose two distinct points P and Q 
of D arc transformed into the same point (<f>, \p). Then P and Q must lie 
on the same A curve and also on the same B curve. Introducing the above 
mentioned parameter s for the A curve we see that for some point M on 
this curve between P and Q we must have 

d</> dx a dx* 

2 — ™ o v r_ — ~ p. 

dx m ds ' d.v rt ds 


the first of these equations follows since </> — const, along the A curve and 
the second from the mean value theorem and the assumption that the 
function ^ has the same value at points P and Q, Since not both deriva¬ 
tives dx x fds and dx l /ds vanish simultaneously the determinant of the 
coefficients d(f>/dx a and Oi p/dx n in the above equations must vanish at the 
point M. But this contradicts the fact, already proved, that this determi¬ 
nant is nowhere zero in I). This proves the above italicized statement. 

Now 2(d<t>/dx tx )\ a - 0 along any A curve. Hence the vector having 
components d<j>/dx n is perpendicular to the vector \ which generates the 
A curves. Putting t a(i - V ~g where e n = e = 0, = — e 2t = 1 
and £ = det. |g„^| f we can therefore write dffr/dx* — where y is 

a proportionality factor. Hence 

V 1 ff M \ li \ i»v \ U\ v i i 

d X "dx» ^ r “ K wXX =7 "-^ XX =0 - 


There is a similar etjuation for the function ^(x). It follows that g u =» 
g 22 — 0 relative to the (0, \p) coordinate system. 'Phis condition can also 
be expressed by writing g u = g 2 2 — 0. The components g 12 and g 12 must 
be everywhere different from zero relative to the (</>, \p) system since det. 


g„ a | < 0 over D. 

The results obtained can be summarized by the following theorem. 
Lei D be an open simply connected domain, finite or infinite, which is referred 
to a system of rectangular coordinates x a . Suppose that each of the two 
characteristic congruences defined over D by the equation = 0 

admits a cross section, where det . |g a/ *| < 0 and the coefficients are con ¬ 
tinuous and have continuous first partial derivatives in D. 7 hen there exist 
functions ${x) and which are continuous and have continuous first partial 
derivatives over D such that (i) these functions define a (1,1) map of D into a 
bounded region of the two dimensional number space of coordinates <t>, \p and 
(it) the components g u ~ &a » 0 when taken relative to the (<t>, i) system . 
The coordinates <j>, $ thus defined arc called characteristic coordinates . 
Actually our demonstration of this result has not made explicit use of the 
condition that D be simply connected. However it is evident that the 
region covered by the <£, ^ coordinate system is simply connected; from 
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this fact and the continuity of the map we infer the simple connectivity of 
the domain D . 

Remark 1, In certain cases the conditions of the above theorem will 
not apply to a particular domain D but will apply if the domain is suitably 
extended. For example consider the infinite strip D between the lines 

* *1, If one of the congruences consists of the segments of parabolas 
y » (x — a) 2 contained in D, where a is an arbitrary parameter, the y axis 
can be taken as the cross section. However if D is limited to the interior 
of the square x = , y — **= 1 or even to the infinite region between the 

lines x =* ** 1 and above the line y = 1, it is evident that no cross section 
is possible without the identification of certain segments of parabolas. 
In practical applications, however, it is expected that one will be in a 
position to choose the appropriate domain D for which the simplified 
conditions of the theorem, as stated, will apply. 

Remark 2. If we do not impose the condition that the congruences of 
characteristic curves admit cross sections it cart be proved that in any 
simply connected region R whose closure R is contained iii D functions 
<t>(x) and $(%) can be defined which (1) are continuous and have continuous 
first partial derivatives in R and (2) define a locally (1,1) transformation 
to characteristic coordinates. But now the transformation is not neces¬ 
sarily (1,1) over the entire region R. 


PHYSICAL CURVES 
By Edward Kasnrr 

Department of Mathematics, Columbia University, New York 

Communicated May 27, 1947 

1, We consider the motion of a particle in the plane under the action 
of any positional field of force. The general equations of motion are 

dH d*y 

y), — * \fr{x, y), (1) 

where (<£, are the rectangular components of the force acting at any 
point (x, y), and the mass of the particle is assumed to be unity. 

The differential equation of third order representing the system of 
trajectories, found by eliminating the time t from (1), is 

t 

(i - * W 1 , + (*, - tjy' - - Hy" *. (2) 

i 

This is not an arbitrary differential equation of third (Oder. Hence the 
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system of °° 3 trajectories generated by a field of force must have peculiar 
geometric properties. 

1 have developed the differential geometric aspects of dynamics in the 
Princeton Colloquium. 1 A completely characteristic set of five properties 
of the system of co * trajectories defined by the differential equation (2) was 
discussed and I obtained also many other equivalent characteristic sets. 2 

Of importance in dynamics are the °° 1 lines of force. These* are defined 
by the differential equation of first order 

(Jy/dx « / = (3) 

This family has no peculiar geometric properties since any family of °° 1 
curves can represent the lines of force of some positional field. 

2. In connection with a field of force, the only curves usually studied 
are the lines of force and the trajectories. However, other noteworthy 
systems of curves are connected with the field, for example, brachisto¬ 
chrones, catenaries, velocity curves. 

All these systems, together with the trajectories , may he obtained as special 
cases of one simple general physical problem: to find curves along which a 
constrained motion is possible such that the pressure is proportional to the 
normal component of the force. 

3. If an arbitrary curve is drawn in the plane field of force, and the 
particle (of unit mass) is started along it from one of its points with a 
given speed, the constrained motion along the given curve is determined. 
The acceleration along the curve is given by T t the tangential component of 
the force vector, v So the speed at any point is determined by 

e 2 - 2fTds. (4) 


The pressure P (of course, normal to the curve since the curve is con¬ 
sidered smooth) is given by the elementary formula 


P 



r 



* where N is the normal component of the force vector and r is the radius of 
curvature of the curve. If we increase the initial speed, the effect is to 
increase v 2 by a constant c; and hence P changes by the addition of a term 
of the form c/r. 

4. If the given curve is a trajectory, the initial speed may be so chosen 
that the pressure vanishes throughout the motion; that is, trajectories 
may be defined as curves of no constraint. Of course, if a different initial 
speed is used, P will be of the form c/r; but as regards the curves, they 

are completely characterized by P = 0. 

If the given curve is a brachistochrone and if the motion along it is 
brachistochronous (minimum time), Euler proved (assuming that the force 
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is conservative) that the pressure is double the normal component of the 
acting force and opposite to it in direction, that is, P ~ —2N. If the force 
is not conservative, the real brachistochrones, as defined by a problem of 
the calculus of variations, forms a quadruply infinite system. The curves 
defined by the property P = —‘ 2N then form a triply infinite system of 
what should be called pseudo-brachistochrones. These curves are 
actually brachistochrones only in the conservative case. No ambiguity, 
however, will arise by terming the system here considered brachisto¬ 
chrones instead of pseudo brachistochrones. 

5. The general physical problem suggested is to find curves such that P 
shall be proportional to N, that is, P = kN. To a given value of k, there 
correspond q° 8 such curves: the system so obtained will be denoted by 5*. 
The four cases of mam physical interest are as follows: 
k = 0 gives 5d, the system of trajectories; 
k — “2 gives 5- 2 , the system of brachistochrones; 
k = 1 gives 5j, the system of catenaries; ^ 
k oo gives S w , the system of velocity curves. 

The last case requires a justification in terms of limits which is easily 
carried out analytically. 

The third case follows from the known fact that when an inextensible 
flexible homogeneous string is suspended in any field of force, the resulting 
form of equilibrium, called a catenary in the general sense of the term, has 
the dynamical property that, when a particle, started out with the proper 
initial velocity, rolls along the curve, the pressure at any point equals the 
normal component of the force; that is, catenaries are defined by P « TV 
corresponding to k — 1. 

(>. Of course a triply infinite system 5* exists for any value of the 
parameter k. The differential equation of the system, in intrinsic form, 
is obtained by eliminating v from the equations 

v*/r * (k + \)N, w 4 *= T. (6) 

The result is 

Nr , - nT ~ rN» (7) 


where n * 2/(k + 1). 

The differential equation of third order defining the system 5 fc of 
curves is explicitly 


(* - y'+)y'" « [+, + (^» - <t>x)y' - 4>»y' *]y” 

-[a*(8) 

This obviously reduces 1 to the familiar trajectory equation (2) when n » 2 
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corresponding to k « 0» Brachistochrones correspond to n *= —2, 
catenaries to n * 1, velocity curves to n » 0. From (8) we derive the 
fundamental theorem of section 9. 

7. Now we state the characteristic properties of a system S k of the 
above type for any value of n , that is, any value of k. 

Property 1. For any given lineal element (x, y, y') f the foci of the 
osculating parabolas of the single infinity of curves determined by the given 
element lie on a circle passing through the given point. 3 

Property 2 , At any point 0, the tangent of the angle which the focal 
circle makes with the given element is to the tangent of the angle which 
the given element makes with a certain fixed direction at 0 (the direction 
of the acting force) as 3 is to n + 1, that is, as %k + 3 is to k + 3. 

Property 3. Through a given point, there pass a single infinity of curves 
admitting hyperosculating circles of curvature; the centers of these circles 
lie on a conic passing through the given point in the direction of the force 
vector. 

Property 4. The normal at the given point 0 cuts the conic described 
in Property 3, at a distance equal to n + 1, that is (k + 3)/(k + 1), times 
the radius of curvature of the line of force passing through 0. 

Property 5. This is of the same form as Property V obtained in the 
discussion of trajectories, the number 3 being replaced by the number 
« + 1. When the point 0 is moved, the associated conic referred to above 
changes in the following manner. Take any two fixed perpendicular direc¬ 
tions for the x direction and the y direction; through 0 draw lines in these 
directions meeting the conic again at A and B f respectively. Also con¬ 
struct the normal at 0 meeting the conic again at N. At A draw a line in 
the y direction meeting this normal in some point A ' and at B draw a line 
in the x direction meeting the normal in some point B f . The variation 
property referred to takes the form (where o> * \p/4> — slope of force vector). 

l-L + A..L + «o ( 9) 

bxAA' r dyBB' T (n + l)o> s ' V 

See the diagram on page 1 i of the Princeton Colloquium. 

8. While the properties corresponding to different values of k are 
analogous, they are, of course, not identical. The first property is common 
to all the systems. But the second property involves the parameter k. 
Thus while for trajectories the constant ratio that appears is 1 (bisection), 
it is — 3 fdr brachistochrones, 3/2 for catenaries, and 3 for velocity curves. 
Not only are the triply infinite systems 5*, corresponding to different 
values of k, distinct in any given field of force, but also no two systems 
arising in two distinct fields can ever coincide. For example, if a certain 
system of <»* curves arises as trajectories in one field, it cannot also arise 
as catenaries in either the same or another field. 
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9. Fundamental Theorem. It is found that if a curve of the system 
S k starts in the direction of the line of force, the curvature of this curve is, in 
general u zero. But for one special curve, it is found that the ratio p of the 
curvature of the curve to the curvature of the line of force is A 


1 _ k + 1 

n + 1 i + 3' 



For trajectories the special curve is obtained by starting the particle 
from rest, and the ratio is p * \/ z as in our original theory, For brachisto¬ 
chrones p =® — 1, for catenaries p = Va» for velocity curves p « 1. 

10. If we combine all the systems S k in a given field of force, we obtain 
a quadruply infinite system which we now proceed to study. The differen¬ 
tial equation of the fourth order defining this system is obtained by elimi¬ 
nating k from the equation of S*. We shall not write this differential 
equation of fourth order but state some of the geometric properties. 

For any given curvature element (x, y, y\y*), the co 1 curves of the 
system have the property that the locus of the third center of curvature 
is a parabola with axis parallel to the fixed radius of curvature, that is, 
perpendicular to the initial direction y f . However, the best statement is: 
If for each of the curves , we construct the osculating conic {five-point contact), 
the locus of the centers of these conus is a conic passing through a given point 
in the given direction} 

11, Appell showed that any collineation carries the «> 3 dynamical 
trajectories of a field of force into the trajectories of a new field of force. 
We have shown that the collineation group is the largest group of trans¬ 
formations with this property, not only for point transformations, but also 
for contact transformations. 

1 

Goursat proved that a conformality converts the dynamical trajectories 
of a conservative field of force into the trajectories of a conservative field. 
Our final result is that the conformal group of transformations consists of 
all the correspondences that transforms the trajectories of a conservative 
field of force into the trajectories of a conservative field. This applies 
not only to the » 2 curves for a given energy constant (natural family), but 
also to the total system of trajectories. 

The extension of the transformation theories of Appell and Goursat to 
catenaries and ail systems S k will be studied elsewhere. 


1 Kasner, Edward, '' Differential-Geometric Aspects of Dynamics,” Amer. Math. 
Soc. Colloquium Publications, vol. 3, 1913,1934 (referred to as Princeton Colloquium). 
Also see a series of papers in Trans . Amer, Math . Soc,, vote. 7^11 (1906-1910). Tauto- 
chrones (isochronous motion) are not included among systems S& of the present paper. 

* Recently Terradni has given an alternate projective characterization of the « < 
dynamical trajectories. See “sabre la ecuacion diferenciaTy'" « G(*, y, v')y" + B(x, 
y, /)/'*,“ Revista de Matematicas, 2, 245-329 (1941), Tucuman, Argentina. 
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* Kasner, Edward, and De Cicco, John, "A Generalized Theory of Dynamical Tra¬ 
jectories/' Trans. Amer. Math. Soc. t 54, 23 -38 (1943). 

4 Kasner, Edward, and Mittleman, D., "A General Theorem on the Initial Curva¬ 
ture of Dynamical Trajectories/' Proc. Nat. Acad. Sd ,, 28, 48-52 (1942). Also "Ex¬ 
tended Theorems in Dynamics/' Science, 95, 249-250 (1942). Also a long paper appear¬ 
ing in the current volume of Revista de Matematics. 

8 Kasner, Edward, "Systems of Extremals in the Calculus of Variations/' Bull. Amer. 
Math, Soc. r D, 290 (1907). 
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In investigating certain peculiarities in the titration of the activity of 
bacteriophages after ultraviolet irradiation, a mechanism was discovered 
that offers direct support for interpreting inactivation of these viruses by 
radiation as due to lethal mutations. Moreover, this mechanism reveals 
unexpected features of the process of virus reproduction. We summarize 
here the results of this work and discuss some of their implications. They 
will be published in detail elsewhere. 

Our work employed the coli bacteriophages, T1--T7, their "r” mutants 
(i.e., with rapid lysis, and large plaque), the host strain, Escherichia coli B, 
and a number of bacterial mutants resistant to one or another of the bac¬ 


teriophages. 1 ' 2 

The rate of inactivation of these bacteriophages exposed to ultraviolet 


light (wave-length 2537 A) in a non-absorbent medium is a simple logarith¬ 


mic function of the dose of irradiation (Fig. 1). M 


This indicates a “one 


hit” mechanism of inactivation, one quantum being the effective 
inactivating hit. The phage survival is generally measured by plaque 
count, by diluting the irradiated phage rather heavily in broth and plating 
the diluted samples with sensitive bacteria. Each phage particle that re¬ 
mains active will give one plaque (phage colony). 

It was, however, noticed by Delbriick and Bailey (personal communica¬ 
tion) that the active titre of an irradiated suspension, as determined by 
plaque count, is dependent on the concentration of the irradiated sample 
when first placed in contact with the bacterial cells. For example, an ir¬ 
radiated sample can be diluted 1:10 into a heavy bacterial suspension, 
and after a few minutes—during which no phage liberation occurs—diluted 
again 1 ; 10 4 in broth and plated. The count will be much higher than if the 
mat sample had first been diluted 1:10 4 in broth, then 1:10 in bacterial 
suspension. This phenomenon seemed to indicate the presence in irradi- 
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ated phage suspensions of some 4 ‘factor,” besides the phage itself, capable of 
causing reactivation of inactivated phage particles if allowed to act on 
the same bacterial cells. A study of this factor was the original purpose of 
the work reported here. 

It has been shown previously,' and again in the experiments discussed in 
this paper, that ultra-violet inactivated phage particles are still adsorbed 
by sensitive bacteria at the same rate as active particles, even after having 
received as many as 40-50 lethal hits. This can be demonstrated because 



Survival curves for phage* T2, T0, T4, T5 in synthetic medium. P/Pa m proportion 
of active phage particles after irradiation, r <■ (n PJP ■" average number of lethal hits 
per particle. The deviations for high doses are due to the reactivation (described in this 
paper) taking place on the assay plates. 


each bacterial cell that adsorbs one phage particle fails to divide and to pro¬ 
duce a colony after plating. Incidentally, this fact makes it possible to 
calculate the number and rate of adsorption of ultraviolet inactivated 
phage particles. The unknown reactivating "factor” must be something 
that, when acting on a bacterial oell that has adsorbed an inactive phage 
particle, causes the production of active phage. 

We first established that reactivation only occurs for the large •’particle 
phages T2, T4, T6, TS, and their mutants, not the small phages T1 
and T7, It was found neat that the "factor” is partially phage specific, in 
the sense that even a concentrated Suspension of one phage can generally 
not reactivate the particles of another irradiated phage. This can be tested 
by preparing mixtures of host cells with two phages In various proportions, 
the irradiated phage whose reactivation is to be tested bring to diluted that 
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little or no reactivation would take place in the absence of the other phage 
suspension. After a few minutes of contact, the mixtures are diluted and 
plated with bacteria sensitive only to the phage whose reactivation is 
being tested. Since all phage suspensions are lysates of the same host cells, 
the specificity of reactivation suggests that the “factor'' is not of bacterial 
origin. 

An important exception to specificity is that cross-reactivation occurs 
between suspensions of phages of the T-even group (T2, T4, T6). These 
phages, although representing different wild types and distinguishable by a 
number of characteristics, are known to be serologically related and mor¬ 
phologically similar. Moreover, particles of these phages are known to be 
capable of mutual transfer of hereditary characteristics when adsorbed by 
the same host cell. 6 Reactivation of one of these T-even phages can be in¬ 
duced both by irradiated and non-irradiated suspensions of any of the other 
T-even phages. 

These results suggested that the reactivating “factor" might sifnply be 
phage itself, in the sense that an inactive phage particle, if adsorbed 
on the same cell with another particle of the same or of a related 
strain, could be reactivated by transfer from the latter of the genetic locus 
or loci at which lethal mutations had occurred. 

This hypothesis was qualitatively supported by the finding that cross¬ 
reactivation between two related phages can only occur in the presence of 
bacteria capable of adsorbing both phages, not in the presence of bacteria 
sensitive only to one of them. For example, TO can reactivate T2 in pres¬ 
ence of strain B, sensitive to both, but not in presence of bacteria B/6, sensi¬ 
tive to T2 and resistant to TO. 

That reactivation is not caused by some other “factor" in the lysates was 
also supported by the finding that reactivation occurred with phage that 
had been purified from extraneous material by differential centrifugation 
(Strain T4r, kindly supplied by I)r. T. F. Anderson). 

For quantitative testing, our hypothesis can be formulated more exactly 
by stating that reactivation should only occur inside bacterial cells that 
adsorb two or more bacteriophage particles (multiple-infected bacteria). 
This expectation can be tested for each phage by using several mixtures of 
bacteria and irradiated phage in different proportions, and calculating for 
each mixture the number of bacteria that adsorb more than one phage par- 
If the average number of phage particles adsorbed per cell is x t the 
profKirtion of cells with more than one phage particle is given by the ex¬ 
pression : 1 - (x + l)<r*. F6r x small, this expression corresponds very 
dosdy to the proportion of cells with two phage particles. The values for 
multiple-infected bacteria thus obtained can then be compared with the ac¬ 
tual numbers of bacteria that liberate phage in each mixture. These num¬ 
bers nffy measured by plating a sample for phage plaque count before lysis 
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occurs; every bac¬ 
terium that liber- 
ates active phage 
will produce one 
plaque. 

If the hypothesis 
iscorreet, the plaque 
counts should be 
directly propor- 
tional to the num¬ 
bers of multiple- 
infected bacteria, 
the factor of pro¬ 
portionality de¬ 
pending on the do3e 
of irradiation in a 
way that will be 
discussed later. A 
large number of ex¬ 
periments of this 
type gave results 
agreeing remark¬ 
ably well with 
the expectation. 
Representative re¬ 
sults are given in 
table 1. Itwasalso 
found in these ex¬ 
periments that bac¬ 
teria infected with 
more than one inac¬ 
tive phage particle 
liberate a roughly 
normal yield of fully 
active particles. 

Our hypothesis 
can now be elabo¬ 
rated to give expec¬ 
tations for the 
actual values of 
the factor of pro¬ 
portionality • be¬ 
tween the numbers 
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of multiple-infected bacteria and of bacteria that yield active phage. We 
shall assume that a phage particle contains a certain number of different 
self-reproducing “units” (loci), each capable of undergoing a lethal muta¬ 
tion under the action of radiation. Reactivation depends on transfer of 
these units, the requirement for reactivation being that a given locus does 
not carry a lethal mutation in all of the particles that infect the same cell. 
The probability that this requirement is satisfied will depend on the dose 
of radiation, since the probability that a lethal hit takes place at the same 
locus in all infecting particles will increase with increasing doses of radiation. 
This hypothesis is graphically described in figure 2. It can be formulated 
mathematically by assuming that there are in each particle of a given 
phage n units each capable of giving a lethal mutation. We further as¬ 
sume, in first approximation, that the sensitivity of all units to radiation is 
the same, 

i n m rz 



FIGURK 2 


Schematic representation of phage particles, each carrying three lethal mutations 
distributed at random among ten loci, 

A bacterium infected with particles (I 4* II) will yield tictive phage. 

A bacterium infected with particles (I 4- HI) will not yield active phage. 

A bacterium infected, with particles (I 4* IV) will not yield active phage 
A bacterium infected with particles (ill 4* JV) will not yield active phage 
A bacterium infected with particles (I 4- HI 4* IV) will yield active phage, 

The probability y a that none of the ft units parries a lethal mutation in all 
of k particles adsorbed by the same coll is then found to be 

y* - [l - (1 - «" r/ ")*r 0) 

Where r »the average number of lethal hits or mutations per particle. The 
value of r can be read directly from the regular survival curve, as given in 
figure 1* r being the natural logarithm of the ratio between the initial litre 

and the survival : r * In Po/P- .... , . , /1X 

For r /n < 1—that is, for low doses of radiation the formula (1) can 

be simplified with good approximation to 
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y* « e-' b '* k -' (10 

In particular, for bacteria that adsorb only two phage particles (k ** 2), the 
probability becomes 

* - [1 - (1 - e -"*)*]" (2) 

y, m e~ rt/H (2') 

It must be noticed that for low doses, when the probability that a lethal 
mutation at any given locus occurs in all particles is small, the values of y 
should tend to one if the efficiency of the transfer mechanism is complete, 
that is, if there is full recombination of active units to form active phage 
particles. 

The formulas (1,1') and (2, 2') can be tested experimentally by studying 
the dependence of the probability of reactivation (see table 1, columns 
1 / y ) on the dose of radiation. In particular, y« can be obtained from experi¬ 
ments with bacteria in such excess that the pgpbhbility of infection higher 
than double can be neglected. From the values of r and y, n can be deter¬ 
mined. If our hypothesis is correct, y should tend to one for low doses, and 
the values of n obtained from all experiments should be constant for each 
phage. A large number of experiments gave results agreeing with these 

TABLE 2 

Calculation of the Number of "Units'* fbr Phage Particle (Experiments with 

Low Doses) 

r — lethal hits per particle; y «* proportion of multiple-infected bacteria that yield 
phage; n ** number of units per particle calculated from the formula 


y »» 

ii - a 

- <rv*)*)* 

« <r r ’/» (for r/n « 1). 

n * 



TOAOB 

r 

l/y 

n PHAGR 

r 

i/y 

» 

T2-T2r 

2.0 

1 

T8 • 

3.0 

1 

m ft 


4.8 

1.0 

49 

7.9 

3.4 

51 


7.7 

3.5 

47 

9.4 

5.7 

50 


11.0 

19 

41 

11.7 

17 

40 


14.3 

03 

45 

12.0 

40 

48 



Av* 

45.5 

15.5 

70 

57 



• 

* 



Av. 

50 

T4~T4r 

2,8 

1 

T5 

2*8 

1.9 

* 

12 


5.1 

2.8 

20 

0.1 

10 

13 


7*8 

5.7 

35 

9.2 

07 

10 


10.0 

21 

33 


Av. 

15* 


Av. 32 

* Values uncertain, due to very low adsorption rate of this pillage, • 

f 

expectations. Some experiments axe shown in table 2, where l/y is pwn 
instead of y for convenience. We may then conclude that active phage is 
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formed from inactive particles by a highly efficient mechanism of transfer of 

any one of a relatively large number of independently transferable units: 

45-50 for phages T2 and TO, 30-35 for phage T4, possibly around 15 for 
phage T5. 

Formula (1) requires that the probability of reactivation increases with 
increasing values of k, that is", of the number of phage particles adsorbed per 
bacterium. This was verified by experiments in which bacteria were mixed 
with larger amounts of irradiated phage (x higher), 1 * so that the probability 
of three or more phage particles being adsorbed by the same cell became 
appreciable. Representative data are given in table 3, and are seen to agree 

with the expectation that the values of y i ncrease with increasing values of 
x (and of k). 

TABLE S 

Dependence of tub Probability of Reactivation on the Multiplicity op 

Infection 


DOSK, XRG X MM. “t. 


. . 400 

000 

800 

JOOO 

BXt*T. 

NO. ^ PHAOR 

X 

i h 

i/y 

l/y 

l/:v 

71 T6 

0.11 

* » 

8.1 

41 

* 

* * i 


0 . 55 

> 4 

7.8 

25 

130 


J.l 

V , 

4.1 

18 

44 


2.7 

* 4 

5.1 

15 

44 

77 T2 

0.39 

2.6 

10.6 

60 

A I A 


0.78 

2.4 

9.3 

35 

1 1 1 


3 . 9 

2.0 

3.4 

10 



7.8 

1 . 0f> 

lO 

4— A 

in 

5 . 3 

* • * 


These data permitted us to obtain a rough independent estimate of n 
from the probability of reactivation in bacteria with more than two phages. 
The values thus obtained for n are in sufficient agreement with those given 
in table 2, although generally a little lower. This systematic deviation 
seems to indicate that the efficiency of transfer in the case of infection with 
more than two particles is lower than 100%. 

Our next question is the following: Does all inactivation of phage par- 
tides by ultraviolet light occur through production of lethal mutations in 
transferable units, or will some other mechanism of inactivation appear for 
very high doses? This point was investigated by using heavy doses (up to 
40-50 lethal hits per particle) and comparing the results with the expecta¬ 
tions front formula (2) for double infection. Any additional mechanism of 
inactivation appearing at high doses should result in a systematic devia¬ 
tion fn the sense of less reactivation than predicted by the formula. No 
such deviation was found; this indicated that, even for large doses of radia¬ 
tion* all effect can be accounted for by lethal mutations in the transferable 
units. 
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This conclusion also has another interesting feature: it indicates that 
there is no appreciable amount of “linkage” in the transfer process. Any 
tendency of units to be transferred in groups rather than individually 
should give a deviation in the direction of too low reactivation at high 
doses, when the probability of producing two or more lethals within a link¬ 
age group becomes appreciable. 

The next step was an attempt to elucidate the mechanism of transfer. 
The obvious analogy with crossing-over might suggest that the two entering 
particles exchange units directly, before any multiplication takes place, 
and that what then multiplies is a fully active particle resulting by ex¬ 
change. This possibility is difficult to reconcile with the very high efficiency 
of reactivation: in case of crossing-over we would hardly expect that all 
active units be collected into one active particle. Another test can be made 
by the cross described in figure 3. Remembering that an active particle of 
one phage may reactivate an inactive particle of another phage, 
we may expect that transfer will also occur between active and inactive 
particles of the same phage. If there is direct crossing-over, an active par¬ 
ticle, if adsorbed with inactive ones onto the same cell, should often be in¬ 
activated by transfer of some “lethal” unit. 



INACTIVE ACTIVE INACTIVE INACTIVE 

m 

FIGURE 8, 

Schematic representation of the expectation in case of “cross” between a heavily ir¬ 
radiated particle and an active particle, assuming transfer of units by direct crossing- 
over between the two infecting particles. 

In the actual experiments, phage suspensions were given large doses of 
radiation (20-50 hits per particle). Mixtures were set up containing bac¬ 
teria, inactive phage, and active phage in proportion such that a large 
number of cells received one active and one or more inactive particles. 
If there were direct exchanges before reproduction, the result should be 
theme described in figure 3. A high proportion of the infected cells should 
end up with two inactive particles and, therefore, should yield so active 
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phage. This was not found to occur in any case: an active phage particle 
was never inactivated by “crossing” with an inactive one.® 

A possible alternative interpretation of the transfer is that each of the ac¬ 
tive units can reproduce copies of itself in excess of the number needed for 
multiplication of the phage particle as a whole. The copies of each unit 
might then either become incorporated into other phage particles that 
missed them, or come together to reconstitute active phage particles, inde¬ 
pendently of the origin of the individual units from one or another of the 
infecting particles. We have no evidence as yet available whether the 
“lethal” units do not multiply, or multiply in a way that makes them unfit 
for their niche in the phage particle. In view of the high efficiency of the 
reactivation process and of the approximately normal yield of phage par¬ 
ticles, it seems certain that, if the inactive units reproduce at all, they do not 
have any appreciable chance of becoming incorporated into the newly 
formed particles. 

We also have no evidence as yet as to whether the active units in an in¬ 
active particle will proceed to multiply in single-infected ceils. The same 
may be said for the question whether the active units remain in spatial rela¬ 
tion to each other, as it were, in a “frame phage particle,” while reproducing 
excess copies that are incorporated into the new particles that are formed. 
Work to attack some of these problems is now in progress. 

A point of considerable interest is that in numerous experiments in which 
phage particles were inactivated by x-rays instead of ultraviolet light, no 
reactivation occurred, although the x-ray inactivated particles were still ad¬ 
sorbed by the bacterial cells. 

Discussion: These experiments have suggested a possible mechanism 
of reproduction of phage particles inside the host cell, according to which 
reproduction would take place, as it were, in an “atomistic” way, by 
independent reproduction of a number of units and incorporation of 
these into the final phage particles. A number of problems may be raised, 
ns to the nature of the self-reproducing units, the structure of the phage par¬ 
ticle, and the relation of its mechanism of reproduction to that of other self- 
xeproducing entities (genes, plasmagenes). 

In the first place, each unit seems to react as a distinct photochemical en¬ 
tity in respect to ultraviolet quanta. , The assumption of equal sensitivity 
is very likely unjustified; a variation in sensitivity from locus to locus 
would tend to make the calculated number of loci per particle too small, 
since the most sensitive units have a greater chance of being leth&lly hit 
earlier in all infecting particles. This would result in less reactivation and 
apparently lower number of loci. Our estimates of the number of loci are 
therefore minima. It is interesting to notice that phage T4, which is about 
ttvice aa resistant to ultraviolet than the related phages T2 and TO, also 
appears to have fewer loci, Its higher resistance seems, therefore, to be due 
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to actual absence of a number of loci rather than to absence of some par¬ 
ticularly sensitive locus. 

Our insults with the small phages T1 and T7, where no reactivation was 
detected, do not prove that these phages do not possess a number of inde¬ 
pendently transferable loci. They only indicate that, if such loci occur, 
they are too few to be detected in our experiments, that is, fewer than 8 or 
10, These phages are actually about 2.5 times more resistant to ultra¬ 
violet than phage T4. 

As for the failure of particles inactivated by ionizing radiation (x-rays) 
to undergo reactivation, this may be interpreted as indicating, either 
spread of the lethal effect of each ionization (or group of ionizations) to a 
large number of loci, or, less likely, an ability of the x-rays to cause other 
changes than those produced by ultraviolet. A projected study with 
various monochromatic radiations may throw some light on this question* 
It is interesting to notice that Lea and Salaman, 10 extending earlier work on 
the rate of inactivation of phage by ionizing radiation, 11 and analyzing their 
results in terms of the density of ionization, recently concluded that the 
1 'sensitive zone’ ’ of a large phage particle may be resolved into about fourteen 
units (genes?). Because of the assumptions involved in their calculations, 
their results by themselves can hardly be considered as more than qualita¬ 
tive indication of a geometrically complicated organization of the radiation 
sensitive material of the phage particle. In the light of our experiments, 
however, the interpretation offered by Lea and Salaman appears quite 
plausible, at least in assuming a multiplicity of sensitive units. 

The incorporation of discrete units into organized phage particles is not 
easy to visualize, in view of the complex structure and morphology of the 
latter. 18 We can imagine that each active unit impresses its specificity on a 
number of elements produced in excess inside the host cell, dements which 
represent the raw material then utilized to build more phage particles. .The 
units carrying lethal mutations may be unable to mold the substrate in 
their own image and likeness. 

It is plausible, although not yet experimentally demonstrated, that some 
of the transferrabk units that can undergo lethal mutations are the same 
gene-like entities responsible for determination of the transferable charac¬ 
ters studied by Delbrtick and Bailey* and by Hershey 18 . 

^The mechanism of transfer suggested for bacteriophages appears to differ 
from that of crossing-over by being a transfer of units by "infection” rather 
than an "exchange” of portions of gene strings. One might, however, con¬ 
ceive that excess gene copies similar to the copies of our units are also pro¬ 
duced in the cell nucleus, but have no opportunity of being incorporated by 
“infection” into the chromosomal continuum because of a more rigid in- 
tegration of the genes hi the chromosome (needed to meet the requirements 
of the sexual process) than of the units io the virus particle. Excess pro- 



Vol. 33, ld47 


BACTERIOLOGY: 5. £. LURIA 


263 


duction of full or partial gene copies has been suggested both on the basis of 
cytological studies 3 3 and in connection with theories of gene action. H 

The transfer mechanism appears to represent a novel, and, in its way, 
rather efficient means of effecting genetic recombination between virus par¬ 
ticles. 

Our results thus offer direct evidence for interpreting inactivation of 
viruses by radiation as due to lethal mutations, and strengthen the concept 
of a fundamental similarity between viruses and the genetic material of 
other organisms. They indicate that a virus particle may rather be com¬ 
parable to a gene complex than to an individual gene. A virus particle can 
undergo a number of independent mutations, 2, 15 a property that may be 
shared by certain “gene complexes /* defined as cross-over units resolvable 
into two independently mutable units. 16 The independent mutability of 
these subgenic units is, however, somewhat doubtful. 16 The virus par¬ 
ticle might better be compared to a chromosome, although it behaves more 
as a unit toward x-rays than the latter. The self-reproducing components 
seem to possess in the virus particle a degree of solidarity intermediate be¬ 
tween that of the components in the supposed gene complex and that of the 
genes in the chromosome. 

There are obvious similarities between the transfer phenomenon here 
described and other phenomena iti which a determinant of heredity is trans¬ 
ferred into a new genetic complex, as in the case of type transformation in 
pneumococci. 17 Phage reproduction may be a particularly favorable ma¬ 
terial on which to analyze the mechanisms involved. 

One interesting application is the possibility of analyzing differences be¬ 
tween related but independent wild-type phage strains which can be 
“crossed” (like the T-even group) in terms of differences in the number of 
units that can be exchanged (shared loci). Preliminary work in this direc¬ 
tion appears promising. 

Summary .—Inactivation of large bacteriophages by ultraviolet light is 
dile to lethal mutations at a number of different loci. Each of these loci 
appears to be independently transferable from one phage particle to others 
inside the same bacterium. The transfer of loci between irradiated inactive 
particles results in formation of active phage if the infecting particles, taken 
as a group, possess at least one copy of each locus in active form. The num¬ 
ber of loci can be calculated for each phage, and is at least 30 to 50 for some 
of them. Phage growth appears to take place by independent reproduction 
of each of these “unit loci" inside the host cell. 

This work was done under ati American Cancer Society grant recom¬ 
mended by the Committee on Growth of the National Research Council. 
The author wishes to acknowledge the able collaboration of Miss Elizabeth 
M. Miller in the course of these experiments, and to thank Drs. M. Dri- 
briick and H. J. Muller for fruitful discussions of the problems. 
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NUTRITIONAL LIFE IIISTOR Y AS INFLUENCED 
B Y DIETAR Y ENRICHMENTS. /.* 

By Hbnry C. Sherman and Constance S. Pearson 

* 

Department or Chemistry, Colombia University 
Communicated June 20, 1947 

Starting with a basal diet of natural foods which is adequate in the 
sense and degree that rat families are thriving upon it in the 63rd genera¬ 
tion, the effects of enriching tile diet (a) with protein in the form of poultry 
meat, and (b) with added calcium also, are being studied. 

These enrichments in protein increase the rate of growth and result in 
earlier puberty. With females, however the records from puberty to 
middle age are variable whan the dietary is enriched in protein food only. 
They raise the question whether the more rapid growth and earlier seaual 
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maturity are advantageous to all individuals, when induced by dietaiy 
enrichment essentially in protein alone. That the average differences 
thus induced are significant is shown by the data of tables 1 and 2. 

TABLE 1 

Average Differences in Body Weights of Hats on Basal Diet Alone and with 

Added Protein (10 Rats in Each Case) 

ON BASAL 


AOI, 

DAYS 

ON BASAL DINT 
(DtBT 16) ONLY, 
CRAMS 

-f FBOTNIN 
(diet 16 pfl) 
CRAMS 

DIFFBRBNCtt 
«*■ ITS B. B.* 
CRAMS 

CRITICAL 

RATIO 





MALES 




28 

49.6 

da 

1.5* 

49.1 1.4 

0.8 

2.1 

0.4 

35 

58.1 

db 

2.1 

67.1 *25 

9.0 

*> 3.3 

2.7 

56 

98.4 

sfe 

3.8 

130.0 * 2.9 

32.2 

* 4.8 

6.7 

84 

153.6 

* 

4.9 

202 2 *= 3.2 

48.3 

* 5.9 

8.2 





FEMALES 




28 

46.4 

db 

1.5 

46.8 * 1 4 

0.4 

* 2.1 

0.2 

35 

54.0 

do 

1.9 

61.2 * 2.1 

7.2 

2.8 

2.6 

56 

86.1 

zb 

2.4 

108.2 *>1.9 

22.1 

* 3.1 

7.1 

84 

119.6 

db 

2.4 

158.5 * 2.9 

39.0 

* 3.8 

10.3 


* This precision measure is the classical Probable Error. 


With both sexes it is clear that the data of table 1 show equivalence at 
the starting point of 28 days of age (conventional “end of infancy" in the 
rat) and increasing divergence, due to the greater growth on the diet of 
higher protein content, up to the age of 84 days. Beyond that age the 
difference diminishes as the animals on both diets are approaching the 
normal average adult size. 

Table 2 shows the mean differences in several aspects of the early breed¬ 
ing records of females on the two diets. At every point the extra protein 
has here accelerated the result. 


TABLE 2 

Average Records of 10 Fbhalks Each on Basal Diet Alone and with Added 
Protein. All These Records Ark to the Age of 210 Days Only. 



ON DXBT 16 
(BASAL ONLY) 

OH DtBT 16 p 5 
(ADDSD PBOTBtN) 

Age at birth of first young, days 

132 

98 

Total number of litters borne 

19 

28 

Total number of young borne 

123 

174 

Young reared to the age of 28 days 

70 

146 

Total weight of young at 28 days of age, grams 

2481 

5786 

Average weight of young at 28 days of age, grams 

35.4 

39.6 


The foregoing are representative of the majority of our experiments, with 
matched groups of titter-mate Controlled animals, showing accentuation of 
growth and of early reproduction as results of the enrichment of the basal 
tattem with protein in the form of poultry meat. 
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In another comparison of the same kind, however, three out of thirteen 
females have broken down in or after early reproduction and with the de¬ 
velopment of a nervous condition suggestive of relative calcium deficiency* 
Autopsies of two of them showed no major infections while chemical 
analysis of the third showed only 0.68 per cent of body calcium upon death 
at 109 days as compared with averages of 0.95 to 1.15 per cent found in 
animals of the same age wliich had subsisted on the basal diet without 
supplement. The occurrence of such a low calcium condition is confirmed 
in other analyses of experimental animals from comparable diets. 

In a further series of experiments, the same protein supplement is being 
fed with basal diets of different calcium contents. The rat families of ‘ 
more liberal calcium intake have been (and are) entirely free from any sign 
of a period of imbalance, and show higher vitality than their litter-mates 
and cousins on lower-calcium dietaries. This may or may not appear in 
the numerical data of growth and development; but is visible in their 
alertness and general appearance, and palpable in, their superior muscle 
tone and firmness of subcutaneous tissue. ^ 

Thus a protein enrichment which, when added alone to a rather low 
calcium diet, may merely stimulate growth and early puberty at some cost 
of good balance and stability of the nervous system, appears to be freed 
from this hazard of imbalance when the basal dietary is of higher calcium 
content. 

( ^Experiments with diets of both the above-described types are being 
continued, and we hope to report later upon their relations to nutritional 
well-being in the later segments of the life cycle. 

* Aided by grants from the John and Mary R. Markle Foundation. 


FURTHER STUpiES OF THE INFLUENCE OF NUTRITION 
UPON THE CHEMICAL COMPOSITION OF THE BODY* 

By H. C. Sherman and M. S. Ragan 
Department op Chemistry, Columbia University 
Communicated June 25, 1947 

Previous papers from this laboratory have described experiments with 
rats fed a basal diet consisting of natural foods (Diet A: Laboratory No. 
16) which diet has shown itself adequate to the support of normal health, 
growth, and reproduction generation after generation, yet can he improved 
either by shifting the proportions of foods it contains or by. enrichment 
with certain specific nutrients. 1 ' 4 Independently of other change in this 
basal diet, addition of calcium 5 '* or of vitamin A increases the body* con- 
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tent of the respective nutrient and also improves the nutritional life his¬ 
tory. 

Corresponding enrichments of the same basal diet with riboflavin and 
protein might, however, be expected to act interdepcndently (rather than 
independently), consistently with the view that the body holds riboflavin 
in combination with protein, and with the general mass-action or concen¬ 
tration principle. This has been found to be the case. 

In one series of five comparisons, rats of the same genetic and nutritional 
background were fed diets alike in other respects and containing the same 
liberal amount of riboflavin (7 meg. per gram of air-dry food mixture) at 
two levels of protein intake. The average results were: (a) with 12 per 
cent of protein in the food, 5.70 meg. of riboflavin per gram, and 16.95 per 
cent of protein, in the body; (6) with 3^ per cent of protein in the food, 
6.63 meg. of riboflavin per gram, and 18.42 per cent of protein, in the body. 
Thus when the protein content of the food was varied as widely as from 12 
to 32 per cent, the increased protein intake raised the body’s concentration 
levels of both protein and riboflavin by about one-tenth. These findings 
thus confirm and extend those of other investigators 6,7 whose experimental 
work, largely simultaneous, entered the field at different angles of approach 
from ours. 

In other experiments to be reported in full elsewhere, we have compared 
the effects of diets containing, respectively, 1, 3, and 9 meg. of riboflavin 
per gram. When the protein content of the diet was 12 per cent, the per¬ 
centages of body protein found at these three riboflavin intake levels were 
16.41,16.90, and 17.22, and the amounts of riboflavin per gram of body were 
6.11, 6.95, and 8.14 meg., respectively. When the diet contained 20 per 
cent of protein the effect of the same variation of riboflavin intake upon 
body composition was less. The respective percentages of body protein 
were 18.00,18.20, and 18.60, indicating that at an intake level of 20 per cent 
of foocTprotem, the body-protein content was practically upon its plateau 
level. At this same protein intake level, the corresponding amounts of ribo¬ 
flavin in the body were 6.04, 6.67, and 7.17 meg. per gram, indicating that 
the plateau level of the body’s riboflavin content was reached with intake 
levels of about 3 to 7 meg. per gram of food according to the experimental 
conditions. 

In contrast to the mutually favorable effects of protein and riboflavin, the 
acceleration of growth by relatively high protein food may result in retarda¬ 
tion of the body’s normal developmental gain in calcium content. This 
was noticeable in our experimental enrichment of a basal diet of about mini¬ 
mal adequate calcium content by the addition of meat, and has also been 
found in parallel enrichments with pure casein so that it appears to be es¬ 
sentially a protein effect. Or it may be regarded as an effect of enhanced 
growth, which in these cases was induced by the feeding of extra protein. 
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Further experiments upon the relation of protein-augmented growth to 
the calcium content of the body at different ages are in progress and we plati 
to publish additional findings later. We have, however, no desire to “re¬ 
serve” this field research. Rather, we are publishing this brief account now 
in the hope that other investigators of high protein feeding may study fur¬ 
ther, and tram various angles, the indication that the body's ability to make 
good use of high protein diets depends largely upon such diets possessing 
also a liberal calcium content. 

* Aided by grants from the Carnegie Institution of Washington and from the John 
and Mary R. Markle Foundation. 

* Sherman, II. C./ and Campbell, H. L., /. Biol. Chem., 60, 6-15 (1924); Pror. 
Nat . Acad. Sci ., 14, 852-856 (1928); J. Nutrition , 2, 416-417 (1930); 14, 609-020 
(1937). 

1 Sherman, If. C., Proc. Nat . Acad: Sci., 22, 24-26 (1936). 

* Sherman, H. C., Campbell, H. L., and Lanford, C. S., Ibid., 25, 16-20 (1939). 

4 Lanford, C. S., Campbell, H. L.» and Sherman, H. C., /. Biol Ck*m., 137, 627-634 
(1941). 

* Sherman, H. C., and Campbell, H. L., Proc. Nat, Aid. Set.. 31,164-166 (1945). 

* Sarett, H. P., and Perlzweig, W. A., J. Nutrition, 25, 173-183 (1943). 

* Schweigert, B. S., Mclntire, J. M., and Elvehjem, C. A., Arch. Biochem., 3, 113-120 
(1943). 


CYTOLOG1CAL PHENOMENA AND SEX IN HYPOMYCES 

SOLANI F. CUCVRBITAE 

By Hildb E. Hirsch* 

University of California, Berkeley 
Communicated July 3,1947 

Hypomyces solani f . cucurbitae S. & H. is a hermaphroditic, self-incompat¬ 
ible fungus (Hansen and Snyder, 1943). However, male and female strains 
of the same organism have also been found. In a recent paper (1946) 
Hansen and Snyder describe the interesting sex-behavior of this fungus. 

Perithecia will be produced only when conidia from either a male or a 
hermaphroditic strain are placed on perithecial pritnordia of either a 
female or a hermaphroditic culture of the opposite compatibility group. 
The male strain differs from both the female and hermaphrodite by the 
absence of perithieial primordia and sporodochia, while the female, 
although resembling the hermaphrodite in cultural characters, cannot act 
as the fertilising agent. 

When the different crosses are analyzed by means of single ascospore 
cultures it is found that the progeny of the combination, hermaphrodite 
X male, consists id 56% males and 66% hermaphrodites. 'The same 1:1 
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relationship holds for the ascosporc progeny of the cross, female X her¬ 
maphrodite, while the combination, hermaphrodite X hermaphrodite, 
gives hermaphrodites only. However, when a female is crossed with a male, 
the progeny will show, apart from the parental types, a certain number 
of hermaphrodites and a certain number of neuters. The latter are straius 
which are completely unable to react sexually either as female or male. 
These unexpected types, hermaphrodites and neuters, appear in about 
the following ratio: 3 males: 3 females: 1 hermaphrodite: 1 neuter. 
This phenomenon was explained (Hansen and Snyder, 1946) by the 
assumption that the genes for male and female sex are not alleles but 
occupy different loci in homologous chromosomes, and that crossing over 
takes place between them. 

In the hope of obtaining a cytological explanation for these phenomena, 
the huclear condition obtained in the various crosses was studied. Perithe- 
cia which had not yet begun to exude ascospores were fixed in a modified 
Camoy's solution (1 part glacial acetic acid, 2 parts absolute alcohol, 3 
parts chloroform) for at least 48 hours, then smeared in a drop of acetocar- 
ratne containing a liberal amount of iron. A coverslip was then added, the 
slide heated and the preparation pressed flat. Strains of the fungus dif¬ 
fered considerably in their ability to take up the strain. 

Fusion of the parental nuclei takes place in the young ascus, and as soon 
as the latter begins to enlarge the fusion nucleus begins its meiotic division. 
The prophase is protracted and reaches its close only when the ascus has 
attained nearly full size. The prophase chromosomes are large compared 
with their small metaphase size, but since they are entangled and do not 
stain well it was only in a few cases that their number could be definitely de¬ 
termined at the prophase stage. In these cases, however, something of 
their morphology could also be made out. Beginning with the first pro¬ 
phase the chromosomes become progressively smaller; in the second 
metaphase they are already very minute, but since the chromosomes in 
these later stages stain better they could more readily be counted. 

It was found that in the cross female X male the diploid nucleus has three 
pairs of chromosomes which can easily be distinguished. The two members 
of the feat pair are relatively large and slightly heterobrachial; those of the 
second are a little more than half as long and those of the third about one 
third the size of those of the second. The largest chromosome has a satel¬ 
lite region which in some prophase preparations appears to be attached to 
the nucleolus. 

1 However, When the cross hermaphrodite X hermaphrodite was investi¬ 
gated it was found that four pairs of chromosomes were present. One pair 
W m relatively large, another very small, as in the above cross, but here 
there were two pairs of medium sized (chromosomes) which were essentially 
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alike, except that in some preparations the members of one pair appeared to 
be slightly curved while those of the other were straight. 

The cross hermaphrodite X male showed seven diploid chromosomes. 
In the first anaphase three of these migrated to one pole while the remain* 
ing four moved in the opposite direction. The same was seen in prepara¬ 
tions of asci derived from fertilization of a female by a hermaphrodite. 

Thus a hermaphrodite haploid would have four chromosomes (one large, 
two medium and one small), while a male or a female would have only three 
(one large, one medium and one small). But how do the hermaphrodite 
and the neuter types arise from the cross female X male ? In a few prepara¬ 
tions it appeared that the six diploid chromosomes separated unequally, 4 
going to one pole, only two to the other. This would mean that the two 

medium sized chromosomes, one of which contains the factor for male sex, 

* v 

the other for female, fail to separate in a certain number of cases (to judge 
from the genetical data) and both move to one pole. The spores formed 
from the nucleus containing only two chromoson^es will be neuters. 

The results obtained here provide an explanation for the derivation of 
male, female and even neuter clones from a hermaphroditic fungus. They 
also demonstrate that the haploid chromosome number in this fungus may 
be two, three or four. 

These cytogenetic studies in Hypomyces are being continued by the 
writer. 

* The work reported here was done under the direction of Prof. H. N. Hansen and 
Prof. W. C, Snyder of the Division of Plant Pathology, University of California, Berke¬ 
ley, California. 

1 Hansen, H. N. f and Snyder, W. C., “The Dual Phenomenon and Sex in Hypomyces 
solani f. cucurbUae /’ Am. Jour. Bot. f 30, 419-422, 1943. 

* Hansen, H. N. # and Snyder, W. C, ( “Inheritance of Sex in Fungi/' Proc. Nat. Acad. 
Sci., 32, 272-273, 1940. 


MULTIPLY VALUED HARMONIC FUNCTIONS. 

GREENS THEOREM 

By G. C. Evans 

Department of Mathematics, University of California 

Communicated May 29,1947 

1 . The MulHple-Leaved Domain .—A multiple-leaved space 3R in three 
dimensions is the analog of a Riemann surface in the plane. Let T be 
a bounded domain on OK, whose boundary consists of a Unite number of 
dosed branch curves %>* * • •• and a bounded exterior frontier 7*. in 
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such a way that the situation is equivalent topologically to an m -leaved 
sphere in which the s <*> correspond to branch circles within the sphere, no 
two of which loop or have points in common. We assume that the $ (i) 
are of zero capacity, considered as closed point sets in space. For our 
purposes there is no essential loss of generality if we restrict ourselves to a 
single branch curve s t connecting cyclically all m leaves. We are specially 
interested in the r61e of the branch curve, and since the boundary T* t as 
described by means of the topologically equivalent image space, is not 
involved by it but lies on m separate leaves of M, we may take the parts 

of the boundary to be regular surfaces. 

Theorem, Let u(M) t v(M) be two functions , bounded and harmonic in 
T and on T*. Then t with n as the exterior normal to T* at P, 



( 1 ) 

( 2 ) 


The essence of the theorem is that there is no contribution to the bound¬ 
ary integrals from the branch curves themselves. The proof of (1) is 
simpler than that of (2), although, of course, (]) is a consequence of (2). 

In a paper which dealt primarily with multiple-valued Green’s functions 
in the case where the branch curves were infinite straight lines, Somtner- 
feld 1 gave incidentally a proof of (2), assuming, however, that the branch 
curves were sufficiently smooth and that u(M) was continuous on the 
branch curves. But this limitation is awkward and disguises the essential 
nature of the theorem. Examples show that continuity on the branch 
curves cannot be specified in advance. 2 It is essential, however, that the 
function be bounded and that the branch curves be sets of zero capacity, 
because if either of these restrictions is eliminated the theorem is no longer 
valid. The behavior at the branch curves tends to be determined by the 
geometric character of the domain rather than by the individual function. 

The multiple-leaved space 2HX lies on a univalent base space, and the 
domain T lies on a univalent domain T composed of all points whose 
coordinates (£, % I) are the same as the coordinates of any point of 7\ 
We denote by barred symbols, in this way, the projection on the base 
space of a given configuration on 9TL A point Q of the branch curve s is 
defined to be a limit point of a set E of points on T + s t if $ is a limit point 
of j£.* With this definition, it is seen that any infinite set on T + T* + 5 
has a limit point on T + T* + $: 

2> Pmf of (i),~The development of (1) may be indicated briefly.’ 
Conmruct a sequence of approximating domains 2\ to T with boundaries 
J* (fixed) and 4 (variable), the latter being multivalent tori which isolate 
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the 5. The 4 may be obtained as images of tori in the equivalent topo¬ 
logical space, and then smoothed out into regular surfaces by a well-known 
process. *We may now determine a corresponding sequence of functions 
u k (M), v k (M), bounded and harmonic in 7*, and taking on the same values 
as u(M), v(M), respectively, on T* and zero values on t k . These functions 
are constructed by means of a generalization of the Schwarz alternating 
process. Since their behavior at a point of /* or T* depends merely on 
these boundaries locally, they are entirely regular at such points, and 
Green’s theorem may be applied to T k . Hence 



But the last integral vanishes, through the definitions of »*, v k . Let then 
k become infinite. It is seen without difficulty that the «*, v, converge to 
functions U(M), V(M) harmonic in T and on T*, and bounded, the con¬ 
vergence being uniform in the neighborhood of \f*. Hence 



V^~) d P - 0 . 


But also it is seen that U, V take on the same boundary values as u, v, 
respectively, on T*. We shall see that they are identical with «, v in T, 
and in this way we shall obtain the identity (1). 

In fact the function U-u vanishes on T*, and is bounded and harmonic 
in T, and if it is not identically zero, either it or its negative is positive 
somewhere in T. Let w{M) denote this choice of U-u or u-U. Then 
w(M) has a positive upper bound B in T. We shall see that this is im¬ 
possible on account of the hypothesis that s is of zero capacity. 

3. Kellogg’s Theorem on the Upper Bound . i —Thetheoremof O.D. Kellogg, 
on the capacity of sets on the boundary associated with the upper bound 
of a harmonic function, may be adapted to multiply valued functions, and, 
incidentally, applied to subharwonic functions. 1 

Kellogg's Theorem. Let w(M) be subharmonic (in particular, har¬ 
monic) in the bounded domain Ton 311 and possess the finite least upper bound 
B in T. With t > 0, let e be the set of boundary points Q (that is, Q on T* or 

on a branch curve) where 

* 

lim supAf-KjuKAf) B *- «, M in T. 

Then the base set e of e is closed and of positive capacity. 

The proof follows closely the method of Kellogg. It will be uotfd that 
since the branch curves are of zero capacity the portion of eon theex tenor 
boundary T w * for at least one of the leaves T w must be of positive ca¬ 
pacity. • This fact insures the uniqueness of bounded harmonic functions 



Voi.. 33, 1947 


MATHEMATICS: G. C. EVANS 


273 


in general as determined by their boundary values on 7'*, without regard to 
their values on the branch curves, and in particular completes the proof of 
(1) . 

4. Proof of ( 2 ).—We consider first the summability over T of (grad «)* 
and the proof of the identity 




(grad u) 2 dM 


/ did* _ m 
= / u—dP. 
Jr* dn 



The method used for (1) shows that 


fr 


du 

u-dP 
r* dn 


lim Sr k (grad u k )*dM 


** yr ; (grad u) 2 dM + lim 4 /7 ~7v(grad u k ) 2 dM 

hr -►<» 


** lim ,/7,(grad u) 2 dM 4 * lim lim f j ... T} (gTad u k )HM, 


provided that we define u kt for convenience, as zero in T— T k . A similar 

identity holds for / u~dP . 

Jr * dn 

In particular the summability of (grad u ) ! is established, and since 
2|grad w*grad t'| < (grad u) 2 4* (grad v) 2 the summability of grad u * grad v 
is also verified. Moreover if (tt) is proved it will follow that 

lim lim y^-ir/grad u k )HM = 0, 

J mm ^ CQ At CO 


so that the corresponding limit involving grad u h %rad v k will also vanish, 
and (2) will be proved. 

Since we are dealing with a single branch curve s there is no loss of 
generality in assuming that all the branches /<*)* of the tori t k have the 
same base set h> and (by adjoining univalent domains) that all the branches 
T(j)* of T* have the same base set T*, The symmetric function, 

V(M) = £ u w *(M), 

* ** 1 

will be bounded and univalent in T. Moreover, the Laplacian of V will 
be given by the formula 

V t V(M) «* 2^(grad u^)*, 

iml 

«(() (Af) being harmonic, and V s V(M) will .be summable and V{M) sub- 
harmonic in T. Also dV/dn «* 22 t u w du w /dn. The identity (3) there¬ 
fore is equivalent to the identity 
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f V 2 VdM = / ~ dP. (4) 

It suffices to prove the latter. 

We may now drop the bars in our notation, since henceforth we deal 
with univalent functions. The proof of (4) seems to involve considerable 
detail, but the main steps may be stated in terms of several lemmas. With 
p(P) *a V 2 F(P)/(4ir) and T f a domain which includes T (the erstwhile 
T), but ip which the properties of V{M) still hold, we define the function 

Vi(M) - V(M) + f~jpdP 

which is harmonic in T 9 and bounded below, since p(P) > 0. 

Lkmma 1. Let F be a closed set of positive capacity and exterior frontier 
/, surrounded by a domain T of exterior boundary 5 , the latter being a closed 
regular surface. There exist two mass distributions p(e) and v(e), each of 
one sign, on t and <5, respectively, whose combined potential takes on arbitrary 
constant values, namely , K at all points of S, and N at all points of t which 
are regular with respect to T. If N =£ K the distribution p(e) is not identically 
zero, and every point of t belongs to the nucleus of p(e). 

The proof depends on considerations of minimum intrinsic energy. 

Lemma 2. Let F and T be as in lemma 1 with the proviso , however, that F 
be of zero capacity . Let V\(M) be a function which is harmonic in T and 
bounded below, defined on F so as to be lower semi-continuous. Then the set 
F + T is a domain T\ and \\{M) is super-harmonic in T\. The proof 
of this lemma involves Kellogg’s theorem, lemma 1 and the consideration 
of the functions V\ obtained by cutting off the function Vi(M) by 
the arbitrary upper bound N. 

We now apply lemma 2 to our problem, replacing F by s (the erstwhile 
5), and T by T*. We make use of Riesz’s theorem on superharmonic 
functions in order to deduce that in T + s, which is contained in T f + s t 
we may write Vi(M) « p(M) + h(M) t where h(M) is harmonic and 
bounded and p{M) is a potential of positive mass p(e) on s. Hence, in, 
T + s t 

V(M) - h(M) - p(M) - j v (5) 

and the tight hand member is bounded above. 

With the aid again of Kellogg’s theorem, this time as applied to uni¬ 
valent subharmonie functions, we can prove 

Lbmma. 3. With T and 3 as above, and s of gero capacity, let #(e) be a 
positive mass distribution on s, with u (j) - 1, arid r(e) a positive most dis - 
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tribution on T, with v{T) — v < 1. Then the difference of potentials fAnp/ 
MP - Jjdvp/MP is unbounded above . 

In (5) the density p{P) is summable. Hence the boundedness of its 
potential in the neighborh<x>d of s depends merely on the values of p in a 
neighborhood of s. Accordingly, with respect to the boundedness of the 
right-hand member of (5), if p(e) were not identically zero, we could discard 
temporarily as much of the distribution p(P) as we pleased, outside that 
neighborhood, and assume that f T >p(P)dP < f,dp v . But then, by 
lemma 3, the right-hand member of (5) would be unbounded above. Since 
this is not the case, we must have p{e) identically zero/ Hence 


V(M) - h(M) - 



for M in T + s. The function p(P), according to its definition, is regular 
in the neighborhood of T*. We may therefore apply Gauss’s theorem to 
the univalent function V(M) — h(M). Finally then 


i 


CdV ir% 
— dP 
T*dn 


fr 


Air I p(M)dM 


f' 


VdM, 


which is the equation (4.) to be proved. 

1 Sommerfeld, A., 'Tiber verzweigte Potential ira Raum,” Proc. London Math. Soc. 
28, 395-429 (1897). 

* Evans, G. C. f 44 A necessary and sufficient condition of Wiener,'’ Amer. Math. 
Monthly, 54, 151-155 (1947). 

* If there is more than one branch curve a subdomain 3 may be projected on the 
base space, in order to provide a definition of limit point. 

* Kellogg, 0» D. # Foundations of Potential Theory , p, 335. 

* A function is subharmonic in T if it is suhharmouie in every univalent domain con¬ 
tained in T. 


ON COMPLEXES 0 VER A RING A ND RESTRICTED COIIOMOLOG Y 

GROUPS 

By Bbno Eckmann 

Institute for Advanced Study, Princeton, and University de Lausanne 

Communicated June 20, 1947 

The relations between the fundamental group and the homology struc¬ 
ture of a space S, developed recently by several authors, 1 may be formu¬ 
lated in a hovering space of 5 as relations between the .group of covering 
transformations (automorphisms) and ‘‘restricted” cohomology groups, 
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based upon cochains with certain invariance properties- In this note we 
establish a general theory of such restricted cohomology groups in a com¬ 
plex with automorphisms,* which among other geometric applications con¬ 
tains these relations as a special case. The group ring of the automorphism 
group, which is a very useful tool, may be replaced throughout by an arbi¬ 
trary ring, and the whole algebraic formalism is developed for arbitrary 
4 ‘complexes over a ring.” 

1. R-complcx. Let if be a ring with a unit e. A complex <3 over the 
ring if, in short an if-complex, is a system of if-modules 3 C n > n * — 1, 0, 1, 
2,. . which are free for li ^ 0, and where for each n 0 an i?-homomor- 
phism d of Ci into Ct~i is given such that dd *» 0. An element a n tC n is 
called an n-chain; da n is its boundary and n is the dimension of a n . Let 
Z n be the kernel of d, n «£ 0, and Z { = C-j. dC»+i is a subgroup of Z„, and 
as usual H* » Z n /dCn+i is called the nth homology group of 6 ; Z n and //* 
are in an obvious way if-modules. 

For a given Abelian group J (called coefficient group) let C w be the group 
of all homomorphisms of C» into /. f* <s C* is'called an n-cochain; its co¬ 
boundary Bft C n + l is defined by &f n (a»+x) » /"(do»+ 1 ) for all chains o»+i- 
B is a homomorphism of C* into C" + \ with kernel Z*. As dd » 0 implies 
56 « 0, BC*~ l is a subgroup of 2? and IF *» Z H /5C*~ 1 t n £ 0, is the nth 
cohomology group of 6 (with coefficient group /). When necessary, it will 
be denoted explicitly by IF(e) or IF (<2, J). 

2. Restricted cohomology groups . Let p be a given group of additive 
.homomorphisms of R into J. Instead of considering all cochains f n tCF we 
restrict ourselves to ^-cochains; that means, to cochains /* such that, for 
each chain a n « C n , / n (m„) considered as function of r*R is an element of 
All ^-cochains of dimension n form a subgroup CJ of C n . The coboundary 
operator £ maps CJ into C++ 1 ; for tf*(ran+i) « / w (dr<z» +1 ) = f"(rban+ 1 ), 
considered as function of r « if, is an element of ^ for each chain 1 . Let 

be the kernel of the homomorphism 6 of C* into C++ 1 , H+ « ZJ/- 
$CJ“\ n 0, is the nth ^-cohomology group of <3. 

Examples of homomorphism groups 

(2.1) ^ « group of all additive homomorphisms of R into J. In this case 
C+ » C* t and the 11+ m IF arc the ordinary cohomology groups of C, 

(2.2) We suppose that J is an 12-module, and take for f the group of all 
i2-hoxnomorphistns of R into J; ftp isgivenby itsvalu^/(e),since/(r) ** 
rf(e) for all rtR, C+ is the group of all i2-bomomorphiams of intp J; 
the//J are called equivariant cohomology groups of <S (cf. §4). 

In the following three examples we assume that JR is the group ring (with 
integer coefficients) erf a multiplicative group G, & homomorphism / of f? 
into / is given by its values /(^r) for all x « (? and may be considered as an 
arbitrary J-valuedfunction of x e G.^ 
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(2.4) We suppose that G acts as an operator group on /, and take ^ to 
be the group of all functions/such that/(#) = x-f{e) for all x e G. (2.3) is 
a fpecial case of (2.4), (2.4) of (2.2). 

(2.5) All functions / which are “almost 0“ for all x e G—i.e,, such that 
f(x) ** 0 except for a finite number of x- form a group \p; it is different 
from the trivial one in (2.1) only if G is infinite. 

For any homomorphism / of R into J and any s e R we define /, by 
f»(r) * f(rs) for all r e R, A homomorphism group ^ will be called transla¬ 
tion invariant } if it contains with /all/*, 5 e R. In the ^-cochain groups of 
an -complex nothing is changed, when an arbitrary \p is replaced by its 
maximal translation invariant subgroup. All our examples are translation 
invariant. 

8. The cohomology sequence. The factor group C n /Cf, will be denoted by 
C? and called the residual cochain group (relative to \p) of dimension n. 5 
induces a homomorphism of C? into C ” +1 , with kemel Z", and the groups 
Hr =* ZJY$C”~\ n 0, are the residual cohomology groups of C (rel. ^). 

The injection i (the identity mapping) of CJ' into C* induces a homo¬ 
morphism of 7/J into ll n . The projection t r of C n onto its factor group C* 
defines a homomorphism of IT into //“. Furthermore, if f* € C n and irf n <? 
Zr, then $f* e C$ +l, t and if g n e C n such that g n and f* are in the same class 
mod. CJI, then 6g n — 6f n e bC+; thus h defines a homomorphism of //” into 
It is easy to see that the homomorphism sequence 


( 3 . 1 ) 11 % 


IT A JJn ^ //; ^ //J+ 1 




is exact; i.e., that the image group of any homomorphism of the sequence is 
the kemel of the following one. 

The sequence of cohomology groups (3.1) together with the kernels (or 
image groups) of the homomorphisms will be called in short the cohomology 
sequence of <B (rel. \p). A mapping (homomorphism, isomorphism) of a co¬ 
homology sequence into another one is a mapping of all groups of the first 
into the corresponding groups of the second. Two cohomology sequences 
hre isomorphic if all groups of the first are isomorphic to the corresponding 
groups of the second. 

A certain subgroup of B? will play a r6le later. All cochaius /* tC* such 
that for each z n e Z n (not necessarily for each chain a n )f n (rs n ) considered as 
function of re R is an dement of & form a subgroup C* of C*. Obviously 
CJ? C tT, and £*/€$ ■» Cr is easily seen to be a subgroup of Z? and to con- 
tain i&f 1 * ~ Hr i s the subgroup of J/J* in question. If //* » 

- W, 

4, Complex with automorphisms . 5 Let K be a closure finite complex in 
the sense of combinatorial toj)ology, which admits a group G of automor- 
phitaiS Without fixed cells; in other words, K is a covering of a complex k, and 
>iS. the corresponding group of covering transformations. When R denotes 
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the group ring of G with integer coefficients, the groups C nt n 5 0, of all 
finite integer 4 n-chains of K are free f?-modules . We define the boundary of 
a 0-cell to be » 1 and understand by C~\ the additive group of integers, 
turned into an A-moduIe by the operation x.l = 1 for all x t G. Then the 
sequence of all C% together with the boundary operator d of K forms an J?- 
complex in the sense of §1; we denote it also by A\ Its groups II* are the 
ordinary integer homology groups of K, n §; 1. lh is a subgroup of the 
usual 0-dimensional homology group of K; H-\ = 0. 

A cochain/" in that A-complex is given by its values for all cells of K and 
may be considered as a /-■valued function of these cells. Let # be a group of 
/-valued functions f(x), x * G (or a group of additive homomorphisms of 
R into /, cf. §2). /* is a #-cochain if for each »-cell c „ of K the function 

f 1 (xc n ) of x e G is an element of The set of all cells xc n , x e G, for a cer¬ 
tain cell c n} is called a “transitivity domain” of G. When the group # is 
translation invariant, then in order that f* is a #-cochain it is sufficient that 
the property “/"(xc*) is an element of holds for one (arbitrary) cell c* of 
each transitivity domain; we say in short then: f n is on each transitivity 
domain an element of \p (or 4 'of the type #”). Examples: In the case of the 
group ip defined in (2.3) a #-cochain /* is constant on each transitivity do¬ 
main ; f n may be considered as an ordinary cochain in k (for there is a one- 
one correspondence between the transitivity domains in K and the Cells of 
k ), and Hl{K) is isomorphic to the ordinary cohomology group lF(k). 
When G is an operator group of / and \p given by (2.4), the ^-cochains /" are 
such that f*{xc n ) « x*/ #, (c n ) for all x € G; the 44 equivariant” groups* HI 
may be interpreted as cohomology groups of k , where the ordinary inci¬ 
dence numbers are replaced by operators of / (or, when k is a geometric 
complex, as cohomology groups of k with local coefficients in the sense of 
Steenrod 8 , for a suitable choice of these local coefficients). When )p is de¬ 
fined as in (2.5), a ^-cochain is almost 0 (i.e., finite) on each transitivity do¬ 
main and will be called G-ftnite; the resulting G-finite cohomology groups of 
K will be studied in a subsequent note, 

5. cohomology in an abstract group . For an abstract group G we de¬ 
note 7 by Rq the following abstract closure finite complex: its ^dimensional 
cells are the systems (xo, xi,.. x n ) of n + 1 elements of G, and the bound¬ 
ary is defined by 5(xo, xi;. .x„) £(— l)^(Xo, ..x^i, x^u • * *> «w)- By 

. im 0 

x(xo, Xu *.. *i Xn) m (xxo t xxu .. xx n ) G becomes an automorphism group of 
R q without fixed cells. Hence, when a group ^ of /-valued functions of x « 
G is given, the ^-cohomology groups JfJ of Rq are defined; they depend 
upon G, /and p in a purely algebraic way and may be described by means 
of /-valued functions/*(xo, Xi, . . x„) of n -f 1 variables e G such that 

xxij... . ., xx») considered as function pf x is always an depaent of #. 
We denote them by /)^ 
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When is defined as in (2.3), the T+(G t J) are identical with the coho¬ 
mology groups of G studied—by purely algebraic means—by Eilenberg and 
MacLane 8 . 

All homology groups Il n and cohomology groups IF of R 0 are easily 
seen to be «■ 0. From §3 it follows for all n ^ 0 that 

H?(R 0 ) **‘h?(R 0 ) « H+ +l (R 0 ) - r; +I (G, J). 

6. Chain transformation and homotopy . We consider again arbitrary R- 
complexes (§1). Chain transformation of one /{-complex into another— 
over the same ring R —and chain homotopy of such mappings are defined 
as for ordinary complexes. 9 We add only the condition that all involved 
homomorphisms A of chain groups C n into other chain groups C' m —which 
are again /{-modules—have to be /{-homomorphisms; consequently (for a 
given group \p of homomorphisms of R into J, cf. §2) the dual homomor¬ 
phisms A * of the corresponding cochain group C m into C n map C ™ into 
Cf, and C T into C*, and induce homomorphisms of the different cohomology 
groups which occur in the cohomology sequence (3.1). It follows easily: 
When the chain transformation W of an R- complex 6 into itself is chain 
homotopic to the identity mapping of C, then the dual mapping W* in¬ 
duces the identical isomorphism of the cohomology sequence of © and of 
the groups III defined in §3. In the following we shall use a more precise 
result: 

Lemma (6.1). Let IF be a chain transformation of 6 into itself. If there 
exist for a certain n two jR-homomorphisms X of C„- i into C n and Y of C n 
into Crt+i such that Wa n — a n = Xda H + d Ya n for all a n c C nt then W* in¬ 
duces the identical isomorphism of all groups and kernels of dimension n in 
the cohomology sequence of C, and furthermore of and of (//£ +1 )d 
( i.e., the kernel of the injection i ofinto J/ n+l ). 

7. Acyclic R-complexes. The /{-complex C is said to be acyclic in the 
dimension n, if H n =* 0. The main result of this note concerns jR-complexes 
which are acyclic in the lowest dimensions n < N, for a given N ^ 0. I>et 
6 be such a complex; straightforward construction yields the two following 
lemmas (which have nothing to do with the cohomology groups): 

Lemma (7.1). Two chain transformations V and W of G into itself, 
which are equal on C~x, are chain homotopic in all dimensions » < N; 
Le., there exist for these n ^-homomorphisms Y n of C H into C„+ x # such 
that Van - Wa H “ + 51 r % a* for all w-chains a*, n < N . 

Lemma (7.2). Let & be an 2?-complex over the same ring R as C, with 
^modules C Hf » 0 for n > N. Then an tf-homomorphism of Cii into 
C-xxnay be extended to a chain transformation of e' into <5. 

Now Jet ©and ©' be jt-complexes over the same ring R , both acyclic in 
&U dimensions n < N f and with i?-isomorphic modules C-x and Ci\ \ we 
replete all modules C„ and C* with n> N by 0. The /{-isomorphism of C-i 
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onto C*-\ may be extended to a chain transformation T of <S into and 
the inverse ^-isomorphism to a chain transformation S of C # into <S. ST 
is a chain transformation of C into itself, on C-i the identity, hence by (7.1) 
chain homotopic to the identity mapping of 6 in all dimensions n < N. 
By (6.1) (ST) * T*S* induces the identical isomorphism of the cohomol¬ 
ogy sequence (3.1) of 6 in all dimensions n < N, and of Hf and of (//^)«. 
S*T* does the same for the corresponding group of C'. Therefore, S* in¬ 
duces isomorphisms of all involved groups of C onto the corresponding 
ones of <3'. 

Theorem (7.3). If two R-complexes over the same ring R and with R- 
isomorphic modules C- i are acyclic in all dimensions < N, then their co¬ 
homology sequences ( rel . p) are isomorphic in these dimensions , and further¬ 
more their groups fly and their groups (if )o are isomorphic . This holds 
for any given group p of homomorphisms of R into the coefficient group J. 

Remarks .— (a) In many cases TI n » 0 for n<N implies IT » 0 for 
n<N; e.g., in a complex with automorphisms (§4). Then, in the co¬ 
homology sequence (3.1) t and r become O-mappings for n<N f 6 an iso¬ 
morphism of //*“* onto HI for n<N and of II, ~ 1 onto (11$) o. Our re-» 
suit reduces to the fact that the corresponding group H$ } n<N , (H $)oand 
if of the two complexes arc isomorphic (or equivalently that their corre¬ 
sponding groups H *, nt£N, are isomorj>hic). 

(b) By (7.3), in an i?-complex which is acyclic in all dimensions <iV, the 
cohomology sequence in these dimensions is determined by the abstract 
structure of R and CL j; we may call it “the cohomology sequence of R and 
C~V\ for the given As for any R and CL i there exist ^-complexes 
which are acyclic in all dimensions 10 , the cohomology sequence (rel. yp) of 
R and CLi is always defined in all dimensions. 

8. Acyclic complexes with automorphisms . We apply theorem (7.3) to 
a complex K with-automorphisms (§4), with the automorphism group G, 
acyclic in all dimensions < N, and to the complex R a (§5). Then, for any 
coefficient group J and any group p of /-valued functions in G, we obtain 
for the cohomology groups of K the isomorphisms 

H$&r;(G t J),n<N, 

(H?)o & lf(G, J), 

, h? && r; + 1 (G, j). 

They give purely algebraic relations between the p-cohotnology groups of K 
and the automorphism group G, which contain all previous results 1 of that 
type as special cases, in particular those concerning relations between the 
fundamental group of an aspherical space and its cohomology groups (in 
the ordinary sense, or with local coefficients, corresponding to the equivari- 
ant cohomology groups* of the universal eovering space). 
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9. The complete statements and proofs together with the discussion 
and application of special groups ^ will appear in a forthcoming paper. 
All results extend in a natural way to the product theory of cochains and 
cohomology classes. The proof of the topological invariance of the i/'- 
cohotnology groups of a polytope with automorphisms and the definition 
of ^-cohomology groups for general spaces may be based upon the singular 
homology theory. 

1 Hopf, H., Comm . math, itelv., 17 (1944), pp. 39-79; Eilenberg, S., and MacLaue, S., 
Ann. of Math., 46 (1945), pp. 480-509; Freudenthal, H., Ann. of Math., 47 (1946), pp. 
274-316; Eckmann, B„ Comm, math . helv., 18 (1946), pp. 232- 282; Eilenberg, S., 
Trans . Ann. Math. Soc., 61 (1947), pp. 378-417. 

a Cf. for example, G. de Rham, Comm, math. helv., \t (1939), pp. 191-211; B. Eck¬ 
mann, ref. 1, pp. 252-254. 

* An E-module M is an Abelian group, additively written, which admits R as an 
operator ring, the unit e of R being the identity operator. M is said to be free, if it is 
generated by elements which are linearly independent (over R). An R -homomorphism 
k of one E-module M into another is a homomorphism such that h(ra ) r h(a) for all 
nR and a*M. 

4 The groups C n could be defined with other coefficients than integers; then R would 
have to be the group ring over these coefficients. 

* Investigated in detail by Eilenberg (ref. 1). 

8 Steenrod, N. E., Ann. of Math., 44 (1943), pp. 610-627. 

T Eckmann, B., ref. 1, pp. 257-264. 

* Ann. of Math., 48 (1947), pp. 51-78 and 326-341. 

9 Cf., for example, S. Eilenberg, Ann. of Math., 45 (1944), pp. 407-447. 

ift See H. Hopf, ref. 1, p. 42. 
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CHROMOSOME STRUCTURAL CHANGES IN TRADESCANTIA 
MICROSPORES PROD UCED B Y ABSORBED RADIOPHOSPHORUS 

By Norman H. Giles, Jr.* 

Osborn Botanical Laboratory, Yale University 
Communicated July 18, 1947 

The utilization of radioisotopes in biological experimentation up to the 
present time has been mainly concerned with their effectiveness as tracers. 
There is also the possibility of using the radiations from such substances 
in producing various cytogenetical changes. Since radioactive isotopes of 
many elements normally occurring in protoplasm are now available 1 and 
can be introduced directly into the cells and tissues of organisms, it seemed 
of particular interest to compare any resulting cytogenetical effects with 
those produced by various external sources of radiations, about which a 
considerable amount of information has been accumulated . 2 The present 
paper deals with preliminary observations of the effects of radiophosphorus 
absorbed by inflorescences of Tradescantia in producing chromosomal struc- 
tural changes in microspore nuclei. 

Experimental Methods .—The radiophosphorus used (obtained from the 
Clinton Laboratories at Oak Ridge) was the separated isotope, phosphorus 
32*, half-life: 14.3 days, /3-radiation: 1.69 Mev. The original solution, 
Whose concentration (activity) when obtained was approximately 600 
microcuries (ft c)./ml., was used in four dilutions: A—100 /uc. 'ml., B—10 
pc./tnl,, C—1 MC./ml., D—0.1 MC./ml. A clone of Tradescantia paludosa 
was utilized for all cytological observations. The cut ends of ten in¬ 
florescences were inserted through holes in lead shields placed over each 
of four <miff .11 beakers containing approximately 40 ml. of the dilutions 
of radiophosphorus used. The lead shields made certain that any 
effects would be due to the radiophosphorus actually taken up by the plants 
god not to radiation from the solution. In all the experiments, unless 
otherwise noted, the inflorescences remained in the solution throughout 
the period of observation. Further lead shielding was utilized about the 
inflorescences as protection against emitted 0 -radiation. 

Measurements of the increase in radioactivity due to the uptake of 
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phosphorus were made with a separate group of inflorescences, utilizing a 
Lauritsen electroscope. There was a significant increase in activity over 
the background within about an hour and an increasing rate of activity 
continued until approximately eight hours after the initiation of the experi¬ 
ment. At this time the rate of increase in activity became approximately 
constant and remained so for at least four days. Numerous measurements 
were also made of the activity resulting from phosphorus uptake by indi¬ 
vidual buds or anthers with a Geiger-Mliller counter. In some instances 
such buds were immediately examined cytologically, making possible a 
direct comparison of the amount of radioactivity and the aberration fre¬ 
quency. 

Aceto-carmine smear preparations of microspores were made at intervals 
following the start of the experiments and analyzed for chromosome struc¬ 
tural changes at the first post-meiotic mitosis. 

Results .—The results of cytological analyses at three concentrations of 
radiophosphorus are presented in table 1. With the highest concentration 
(A—100 MC./ml.) satisfactory observations wele possible at 24 hours after 
the treatment started, but the aberration frequency soon became too ex¬ 
tensive to permit complete analysis. In a few instances where inflores¬ 
cences were placed in this concentration of radiophosphorus for a limited 
period of time and then removed, aberration frequencies were much lower 
and complete analyses were possible. The types of chromosome structural 
change found are similar to those induced by other radiations such as x- 
rays and neutrons.** ** 6 In experiments utilizing external radiations, 
inflorescences are usually exposed for a brief period to the radiation and 
cytological examination then made at intervals following treatment. It is 
found that chromatid aberration types appear at metaphase within a few 
hours, having been induced in cells in prophase with divided chromosomes 
at the time of treatment. There is then a transition period with a mixture 
of types present at about 30 to 40 hours following irradiation after which 
only chromosome aberration types, produced in cells in the resting stage 
with effectively unsplit chromosomes,, are found. With radiophosphorus 
treatment chromatid types are also observed initially, and may be quite 
frequent within 24 hours at higher concentrations—at 100 MC./ml. (series 
A) the frequency of chromatid and isochromatid breaks per 100 cells was 
35. Furthermore, table 1 indicates that these types continue to represent 
the principal component of the aberrations observed up to nine days after 
the start of treatment with initial phosphorus concentrations of 10pc*/aL 
or less* The continued presence of chromatid aberration types results 
from the fact that the developing microspores are exposed to radiations 
from absorbed radiophosphorus during the entire period of their develop* 
meat, including their passage through prophase up to the metaph&se 
stage at which observations can be made. Chromosome aberration types 
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appeared after the chromatid types, but were not observed before the 
fourth day, which is considerably later than was anticipated on the basis 
of the previous x-ray experiments. This delay in the appearance of break 
types produced at the resting stage may result from either (a) a retardation 
in the .mitotic cycle in the microspores when subjected to continuous ir¬ 
radiation from absorbed radiophosphorus, or (b) too low an initial radiation 
intensity to produce a detectable yield of these types—which in x-ray ex¬ 
periments have been shown to result principally from two breaks produced 
by independent, but temporally related electron paths. 2 Observations at 
radiophosphorus concentrations intermediate between those used in 
series A and B as well as tests of /3-radiation from an intense external 
source should help distinguish between these possibilities. 

table x 

Frequencies of Various Structural Changes Produced in Chromosomes of 
Tradescantia Microsopore Nuclei Following Uptake of Radiophosphorus by 

Inflorescences 

CHROMATID ABERRATIONS 

PER 100 CELLE CHROMOSOME AH SR RATIONS PR* 100 CELLS 

CHROMATID EXCHANGES 


TIMS AFTER 

ho. or 

AMD iao- 


CHKOMO- INTER- 

(CENTRIC 

•TART OP 

CSLU 

CHROMATID 


SOME 

8TXT1AL 

RINGS AND 

EXPERIMENT 

KXAMINKD 

BREAKS 

RXCRAMOES 

BREAKS DELETIONS 

dicentrics) 


Series B— 

Initial Concentration of P 32: 

100 PC,/M1. , 


24 hrs. 

166 

1.2 

0.0 

0.0 

0.0 

0.0 

48 hfe. 

127 

13.4 

2.4 

0.0 

0.0 

0-0 

74 hrs. 

130 

15.4 

4.6 

0.0 

0.0 

0.0 

4 days 

109 

33.0 

4 6 

2.8 

0.0 

1.0 

5 days 

114 

28.0 

5.3 

1.8 

0.0 

1.0 

6 days 

108 

32.4 

6.5 

0.0 

0.0 

1.0 

8 days 

80 

39.6 

12.8 

1.2 

4.7 

3.5 

9 days 

84 

37.0 

10.8 

0.0 

1.2 

3.6 


Series C- 

—Initial Concentration of P 32: 

1 mc./M1. 


74 hrs. 

146 

2.7 

*0.0 

0.0 

0.0 

0,0 

4 days 

136 

.5.9 

0.7 

0.0 

0.0 

0.0 

9 days 

116 

11.2 

1.7 

0.0 

1.7 

1.7 


Series D- 

-Initial Concentration of P 32: 

0.1 m c./Ml. 


4 days 

142 

2.8 

0.0 

0.0 

0.0 

0.0 

9 days 

134 

2.3 

0.0 

0.0 

0.0 

0.0 


Table 1 indicates that there is an increase in the frequency of aberrations 
with time. For series B this increase is approximately linear for chromatid 
and isochromatid breaks up to four days and is directly correlated with the 
regular increase in radioactivity of inflorescences as measured with the 
electroscope. Such a direct relationship is to be expected if these aberra¬ 
tions behave largely as one-hit types with /3-radiation as they do with both 
x-rays and neutrons. Measurements are not yet available to determine 
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whether the apparent leveling-off in aberration frequency after about four 
days can be correlated with a corresponding behavior of the curve for radio¬ 
activity increase. In a few instances where direct measurements were 
made of the radioactivity of individual buds or anthers at a given time 
with a Geiger-Mtiller counter and the aberration frequency in the,same ma¬ 
terial immediately studied, fairly good correlations of the two measure¬ 
ments were obtained. No systematic attempt has yet been made to de¬ 
termine what fraction of the aberrations is due exclusively to radiation 
originating within the cells of a given anther or bud, as compared with the 
irradiation of one bud or inflorescence by £-particles from another. 

One striking result of the comparison of aberration frequency types was 
the relatively high yield of chromatid exchange break types as compared 
with simple break types. It was early demonstrated in x-ray experiments* 
that exchanges, in contradistinction to simple break types, are aberrations 
caused by two independent hits (electron paths) and show a time-intensity 
relationship, such that the yield for a given dose depends on the intensity— 
decreasing greatly at low intensities. Thus it might be expected that a 
relatively low yield of exchanges would be obtained with the prolonged 
radiation at low intensities from radiophosphorus. The relatively high 
frequency actually observed with ^-radiation agrees with the recent analy¬ 
sis of Catcheside, Lea and Thoday* which suggests that an appreciable 
fraction of the exchanges produced at low intensities of x-rays are one-hit 
types, and further that the time of restitution of broken ends may not be as 
short as was originally thought. 

At increasingly low initial external concentrations of radiophosphorus, 
decreases in aberration frequency result, though the yields of one-hit types 
are only roughly proportional to the original external radiophosphorus 
concentrations, indicating that differences in the degree of phosphorus 
uptake are probably involved. Even at quite low concentrations (series 
D), however, where the measured radioactivity of individual buds is of the 
same order of magnitude as that used in tracer experiments, chromosomal 
structural changes are still found. Thus it should be realized by investiga¬ 
tors utilizing radioisotopes as tracers, especially with biological materials 
which are maintained in living condition after treatment and used as 
breeding stocks, that such treatment may result in the production of ap¬ 
preciable numbers of genetic changes. At higher levels of initial radio- 
phosphorus concentration the aberration frequencies, even after relatively 
short times, may be equivalent to those produced by considerable doses of 
x-rays* In series A, after only 24 hours, the frequency of chromatid and 
isodhromatid effects (35 per 100 cells) is equivalent to an exposure of the 
cells to approximately 40 roentgens; 1 in series B, after 9 days, this fre¬ 
quency is the same as that produced by about 50 r. Even though 0- 
radiations are of restricted penetrating power as compared with certain 
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other radiations, these observations, plus the results of electroscope meas¬ 
urements of inflorescences permitted to take up radiophosphorus from rela¬ 
tively concentrated solutions, indicate that investigators should exercise 
considerable caution in the use of radioisotopes, especially as regards their 
close and prolonged exposure to biological materials which have absorbed 
appreciable quantities of these substances. 

Summary. —Inflorescences of Tradescantia paludosa were permitted to 
take up radiophosphorus from solutions of various concentrations over a 
period of nine days. Cytological observations were made at the first 
post-meiotic (microsopore) mitosis at intervals following the initiation of the 
treatments to determine the types and frequencies of chromosome struc¬ 
tural changes which might result from the 0-radiation emitted by the radio¬ 
phosphorus inside the plants. Changes were detected with all of the four 
concentrations of radiophosphbrus used—between the limits of 100 yc./ml. 
and 0.1 ye./ml. Because of the very high breakage rate at the 100 
yc./ml. concentration, aberration frequencies could not be scored after 
about 48 hours in this series. 

The types of aberrations observed were similar to those resulting from 
the exposure of inflorescences to external radiations such as x-rays and 
neutrons. There was a fairly regular increase in the frequency of one-hit 
aberration types with time, which could be correlated with the increase in 
radioactivity of inflorescences as measured with an electroscope. Chro¬ 
matid aberrations were observed within 24 hours after the initiation of the 
treatments and remained the principal type throughout the course of the 
experiments. Chromatid exchanges occurred with a relatively high fre¬ 
quency as compared with chromatid and isochromatid breaks even at the 
low radiation intensities involved. Chromosome breaks were not ob¬ 
served until the fourth day. At the highest level of radiophosphorus used 
(100 yc./ml.) the frequency of one-hit chromatid aberration types after 
24 hours, under the experimental conditions utilized, was equivalent to that 
produced by about 40 r of x-rays. 

♦ Present address; Clinton National Laboratory, Oak Ridge, Tenn. 

* Science, 103, 697-706 (1946). 

v* Lea, D.JI., Actions of Radiations on Living Cells , Macmillan Company (1947). 

1 • Sax, Genetics, 25,41-68 (1940). 

* Giles, N. H., Jr., these Proceedings, 26, 667-675 (1940). 

• Catcheside, D. G., Biological Reviews, 20,14-28 (1945). 

Catcheside, D. G., Lea, D. K., and Thoday, J. M., Jour . of Genetics , 47, 137-140 

(1946). 
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INTERPOLATION AND UNIQUENESS OF ENTIRE FUNCTIONS 

By R. Creighton Buck* 

Harvard University, Cambridge, Mass. 

Communicated July 10, 1947 

Let j T n ) be a sequence of linear functionals defined on the class K of 
entire functions of exponential type. We raise the following questions: 

(I) Given a sequence of complex numbers [a n } and a subclass C of K, is 

it possible to find a function / belonging to C such that for all«, T n (f) #«? 

(II) Given a subclass C of K and a function / belonging to C, what 
properties of / can be inferred from the sequence of complex numbers 
\T n (f)}? 

(III) For what subclass C of K is it true that if / belongs to C and 
T n (f) * 0 for all n, then j{z) as 0? 

The third is of course a special case of the second, but it is of such special 
importance that we choose to state it explicitly. A class C for which it 
holds will be called a uniqueness class for {!"„}. The first question asks 
for a solution to the general interpolation problem for the class C and the 
functionals [T n \; if a function exists having these properties, the sequence 
{a* I is said to be admissible for the functionals { T n } and the class C. The 
importance of (III) stems from the fact that if, in (I), C is a subclass of 
such a uniqueness class then there can exist at most one such function / for 
which T n (f) m a*, while if, in (II), C is a subclass of a uniqueness class,/is 
in fact completely determined by the sequence { T n (J )} and every property 
of / should be inferable from it. This leads naturally to an additional 
question. 

(IV) When is it possible to expand f(z) into a series of the form 

/(*) - £«.(*) W)? 

This is the problem of the existence of an interpolation series for the 
functionals {T„}, together with the determination of the class of functions 
for which the series converges. Clearly, any such expansion class is a 
subclass of the corresponding uniqueness class. In a previous paper, 1 
certain aspects of these problems were discussed. Here, the methods 
used there—due essentially to P61ya 5 and Carlson*—are given in a more 
general form, and are applied to the solution of problem (IV), The treat* 
ment ip similar to that of Gelfond, 4 but is of much greater power; moat of 
the known results on convergence of Abel, Newton, Stirling, Selberg, as 
well as other less familiar interpolation series, are obtained at once, and 
the method extends to discussion of summability. In the present paper, 
the general method is outlined briefly, and a few of the specific results are 
stated; detailed proofs will appear in a later paper. 
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We first seek general representations for functions / and functionals T. 
Some preliminary definitions arc necessary. If / « A, the class of entire 
functions of exponential type, so that there exist real numbers A and C 
such that \f(z) ^ Ae c ^\ then the growth function h(6, f ) defined by 

lim sup r~ l log /(re 49 ) J is bounded in absolute value by C. If 11(6) is any 

function with period 2 tt, then K(H(6)) denotes the class of all / in A' such 
that h($ t f) ^ H(B) for all 0; 11(6) may take infinite values. As in previous 
papers, the notation K(a, c) is reserved for the class of all f in K with 

h(0 ,/) ^ a, h(rr,f) ^ a, and A(=*= -,/) ^ c. If G is any closed set of the 

complex plane, k(6 t G) « sup (R(W*1 is called the supporting function of 

w * G 

G; this differs from the usual definition in the sign of 6. The function 
k(9 } G) is continuous in 0, has period 2r, has left and right derivatives 
everywhere, and is unchanged if G is replaced by its convex hull. If G\ 
and G% are point sets, then Gt • will be the set of all points of the form 
s'*" where s' e G\, z* « G a. 6 If Gi and G a are bounded so is GvG%\ if G\ and 
Gj are closed and compact, so is Gt *G 2 ; if Gi and G 2 are closed bounded con¬ 
vex sets, then Gi • G 2 is simply connected; Gi *G 2 is a star set whenever one 


factor is a star set. If f(z) « £a tt :K n /n!, belonging to A, then <t>(w) « 

m o 

£ * s usually called the Borel transform of /. We denote by D(f) 

« 

the convex hull of the singularities of <t>(w). In our notation, a funda¬ 
mental theorem clue to P61ya 2 states that if / belongs to K then h(6,f) = 
k(6,D(f)) for allfl. 


Suppose we consider a function y(z) 

co 


^z n /n ! c H and an associated func- 
o 


lion 7 *(s) — 53r M 2; n /n!, both in A, A modified Borel transform of f(z) is 

0 00 

defined by 4>(w) - 2fl«c,/w" +1 . is regular outside the set D(J) 

t 

and if F is any contour enclosing this set, f{z) has the representation 


f(z) = —. f v y(sw)4>(w)dw. 



Conversely) if y < K, if G is a closed bounded simply connected set, if 
is regular outside G and if r is a contour enclosing G and not passing 
through the origin, then/(s), defined by (1), belongs to K, and h(Q, f) ^ 
k(9, G‘D(f)). (The special case for which y(z) * <’ * y*(e) was studied 
by P61ya; it is of interest that if D{y) » D{y*) ■* 1, then y(z) * A £.) 

Tu rning now to functionals, we may obtain a wide variety as follows. 
Let #<iw) be a modified Borel transform of / with kernel y(z), and choose 
any tsontour T enclosing D(f)-D(y*). Then, for any entire function g(w), 
we define T by: 
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m 



Jr g(w)<f>(w)dw. 



This includes all of the usual cases. In fact, if K is given the weak topol¬ 
ogy, any continuous linear functional on K may be represented in the 
form (2). When T is so defined, g(w) is said to be the generating function 
of T. 

With this background, we may now study general interpolation series. 
For simplicity, we confine ourselves to the case where the functionals 
[T n \ have generating functions {g»(w)l which are exactly the integral 
powers of a function f (w). This restriction is indeed satisfied for most of 
the familiar series. If f (w) is regular and univalent in an open set Q* of the 
w-plane, containing the origin, and if il w corresponds to a set in the f- 
plane, then w * u>(f), regular in fy. Since y(zw) * 7 (sw(f)) is analytic 
in f for f in Of, 


7(zw) = £ ««(z)r x 

o 



uniformly convergent in any closed subset of Aj, the largest open circle 
|f | < R contained in 0 f . Let A* be the image of A f , given by |f(w)| < 
R. Then 


y (aw) =» £ «»(*) If («’)]" 

- (4) 

- E «.(*)«.(w) 

» 


is uniformly convergent in any dosed subset of A a . If / is such that £>(/)• 
D(y*) is interior to A u , then we can choose a contour T lying in A« and 
endosing D(f)-D(y*), on which (4) is uniformly convergent. Applying 
(1) and (2), and integrating termwise, we obtain the convergent interpola¬ 
tion series 


f(z) - E v.(i)T n V). 

# 



The same procedure will yield results for summability. Let E(t) ’■» 

m 

T) dj,” be an entire function, not a polynomial, with d% % 0. If {5.) is a 


0 s 

sequence of complex numbers with |5«| 1/ * «■ 0(1) then E 5^f^* converges 


for all t to a function H(t). The limit lim if it exists, is the 

generalized £-Iimit erf {5.}. Applied to a.power series, Idle following is 
true: if /(») is regular in a region R containing the origin, then 
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f(z) = E - £ /'"> (0) z K /n\ (6) 

0 

where the summability is uniform in any closed compact subset of (R' • E , )\ 
Here, E is an open set such that lim E(zt)/E(t) is zero, uniformly in any 

t —► «> 

compact subset of E. 

Returning now to our discussion of interpolation series, we take up 
summability. Since y(zw), as a function of f, is regular in ftj, we have 

y(zw) = E — £ u H (z)t n 

o 

uniformly in any compact subset of Q* = (0 f ' ■ E')If SI® is the image 
of SIf under w — w(f), then 

CO 

y(zw) = E - J2 K»(2)g„(«/) 

0 

uniformly in any compact subset of Proceeding as before, we sub¬ 

stitute this into (1), and integrate termwise; simplifying by (2), we have 

f(z) = E-iu n {z)T n (f), ( 7 ) 

0 

holding for all / such that D(J) 'D(y*) lies interior to i£. We summarize 
these results as follows. 

Theorem. Let g n (w) ** [f (w)] * be the generating functions of the func - 

co 

tionals {Tj. Then, the formal interpolation series £ u n(z)T n (f) converges 

o 

to f{z) for all f such that D{f) •D(y *) lies in A Wi and is E summable to f(z) 
for all f such that D(f)-D(y*) lies in 0^. 

By specialization of the kernel y(z) t and the function £(w) and the func¬ 
tion £(() determining the method of summability, many specific results, 
both new and old, can be obtained. We indicate briefly only a few of 
these; more detailed treatments will appear later. 

A n f(0) is convergent to f(z) if 

f) < 8 s * n & + cos 6 log (2 cos 6), is Bor el summable to f(z) if f t K(a, c) 

withe < and is Mittag-leffler summable tof(s) iff t K(a, c), withe < r. 
2 

Corollary (Carlson*). Iff e K(a, c), c < ir, andf(n) — Ofor n ** 0,1, 
2, .... then f(z) - 0. 

Thborbm 2. The Abel series £ z(z - «)" -1 / u) (n)/n! is convergent to 

0 

/(*) if D{f) lies in the region jw« ,+ *| < 1, and is ML summable to /(*) if 


Thborbm 1. The Newton expansion £ 

0 
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h(d t f) < 0*) where Q w is the region bounded by the curve p * (ir — 

Corollary. IfftK(A), A < 1, andf ni (n) => Oforn = 0,1, ..then 
/(*) - 0 . 

Theorem 3. The Stirling series f(0) + “f-f 2 ) A"/(-|) 

is convergent to f(z) if D(f) lies in the region j sink (w/2) | < 1, is Borel 
summable to f(z) if f t K(tt/\/2 ) # and is ML summable if f t K(a, c ) with 
c<r . 

Theorem 4. The series f(0) + 2 ~ ^ ^ A n /(«) is convergent 

to f(z) if f € K(A), with A < log (1 + \/2)/2andis MLsummableif h(6 t f) < 
(—d) sin 6 + cos 6 log (—2 cos 0) for? ^ \$\ ^ ir. 

Theorem 5. If D(f) lies in the region bounded by the curve u ** /og si# 
0v — /og si# (/3 + i)v,/or 0 > 0, then . 

/(*) - ML - {/(0) + £ ^( 2 ~ ^ ~ T ) A«/(/3«)|. 

Several of the above theorems can be strengthened considerably, but for 
simplicity of statement only the weaker forms have been given. In par¬ 
ticular, the uniqueness theorems obtained by Gelfond 4 by methods of con¬ 
formal mapping become immediate corollaries of theorems on the summa- 
bility of the corresponding interpolation series. It is also possible to treat 
series arising from sequences of functionals {T*} whose generating func¬ 
tions are not of the form [f (w)] n . The Lidstone series 7 is a simple example 
of such a series. 

CO CO 

Theorem 6. The Lidstone series 2 A*(e)/ < ** ) (i) + JZ A„(/ — *)/ (s " ) (0) 

o o 

are convergent to /(a) iff < K(A), A < it, are Borel summable lof(e) iff c 
K(a, c), c < ir, and are ML summable to f{z) if D(f) does not contain any 
points of the vertical lines u * 0, |t/| ^ ir. - 

* Sodety of Fellows, Harvard University. 

1 Buck, R. C., Duke Journal, M, 641-569 (1946). 

4 P61ya, G., Math. Zeti., 29, 649-640 (1929). 

1 Carlson, F., Sur une classe de series de Taylor, Thesis, Uppsala. 

4 Gelfond, A„ Math. Sbomik, 4 (new series), 116-147 (1938). 

4 Not to be confused with Gi fl G% which denotes the intersection of the seta Gi and 
Gt. In general, G' will denote the complement of G. 

" Hardy, G. H„ Acta Math, 42, 327-339 (1920). 

7 Boas, R. P., Jr., Duke Journal, 10,289-245 (1943). 
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ON A THEOREM OF BANACH 
By R. Salem and A, Zygmund 

Thb Massachusetts Institute of Technology and the University of Chicago 

Communicated July 21, 1947 
Consider a trigonometric series 

<D 

2>« cos nx -f ft. sin nx ) (1) 

n -1 

and any sequence of positive integers n\ < n 2 < ... satisfying an inequal¬ 
ity 

»*+»/»* >$ > 1 (k - 1 , 2 ,...) 

where q is independent of k. Such sequences {n k \ are often called lacunary. 
The following two results are due to Banach: 1 

(i) Given any sequence a it ft, « 2 , ft, ... of real numbers tending to 0, 
there is always a Fourier-Lebesgue series ( 1 ) such that 

<in k ■ <**. ft, = ft fork - 1,2, ... (2) 

(ii) Given any sequence of real numbers en, ft, a it ft, ... such that 
2(<** s -f- ft*) < eo, there is always a series (1) which is the Fourier series of a 
continuous function f(x) and which satisfies ( 2 ). 

While there exist simple proofs of (i), based on the considering of the 
(F. Riesz’) products* 

II (1 + a* cos «** + ft sin n k x) (3) 

k -1 

the existing proofs of (ii) are long and complicated. In this note we shall 
show that a simple modificition of the product (3) immediately leads to a 
proof of (ii). 

First of all, we observe that it is enough to prove a slightly weaker vari¬ 
ant of (ii), with the condition of continuity of / there replaced by that of 
boundedness. For let *», «*, ... be any positive and convex sequence of 
numbers tending to 0, so slowly, however, that £(<*** + ft*)«* 4 ~* still 
converges, Suppose that (ii) has been established in the weaker form just 
mentioned. Then there is a series (1) which is the Fourier series of a 
bounded function / and such that 

a„ t «■ a**,/"’, ft; * ft‘» t _1 - ( 4 ) 

It is known however* that if we multiply the »th term of the Fourier series 
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of a bounded function by c, (» «' 1,2, ...) the resulting series is the Fourier 
series of a continuous function. Thus £(a B cos nx + b n sin nx)* H is the 
Fourier Series of a continuous function, and, by (4), the coefficients of the 
latter series at the places n k are a kt 0*. 

Passing to the proof of (ii), with / merely bounded, let us consider the 
products 

P, - i- 1 n {1 + iA k (x)) 1, 2, ...) (5) 

*•1 

where i *= *%/ — 1 and A k (x) = a k cos n k x + 0 k sin n k x. These products are 
very similar to (3), so that certain well-known properties of the latter 4 re¬ 
main obviously valid. Let us list them: 

(a) For q ^ 3, if we multiply P, out and replace the products of cosines 
and sines by linear combinations of cosines and sines, all the terms we get 
are distinct. In particular, the terms of P v with indices »* (A = 1,2,..., 
v) are a* cos n*x + 0 k sin n k x. y 

(&) For q ^ 3, P„ is a partial sum of P p + x . 

Hence assuming that q ^ 3 and making v —► <» in (5) we obtain formally 
a trigonometric series (1) satisfying (2). The P„(x) are uniformly bounded, 
since 

|p,| < ln(i + + <8* a )) l/< < {n(i + «** + &*)} v * < “• 

k-1 

It immediately follows that the so-obtained series is the Fourier series of a 
bounded function/(*), and (ii) is proved for q £ 3. Our function / is in 
general complex valued, but obviously the real part of /(ac) also satisfies 
the required conditions. 

To get rid of the condition q ^ 3 we proceed as in the proof of (i). As 
there,* we show that 

(c) Let« be a fixed but arbitrarily small positive number. If q is large 
enough, q ^ g«(«), all the indices n actually occurring in the trigonometric 
polynomial P ,—and so also of the series (1) which is the formal limit of 
the P ,—are situated in the intervals (n*(l — «), «*(1 + «)). 

Let now q be any number greater than 1. Let r be any positive integer, 
and let us split the sequence {»*} into r sequences 

*■ »«+*r (r ** 1,2, ..., r; k « 0, 1, 2 ...) 

Obviously n*+i < * ) /«* c,) > q' can be as large as we please, provided r is 
large enough. In particular, we require that q T 3. We can construct 
a series (1), which we shall denote by T, (s => 1, 2, . ,,r), such that T, is 
the Fourier series of a bounded function and that T, has the prescribed 
coefficients (* «,+»,, &+*,) at the'places »,+*,. In addition, if r is large 
enough, T, will only have indices in the intervals (»,+*( 1 — «), s^itr 
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(1 + «)). Hence, if r is large enough, the series T lt T 2 , ..., T r do not over¬ 
lap, and the series T = 7\ + 7* + ... + T r has the required properties. 

* l^*r the literature, see Zygmund, A,, 1 figotiotnetTical Series (quoted hereafter TS), 
p. 215. 

* See TS, p. 220. 

* TS, pp. 104, 105. 

4 TS, p. 139. 

1 TS, p. 139. 


THE INVERSION OF A GENERALIZED LAPLACE TRANSFORM 

By D. V. Widder 


Harvard University, Cambridge Mass. 

Communicated July 10, 1947 TV 

In these Proceedings 1 the author showed how the convolution transform 

fix) = /_“» G(x - t)4>{t)dt . (1) 

can be inverted by a linear differential operator of infinite order. The 
kernel G(x) was any function of the form 


G{x) 


= _L r 

2*i J e -i 




£(.?) 


ds 


0 < c < a t , 


( 2 ) 


where 


m - *n (i - 

fc -1 \ 0 * / 


0 < ai < a, < ... 

A 1 

E ~i < 00 • 
<v 


The inversion of the Stieltjes transform was included as the special case 
a * «■ k, E(s) « ir" 1 sin vs. The Laplace transform was not included in the 
general theory since, as we shall see, it requires the introduction of a func¬ 
tion E(s) whose roots are not symmetrically situated with respect to the 
origin. 

Let us make an exponential change of variable in the Laplace transform 

F(s) = f 0 m (3) 

Then equation (3) takes the form (1) with 
f(x) - Fie- 1 ), Gix) - e~‘ 


$ix) ■» $(«*)«*. 
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Since 


* r (s) « f Q m e-«u-'du * X: 

we have by the classical inversion of the bilateral Laplace transform that 

/ e^T(s)ds 0 < c < 00 . 

2irt Jc—i ® 

This equation has the form (2) with E(s) replaced by l/r($), an entire 
function with its roots at the points 0, — 1, —2, .... With this example 
before us, let us now proceed with the more general theory. 

Set 


£(s) - S»H (1 - -W 4 *, (4) 

k-\ \ a*/ 

where p is a non-negative integer and the a k are resS constants such that 


0 < |ai| £ \(h\ S ... 



1 ^ 
a* 


< oo. 



Under these conditions it can be proved that !/£($) is a bilateral transform 
of a function G(x) which we take to be the kernel of the transform (1). 
Our principal result is that this transform can be inverted by the linear dif¬ 
ferential operator of infinite order E(D). That is, 


E(D)f(x) * *(x) 


- lim TP n ( 1 - -\ e D/a * f(x) 

W-+m k~l X &*/ 

- lim V 9 n (l - ~) f(x + s n ), 


where D stands for differentiation with respect to x and 


» 1 

s» - £ — 

k m 1 


We state the result in the form of a theorem. 

Theorem. If 4>(x) is continuous and absolutely itUegrable on (— », »), 
if E{s) is dqfiited by equations (4) (5) (d), G(x) by ( 2) andf(x) by (I), then 

E(D)f(x) - *(*). (7) 
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Let us now show that the Post-Widder 3 inversion formula 


lira 

ft—► eo 


(-D* (n 

/v r i“>#¥i w .. i '■■■ M — r “*■ 

n\ V/ 


n + l 

I /(") 





for the Laplace transform (3) is included in the above theorem. Let us use 
the Euler* form of the infinite product expansion of F(a) : 

= .s-n ( l + ~Y l + i) 
rw t-A */ 

= lim n- sn (l 

Then equation (7) becomes 

lira D n (l + ~) f (x - log «). • (9) 

- *-i\ k/ 

But if we set e~ x = t and observe the relation D x « —tD t , equation (9) 
becomes 



n 

lira -tD, II 

» h m X 




Simple computation shows that this equation is equivalent to 

lira F( n +*)(«/) = *(-)-• 

If t is replaced by its reciprocal this equation is seen to be the same as (8). 

It is important to note the equality signs in the relations (5), Thus 
multiple roots are permitted in the function E{$). As a consequence all 
the successive iterated Laplace transforms are subsumed under the present 
theory. They are inverted by use of equation (7) where E(.v) has multiple 
roots (in the case of iterates beyond the first). That is, suitable modifica¬ 
tions of the Post-Widder operator will be effective. 

1 Widder, D. V., "Green’s Functions for Linear Differential Systems of Infinite Order,” 

Proc. Nat. Acad. Sci. t 33, 31-34 (1947). 

* Widdcr, I). V., "The Laplace Transform," Princeton (1946), p. 288. 

* Whittaker, E, T., and Watson, G. N"A Course of Modern Analysis,” Cambridge 

(1943), p. 237. 
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THE IODINE METABOLISM OF DROSOPHILA GIBBEROSA 
STUDIED BY MEANS OF RADIOIODINE I m * 

By Bernice M, Wheeler 
Osborn Zoological Laboratory, Yale University 
Communicated July 17, 1947 

Introductory. —The very little knowledge available concerning the iodine 
metabolism of invertebrates is confined to the occurrence of accumulation 
of the element in sponges and gorgonians. 1 It therefore seemed desirable 
to attack the problem by using I 1 * 1 in some other organism. Because 
Drosophila gibberosa is a holometabolous insect, it seemed that valuable in¬ 
formation might be obtained which would not only be of interest from the 
standpoint of iodine metabolism of this fly but would also provide a con¬ 
venient basis for comparative work on the iodine metabolism of some other 
insect or arthropod. 

D . gibberosa, a giant black Mexican species,\ras sent to this laboratory 
through the courtesy of Dr. T. Dobzhansky. The size of D. gibberosa as 
compared with the smaller D. melanogaster is of considerable advantage es¬ 
pecially in carrying out the technical side of this problem. 

Material and Methods .—Radioactive carrier-free iodide was made avail¬ 
able to both third instar larvae and adults by stirring 0.2 ml. of a solution 
of the isotope into approximately 8 ml. of liquid com meal, molasses and 
dried Brewer’s yeast mixture which had been placed in a creamer bottle. 
The largest quantities of 1 131 used were 0.2 me. 

TABLE 1 

Jaws and Anterior Fore Gut Chi tin. 

Larval Skin. 

Tracheal Trunks and Posterior Spiracles. 

Xmaginal Discs... 

Fat Body. 

Ring Gland... 

Fore and Mid Gut.. 

Hind Gut.. 

Salivary Glands.... 

Malpighian Tubes. 

Cerebral Ganglia and Nerve Cord....... 

Both larvae and adults were allowed to feed on the radioactive food for 
varying periods of time, after which dissections were made and measure¬ 
ments of activity taken with a Geiger counter. A second more sensitive 
method for detecting radioactivity was employed with the larvae. This 
involved making radioautographs by mounting alternate paraffin ribbon 
sections of the larvae on dental x-ray film, exposing for periods of 8-5 days 
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and developing after removal of the paraffin. The other alternate series 
was mounted on glass slides for iron hematoxylin staining. 

Larval Distribution. -Table 1 indicates the distribution of I m in a third 
instar larva after feeding on radioactive medium for 72 hours. The per¬ 
centages in this instance were calculated on the basis of the sum of the in¬ 
dividual Geiger counts from each dissection in this experiment, disregard¬ 
ing the loss of activity due to dissection of the larva in either alcohol or 
insect Ringer. No counts are available in this instance to indicate the 
amount of activity left in the dissection fluid, but as the tissues were dis¬ 
sected in great detail, the data form a convenient introduction to further 
discussion. 

These results indicate clearly that the iodine is concentrated in the 
skeletal parts of the larva. It is worth noting that no concentration of 
I 131 appeared in any of the larval endocrine structures. 

Series of experiments were carried out in which third instar larvae fed 
on the radioactive food for six different time intervals varying from 
96 hours. After removal from the bottles, and following a washing in in¬ 
sect Ringer solution in order to remove any excess food adhering to the 
surface, Geiger counts were taken on whole larvae which had been teased 
apart. These larvae were then removed from the Geiger counter, dissected 
completely and counts taken on the individual tissues dissected. The 
mean per cent of activity recovered from eleven such series of counts on dis¬ 
sected larvae was 125.2% of that of counts on the teased larvae. The 
variation in excess of 100% is undoubtedly due to two factors. In the 
first place, it is impossible to obtain completely accurate counts on the 
teased entire, larvae due to the thickness of the incompletely separated tis¬ 
sues which must absorb some /9-radiation. In the second place, it is ex¬ 
tremely difficult to duplicate precisely the identical geometrical counter 
relationships for each individual dissection made, 

TAB.LK 2 

Mban Percentages op Radioactivity 

larval Skin. 72.7% 

Jaws, Anterior and Posterior Spiracles. 12.7 

Tracheal Trunks. 2.8 

Residue. 11 -6 

The teased larvae were separated into the following dissected parts: 
larval skin; tracheal trunks; jafivs, anterior and posterior spiracles; and 
residue which included all remaining tissues and body fluids of the organ¬ 
ism. Table 2 indicates the mean of the percentages of activity found in 
these parts. The sum of the counts for the four individual dissections 
was used as 100% in calculating the percentages. The age of the larva ap¬ 
parently is not a factor in determining the percentage of radioactivity in 

the larval skin. 
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The radioautographs likewise show clearly the concentration of radio¬ 
activity which is present in the skeletal structures of the larva. Figure 1 
is & longitudinal section, not including the extreme anterior end, cut across 
the dorsal surface of a third instar larva. A radioautograph, figure 2, made 
from an alternate section of the same third instar larva as seen in figure 1, 
indicates that the concentration of greatest radioactivity was in the larval 
skin and tracheal trunks. The cross section of a third instar larva seen 
in figure 3 is cut through the hind gut and anal regions. Attention should 
be directed to the very large hypoderxnal cells located ventrally and ex¬ 
tending only to the midlateral regions of the larva. Figure 4 shows that 
the radioactivity was extremely high in this region. It seems likely that 
these large cells have in some way been active in concentrating the radio¬ 
iodine in the cuticle under which they lie. 

Skins of the larvae which were highly radioactive were treated for 48 
hours with hot 5% KOH (65°C.). At the end of this period, Geiger 
counts indicated that virtually all of the radioactive material had been re¬ 
moved, none being left in the chitin fractions which remained after the KOH 
treatment. This suggests that the radioiodine is present in a protein por¬ 
tion of the skin rather than in the chitin. 2 * 3 

Inasmuch as the larvae were crawling about in the radioactive food, the 
question arises as to whether the iodine in the exoskeleton may represent 
purely physical uptake by the external surface of the animal. When fresh- 
cleaned skins of third instar larvae were placed in a radioactive iodide solu¬ 
tion for a period as long as six days*, there was no indication from Geiger 
counts that any I m had been removed from the medium. If physical up¬ 
take were responsible for the radioactivity found in the intact larval skins, 
the skins immersed in iodide solution would presumably have given some 

—------ --► 


Explanation of Figures 


Abbreviations: A* Anus; FB, Fat Body; HG Hind Gut; LHC, Large Hypodermal 
Cells; LS, Larval Skin (includes both hypodermal cells and underlying cuticle); M, 
Muscle; XT, Tracheal Trunk. . , 

Longitudinal sections, X 23; cross sections, X96. 

Figure 1. Longitudinal section of a third instar larva stained with iron hematoxylin. 

Figure 2. Radioautograph made from the longitudinal section adjacent to that in 
figure 1. The darkened areas represent reduced regions of the x-ray fihn which coincide 
with the accumulation of I iai in the tissues sectioned. 

Figure 3. Transverse section through the anus and hind gut region of or third instar 
larva stained with iron hematoxylin. Note the general topography for interpretation 
of figure 4. 

Figure 4. Radioautograph made from the cross section adjacent to that in figure 3. 
The marked l in accumulation located ventrally and extending midlaterally in the sec¬ 
tion coincides with the region of the large hypodermal cells and adjacent larval cuticle 
figure 8. * 




(For explanation of figures see opposite page). 
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indication of these processes* If second instar larvae Which have been 
feeding on I ln are removed from the food just prior to molting, and are 
washed and then allowed to molt after crawling on moist filter paper, 
Geiger counts of the young third instar larvae indicate a high degree of 
radioactivity. There is no possible way for these larvae to have acquired 
this amount of radioactivity except by first feeding and then depositing 
the I 131 in the skeletal components. Itds therefore legitimate to conclude 
that the deposition of iodine in the protein of the skeleton represents a 
genuine metabolic treatment by the organism of iodine taken up in the 
food. 

Pupal Period .—Larvae which had fed on radioactive food were allowed 
to pupate in the bottles. The pupae (ages 24 hours and 96 hours) were 
then removed, washed and dissected free of the pupa cases. Geiger counts 
were taken on samples, each of which consisted of a tanned puparium and 
its pupa. These were then separated completely and individual counts 
made on the puparium and pupa. The mean of the percentage of activity 
recovered from the completely separated portions was 114.3%. The rea¬ 
sons for this mean being in excess of 100% have already been stated in the 
case of the larvae. When the sum of the counts for the two individual dis¬ 
sected structures was used as 100%, the mean percentage of radioactivity 
in the puparium was 85.0%, in the pupa, 14.9%. Inasmuch as the pupal 
skin remained intact, it seems likely that most of the 14.9%) of activity 
recorded for the pupa was located in the pupal skin, which is very hard to 
separate, rather than in the developing imago or the histolysed larval tis¬ 
sues. In contrast to the larval skin, the tanned puparium can incorporate 
I m if placed in an iodide solution. 

Larval Acquisition.—Adult Emergence . Pupae which had formed from 
larvae having fed on I 181 were removed from the food before emergence of 
the imagos, washed and placed on moist filter paper in a vial. After emer¬ 
gence of the adults, complete dissections were made and counts taken on 
the dissected tissues. In no instance was there any significant radio¬ 
activity. It would appear that the larva and subsequently the pupa use 
the molted exoskeletons as a depot for any iodine that may enter, As far 
as the pupa and imago are concerned, the element can have little if any 
physiological significance. It should be noted that the quantity of iodine 
actually administered in a carrier-free I 181 solution is excessively small and 
therefore likely to give a true picture of the movement of minute natural 
concentrations of stable iodine isotopes in the food. 

Adult Acquisition. —Pupae, formed from larvae which had never fed on 
I m , were buried in the radioactive food and imagos allowed to emerge, 
thereby assuring the adults of radioactive food only. When counts were 
taken on dissections of tissues of the adults after 4-5 days’ feeding, the 
highest percentages of radioactivity were located again in the exoskeleton. 
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Table 3 includes all dissections which indicated 10% or more of the total 
activity calculated on the basis of the sum of the individual counts being 
equal to 100%. 


table s 

Thoracic Exoskeleton. 31.6% 

Legs... 18.1 

Abdominal Exoakeleton..*... 14.0 

Head (—the Eyes)..... 10.3 


Additional data indicate that the iodine is probably in association with a 
protein complex in the adult exoskeleton as is the case in the larva. When 
portions of radioactive adult exoskeletons were treated with hot 5% KOH, 
the activity was lost. The chitin which remained after the treatment was 
free of any radioactivity. 

Geochemical and Comparative Biochemical Significance. —It seems prob¬ 
able that the capacity to link iodine to a protein complex in the exoskeleton 
is characteristic not only of D . gibberosa but is^'typical of other insects 
and possibly other arthropods as well. If one considers the large amount 
of oceanic crustacean plankton, and if the organisms comprising this popula¬ 
tion also can form iodinated scleroproteins, an extremely large amount of 
the iodine present in the ocean might well be bound by their exoskeletons 
and be continually sedimented as exuviae. 

It is known that some sponges and gorgonians accumulate large amounts 
of bromine and iodine in the form of dibromotyrosine and diiodotyrosine. 1 
In view of the results obtained on D, gibberosa, it is reasonable to suppose 
that the concentration of these two halogens in the skeletons of such or¬ 
ganisms is an inevitable result of the formation of scleroproteins in sea 
water containing iodine and bromine. If tyrosine is an- important com¬ 
ponent amino acid of the protein complex in the larval skin of D . gibberosa, 
it should be possible to demonstrate traces of diiodotyrosine in the exo¬ 
skeleton of this insect as well as in the lower invertebrates. 

The author is especially indebted to Mr, Vaughn T, Bowen for invalu¬ 
able help in all phases of this problem and also wishes to thank Profes¬ 
sors G. Evelyn Hutchinson and Donald F, Paulson for continued interest 
in the problem, and Dr. Heinz Herrmann for help in the biochemical 
methods. 

. . * 

i 

* The Geiger counter employed was purchased from a grant to Professor G, Evelyn 
Hutchinson from the Sheffield Fund of Vale University. A part of the cost of the 
plpte has been defrayed by funds from the Survey of Existing Knowledge of Biochem¬ 
istry, American Museum of Natural History. 

* Vinogradov, A. P„ Trw.du Lab , Bio. I*Acad. Sci. de VURSS, 3,236-27g (123$). 

* Richards, G A., Science, 17(M71 (1247). • ' ' 

« Fraenkel, G., and Rudstt, 1C. M., Free. Roy. $ae. t Series B. 122, 1*3$ (1240). 
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DEVELOPMENT 
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By Robert M. Muir* 
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Communicated August 19, 1947 

Fruit development is normally the result of pollination and fertilization 
although numerous instances of parthenocarpy and parthenogenesis have 
been reported in the literature. It has been shown (Muir 11 ) that con¬ 
siderable quantities of diffusible growth hormones are released in the style 
and ovary of Nicotiana tabacum following pollination and fertilization, 
■r^he investigations of Fitting, 6 Laibach, 10 Thimann u and others have 
indicated that pollen is a relatively rich source of growth hormones. With 
this in mind Gustafson 7 postulated that the growth hormones from the 
pollen grains and pollen tubes initiate the early stages of fruit development 
and after fertilization the developing embryo provides additional growth 
hormones to other portions of the ovary for its development. Van Over- 
beek, Conklin and Blakeslee 17 have stated that the pollen of on ordinary 
pollination does not contain sufficient auxin to be the sole cause of fruit 
development. They suggest that the substance from the pollen which 
initiates enlargement of the ovary and ovule may be a prosthetic group 
which properly combined in the ovary forms an enzyme which activates 
the auxin precursor. The verification of either hypothesis requires the 
examination of the possible sources of the growth hormones involved in 
fruit development on a quantitative basis. 

Experiments were performed to determine (1) the amount of growth 
hormones in the pollen grain which could be transported through the 
pollen tube to the ovary; (2) the production of growth hormones during 
the development of the pollen tube; (3) the amount of growth hormones 
tn the ovary before fertilization; (4) the production of growth hormones 
in ovaiy tissues by the action of pollen extracts. 

Bioassay of Growth Hormones .—Determinations of growth hormone 
concentrations were made according to the modification suggested by 
Skoog 11 of the standard Avena test as described by Went and Tlmnann, 18 
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Curvatures are expressed as the arithmetical mean of the test row of plants 
with the standard error of the mean and are recorded for the same agar 
dilution m each instance. Direct comparisons of curvatures are valid 
in any given experiment. To correct for differences in the sensitivity of 
the test plants in different experiments the curvatures are translated into 
the number of micrograms of indoleacetic acid required to produce an 
equivalent amount of curvature of the A vena coleoptile as is produced by 
the growth hormones obtained from the test material. The calculation 
employs the following formula: 

Micrograms Indoleacetic Acid _ V x X C\ X 2.5 X 10““ 4 
Milligram of Material Vs X Q X W 

V\ — volume of agar dilution of the extract 

« volume of agar block applied to each coleoptile * 0.0125 ml. 

Ci * average curvature of coleoptile induced by the extract 
Cs « average curvature of coleoptile induced by 2.5 X 10 ~ 4 micrograms 
of indoleacetic acid 

W ** fresh weight of material extracted in milligrams 

Growth Hormones in Pollen Grains and Pollen Tubes .—A weighed quan¬ 
tity of viable pollen was ground with powdered glass and a few drops of 
a 10-ml. volume of 0.1 N HC1 until examination under the microscope 
revealed no whole grains. The remaining acid was used to transfer the 
mixture quantitatively to a separatory funnel. The pH of the mixture 
was adjusted to 3.0-4 0 (glass electrode) before extraction with three 
separate 50-ml. portions of recently distilled chloroform. The chloroform 
was withdrawn and evaporated until only a few ml. remained which were 
transferred to a small vial and taken up in agar. 

Excellent pollen grain germination and pollen tube growth for the 
various species tested occurred on a medium composed of 1% agar and 
10% sucrose. The pollen was distributed uniformly over 2 ml. of sterile 
medium in a sterile petri dish. A piece of moist filter paper was inserted 
inside the cover and the dish was placed in a darkroom at 25°C. All 
cultures were examined microscopically before being ground with glass, 
acidified and extracted. Occasionally the cultures older than 24 hrs. 
were found to be contaminated and were discarded. 

Representative experiments for each type of pollen are presented in 
table1. Nicotians pollen has a relatively small amount of free hormone 
and no marked increase in amount occurs upon germination. The pollen 
of Datura contains twice as much free hormone as the pollen of Nicotiana 
but no increase in amount occurs following germination. Upon gernxi* 
nation of the Antirrhinum pollen the growth hormone ^ concenteatiw 
increased to an amount which was three or four tinies th^ 
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TABLE I 

Concentrations of Growth Hormones Obtained by Extraction of Pollen Grains 

and Pollen Tubbs 


SOURCE OP 

•TAOB OF MATERIAL 

MO, OP 
POIXBN 

AVBBAOB AVBNA 

MICROORAMB OP 
INOOLK ACETIC 
ACtD X 10” 4 PUR 

POX/LBN 

# 

EXTRACTED 

GRAINS 

TBST CURVATURE 

MG. OP NILIBN 

Nicotiana 

Grains 

29.0 

4 2 - 1.2 

0.7 

tabacum 

Grains 

29.3 

2.0 - 0.8 

0.3 


Tubes (16 Hrs.) 

14.0 

0.0 

0.0 


Tubes (16 Hrs.) 

30.0 

0.0 

0.0 


Tubes (26 Hrs.) 

34.5 

0.0 

0.0 


Tubes (26 Hrs.) 

35.0 

8.6 * 0.8 

1.2 


Tubes (37 Hrs.) 

29,2 

2.0 * 0.8 

0.3 


Tubes (37 Hrs.) 

28.7 

6,0 * i.i 

0.9 

A nlirrkinum 

Grains 

30.0 

4.7 * 0.9 

1.1 

majus 

Tubes ( 8 Hrs.) 

30.0 

16.7 * 1.2 

3.9 


Tubes ( 8 Hrs.) 

30.0 

17.3 * 1.8 

4.0 


Tubes (14 Hrs.) 

30.0 

17.1 * 1,8 

4.0 


Tubes (14 Hrs.) 

30.0 

17.4 * 1.4 

4.0 


Tubes (14 Hrs.) 

30.0 

14.6 * 0.7 

3.4 


Tubes (25 Hrs.) 

30.0 

14.9 * 1.6 

3.5 


Tubes (26 Hrs.) 

30.0 

13.0-1.1 

3.0 

Cyclamen 

Grains 

11.0 

3.9 - 1.5 

2.4 

persicum 

Tubes ( 6 Hrs.) 

12.0 

3.4 * 1.1 

1.9 


Tubes ( 0 Hrs.) 

13.0 

7.9 * 0.8 

4.4 


Tubes (10 Hrs.) 

12,0 

4.7 — 0.4 

2.6 


Tubes (22 Hrs.) 

12.0 

7.2 — 0.7 

4.0 


Tubes (22 Hrs.) 

12.0 

9.9 - 0.7 

6.0 

Datura 

Grains 

53.0 

11.3 * l.l 

1.4 

suaveolens 

Tubes ( 9 Hrs.) 

70.0 

16.6 - 2.6 

1.6 


Tubes ( 9 Hrs.) 

63.0 

14.3 - 1.6 

1.5 


Tubes (26 Hrs.) 

62.0 

16.4 - 1.6 

1.8 


grain. The pollen grains of Cyclamen were the richest source of hormones. 
The concentration of free hormone in the germinated pollen was double or 
triple the concentration before germination. The considerable fluctuation 
in the concentration of free horrpone was found to be characteristic for 
the poUen tube growth of both Nicotiana and Cyclamen. 

Growth Hormones in Pollen Grains Subjected to Hydrolysis. —The in¬ 
creased concentrations of growth hormones in the germinated pollen of 
Antirrhinum and Cyclamen suggests the liberation of active hormones from 
Inactive combinations during the growth of the pollen tube. The investi¬ 
gations of Skoog and Thiraann, 1 ' Wildman and Gordon, 1 * Gordon 4 and 
Avery, Berger and White 1 all indicate the existence of growth substances 
both as free, active entities and in bound, inactive combinations. To 
release the active hormones the pollen grains were subjected to acid and 
nllralitH* hydrolyris following the methods of Avery, Berger and White. 1 
Thirty tag. of pollen grains wen ground with powdered glass and trans- 
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ferred to a large test tube with 5 ml. 1.0 iV NaOH or 10 ml. 0.1 N HC1. 
The mixtures were autoclaved 30 min. at 15-lb. pressure (120°C.) and 
allowed to cool. The pH was adjusted to 3.0-4.0 with 1.0 N HC1 and the 
aqueous solutions were extracted with chloroform. The concentrations 
of free hormones following hydrolysis of the pollen materials are presented 
in table 2. A remarkable uniformity of yield following hydrolysis with 

TABUS % 

Concentrations op Growth Hormones Obtained by Extraction ok Pollen Grains 

Following Hydrolysis 


•nCKOOKAMB OP 
INDOLE ACETIC 


SOURCE OF 

EXP. 

TY**U OP 

AVERAGE AVRNA 

ACID X 10“* PH* 

POLLEN 

NO. 

HYDROLYSIS 

TEST CURVATURE 

WO. OP POLLEN 

Nicotiana tabacum 

1 

None 

0.0 

0.0 


* 

None 

0.0 

0.0 



None 

0.0 

0.0 



Alkali 

30.5 «*= 1.8 

3.6 



Alkali 

27.8 * 1.5 

3.3 



Alkali 

30.4 =*3.1 

3.6 



Acid 

0.0 

0.0 



Acid 

0.0 

0.0 



Acid 

0.0 

0.0 

Antirrhinum majus 

1 

None 

4k 

o 

K 

© 

0.6 



None 

0 0 

0.0 



Alkali 

31.6 * 1.3 

4.6 



Alkali 

32.0 *0.9 

4.7 . 

■ 

2 

Alkali 

19.7 * 1.0 

3,0 



Acid 

20.2*1.3 , 

3.1 



Acid 

19.2 * 1.0 

3.0 

Datura suaveolens 

1 

None 

22.4 * 1.3 

3.3 



Alkali. 

22.6 * 1.4 

3.3 



Alkali 

. 24.4*2.1 

3.6 

* 


Alkali 

22.7 * 1.6 

3.3 


2 

Alkali 

28.4 * 1.9 

4.3 



Alkali 

27.6 * 1.8 

4.2 



Acid 

0.0 

0.0 

' 


Add 

0.0 

0.0 • 




alkali is demonstrated. These yields are the same as those obtained 
following germination of Antirrhinum and Cyclamen pollen but are much 
larger than the yields obtained from germinated pollen of Nicotiana. 
Although larger amounts of hormones were obtained in these experiments 
with pollen of Datura collected in June than were obtained in the germina¬ 
tion teste Pith pollen collected in April, the hydrolysis of the material did 
not increase the yield of free hormone, which fact is in agreeiheht with the 
demonstration that no marked change in concentration Of growth sub¬ 
stances occurred following germination of the pollen. Add hydrolysis 
did not increase the yield of free hormone from Nicotiana pollen and de* 
creased the yield IromDatura pollen. Acid hydrolysis of thejpoHen of 
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Antirrhinum increased the yield of hormone as much as hydrolysis with 
alkali increased it. These data indicate that the hormones of the Nico¬ 
tians pollen are in a bound, inactive state and are only partially liberated 
during the germination of the grain. The hormones of Antirrhinum pollen 
are in a bound, inactive state for the most part but are liberated during 
germination. The hormones of Datura pollen are all present in the free, 
active form. 

Growth Hormones in Ovary Tissue .—-The hypothesis of the enzymatic 
activation of the auxin precursor in the ovary as a result of pollination 
made the assumption that a similar condition of active and inactive forms 
of the growth hormones occurred in the ovary as had been demonstrated 
by van Overbeek 10 for the coleoptile tip of maize seedlings. Extractions 
of dried ovary tissue of Nicotians and Antirrhinum were made to investi¬ 
gate the occurrence of both free and bound forms of the hormones in the 
unpollinated pistil. The ovary tissue was dried in vacuo at 60°C. and 
ground to pass through an 80-mesh screen. Determinations were carried 
out with 20-mg. samples of this material. 

The conversion of the bound form of the hormone to the free form by 
enzymatic digestion was investigated by dispersing the tissue in 10 ml. qf 
KH s PCVNaOH buffer solution of pH 8.0 with 3 mg. of a commercial 
pancreatic preparation (Fairchild). Numerous tests of this preparation 
have shown it to have no growth effects in the A vena test. Controls were 
prepared in which the enzyme preparation was omitted. The develop¬ 
ment of microdrganisms in the digestions was prevented by adding 15 
drops of toluol every 24 hrs, and tightly stoppering the flasks. Following 
incubation at 37°C. for 48 hrs., the pH of the mixtures was adjusted to 
3.0-4.0 and the hormones were extracted from the mixtures with purified 
ether. The conversion of the bound form to the free hormone by hy¬ 
drolysis with 1.0 N NaOH and 0.1 N HC1 was determined as in the experi¬ 
ments with the pollen materials. The concentration of free hormone 
was determined by an ether extraction of the ovary tissue dispersed in 
acidified water for a period of 8 hrs. at 4°C. 

The results of representative experiments with each type of tissue are 
presented in table 3. They show that the unpollinated pistil of Nicotians 
contains no detectable free hormone but that a considerable quantity of 
bound hormone is present which can be converted to the active form merely 
by incubation in a medium of pH &0 and to a lesser degree by add and 
alkali hydrolysis. The unpollinated pistil of Antirrhinum contains a small 
amount of free hormone but a much larger amount of bound hormone which 
can be Converted to the active form by incubation in a medium of pH 8.0 
and by acid hydrolysis but not appreciably by alkali hydrolysis. 

TheConversion of Bound Hormone to Free Hormone by Pollen Extracts.— 
The demonstration of considerable quantities of bound hormone in the 
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TABLE 8 


Concentration a of Growth Hormones Obtained by Extraction or Ovary Tissue 


soentes ov 


AVRRAOE AVSNA 

MXCftOOftAMft or 
lNDOLtACntC 

agio X I 0“ 4 raft 
mo. or nwvB 

fMVI 

TftBATMBNT 

TUT CURVATORB 

(VftftSM WT.) 

Nicoliana tabacum 

Tryptic digestion 

37.3 * 2.5 

1.6 


Tryptic digestion 

32.0 * 1.9 

1.3 


Control incubation 

38.0 a 1.5 

1.5 


Add hydrolysis 

10.0*0.2 

0.4 


Add hydrolysis 

10.2 *0.7 

0.4 

i 

Alkali hydrolysis 

12.4 * 0.8 

0.5 


Alkali hydrolysis 

8.1 * 1.0 

0.4 


None 

0.0 

0.0 


None 

0.0 

0.0 

Antirrhinum majus 

Tryptic digestion 

28.2 *2.0 

1.8 


Control incubation 

19.5 * 1.9 

i.o 


Control incubation 

14.3 * 1.0 

0.7 


Acid hydrolysis 

14.0,* 0.8 
2.3 * 0.4 

0.7 


Alkali hydrolysis 

0.1 


Alkali hydrolysis 

3.9 *0.7 

0.2 


None 

5.4 *0.5 

0.3 


None 

3.1 *0.8 

0.2 


TABLE 4 

The Conversion of Bound Hormone to Free Hormone in Ovary Tissue op Nico- 

tiana by Polled Extracts 

txr. AVMLAOS AVSNA 



FftftffAXATIOK 

TUT CURVATTJRB 

Distilled water. 

Ovary tissue + pollen extract 

22.8 * 1.2 

pH 8.3 

Ovary tissue 

0.0 


Ovary tissue 

0.0 


Pollen extract 

0.0 


* Pollen extract 

0.0 

Buffer solution, 

* Ovary tissue + pollen extract 

27.0 * 2.8 

pH 5.9 

Ovary tissue + pollen extract 

20.0*1.1 


Ovary tissue . 

0.0 


Ovary tissue 

0.0 


Pollen extract 

0.0 


Pollen extract 

0.0 

Buffer solution, 

Ovary tissue + pollen extract 

15.0 * 1.3 

pH 5.9 " 

Ovary tissue + pollen extract 

14.7 * 1.4 


Ovary tissue 

8.6* 1.2 - 

' i ’’ ’ 

Ovary tissue 

4.8 * 1.1 

1 ■: 

Patten extract 

0.0 

■ ' " \ 

Pollen extract 

0.0 

Buffer solution, 

,. Ovary tissue + pollen extract 

22.7 * 1.6 

pH 8.0 

Ovary tissue + pollen extract 

40,8*8.2 


Ovary tissue .'■/ • • ' 

1 ■ Ovary tissue : ' 
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ovary of Nicotiana and Antirrhinum suggested the investigation of sub¬ 
stances in pollen which might bring about the activation of the hormones 
as hypothesized by van Overbeek, Conklin and Blakeslee.. Extracts 
were made by grinding 0.1 gm. of Nicotiana pollen grains with glass dis¬ 
persing the material in distilled water and toluol, and agitating the mixture 
mechanically for 37 ins. at 13°C. The suspension was centrifuged to 
remove the glass and pollen debris and 16 ml. of a yellowish, slightly 
turbid extract were obtained. Twenty mg. of dried ovary tissue of 
Nicotiana (unpollinated pistils) were dispersed in 10-ml. portions of dis¬ 
tilled water and KHjPO,-NaOH buffer solutions of pH 8.0 and 5.9. Two 
ml. of the pollen extract were added to one set of dispersions, 2 ml. of dis¬ 
tilled water were added to a control set and 2 ml. of the pollen extract were 
added to 10 ml. of water and buffer solutions which did not contain ovary 
tissue. All mixtures were incubated at 37°C. for 24 hrs. after 20 drops of 
toluol had been added and the flasks tightly stoppered. After incubation 
the pH of the mixtures was adjusted to 3.0-4.0 and extractions were made 
with ether. 

The results of two experiments presented in table 4 show that in dis¬ 
tilled water and buffer solution of pH 5.9 the mixture of ovary tissue and 
pollen extract yielded large quantities of bee hormones whereas the ovary 
tissue alone and the pollen extract alone yielded none or little free hormone. 
In buffer solution of pH 8.0 the same yields of free hormones were obtained 
from the ovary tissue alone as were obtained from the mixture of ovary 
tissue and pollen extract. The conversion of the bound form of the hor¬ 
mone to the free form in an alkaline medium has been observed previously 
(see table 3). These experiments demonstrate that the extract of the 
pollen contains a?substance or substances which can convert the bound 
hormones in the dried ovary tissue to free hormones. 

Discussion and Interpretation of Experimental Results .—Since the pollen 
grains, pollen tubes and ovaries have all been shown to contain growth 
substances, the source of the diffusible hormones detected in the ovary 
following pollination and fertilization can be established only by a com¬ 
parison of the amounts in the pollen and ovary tissue. Buchholz* has 
Stated that 600-900 pollen grains may be regarded as a normal abundant 
pollination in Datura and van Overbeek, Conklin and Blakeslee cite this 
figure to support their view that the pollen has insufficient hormones to 
cause fruit development. Thus 1000 pollen grains would be a liberal 
figure for pollination. Determinations of hormone concentrations were 
made on a weight basis and the calculation of amounts of hormones in¬ 
volved in a normal pollination requires estimates of the number of grains 
per unit weight of polled. ffeyl* while studying the chemical composition 
of polka esti m ated that there are 610 millions of grains in one gram of 
mgweed po&tn and Ulrich 1 * estimated 173 millions of grains per gram of 
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ragweed pollen. In this study estimates of the number of grains per gram 
of pollen were made by dispersing a weighed amount of pollen in a definite 
volume of.80% glycerol and water after wetting the grains with a drop 
of chloroform. Duplicate aliquots of the suspension were placed on a 
glass slide under a cover glass and counted with the aid of a mechanical 
stage. The pollen grain of Nicotiana has an average volume of 14,500 
cubic microns and there are approximately 60 millions of grains per gram 
of fresh pollen. The pollen grain of Antirrhinum has an average volume 
of 5300 cubic microns and there are approximately 170 millions of grains 
per gram of fresh pollen. 

Small yields of growth hormones were obtained from Nicotiana pollen 
grains and tubes but approximately 4.0 X 10- 4 microgram of indoleacetic 
add per milligram of pollen was obtained following alkali hydrolysis and 
as this concentration corresponds well with maximum yields from other 
types of pollen it will be acceptable as the maximum concentration in 
Nicotiana pollen. Calculation reveals that the maximum concentration 
of growth hormones in the pollen of a normal pollination is then 6 X 10“* 
microgram of indoleacetic add. In experiments with Nicotiana tabacum 
reported elsewhere (Muir 11 ) it was found that immediately following 
fertilization there appear sufficient diffusible growth hormones in the ovary 
to produce curvatures of 30 degrees in the Avena test, a concentration of 
approximately 6 X 10~ 4 microgram of indoleacetic add, 100 times as 
much hormone as is contained in the pollen of a normal pollination. Simi¬ 
larly, following pollination there appear sufficient diffusible growth hor¬ 
mones in apical and basal portions of the style to produce curvatures of 
10 degrees, a concentration of approximately 2 X 10 microgram of 
indoleacetic add* 30 times as much growth hormones as are contained in 
the pollen. Maximum yields of hormones from the ovary tissue of un¬ 
pollinated Nicotiana pistils were 1.5 X 10~ 4 microgram of indoleacetic 
add per milligram of fresh tissue. The ovary with an average fresh weight 
of 34 mg. thus contained approximately 5 X 10 micro gram of indole- 
acetic add, 800 times as much hormone as was found in the pollen. Yields 
of hormones obtained by extraction of unpolhnated pistils were 8 times 
as great as the yields obtained by diffusion of fertilized ovaries. 

Calculation of the amount of growth hormones hi the pollen of a normal 
pollination for Antirrhinum gives a value of approximately 2 X 10'** 
microgram of indoleacetic add. The maximum yield of hormones from 
the ovary tissue of unpolhnated Antirrhinum pistils was 1.3 X 10“ 4 micro¬ 
gram of indoleacetic add per milligram of tissue. The ovary with an 
average fresh weight of 8 mg. thus contained approximately 1 X 10*** 
m i crogr a m of indoleacetic add, 500 times as much hormone as contained 
in the oo Ben . 

The above comparisons <of the amounts of growth hannoues in the 
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pollen and ovary tissue and the demonstration that incubation of water 
extracts of pollen with ovary tissue yields large amounts of free growth 
hormones establish the fact that changes in concentration of active hor¬ 
mones in the pistil associated with pollination and fertilization are the 
result of a substance or substances, other than growth hormones, brought 
into the pistil by the pollen tubes. 

The identity of the effective substance in pollen will be indicated more 
definitely when the mechanism of free auxin formation in the ovary follow¬ 
ing fertilization has been established. The investigations of Skoog and 
Thimann 1 * and Wildman and Gordon 19 suggest that in some tissues the 
inactive growth hormones are bound to proteins and thus the effective 
substance in pollen may be part of an enzyme system which brings about 
the release of active hormone from protein combinations. Recently 
Bonner and Wildman* have suggested that the hormone protein complex 
in the leaves of spinach is an active entity with the enzymatic properties 
of a phosphatase and that the hormone, indoleacetic add, is formed from 
tryptophane. The significance of phosphatase in the metabolism of re¬ 
production in plants is indicated by the data of Ignatieff* who found that 
the phosphatase activity and the total phosphorous content of pistils 
and stamens are greater than in any other part of the flowering plant. In 
plant tissues other than leaves the inactive growth hormones may be true 
storage forms as indicated by the investigations of Gordon* on the hormone 
and protein combinations in wheat grains and the investigations of Berger 
and Avery* on the inactive hormone in maize endosperm. The possibility 
thus exists that the pollen substance is a coenzyme or activator of enzymatic 
systems present in the ovary which liberate active hormones from the 
storage forms. 

Summary .—1. Determinations of growth hormone concentrations in 
pollen grains and pollen tubes have shown that free hormones are present 
in the pollen grains and that variable amounts are present during pollen 
tube growth. Larger quantities are present in a bound form that can be 
activated by alkali hydrolysis in the pollen of Nicotiana and by both acid 
and alkali hydrolysis in the pollen of Antirrhinum . The growth hormones 
in the pollen of Datura are all present in the active form. Maximum 
yields obtained by various procedures are m agreement, 

2. Little or no growth hormone is present in the active form in dried 
ovary tissue of Nicotiana and Antirrhinum but large quantities ate present 
in an inactive form that can be activated most completely by incubation 
at pH 8.0 and less completely by acid or alkali hydrolysis, A water extract 
of Nicotiana pollen contains a substance or substances which can bring 
about the conversion of the inactive growth hormones in the dried ovary 
tissue of Nicotiana to the active forms in an add medium in vitro. 

Z. Compariscmsxrf the amounts of growth hormones contained in the 
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pollen of a normal pollination with the amounts of diffusible hormones 
which appear in the ovary immediately after pollination and fertilization 
and with the amounts of inactive hormones in the ovary indicate that the 
changes in growth hormone concentrations following fertilization are the 
result of a substance in the pollen other than the growth hormones. It is 
suggested that this substance is part of an enzyme system. 

* The author expresses his gratitude to Dr. F. G. Gustafson, Department of Botany, 
University of Michigan, for his suggestions and interest in the course of this study and 
for facilitating its completion following military service. 
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NUTRITIONAL LIFE HISTORY INFLUENCED BY DIETARY 
ENRICHMENTS. II. BODY WEIGHT AND BODY CALCIUM 
IN CASES OF PROTEIN-ACCELERATED GROWTH* 

By Henry C. Sherman and Constance S. Pearson 

Dsn»nuiNT or Cummnav, Columbia Uttmnamr 
Communicated August 29,1947 

In a previous paper 1 we have reported that when a diet of about minimal 
adequacy is protein and calcium content was enriched in protein by the 
addition of poultry meat, growth was accelerated but calcium, retention 
did not keep pace. During the resulting period of iipid growth frith 
relatively low calcium content of body a minority of, the experimental 
an muOs showed symptom* mu rae stiv c of cdc a a* deficiency* while the 
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majority showed no visible injuiy and continued to make increased gains 
in body weight up to the age of 84 days as shown by the tabulated data 
of our preceding paper. 



AOC IN OATS 

FIGURE 1 


Smoothed curves representing body weights: I, average of three females receiving 
basal diet ad Hb; It, average of three females receiving the same plus 60 g. per week of 
poultry meat; 111, of a male receiving basal diet ad Ub; IV, of a litter-mate male receiv¬ 
ing the same plus 60 g. per week at poultry meat. The date of killing lor analysis is 
indicated by K. 


As the protein'-accelerated rats reached about the average adult size for 
the animals of the Columbia colony, their weight curves flattened off 
while the smaller animals which had received the basal diet only, continued 
to grow. But at about one year of age when the slower-growing rats 
were also reaching their final adult gize,'the animals which had the protein- 
enriChed diet still averaged huger than the controls which had reoeived 
the basal dkt only. This difference, while not large nor invariable, is 
probably significant. The curves shown in figure 1 are representative of 
our fhflKul expe rien ce on tisb noint There Mtictdif animals were 
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killed and analyzed for body calcium at about one year of age, with the 
results shown in table 1. 


TABLE 1 


Comparison of Calcium Contents of Adult Rats Fed Basal Diet 16 Alone or 
with the Addition of 60 Gm. per Week of Poultry Meat (Diet 16 P 10) 


FROM DIRT 10 

Males (litter mates) 


Age, days 290 

Weight, g. 296 

Body calcium, g. 1.87 

Body calcium, % 0.67 


FROM MET 10 P 10 


290 

314 

1.76 

0.60 


Females (average of 3 in each case) 


Age, days 
Weight, g. 

Body calcium, g. 
Body calcium, % 


354 

199 

1.99 

1.08 


348 

221 

1.89 

0.93 


\ 

It will be seen that at full adulthood the animals which had received 


the protein-enriched * diet were still ahead in body weight and behind 
(their controls) in body calcium. This is the more noteworthy in that 
the animals which had received the basal diet only contained both larger 
amounts and higher percentages of calcium in their bodies. 

The larger number of the animals which were given this dietary enrich¬ 
ment ate being continued, as are their controls, in the hope of carrying the 
comparison throughout their complete life histories. 


* The work recorded in this paper and in paper I of this series was aided by grants 
from the John and Mary R. Markle Foundation. 

1 Sherman, H. C., and Pearson, C. S., Proc. National Acad. Sci . 33, 264-266 (1947). 


DEPLETION MUTATION IN SACCHAROMYCES* 

By Carl C. Lindbgrbn and Gertrude Lindbgrbn 
The Henry Shaw School of Botany, Washington University, St. Loins, Mo. 

' 4 - 

Communicated September 12,1947 

An a mating type galactose-, maltose-fermenting haplophase segregant 
of Saccharomyccs cerevisiac was subjected to mustard gas treatment by 
Tatum and Reaume (Tatum and Reaume, in ms.) and produced an 
adenine-dependent mutant with pink colonies. The symbol ad(P) in¬ 
dicates the adenine-dependent variant producing pink colonies; ad 
indicates the same allele carried by a white phenotype. The symbol 
AD indicates the dominant allele; no secondary symbol is necessary for 
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these are always white. The adenine-dependent pink (ad(P)) culture 
was shown to be a gene mutation by hybridizing it with an adenine- 
independent white (AD) haplophase of 5. cerquisiae. 


MATING 

Haploid X haploid 
Gene ad(P) X AH 

Color Pink X White 


HYBRID tftBORBGANTH 

Diploid Haploid Haploid Haploid Haploid 

ad(P)/AH ad(P) ad(P) AD AD 

White Pink Pink White White 


Forty-six asci were dissected from the white hybrid and in 42 asci, two 
white and two pink cultures arose from each ascus, proving that gene 
mutation was involved (table 1). In these 42 asci the pink cultures were 

adenine-dependent and the white cultures were adenine-independent. 

% 

TABL1S 1 

Genbtical AnXlysis of Asci from Various Crosses Involving Pink, and White 

Color, and Adenine and Methionine Synthesis 

--— -.EOKIIOANTfl-—-■ - ■ 




NO. 




MATINGS 

ASCI 

ABC 

D 

COLOR 

add*)MET X AD MET 

42 

od(P) ad(P) AD 

AD 

2 pink:2 white 

pink 

white 

1 

ad(P) ad AD 

AD 

1 pink:3 white 



2 

ad Ad AD 

AD 

0 pink:4 white 



1 

ad(P) ad(P) ad(P) 

AD 

3 pinkil white 

ad(P)MKT X AD mat 

7 

ad(P)MBT ad(P)MKT .AD met 

AD met 

2 pink:2 white 

pink 

white 

fi 

ad met ad met AD MET 

AD MKT 

0 pink:4 white 



23 

ad (P) MET ad met AD met 

AD MET 

1 pink:3 white 

ad met 

X AD MET 

7 

ad(P)MKT ad(P)MBT AD met 

AD met 

2 pink:2 white 

white 

white 

A 

ad met ad met AD MET 

AD MET 

0 pink:4 white 



27 

ad<P)MET ad met AD met 

AD MKT 

1 pink:3 white 

ad(P)MET X ad(P)MET 

6 

ad(P)MET ad(P)MBT ad(P)MBT ad(P)MET 

4 pink:0 white 

pink 

pink 





ad met 

X ad met 

3 

ad met ad met ad met 

ad met 

0 pink:4 white 

white 

white 





ad(P)MET X AD MET 

7 

ad(P)MET ad(P)MBT AD MET 

AD MET 

2 pink:2 white 

pink 

white 




ad MET 

X ad(P)MKT 

■F 

11 

ad(P)MKT ad(P)MBT ad(P)MET ad(P)MET 

4 pink:0 white 

white 

pink 





ad MET 

X ad(P)MBT 

10 

ad(P)MET ad(P)MBT ad(P)MBT ad(P)MET 

4 pink:0 white 

white 

pink 





ad MET 

X ad met 

8 

ad(P)MET ad (P) MET ad met 

ad met 

2 pink:2 white 

white 

white 





ad M#T 

X AD met 

l 

ad(P)MET ad(P)MET AD met 

AD met 

2 pink:2 white 

white 

white 

A 

ad(F)MET ad met AD met 

AD MKT 

1 pink:3 white 


Three asci produced fewer than the expected number of pink segregants. 
One contained three white and one pink culture; the pink segregant and 
one white culture were adenine-dependent. Two asci produced 4 white 
cultures; two were adenine-dependent and two were adenine-independent. 
These exceptional adenine-dependent white cultures will be discussed in 
detail below. 

From one ascus more than the expected number of pink cultures was 
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obtained (three pink and one white culture) and the three pink segregants 
were adenine-dependent. Most of the adenine-dependent cultures adapt 
after fourdays and grow in f the adenine-deficient medium. The differences 
in growth in adenine-deficient and adenine-containing medium are generally 
diagnostic on the second and third days; but growth of the so-called 
adenine-dependent cultures in the adenine-deficient medium becomes 
fairly dense on the sixth and seventh day. The extra pink culture may 
have been slow in adapting to adenine synthesis due to some other de¬ 
ficiency. 

The hybrid was also heterozygous for mating type, galactose-, maltose- 
and melibiose-fermentation and there were no exceptions of these charac¬ 
ters to Mendelian segregation. 

The hybrid from which the 46 asci were analyzed was homozygous for 
genes controlling the synthesis of methionine, so that relatively adequate 
amounts of methionine were available to all four segregants. Tatum and 
Reaume also discovered a methionine-dependant mutant produced by 
mustard gas treatment and this gene was introduced into the stock by a 
series of matings. A hybrid heterozygous for adenine-dependence and 
methionine-dependence was produced. Analysis of 74 asci from the 
reciprocal crosses ad(P) MET X AD met (pink X white) and ad met X 

AD MET (white X white) revealed that the development of pink color 

* 

required methionine. The adenine-dependent white cultures were also 
methionine-dependent and all the adenine-dependent pink cultures were 
methionine-independent proving that methionine, was required for the 
development of the pink color. 

I have pointed out that a doubly heterozygous hybrid produces only 
three kinds of asci and that the frequency of these three types can be used 
to detect linkage of either of the genes with each other or with their re¬ 
spective centromeres. The data in table 1, show that the two reciprocal 
matings, one producing 35 and the other producing 39 asci, both follow 
the same pattern and the three kinds of asd are present with a total fre¬ 
quency of 14:10:50, which is statistically equivalent to a 1:1:4 ratio, 
proving that the two genes are not linked. Asci containing 2 pink: 2 white; 
0 pink:4 white; 1 pink:3 white, correspond to the same three,categories 
and reveal that pink is produced as a result of a two-factor interaction. 

Six asd from a pink by pink hybrid produced four pink cultures from 
each ascus. Three asd dissected from a homozygous adenine-dependent, 
methionine-dependent hybrid produced only white cultures. Seven asd 
from an ad(P)MET X AD MET back-cross hybrid produced 2 pink and 
2 white per ascus. This further confirms the regular segregation of the 
two genes. 

Adenine-dependence is the effect of the action of a single gene; pink ‘ 
pigment is a correlated effect Which depends on the synergistic effect of 
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other genes as well. Pink pigment is apparently produced following the 
interaction of a precursor of adenine and an excess of methionine plus 
other substances. Pigment is usually produced in organisms incapable 
of completing the synthesis of adenine and capable of producing a con¬ 
siderable amount of methionine. The variation in intensity of color in 
different pink organisms indicates that many other factors affect color 
intensity. 

False Mutations .—Some of the adenine-dependent, methionine-de- 
pendent white cultures were transferred to peptone agar to which an excess 
of methionine had been added. Pink cultures appeared thus confirming 
the dependence of the pink character on the presence of methionine. 
Added methionine did not induce the development of a pink color in any 
of the adenine-independent white*organisms. When the cultures arising 
from homozygous ad met stocks were grown on agar, numerous small 
secondary pink papillae often appear suggesting local accumulation of 
sufficient methionine to produce the pink color. 

Variations in bacteria following environmental changes have often been 
called *'mutations* 1 but the present experiments show that variations may 
also be due to a deficiency either of external or internal origin which 
prevents the development of the characteristic phenotype on a deficient 
medium. False “mutations” from pink to white may appear when growth 
occurs in the absence of sufficient methionine to insure the production of 
the pink color; many pink cultures have white borders which may arise 
when the supply of methionine in the medium becomes exhausted. Trans¬ 
fer of these false “mutants” to a medium containing sufficient methionine 
may result in a false “reverse mutation” from white to pink without any 
change occurring in the gene itself. 

Depletion Mutation .—Tatum and Reaume discovered that white (ad 
MET) variant colonies which retain their methionine synthesizing ability 
often arise from pink cultures on vegetative propagation—a fact which 
we have confirmed, and which they will discuss in greater detail elsewhere. 
Numerous white variants of the original pink have appeared. These 
white variants are ad MET like’the white variants of Tatum and Reaume. 
Similar white segregants arising in the pink pedigree were subjected to 
genitical analysis. 

Two hybrids of one of the exceptional adenine-deficient methionine- 
sufficient (ad MET) white cultures (obtained among the 46 asci from the 
first hybrid in table 1) by standard pinks, ad(P)MET, produced 21 asci 
containing 4 pink cultures each. Eight asci from a hybrid of the excep¬ 
tional white (ad MET) by a standard adenine-dependent, methionine- 
dependent white produced two pink and two white cultures per ascus; 
the white cultures were methionine-dependent. Six asci of an exceptional 
white (ad MET) by an adenine-independent, methionine-dependent white 
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produced the progeny that would be expected if the exceptional white were 
a normal pink. This analysis indicates that the inability of these excep¬ 
tional adenine-dependent, methionine-independent cultures to produce 
the pink pigment was due to some mechanism which is restored to activity 
following hybridization. 

The following hypothesis is invoked to explain the effect of outcrossing 
in restoring the pink color. Pink depends upon the presence of the two 
genes ad and MET plus some other substances (X, Y % Z, etc.). The 
substance X is an essential component of gene X which has no other com¬ 
ponents besides X , Continuous production of pink exhausts the supply 
of X and results in the “running out” of the character. The stock to which 
the outcross is made carries gene X with an* intact supply of the X com¬ 
ponent for since the stock does not produce pink it does exhaust its supply 
of the X substance. The outcross automatically restores the X substance 
and reestablishes the pink color. Other stocks may become white because 
Y or Z substances are exhausted. Mutations from pink to white are not 
the result of a drastic change in genotype but merely the result of the 
exhaustion of some gene component easily supplied by outcrossing to any 
normal stock. 

* This work was supported by grants from Anheuser-Busch, Inc., Washington Uni¬ 
versity and the American Cancer Society. 

Lindegren, Carl C. f and Lindegren, Gertrude, "Mendelian Inheritance of Genes 
Affecting Vitamin Synthesizing Ability in Saccharomyces,** Ann. Mo. Bot. Gard., 34, 
95-100 (1947). 

Lindegren, Carl C., and Raut, Caroline, “The Effect of the Medium on Ap¬ 
parent Vitamin-Synthesizing Deficiencies of Microorganisms/* and “A Direct Relation¬ 
ship Between Pantothenate Concentration and the Time Required to Induce the Pro¬ 
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WIND-DRIVEN CURRENTS IN A BAROCLINIC OCEAN ; WITH 
APPLICATION TO THE EQUATORIAL CURRENTS OF THE 

EASTERN PACIFIC* 

By H. U. Sverdrup 

Scripts Institution op Oceanography, University op California, La Jolla, 

California 

Communicated July 31, 1947 

L Introduction .—Permanent ocean currents are computed from the 
observed distribution of density on the assumptions (1) that the horizontal 
pressure gradient is balanced by the Coriolis force (the deflecting force of 
the earth’s rotation) and (2) that the horizontal velocities and the hori- 
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zontal pressure gradient vanish at a moderate depth below the sea surface. 
The second condition can be fulfilled only in a baroclinic system, that is, 
in a system in which the isosteric surfaces intersect the isobaric surfaces. 

In the computation of currents acceleration and frictional forces are 
neglected. Experience indicates that the computations lead to nearly 
correct results, implying that accelerations and frictional forces are small, 
but since friction is not entirely lacking,, energy must Jbe supplied to the 
ocean in order to maintain the permanent currents and the corresponding 
permanent distribution of mass. This energy can be supplied by the 
effects of heating and cooling or by the stress which the prevailing winds 
exert on the sea surface. Of the sources the latter is generally considered 
to be the more important. We shall examine effects of the wind stress 
only, taking into account that the ocean waters in motion represent a 
baroclinic system. 

Ekmaii 1 and Stockmann 2 have examined the currents which develop 
in a homogeneous ocean under the influence of a stress exerted on the free 
surface, and Fjeldstad* has solved a special problem dealing with baro¬ 
clinic conditions. If the general problem for a baroclinic ocean could be 
solved, knowledge of the wind stress alone would enable us to compute the 
permanent ocean currents, provided the effects of heating and cooling were 
negligible. A treatment of this general problem would present great 
mathematical difficulties because it would require the introduction of 
lateral frictional stresses and complete boundary conditions. Here we 
shall deal with the special case of equatorial currents in a region where 
lateral stresses can be neglected, boundary conditions are relatively simple, 
wind systems are semipermanent, and where our results imply that effects 
of heating and cooling, if present, need not be considered explicitly. 

The striking feature of the currents of the equatorial regions is that 
imbedded between the currents which flow toward the west under the 
influence of the prevailing trade winds equatorial counter currents flow 
toward the east , In the Pacific and Atlantic Oceans the counter current 
is particularly well developed in the eastern parts of the oceans where it 
is located north of the equator, its axis coinciding approximately with the 
location of the equatorial calm belt which is found further to the north in 
summer than in winter. In the Indian Ocean the counter current is found 
to the south of the equator, but in the northern winter only. 

Our specific problem is to determine whether the equatorial currents, 
including the counter currents, can be accounted for on the basis of our 
knowledge of the wind stress only. This problem was first approached 
by Montgomery and Palmln, 4 bpt Stockmann 3 has shown that they did 
not treat it in a sufficiently general manner. Stockmann’s theoretical 
results* however, are not applicable to the conditions in the ocean because 
he assumed homogeneous water, but a similar analysis for a baroclinic 



320 


GEOPHYSICS: H. U. SVERDRUP 


Pkoc. N. A. S. 


* 

system leads to a remarkable agreement between theoretical conclusions 
and observed conditions. 

2 . Theory .—The ocean waters are so nearly in hydrostatic equilibrium 
that at any depth the pressure, p, can be determined by a numerical 
integration of the hydrostatic equation: 


dp « gpdz (1) 

+ 

provided that the density, p, is known from observations. In equation (1) 
and in the following equations the r-axis is positive downwards. 

Neglecting lateral stresses the equations of horizontal motion can be 
written: 


Ou 

Ot 


, bu , bu 
+ u -—h v— 
ox oy 


bv 

bt 


, bv , 

+ * 
ox oy 




where u and v are the horizontal velocity components in a rectilinear 
coordinate system, X = 2<*> sin <p (w the earth's angular velocity of rotation, 
<p the latitude, taken positive to the north of the equator), and A is the 
eddy viscosity. 

We shall assume stationary conditions, 


bu Ov 

Illl ■!* 

bt bt 




and shaU neglect the non-linear terms, the field accelerations: 


dw 

*T“ VT" '' 

oy 






thereby placing severe restrictions upon the possible lateral boundary 
conditions. Equations (2) reduce to: 

x , a (M\ 

bx bz\ Os) 

(5) 

by P bt \ bt/ 

stating that the horizontal pressure gradient is balanced by the Coriolis 
force and frictional stresses exerted on horizontal surfaces. In homogentous 
water the horizontal pressure gradient is independent of depth but in a 
barodinic system varies with depth. In the ocean it generally vanishes at 
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a moderate depth, less than that to the bottom. We define a function P 
by the integrals 



where d is equal to or greater than the depth at which the horizontal 
pressure gradient becomes zero. The function P, which is closely related 
to the P-function introduced by Ekraan, 6 can be computed from the 
observed vertical distribution of density at a single oceanographic station, 
using equation (1). 

The horizontal velocity must vanish at or above the depth d. The 
integrals 

M z = f/pudz, M t = f 0 d pvdz (7) 


represent therefore the components of the net mass transport by the cur¬ 
rents. 

Integrating equations (5) from 0 to d, and introducing the horizontal 
boundary conditions: 




where r x and r# are the components of the wind stress, we obtain: 


* 


bP 

dx 


\M V + r. 



oy 


The terms in equations (9) are well known in oceanography* Omitting 
the stress components the equations give the mass transpoit related to the 
distribution of density, or assuming homogeneous water in hydrostatic 
equilibrium {bP/bx » bP/by * 0) they give the mass transport by pure 
wind currents. Equations (9) have been used by Defant* for computing 

the wind stress from oceanographic observations, including direct measure- 

¥ 

meats of currents, but they have not been applied to other problems. 

For application to other problems we add the equation: 



which is obtained by integration of the equation of continuity, assuming 
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that the vertical velocity is zero at the free surface and at the depth d. 
The three equations (9a), (96) and (10) can be considered as relating the 
three unknown quantities, P, M x , and M Vt to the known wind stress. Con¬ 
sequently, the distribution of density, as described by the partial deriva¬ 
tives of and the mass transport by the corresponding currents can be 
expressed as functions of the stress. 

In applying equations (9) and (10) to equatorial currents we place the 
positive x-axis toward the east and the positive y-axis toward the north, 
and let y = 0 at the equator (<p = 0). Since 

dy ~ R<b (11) 

where R is the radius of the earth: 

5X dX 2<a cos ip d 2 X 2co sin <p , . 

S' 0 ' Zy ~ R V - < I2 > 


Differentiating equation (9a) with respect to y^and (96) with respect to 
x , subtracting and taking equations (10) and (12) into account, we obtain 



In the trade-wind belt of the eastern Pacific the term dr,/dx is so small 
that with good approximation: 

dr* ,dX dr* R 


9 dy 7 dy 

Introducing equation (14) in (9a): 

dP _dr* 
bx dy 


dy 2ca cos ip 


R tan <p + t a 


or, writing differences on the left-hand side: 

AF dr* ~ 

-— « — — R tan <p + r* 

Ax dy 

where averages over the distance Ax are indicated by bars. 
From equations (10) and (14) follows 


(14) 


(15) 


(16) 


bM x 1 /dr, , , d*r, _\ 

bx 2u> cos ip \dy * by* ) 



When integrating equation (17) from 0 to Ax we shall assume a north-south 
vertical boundary at x «* 0 at which the kinematic boundary condition 
tto “ 0 must be satisfied in the form M% « 0. We obtain: 
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Ax 


2oj cos (p 



tan tp + 




Equation (18) cannot hold at a second north-south boundary at, say, 
x * L, at which the condition M h = 0 must be satisfied. This inadequacy 
of our solution is due to the neglect of the field accelerations (eq. 4). At¬ 
tempts will be made to find more general solutions and to study other 
special cases. 

Substituting equation (18) in (96): 


bP 

by 


~Ax tan 



,tan ip + 



+ r v 



Equations (15) or (16) and (19), together with (14) and (18), represent 
in our special case the relationships of the distribution of mass and the 
corresponding mass transport to the wind stress. The validity of our 
results can be tested where suitable observations are available. 

3. Discussion .—The available oceanographic observations comprise 
(1) a line of 8 stations between latitudes 22°N and 10°S, longitudes 137°W 
and 162°W, occupied by the Carnegie between October 21 and November 4, 
1929 (Fleming 7 ); (2) a line of 12 stations between latitudes 6°N and 9°S, 
longitudes 80°W and 108°W, occupied by the Carnegie between October 
26 and November 21, 1928; and (3) a line of 8 stations between latitudes 
9°N and 21°N, longitudes 87°W and 109°W, occupied by the Bushnell 
between March 18 and March 24, 1939 (Sverdrup 8 ). From the observa¬ 
tions at each of these stations the value of the function P was computed 
by integrating to a depth of 1000 meters. From all data the ratio APf Ax 
was found, and from the Carnegie section in'mid-ocean bP/by was derived. 

Wind observations comprise (1) monthly wind roses for 5-degree squares 
published in the Pilot Charts of the North and South Pacific, giving the 
percentage of winds from different directions and the corresponding average 
wind force (on the Beaufort scale) and (2) compilations of frequencies of 
winds of different forces in the “Atlas of Climatological Charts of the 
Oceans.*’ 9 From the wind data the average wind stresses in October and 
November were computed, using the relationship 


r* Y yr^ 


where y 2 is the resistance coefficient, p' the density of the air, and U the 
wind speed as estimated at a height of about 10 meters. At wind force 3 
Beaufort or less the sea surface was assumed to be hydrodynamically 
smooth, with a resistance coefficient of about 0.8 X 10~*, decreasing some¬ 
what with increasing wind speed. At Wind force 4 Beaufort and higher 
a constant value, y 2 « 2.6 X 10~*, was used, corresponding to a hydro¬ 
dynamically rough surface (Rossby 10 ). The manner in which all computa- 
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tions were carried out will be described elsewhere by the author and R. O. 
Reid, who has prepared the figures in this paper. 



In figure 1 the terns of equation (16) are shown as functions of latitude. 
The curve that represents the left-hand term is heavily dashed to the south 
of latitude 6°N where the oceanographic observations upon which it is 
based were all taken in October-November, although in different years. 
To the north of 6°N the curve is shown by light dashes because observa¬ 
tions off the American west coast in March have been combined with 
observations in mid-ocean in October. The right-hand term, the stress 
function, is shown by a full-drawn curve and is based oh climatological wind 
data for the months October-November. The agreement between the 
curves is very good, considering that results of average wind conditions 
are compared with results derived from a few oceanographic stations 
which have been occupied in different seasons. 
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In figure 2 the P function and the terms of equation (19) are plotted 
against latitude. The P function is based on the Carnegie observations 



in raid-ocean in October-November, 1928, and the stress function on the 
average wind conditions in October~N ovember over the ocean from the 
American west coast to the Carnegie section. A good agreement is obtained 
between the results based on a single oceanographic section and those 
derived from climatological wind charts. 

4. Conclusions ,—The distribution of density and the mass transport 
by the accompanying currents of the eastern equatorial Pacific depend 
entirely upon the average stress exerted on the sea surface by the prevailing 
winds. This conclusion is probably valid for the equatorial currents of 
all oceans but it has been demonstrated only for a cose in which the non¬ 
linear terms in the equation of motion can be neglected. , 

It appears possible that the analysis of the relationship between wind 
stress and prevailing currents, assuming barodinic conditions, can be 
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extended to other cases and can be developed into a powerful tool for 
examining permanent currents as well as changes produced by changing 
winds. Efforts in this direction are being continued. 
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THE PROBLEMS OF CONGRUENT NUMBERS AND 

CONCORDANT FORMS 

Bv E. T. Bell 

California Institute op Technology, Pasadena 
Communicated August 12, 1947 

1. Four Related Problems .—All letters in formulas denote rational 
integers, and solution means the complete solution in such integers. The 
problem of solving the simultaneous diophantine equations 

rX 2 + - rZ\ sX 2 + nP - sW* 

includes as special cases two classical problems. 

Problem I.—If r ** s « Y 2 — 1, » = —m, where m is a given constant, 
the problem is that of congruent numbers: It goes back to Diophantus 
in the third century, the Arabs of the tenth and eleventh centuries, and 
Leonardo of Pisa (Fibonacci) in the early thirteenth century. For m 
arbitrarily assigned it is still unsolved. 

Problem 2 .—For * 1 the problem is Euler’s (1780) of concordant 

forms, also unsolved. 

Many special cases of these two have been investigated. Thus Fermat 
proved by his method of descent that if m * n ■* — 1 in Problem 2, there 
are no integers JC, Y % Z % W all different from zero satisfying the equations. 
From this his theorem for fourth powers follows. Modem work originat¬ 
ing in these problems has been concerned with cubics and quartics having 
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at most a finite number of sets of values of the indeterminates satisfying 
the equations. Some of this has used the theory of the units in special 
algebraic number rings. From the results it is possible, by the method 
applied to Problem 3, to derive much information on new diophantine 
systems of degrees higher than the second. This will be considered else¬ 
where. For the present, the inherent complexity of the solution of Prob¬ 
lem 3 may suggest why these two old and apparently simple problems are 
still not completely solved. 

Problem 3. —To state necessary and sufficient forms of r, m, $> n in order 
that there shall exist X t F, Z, W all different from zero satisfying the 
equations. 

A special case that has been frequently discussed may be noted. In 
Problem 1, the required form of m is given by 

4 m = xyzhv 2 {x 2 — y 2 ), w{x + y ) even. 

The corresponding X, Z, W are given by 

4X ss zw(x 2 + y 2 ), 4Z = zw(x 2 + 2 xy — y 2 ), 4W = zw(x 2 — y 2 ). 

For m squarefree, zw = «*=1, giving a known criterion. The proof is 
immediate by the method used for solving Problem 3. Although it is not 
included in Problem 3, another, somewhat similar problem, dating from 
the Arabs and usually included with questions on congruent numbers is 
Problem 4.—To state a necessary and sufficient form of « in order that 
X f F, Z all different from zero shall exist satisfying 

n + X' 1 - Y\ n ~ X* =* Z\ 

The solution is given by 

An = x 2 (a 2 y A + b 2 z*) t ab ~ 2; 

the corresponding X, Y, Z are given by 

X ** xyz t 2Y = x(ay 2 + bz 2 ), 2Z * x(ay* — bz *). 

This is equivalent to 

ab ■* 2, fgh 2 =» 4, a 2 y K + b*z A « fu, n « guv 2 ; 

X « ghyzv, 2Y = gkv(ay 2 + bz 2 ), 2Z « ghv(ay* — bz 2 ). 

2 . Solution of Problem 3 .—If r, m, s t n, X , F, Z, IF are indeterminates, 
the equations are homogeneous cubics, each of which is separable and 
hence (completely) solvable. The result of equating the parametric ex¬ 
pressions for X and those for F in the solutions gives a separable and hence 
(completely) solvable system. As the solution of separable equations, 
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or of a system of such equations, is now straightforward routine, it will 
suffice to state the final result. To condense the formulas, write 

(l S b S3 bxbfbibib&t C S C\C%C%C^C% y 

f g » gigigtgigs* h ss 

a m biCifigihu am Chtofi&Jh* y ss ojbrfagjh, 

6 ^ dib&tgihi , <#> — yf/ ^ ai&ffiifbgh ; 

t ss abcfgh, m am pniitn 2t n.ss /«in 2 . 

Thus p, m\ t m 2 are bound parameters whose product is m; similarly for 
/, nj, »* and n. The a f , ..., g, are independent parameters. Define 

A sb ntiafg 2 — rhad<t> 2 > B ss m%bfh 2 — 

C ss nhnibk 2 ot<b 2 — min&g t fi4t 2 i 

introduce the parameters *, y, z and define e, for assigned values of all the 
parameters, as an arbitrary integer multiple of the reciprocal of the greatest 
common divisor of 

\ 

xy 2 A, xz 2 B, yVC. 

(If e is merely an arbitrary integer, the values of r, s, X, V, Z, W stated 
presently, with p t ntu ffh> t , ti u n% as above, satisfy the equations identically, 
but this does not exhaust the possibilities. The stated definition of e is 
necessary.) Introduce the parameter u. The required values of r t s are 

r ** e 2 puhc*y 2 z 2 abc 2 AB , 5 » tHu 2 x 2 y 2 z 2 apy 2 AB. 

To state the corresponding values of X t F, Z, W defane 

F rh — ag W> 2 

G ^ 2f»iW 2 a&/g , fe 2 — mithag*pd\l/ 2 — ithtiibh^ad^y 

II ass Wirtjo/g 2 ^ 3 + m 2 nibfh 2 a<t> 2 — 2n\rhctfitofr 1 p 2 . 

Introduce a parameter k. Then 

2X ekx*yh*f$F, V « e'kux'yWrAB, 

2Z « ekx'yWfG, 2W ~ ekx l y*zWI. 

Including the bound parameters p t m Xf m %, t % n h th there are in all 41. 
Each of m, n is of degree 3; each of f, s, is of degree 71; each of X, Z t W 
is of degree 49, and F is of degree 83. The degree of each of the identities 
giving the solution of the cubic system is thus 169. 
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ON A THEOREM OF VON NEUMANN 
By Lloyd L. Dikes 

Department of Mathematics, Smith College 
Communicated August 13, 1947 

In these Proceedings, August 15, 1946, Loomis 1 presented a simple 
proof of a theorem due to J. von Neumann*’ 8 and formulated by Loomis 
as follows: 

Let ay and by be two rectangular matrices (i i = 1, ..., n) t (J = 2, ..,, m) 
such that a fi > 0 for all i f j. Then there exists a unique X and vectors x = 
(xu ..., x m ), y = (y u ..., y n ) subject toXj £ 0, y* £ 0, Si m x } « 1 and Si> t * 1 
suck that 

m m 

h X) &tjXj €= X bifti* i “ If • * • i (1) 

i -1 

n n 

X X) £ X J - 1. - ■ (2) 

The present note gives an alternative simple proof, the essence of which 
is a reduction of the question to consideration of a single system of linear 
equations. This reduction is accomplished in two steps: 1st, replacement 
of (1) and (2) by an equivalent pair of adjoint linear systems 

m 

2 ««** £ 0, i = 1, + m, (r) 

J -1 

n+m 

X <*ayi * j = 1, ..m; (2') 

and 2nd, utilization of a known relationship 4 between adjoint systems of 
form (I'), (2')*. This relationship is simply that the system of inequalities 
(20 admits a solution x which does not annul all the left members if\ and only 
if, the system of equations (, 2 ') admits no positive solution y {every y t positive). 

The system (10 consists of » + m inequalities, the first n of which are 
those in (1) after obvious transpositions, and the last m are the conditions 
Xj & 0, j ** 1, .. *, m, which occur as collateral conditions in the statement 
of the theorem. 

The system (20 consists of m equations, which are equivalent to the m 
inequalities of (2) by virtue of the introduction of m new and essentially 
non-negative variables y N .fi, ..y»+ m . 

The explicit definitions of the coefficients are 

ay ** Xay — b i)t i«l, j ** 1, .. m, 

ay » 8y, i « » + 1, ..» + m; j * 1. m, 

where ■* 1 if i ” n + j; otherwise it is zero. 
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In view of the relationships which have been indicated above, the 
von Neumann theorem will be justified if we show the existence of a unique 
value of the parameter X for which the system of equations (2') admits 
no positive solution y « (yi, . . . ( y n + m), but does admit a non-negative 
solution with at least one y* positive. 

To this end, we consider the explicit form of the system (2')* which 
may be written 

n 

71 i.ba t] - bij)y t + = 0, j = 1, ..m. (2') 

*-l 

Since, ay > 0 for every i, j, it is obvious that for X sufficiently small the 
system will admit positive solutions y, while for X sufficiently large it will 
admit no such solution. Furthermore if it admits a positive solution for 
any particular value of X, it will admit such a solution for any smaller 
value. We denote by Xo the least upper bound of the values of X for which 
(2*) admits a positive solution y. Since to every positive solution y there 
corresponds by simple normalization a solution forNvhich Si n+m y* = 1, 
it follows from the compactness of the closed and bounded sub-space 
defined by y* ^ 0, 2i n+m y* = 1 that to the value X =Xo there corresponds 
a solution of (2*) in this subspace; call it y° ~ (yi°, ..., y»+ m °). 

At least one of the coordinates y*° must be zero. For if they were all 
positive, a sufficiently small c > 0 would make correspond to the parameter 
value Xo + € a positive solution y' = (y/, ..., y n +m) with y/ « y<°, (i ** 1, 
..., n), and y n + / « y«+ / — e Si"a^y< 0 , {j = 1, ..., m)\ thus contradicting 
the definition of Xo. In Xo we have therefore one value of the parameter X 
which affords an admissible solution. 

No second value of X does. For if Xi > Xo did afford an admissible 
solution y', then 2i*(Xi a ti — b% s )yi £ 0, (; * 1, .. m), and consequently, 
for any f > 0 

n 

H t(Xi - «)«</ - b„\y/ <0, j « 1, ..., m, 

and from the continuity of the linear functions these inequalities remain 
strictly valid if each y<' be replaced by y* ® y% + with yt> 0 and 
sufficiently small. Defining y n + f, (j « 1, ..., m) by the equations 

2 ((^i w — btj]y* + y»+/ **0, j *s 1 , .. m, 

i* 1 

we would then have a positive solution corresponding to the parameter 
value Xi — e > Xo, thus contradicting the definition of Xo. 

This completes the proof of the theorem. The method of proof definitely 
suggests the possibility of generalization, since the vital relationship 
between the adjoint systems (I ; ) and (20 persists when the finite matrix 
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otij is replaced by a function a(p, q) and the summations are replaced by 
more general linear operators. 

1 Loomis, L. H., ‘"On a Theorem of von Neumann, 0 Proc. Nat . Acad. Set., 32, 213-215 
(1946). 

* von Neumann, J., "Ober ein dkonomisches Gleichungssystem, etc.," Ergebnisse 
eines Mathematischen Kolloquiums , 8 , 73-83 (1937). 

* von Neumann, J., and Morgeustern, O., " Theory of Games and Economic Behavior,” 
Princeton University Press (1944). 

4 Dines, L. L., "Convex Extension and Linear Inequalities, 0 Bull. Amer. Math . Soc„ 
42, 353-366 (1936). 


NOTE ON CONTINUOUS REP RESENT A TIONS OF LIE GROUPS 

By Lars GArding 

Institute of Mathematics, Lund, Sweden, and Princeton University 

Communicated August 28, 1947 

Let G be an analytic Lie group with unit element e and let a —* T(a), 
(o t G), be a representation of G as bounded operators T(a) on a Banach 
space B such that for every x e B, T(e)x * x and T(a)x r-+ T{b)x when 
a —6, Let A = ($ real), be a one-parameter subgroup in G and 

define 


Tax = lira,^**“ l (7Xn(s)) — 1)* 

whenever the limit exists in which case x is said to be in the domain of 
T a . I. Gelfand proved that every such domain is dense in BA By a slight 
extension of his method we will prove that they have a dense intersection 
when A varies, thus answering a question left open by W. Wigner* and V. 
Bargmann.* 

Let r be a not-negative integer or + 00 , let C r be the class of real func¬ 
tions defined on G with continuous derivatives of order ^ r, (<r if r = «>), 
and let C r ° be the subset of C r whose elements vanish outside a compact 
set and let B r be the set of elements of B of the form 

x(h) = f a h(b)T(b)xdb (h t C r \ x « B), 

where db is a left invariant volume element on G. 

Theorem. Every Br+i is dense in B f it is in the domain of any T A and 
T A Br+i is contained in B, for any A . 

Proof: One has with 3 4= 0 

i-‘(r(a(») - l)x(h) m f G h{b){T{a{s)b) - T(Jb))xdb = 

fa - h(b))T(b)xdb. 
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Hence, when j —* 0 

T A x(h) = x(h A ), 


where 


h A (b) = Utn_o $~ 1 {h(a~ l (s)b) - h(b )) * C,° 

if h e G-f i°. This proves the second part of the theorem. To prove 
the first part we remark that it is possible to choose a sequence of not- 
negative functions h\,h%> ... in C«° such that Jhhk{a)da = 1 and for any 
open set C containing e, Sc~chk{a)da = 0 when k is sufficiently large. 
Then x(h k ) « B r and x(k k ) —> x when k for any x and r. 

Similar theorems can be obtained for semigroups with a unit element 
and even for differentiable manifolds as follows. 

Let M *be a G-man if old of m dimensions in the sense of Whitney 4 with 
defining mappings 8 lt 0 2 , ... of the interior Q of the unit (m — 1)-sphere 
into M ♦ Let {p, q) ~+r *= f(p, q) be a mapping of class Ci of M X M into 
M which is locally one-to-one when p and q are fixed \p, q, r « M). 

Let p —> T{p) be a mapping of M upon a set of bounded operators T{p) 
on a Banach space B which is continuous in the sense used above and is 
such that there exists a sequence of points p\ } fo, ... in M such that 
T(Pk)x —> x for every x in B when k -+ ®, and 

T(p)T(q) - T(f(p t q)). 

Let p *= Ohio), (a « Q), and 0 4= b e Q and put 

* 

T*(p f b)x = lim,„^os~ 1 (3T(^(a + sb)) — T(6 k (a)))x 

whenever the limit exists. Then thp domains of T k (p, 6) have a dense inter¬ 
section I . In fact it is easily verified that the elements of B of the form 

Xj(h) — Joh{t) T(^(/))jc^ (x«B), 

belong to I if h(t) is of class C\ and vanishes outside a compact subset of Q, 
To prove that I is dense in B it suffices to take a sequence j u ]%> . •. such 
that pk t 8j k {Q) and suitable not-negative functions hu fa, ... in G which 
vanish outside suitable open sets containing so that x^(h k ) —► x 

as h —* 

1 Oelfand, I., “On One-Parametrical Groups of Operators in a Normed Space/' C. 
R. {.Doklady ) Acad. Set . URSS, 25 , 713-718 ( 1039 ). 

* Wigner, E., "On Unitary Representations of the Inhomogeneous Lorenta Group/' 
Annals of Math., 40 , 149-204 ( 1939 ). 

1 Bargmann, V., "Irreducible Representations of the Lorentz Group/' Ibid., 48, 86^ 
040 ( 1947 ). 

* Whitney, H., "Differentiable Manifolds/ 1 Ibid., 37, 645 (1936). 
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ON LA CUNARY TRIGONOMETRIC SERIES 
By R. Saucm and A. Zygmund 

Thb Massachusetts Institute op Technology and the University op Chicago 

Communicatee] July 21, 1947 

Let us consider a lacunary trigonometric series 
00 

£ (a* cos thcX + b t sin tikX), with n*+i/»* >.? > 1, (1) 

*-l 

and let us confine our attention to the interval 0 ^ x ^ 27t, Let S N {x) 
denote the ATth partial sum of (1), that is to say the sum of the terms with 
* - 1, 2, .... AT. Let C N « \ l M<h 2 + V + ... + fly’ + V)}’ A . In 
a recent note, 1 J. Ferrand and R. Fortet considered the behavior of the 
ratio S n {x)/Cn . They stated, without proof, that if Cn —» + as N —* °o, 
the distribution function of S N (x)/C N tends to the Gaussian distribution 
with mean value 0 and dispersion 1. Clearly, the result as stated cannot 
be correct since, if c k — (<x* 2 + b k 2 ) x/t increases very rapidly, the distribu¬ 
tion function tends to that of cosine. Thus some kind of restriction on the 
Ck is necessary. (Mr. Erdos informs us that a proof of the result, under 
the condition C% —► ®, c n « 0 (1), will be published in a paper written 
jointly by him, Mile. Ferrand, Fortet and Kao.) In this note we propose 
to give a complete solution of the problem. 

By a distribution function we shall mean any non-decreasing and 
continuous to the right function F(y) with E(—») ~ 0, E(+°°) — 1. 
Let Z„(y) be the set of points x from (0, 2r) at which S n (x)/Cn ^ y. Let 
F#(y) =■* \Z N (y)\/2w (by |E| we mean the measure of the set E), so that 
Ey is the distribution function of S N /C N . 

(i) If Fs(y) tends to a distribution function F{y) (at the points of con¬ 
tinuity of the latter) such that either F(y) > 0 or F(y) < 1 for all finite y, then 

« 

Cn/Cn — 0 . ( 2 ) 

(ii) If (2) is satisfied and if C H —> <», then F lW (y) tends to the Gaussian 
distribution with mean value 0 and dispersion 1. 

We shall even prove a more general result, namely, that the distribution 
function of S N {x)/C N on every fixed set of positive measure tends to the 
Gaussian distribution. 

(iii) Let E be a point set on (0, 2x), with |E| > 0, and let F N (y; E) - 
|Zjv(y)E|/|£|. If C n » and if (2) holds t then F^(y; E) tends to the 
Gaussian distribution with mean value 0 and dispersion L 

To prove (i), let us assume for example that Fiy) < 1 for all finite y, 
and that (2) is false. Hence Cs/Cn > > 0 for infinitely many N. 
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Let us confine our attention to such N. Obviously, CV-i/CV < (1 — e*) t/f , 
and the formula, 



S< v-i Cat-i a# cos ttffX + b N sin n#x 
Cat-i Cjv Cat 


shows that at every point x from Zv~i(y), y > 0, we have S n (x)/Cn ^ 
y(l — € u ) l/t + \/2. It follows that Z#-i(y) is included in Z N (y( 1 — € l ) l/f + 
\/2)i and so FW-i(y) ^ FW(y(i — + *\/2)- Let y be a point of con¬ 
tinuity of F. Making N —* ®, we get F(y) ^ F(y(l — + \/2)« 

However, from the assumption that F(y) is always <1 we obtain that 
there are points y > 0 of continuity of F at which F(y( 1 — € 2 ) l/ * + \/2) < 
F(y). This contradiction completes the proof of (i). Condition Cat —► 00 
and condition (2) imply that Max.i ^ N c k /Cjr~*0 as N -+ «>. This remark 
will be used repeatedly below. 

To prove (iii), let us assume for the sake of brevity that (1) is a purely 
cosine series, and let us write A N for C N (in the general case we merely 
represent the terms of (1) in the form c k cos (»*x + 0*) and the argument 
that follows remains unchanged). It is enough to prove that over any 
finite range of X the characteristic function of F N (y; E) uniformly ap¬ 
proaches that of the Gaussian distribution. The characteristic function 
of F N (y; E ) is 

y 

yit" e^dFsiy; E) = |£|-‘ f B - 

N 

l-E|~ l Jb*x P> £ a*cos n*pc J dx •> 

l 

I E | ” l J*e e ° {t) ^ x ^1 + cos exp. — Va cos* dx, (3) 

p 

on account of (2) and of the relation exp. z «(1 + s) exp, { 1 / i z 2 + o(|«| *)} 
valid for z —► 0. Due to (2) and A# —+ w, the term o(l) in e o(1) tends to 
0 uniformly in x as N —> « (provided X «■ 0(1), an assumption we always 
make from now on). Let us now observe that % 


N 

n 





and that 


T~i cos ’ - 1 + E ~ri 008 = 1 + W*)- 

*-i Atr k-\ 2Arr 

The measure of the set of points where | £v(x) | > 8 > 0 is less than 
5~* JZ % * U(x)dx « l / 0 r&~*(ai A + ... + a^/A^, and so tends to 0 on 
account of (2) and A# —► Since |^(^)| ^ 1, it follows that, with an 
error tending uniformly to 0 as N *>, the integral (3) is 
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l^l X S Se II (l + cos = \E\~ x e ( 5 ) 

ft-i \ An / 

and it is enough to prove that I N tends uniformly to |£|. We sha h write 
n [l + ikj- cos n**J - «*<*> + £ a 7 w cos yx, e* - - 

| at |, ( 6 ) 

so that a 7 c;v> , €* depend on X also. 

If q 2* 3, the proof of *”> | E | is simple. For the numbers a y ^ N) which 
actually occur in ( 6 ) correspond to the indices y > 0 of the form =* 

w*, * ... =*= tikp{k i > &2 > ... > fcp). For q ^ 3 such a representation 
(if it exists) is unique. In particular, a 0 (N) = 1 . Thus * |£| + 

* X! ky<x y {N \ where /r T axe the cosine Fourier coefficients of the charac¬ 
teristic function of E . On account of ( 2 ), each a y (N) tends to 0 as N -> « 
and y = 1,2, .... Thus, if 70 is fixed, 

>0 00 

ElV*v w, l ^ E + E ^o(i) + (E V) v, (E I «,<*'I l )’ A - (7) 

1 1 Tfl + 1 70 + 1 7# + 1 

The first factor in the last product is arbitrarily small if 70 is large enough 
(since XX 2< 00 ). and the last factor is bounded by, ( 6 ), ( 4 ), and Parseval's 
formula. Thus I# —» | E \, and (iii) follows. (If £ == (0, 2 tt), then even 
the weaker condition q > 2 implies that <* 0 W = 1 . so that I N = 2 ir, and (ii) 
follows.) 

The proof of the general case of (iii) is based on two lemmas. 

Lemma 1 . The number of solutions of n k , + «*, + ... + * a, where 

a is given is less than l , where C = C(q) depends on q only. For assuming 
that *1 > > ... > k v , we have «*, ^ a ^ «*, q/(q - 1 ), so that »*, takes 

^C(g) values. The same applies to »*, when n Kl is fixed and so on. 

Lemma 2 . The number of solutions of «*, + ... + »*, — = 

a(ki > kt > ... > k p > kirt-i) is less than C p , where C is the same as in Lemma 

1 . For p *= 1 this is immediate since «», - n k , - a implies »*,(1 — 1/q) ^ 

0 $ n k „ and the ratio of the extreme terms here is the same as in the 
inequality for a in the proof of Lemma 1 . Combining this special case 
with Lemma 1 we get Lemma 2 . 

Let us now revert to the first formula ( 6 ). As the argument ( 7 ) shows, 
(iii) will be established when we show that a 0 w> —* 1 , « T (W> —►0 for 7 = 1 , 

2 , — As a matter of fact, we can prove that a y w —► 0 uniformly in 
7 > 0. The 7 actually occurring in ( 6 ) are ^0 and of the form >*■»»,* 

**i * ■ *■ Ui p (hi > kt> ... > k p ). Let us fix p and let us write the 

last equation in the form 

+ »m + ... + «», = 7 + »ii + *»i, + ... + ««,, 


( 8 ) 
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with p « r + if hi > hi > ... > k 9t h > k > ... > K Let us also fix 
5 and L Clearly, the case 5 — ^ — 0 leads to the contribution 1 in 
so that, in order to estimate a^ N) — 1 , a r (Ar) (7 * 1 , 2, ...) we must assume 
that s ^ 1 , / ^ 0 . For the clarity of presentation, let us first assume that 
s > 1, / > 1. Let us also assume that h 9 < Thus we investigate the 
solutions of ( 8 ) under the conditions 

7 ^ 0 , s > 1, t> l — fixed, h M < (9) 

Every solution of ( 8 ) contributes to a y (N) (or to a 0 (isr) — 1) as much as 

in absolute value. The total contribution of 
the solutions of ( 8 ) satisfying (9) is therefore «*, * • * <*. 

e tl ... € 1 ,, summation being extended over all indices satisfying ( 8 ) and 
(9). Let 1 ? = max. (tu * 2 , ..«*) so that 17 * rj N ,\ —►Oas i\T —► 00 r X = 
0(1). Then S ^ ... ... where summation is 

extended over the same indices h h ..., h 9t l lt as before. It follows 

that 

\ 

5 ^ 2- lp - 1) ... «V 1 ) V, (£«« l * ■ ■ ■ «**) l/t ( 10 ) 

In 52«ii S • • • *n s each term must be taken as many times as for given li, It, 
one can find various groups of h u fa f ..., h, satisfying ( 8 ). By ( 8 ) 
and Lemma 1 , this sum is ... e*, 2 , the star meaning that now 

each term occurs once only. Since 2 % 2 • • * «<i 2 ^ («i 3 + ... + e^y/tl « 
(2X*)V^, we get • * • * 1 ? ^ Similarly, in the sum • * • 

in ( 10 ) each term must be taken as many times as for given h u 
A *-1 one can find various groups of h, ..., h satisfying ( 8 ). Since h, < l tt 
an application of Lemma 2 gives 

2V ... ^ cT%*. •. - w + ... + «*y- l cy(5 - 1)1 

* C t (2\ r ) 9 ^ 1 /(s - 1 )! 

Hence 

5 $ iWCfflO-M/Hs - 1 )B|}V. ^ ,(X‘C/2)^- l)/ V{ [VliP ~ l)]!}' 7 *. 

If we drop the last condition in (9), we have to double this estimate. If 
we vary s, t but keep p * s + t fixed, the result will be less than p times 
the last expression. Finally, summing over p and observing that the 
series with terms (A*C/ 2 ) ( *“ 1 }/ V>/{ [ l /$(p — 1 ) ]I} 4/ * is uniformly convergent 
in X m 0(1), we see that the total contribution of the terms so far con¬ 
sidered is where H is uniformly bounded for X *» 0(1). If we obtain 
a similar estimate for the terms so far disregarded, (iii) will be established. 
But i « 0 implies t =** 0 and can be omitted. If t » 0 , we argue as 
before (by majorizing e* by 1 ?)* The case s «* 1 with hi < l t leads to 7 + 
»j : + ... + «i| — Htn « 0 and is impossible; if /* < hu the treatment is 
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as above. Finally, if t = 1 {s > 1 ), and n hl + ... + n*, = 7 + n h , the 
case h u < l t offers nothing new; if h s > l h then S $ ij 2 “ ^ 

t,2~ ( *- l) { C s Y^**h? «/ij 2 } ' /l > and the argument concludes as before. Thus 

(iii) is proved. 

Suppose now that (1) is of the class L 2 . The remainder {a N cos n N x + 
brt sin n N x) + ... of ( 1 ) represents then a certain function 2?*r(x). By 
G N (y) we shall mean the distribution function of R N {x)/D N , where D N = 

{ l Ma N 2 + bx 2 ) + . . .} l/ *. The proofs of the following two results are 
repetitions of those of (i) and (iii). 

(iv) If ( 1 ) is of the class L 2 , and if G N (y) tends to the distribution function 
G(y) such that either G(y) > 0 or G(y) < 1 for all finite y, then c N /D N —» 0. 

(v) Suppose that ( 1 ) is of the class L 2 , that c N /D N —* 0 , and let E be a 
fixed set of positive measure. The distribution function of R N (x)/D N relative 
to E tends to the Gaussian distribution with mean value 0 and dispersion 1 . 

Theorems (iii) and (v) have analogs for power series (2) 

Sc*e ,n ** (n* + i/«* > q > 1) (11) 

*-1 

We shall write C N * { 1 A(|1 2 + ... + \c N \*)] l/ \ D N « { l /a(|c*| J + 

...) j ,/l . The real and the imaginary part of the iVth partial sum of ( 11 ) 
will be denoted by U N (x) t V^(x) t and of the iVth remainder of ( 11 ) (if 
CW «= 0(1)) by U N , {x) t V* N {x) t respectively. 

(vi) Let E be a fixed set in (0, 2i r) of positive measure . If Cs —► 00 , 
c N = o(Ctf), then the two dimensional distribution function , relative to E, of 
the pair of functions U N (x)/C N , V N (x)/C N tends to ( 2 ir )“* 1 

e l ^ xtJt ^ ] d\djjL. The same conclusion holds for U f N (x)/D N , V' N (x)/I) N if 
(I) is of the class L* and if c N = o(D N ). 

It is enough to sketch the proof of the first part of (vi). Let Z*({, i?) 
denote the set of points x such that U n (x)/Cn ^ £» V N (x)/C N ^ tj, and 
let Exit, »?) ** \Zn{ 1 n)E\/\E\. Let Ck *= |c*|e ,a *. The characteristic 
fimction of F N is 

yit* /It* e l(X<+ ^ dF N & v) * \E\-'f B e i{WN +* v " )/CN dx~ 

7b exp.* Cat” 1 ]EI^*l(^cos(n*x+ a k ) + Msin(»**+ a k )\dx = 
\E\~* J B exp. {iCat- 1 (X 9 + M a )‘ A £k*l cos (n*x + a'*)|dbc 

where the a*' depend now on X, ju- As N —► <», and with an error 0 ( 1 ), 
the last expression is 

e -./ l( x. +A1 .,| £ |_ 1 {1 + iC w -‘(X* + /i s ) v, |c*| cos (»** + 

which completes the proof. 

The main idea used throughout this paper can be applied to other cases. 
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for example to linear combinations of the partial sums (or the remainders) 
of (1) and (11). We can also study the distribution functions in ( — » f 
+ 00 ) of the partial sums and of the remainders of the series £,c k e ipkt with 
linearly independent exponents. We obtain the results parallel to the 
ones given above but with easier proofs. 3 The infinite products 11(1 + 
ia k cos ft/cpc) can also be used to obtain a simple proof of the theorem of 
Banach asserting the existence of continuous functions with prescribed 
Fourier coefficients at lacunary places. To these and other problems we 
shall return elsewhere. 

1 Comptcs Rendus Paris Acad . ScL, 224, 510-878 (1947). 

* See also loc. cil . (1). 

* See also Kac and Steinhaus, Studia Math,, 7, 1-15 (1938). 


TRANSFORMATION THEORY OF PHYSICAL CURVES 

\ 

By Edward Kasnbr and John Dr Cicco 

* 

Departments op Mathematics, Columbia University, New York, and Illinois 

Institute of Technology, Chicago 

Communicated August 5, 1947 

1. The importance of projective transformations 1 in dynamics was 
brought out by Appell in 1889. If (0, yp) are the rectangular components 
of any positional field of force in the plane, the corresponding equations 
of motion of a particle of unit mass are 

d?x <Py , 

5T-*<**>• ^9) 

If an arbitrary point transformation, unaccompanied by any change in 
the time, is applied, the new differential equations will usually involve 
not only x and y, but also the velocity components dx/dt, dy/dt . In fact, 
the only exception is where the point transformation is merely affine. 

Appell showed that if a general collineation 


fljfl + Jiy + Ci y ^ a& 4* J«y + c% 

a<& + Joy 4- co* aax + Joy + c* 


is accompanied by a change of the time of the form 


dT 


dt 

k(a& + Joy + c o)* 




the new differential equations will be of the original form 
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tPX & Y 

— = HX, Y), ~ - nx, Y), (4) 

and therefore define motion in some new positional field of force. The 
relation between the new field and the original field is explicitly as follows 

$ = & 2 (aox + boy + co) 2 fCjt(y<£ — x\f) + B 2 <p + 

& = k 2 (a& + b 0 y + co)*[Ci(y<j> — xp) + &\<t> + (5) 

where the capital letters denote minors in the determinant {ajb%Co). 

The trajectories of the original field are converted by the collineation 
into the trajectories of the new field. Also the directions of the forces are 
projectively related. However, the vector transformation induced by the 
collineation between the two fields of force is not projective, but is actually 
a cubic transformation. 

2, Appell proved the following converse theorem. The only trans¬ 
formations of the form 


X - X(x, y), V « Y(x, y), dT « F(x t y)dt t (6) 

which convert every set of differential equations of the form (1) into one 
of the same form are those defined by (2) and (3). 

3. Upon eliminating the time t from the differential equations (1), the 
differential equation of third order defining the ® 8 trajectories of a posi¬ 
tional field of force is 

(* “ y W" - It* + G - *v/ 2 b" - Hy tn . (7) 

Kasner proved that the only point transformations {or contact trans¬ 
formations) which convert every trajectory system of a positional field of force 
defined by a third order differential equation of the form (7) into a trajectory 
system of the same form are the collineationsr 

4. We shall consider the transformation theory of other noteworthy 
systems of curves connected with a positional field of force, namely, 
brachistochrones, catenaries and velocity curves. In order to do this in 
a simple manner, it is found convenient to discuss the transformation theory 
of certain systems 5* which include the four systems of physical interest 
as special cases. 8 

A system 5* in a given positional field of force consists of curves along 
which a constrained motion is possible so that the pressure P is propor¬ 
tional to the normal component N of the force vector. Thus P = kN. 
The differential equation of third order defining, a system 5* of » 8 curves is 

GA - /<*>)/" - f&r + Wv - 4>x)y‘ - 4>vy n ]y" 

-[** + soffit ® 
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where 


n — 


2 

k + V 



The four cases of physical interest are 

k *» 0 or n « 2 gives So, the system of trajectories . 

» — 2 or » = —2 gives S-a, the system of brachistochrones . 
& ■« 1 orn =» 1 gives Si, the system of catenaries . 
i « 00 or w = 0 gives S«, the system of velocity curves. 


5. We shall establish the following result. 

Except for the system So of trajectories , the only point transformalions (or 
contact transformations) which convert every system S K of curves into a system 
St are the similitudes . 

In particular, the similitudes are the only contact transformations which 
carry every system of brachistochrones, or catenates, or velocity curves 
into a system of brachistochrones, or catenaries, or velocity systems, re¬ 
spectively. 

6. In order to prove this result, we observe in the first place that any 
system S* possesses the Property I (that is, the focal locus of the osculating 
parabolas of the trajectories passing through a given lineal element E 
is a circle passing through the point of E), Any system of curves with the 
Property I is said to be of the- type (G). This (G) type is defined by the 

differential equation of third order 

* 

y'" = G(x, y, y')y" 4- H(x, y, /)/'*. (10) 

* 

Kasner proved that the only contact transformations which send every sys¬ 
tem of <» * curves of the type (G) into a system of the type (G) are the collinea- 
tions and correlations . 

* 

7. We shall verify that the collineation (2) actually leaves the type 
0 G) unchanged. 4 

The first three extensions of the collineation (2) are 



r « 

d*Y 
dX' m 


dY C t (y - «f) ± Bi + 
dX “ C,(y - xy') -i- B t 4- Atf' 


(oid^#)Q*y", 0 


aox 4 ^ 4* c® 
ct(y — *y0 4* Bt + Aty* 


Y'" « — ■» (ai6tfo)(«we -f hy 4- c 0 )O 4 y'" 4- 

3(flibteo)(xC» - AJWy"* + 3(a,J,««)(ao 4- bty')QY'. (11) 
Let the (G) type in the (X, Y)-plant be 
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Y'" - G(X, Y, Y') Y" + II(X, Y, Y') Y"* (12) 

By (11), it is found that under a collineation this corresponds to a (G) 
type (10) in the (x, y)-plane. The correspondence between the defining 
functions is 

- 3 <-+<'»'>]■ 

H - -- [(aMilH - 3 (xC t - A,)). (13) 

QqX "t Day “t~ Co 

8. The calculation for correlations is simplified by observing that every 
correlation may be reduced by means of collineations to Legendre’s trans¬ 
formation 


X - Y - xy' - y, Y' » -a:. (14) 

This is polarity with respect to the conic x 2 + 2y « 0. Extending this, 
we find 


,/// 


'ft 




Y tn 


,ff s* 



This converts the (G) type (10) into the (G) type (12) where the new 
coefficient functions are related to the old as follows 


G = H(-y t xy f - y, x ), II - g( —y, xy f - y , —x). (10) 


Thus we have verified that the collineations and correlations leave the 
(G) type unchanged. Therefore the only possible contact transformations 
that feend every system S k of o° 8 curves into a system S k are the collinea¬ 
tions and correlations. 

9. Next we observe that any system S k possesses the Property II, 
which may be stated in the following manner. At any point 0, the tangent 
of the angle which the focal circle makes with the given element is to the 
tangent of the angle which the given element makes with a certain direction 
fixed at 0 of slope oj(jc, y) (the direction of the acting force), as 3 is to 
n + 1, that is, as 3k + 3 is to k + 3. This means analytically that II has 
the form 





3 , (n - 2)(1 + y 'w) 

/ — « (1 + /*)(/ - o>Y 



It is evident that the correlations do not preserve systems with Properties 1 
and II. For H and G are interchanged under the Legendre transformation 
and henoe the special function II becomes an arbitrary function G . 

Finally the only collineations which preserve the systems with Properties 
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7 am/ // wfojfe k ^ 0 or n ^ 2 are the similitudes . For by (17), F' = 
renders 77 infinite. Then by the last of equations (111), the pre-images of 
the minimal lines Y' = ^i must make 77 infinite. But we know by (17) 
that y f “ are infinite roots of 77. Thus the minimal lines y f = 
must be converted into the minimal lines Y f « =**7 by the collineation (2) 
(unless the field of force has constant slope ±i which possibility is excluded 
from consideration). Therefore any such collineation is necessarily a 
similitude. 

As it is evident that similitudes do preserve the systems 5*, it follows 
that the proof of the Theorem of Section 5 is complete. 

* Appell, Amer. Jour. Math., 1889. The importance of the conformal group in dynamics 
(conservative fields of force) has been emphasized by Lartnor, Goursat and Darboux. 

* Knsner, Differential-Geometric Aspects of Dynamics, Princeton Colloquium Lectures, 
American Mathematical Society Publications 1913, 1934. 

* Kasner, “Physical Curves,” these Proceedings, 33, 346-351 (1947). 

4 Kasner, “The Trajectories of Dynamics,” Trans. A mer. Math. Sot:., 7, 401-424 
(1906). v 


THE ENERGY SOURCE FOR BIOLUMINESCENCE IN AN 

ISOLATED SYSTEM 

By William D. McElroy* 

Department op Biology, Johns Hopkins University 
Communicated August 7, 1947 

When luminous organisms are extracted with water or saline solutions 
one usually obtains in the crude preparation a temporary emission of light 
which disappears rapidly. In all but five of some twenty-one groups of 
luminous forms the light-emitting system is destroyed by the extraction 
procedures. Some of the difficulties are exemplified by the system which 
has been extracted from the crustacean, Cypridina hilgendorfii. Here, 
Harvey 1 demonstrated that the substrate for the reaction, luciferin, was 
higlily unstable in the presence of air. The oxidation which occurred, 
however, could be reversed by simple reduetants provided the compound 
did not remain in the oxidized state for too long a period. In the presence 
of the enzyme, luciferase, however, an oxidation occurred, accompanied 
by light production, which was not reversible by simple reduetants. 2 The 
degradation of a ketohydroxy side chain on the luciferin molecule has been 
presented as a possible explanation of this irreversible reaction.* Since 
purified Cypridina luciferin was shown to contain labile phosphate, it has 
been postulated that the energy derived from the breakdown of the side 
chain is conserved as phosphate bond energy. 4 This suggestion accounts 
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satisfactorily not only for the irreversible reaction observed in vitro but 
also for the energy requirements of luminescence. The hypothesis was 
supported by the observation that phosphate was released during the 
luminescent reaction. 

Recently results have been obtained with Lampyrid beetles, popularly 
known as “fireflies,” which support the early suggestion that labile phos¬ 
phate is concerned in the luminescent reaction. When live fireflies ( Pho - 
tinus pyralis) are ground with sand and water in a mortar one obtains 
momentarily a preparation which is highly luminous; however, the light 
disappears rapidly with continued grinding. Presumably the non-luminous 
extract contains the enzyme luciferase, and the luciferin which has been 
irreversibly decomposed. However, if one adds a small amount of adeno¬ 
sine triphosphate (ATP)* to this crude extract a brilliant flash of light 
appears immediately and lasts for a considerable time depending on the 
ATP concentration. The results summarized in figure 1 showing the 



* MI0R0QRAM9 ATP 

FIGURE 1 

The relationship between light emission and adenosine triphosphate 


relationship between ATP concentration and duration of light were 
obtained with the following preparations. The fireflies were placed for 
30 minutes in absolute ethyl alcohol containing dry ice and then dried under 
vacuum in the frozen state. After drying, the lanterns were removed from 
50 fireflies and ground with sand and 15 ml. of cold water for 10 minutes. 
The preparation was centrifuged for 20 minutes (R.C.F. = 2000) and the 
supernatant, which presumably contained luciferin, was saved. To 
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obtain the enzyme 50 live fireflies were ground with 'sand and 50 ml. of 
water and finally centrifuged as above and the supernatant saved. When 
the two extracts were combined no light appeared. However, with the 
addition of ATP the entire preparation gave what appeared to be a very 
homogeneous glow. In the above experiments 0.1 ml. of the substrate 
was mixed with 0.1 ml. of enzyme solution. Water or ATP was added to 
give a final volume of 0.7 ml. 

At the present time it is not possible to measure the total amount of 
light emitted by a given concentration of ATP. Therefore, one cannot 
make a quantitative comparison between light and ATP. With low 
concentrations of ATP a very bright light is first observed which then 
decays slowly and finally disappears. With higher concentrations of ATP 
a bright light is maintained fairly constant for a while and then decays 
slowly. Consequently, with low concentrations of ATP which maintain 
the light for only a few minutes a large percentage of the observation time 
is concerned with the decay part of the curve in contrast to higher con¬ 
centrations in which the decay portions of the chrve represent only a small 
percentage of the total time. 

In the above preparation it was observed that the luciferase preparation 
itself could be made to luminesce if ATP were added to it. However, the 
alcohol-treated preparation did stimulate the luciferase preparation and a 
much brighter light was obtained. Like Cypridina, however, it is possible 
to dialyze the crude extract and obtain a diffusible, temperature-stable 
substrate and a non-diffusible temperature-labile substance, which when 
mixed in the presence of ATP will emit light. The dialyzed luciferase 
preparation did not emit light when ATP was added. The difficulty of 
dialyzing the enzyme free of the substrate, however, indicates that the 
combination is a fairly strong one, resembling certain prosthetic groups 
and apoenzyme combinations. It is possible to concentrate the dialyzable 
substance by evaporation, and attempts are being made at the present time 
to identify the compound or compounds concerned. 

Since the above observations were made it has been found that the 
light emitting system can be concentrated from a fresh aqueous extract 
of the fireflies simply by drying the extract under vacuum. Likewise, 
whole flies can be dried under vacuum and an extract made of the dried 
lanterns. However, if the whole fireflies are kept in the dried state for 
several days the extracted system cannot be made to luminesce with the 
addition of ATP even though a bright light is obtained during the extrac¬ 
tion procedure. This is in contrast to the dried extract made from fresh 
material which always emits light with the addition of ATP, even after 
remaining in the dried state for over a month. It has also been observed 
that oxygen is necessary for light emission in the firefly extract, for when 
the various components are mixed under anaerobic conditions no light is 
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obtained. With the admission of air, however, the usual bright glow 
appears immediately. 

It is not possible at the present time to say whether ATP is concerned 
directly or indirectly with light production. With the crude preparations 
it is conceivable that ATP is a necessary component for some system which 
in turn '"re-activates" the lueiferin. However, the earlier observations 
that acid-labile phosphate is present in the purified Cypridina lueiferin 
preparations and that phosphate is released concomitantly with light 
emission lead one to suspect that the 4 'energy ricli phosphate groups arc 
directly concerned in exciting the lueiferin molecule. On the basis of the 
previous hypothesis, then, it is suggested that the light-emitting reaction 
is reversed by the transfer of phosphate from ATP to the lueiferin molecule, 
the energy requirements for light emission being satisfied primarily by 
phosphate bond energy. This suggests that lueiferin may act in both 
phosphate and electron transporting systems . 6 

* I atn indebted to Miss Ilehtta Miller and Messrs. R. K. Anderson, AJwlel-Hamid 
Parghaly, G, do la Haba and K. Daniel for their invaluable assistance in collecting the 
fireflies. 

1 The numerous studies on bioluminescence are discussed by E. Newton Harvey, 
Living Light* Princeton I nivcrsity Press, Princeton, N. J., 1940. 

2 Anderson, R. S., J. tHen. Physiol, 19, 301-305 (1935). 

3 Chakravorty, P. N., and Ballentine, R., J. Am. Chem. Sac,, 03 , 2030 (1941). 

4 Me.Elroy, W. D., and Ballentine, Robert. Proc. A 'at. Acad. Sciaur. 30 , 377-382 
(1944). 

a The adenosine triphosphate was prepared from rabbit muscle as the barium salt 
according to the method of Needham, using the modifications given in t’mbreit, W. W. t 
Burris, R. H. ( and Stauffer, J. I 1 *., M<ntonudric Techniques, Burgess Publishing Co., 
Minneapolis, 1915. According to the 7 minute phosphate ami purine analysis the 
preparation was 85% pure. 

6 I wish to thank Drs, R. N. Harvey, A. M. Chase, K. S. Anderson ami Robert Ballen¬ 
tine for suggestions made in the preparation of the manuscript and Dr. John B. Buck 
for identifying the species of fireflies. 




PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 33 December 15, 1947 Number 12 


STUDIES ON THE BIOCHEMISTRY OF TETRAHYMENA. X . 
QUANTITATIVE RESPONSE TO ESSENTIAL AMINO ACIDS * 

By G. W. Kidder and Virginia C. Dewey 
Biological Laboratory, Amherst College, Amherst, Massachusetts 

Communicated November 1, 1947 

Introduction .—Previous studies 1 " 7 have shown that the ciliated proto¬ 
zoan, Tetrahymena , has nutritional requirements very similar to animals 
in general. This similarity is especially striking in regard to amino acid 
requirements where the ten essential amino acids of the dog, man, etc., 
have been shown to be essential also for Tetrahymena. Inasmuch as this 
protozoan possesses characteristics which make its culture in the absence 
of all other organisms relatively simple, it has been possible to investigate . 
rather precisely the effects of various substances on its metabolism. Bio¬ 
chemical studies of this nature on other animals have been complicated 
and even vitiated by contaminating microorganisms of unknown synthetic 
abilities. 

This report deals with the growth responses of Tetrahymena to varying 
concentrations of the essential amino acids and to serine, and includes the 
results of tests involving availability of natural and unnatural isomers. 

Experimental .—The organism used in this investigation was Tetrahymena 
geleii W grown in pure (bacteria-free) culture. The general techniques 
have been previously reported. 1 ' 4> * Dose-response curves were con¬ 
structed for each of the essential amino acids, and for the stimulatory 
amino acid, serine, by adding graded amounts to a base medium containing 
the other ten in the proportions found in gelatin (table 1, medium II) 
together with growth factors, dextrose and salts. The minimum concen¬ 
trations which permitted optimum growth under these conditions were 
combined, but the nitrogen level was then inadequate so these amounts 
were increased fivefold (medium III, table 1). Dose-responses were then 
studied using these new proportions. This medium was also used in 
studies on the availability of unnatural isomers. 

The factor II preparations, which are necessary for the growth of this 
organism*' 10 were of twp types. The one prepared from cerophyl, as 
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AMINO ACiI> 

TABLE 1 

-MICH OO RAMS 

MltDtUU n 

(babul oh gelatin) 

t*8R ML.'.—. 

MRI>n/M 
(EASED ON GROW 

L-arginine HC1 

820 

125 

L-hlstidine HCl 

too 

125 

»L-isoleuctnc 

350 

125 

L-leueine 

350 

250 

i.-lysine 

000 

260 

m.-methionine. 

340 

500 

PL-phenylalauine 

140 

350 

DL-threoninc 

200 

125 

L-tryptophanc 

100* 

50 

dl- valine 

200* 

125 

i>l -serine 

40 

250 


* Amount arbitrarily added. 

Both media contained the following substances (micrograms per tnl.): 


Dextrose. 

HXM) 

MgSO«.7HjO. 

100 

K,HPO<. 

100 

CaClj.2H,0. 

50 

FeCIt. 6H.O . 

1.25 

MnClj.4H s O. 

0.05 

ZnCli. 

0.05 

Biotin (free acid). 

0.0005 

Ca pantothenate..... 

0.10 


Thiamine HCl. 

1.00 

Nicotinamide... 

0.10 

Pyridoxine HCl. 

Riboflavin.. 

0.10 

0.10 

Ptcroylglutamic acid. 

0.01 

Choline Cl. 

1.00 

Yeast nucleic acid (hydrolyzed).. 

100.00 

Factor 11 (see text) 



previously described, 2 was assayed quantitatively with Leuconostoc me - 
senterioides P-fiO, according to the method of Shanktnan, et a/., 11 and the 
following amounts of the ten essential amino acids were found (expressed 
m 7 per ml. of final Tetrahymena medium): arginine, 0.9; histidine, 0.0; 
isbleucine, 0.0; leucine, 0.8; lysine, 0.2; methionine, 0.0; phenylalanine, 
7.0; threonine, 0.0; tryptophane, 0.38; valine, 0.0. This preparation was 
satisfactory for all of the amino acids studied except phenylalanine. A 
factor II preparation which assayed 0*4 7 of phenylalanine per ml. of 
medium was used in the studies involving this amino acid. The starting 
material in this case was Liver Fraction Lt (15 g.). This was dissolved in 
750 ml. of water and extracted with butanol for 90 hours in a liquid-liquid 
extraction apparatus, 8 After removal of the butanol by distillation 
in vacuo the volume was adjusted to 300 ml. and treated with Norit at 
pH 5.0. The final preparation was used in a concentration of 1:10. 

All determinations were made on third serial transplants after 72 hours' 
incubation at 25°C. when serine was present, or 144 hours* incubation 
when serine was absent. 

Results ,— Serine .—As has been shown previously 1 serine is a general 
growth stimulator for Tetrahymena and this stimulation appears to be due 
to its ability to release inhibitions caused by the essential amino acids. It 
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will be shown later in this paper that serine plays a multiple rAle in growth, 
involving, together with the release of specific inhibitions, efficient use of 
certain of the amino acids. These relationships will be discussed with the 
specific amino acids concerned. 

When serine is omitted from medium III no growth results but as little 

i 

as 10 7 per ml. (table 2) of either natural or racemic serine provides maxi¬ 
mum stimulation (range tested 0 250 y per ml.). Both isomers are active. 
On the other hand, omission of serine together with a lowering of the 
concentration of any one of the essential amino acids (with the single 
exception of threonine) permits growth to occur, although at a greatly 
reduced rate and submaximat yield (table 3). This means that serine 
must be present to release the inhibition exhibited by each of the essential 
amino acids in the concentrations used. But the organism can partially 
replace the exogenous 9erine effect, provided that the concentration of at 
least one of the inhibitory amino acids is lowered. 

TABLB 2 

Minimum Concentration Required for Maximum Response When Tested with 
All of the Other Amino Acids in Tiffa Concentrations of Medium III. Figures 

Represent Micrograms per Ml, 


SHRINK PRHMtNT- .-SHRINK ABKKNT— 


AMINO A CTO 

L 

DL 

L 

DL 

Arginine 

20 


0 

* 1 * 

Histidine 

7.5 

a ► * 

7.5 

* i - 

Isoleucine 

17.5 

25 

200 

No growth 

Leucine 

25 

140 

25 

140 

Lysine 

16 

15 

15 

15 

Methionine 

20 

30 

20 

30 

Phenylalanine 

10 

40 

10 

40 

Threonine 

10 

16 

225 

225 

Tryptophane 

10 

12 

10 

12 

Valine 

2.5 

7.5 

0 

0 

Serine 

10 

10 




Arginine and Valine .—It was shown eariy 2 that Tetrahymena could, 
under certain conditions, synthesize slowly both arginine and valine. 
Both of these amino acids are stimulatory but only in the presence of serine, 
which is to say that in the absence of serine growth is not improved when 
these amino acids are added to the medium at any level. The level giving 
maximum response for L-arginine is 20 7 per ml. (table 2) when serine is 
present, but no amount of added arginine stimulates growth in its absence 
(range tested 0-125 7 ). Both natural and racemic valine were tested and, 
as in the case of arginine, no amount of either proved stimulatory in the 
absence of serine while maximum response was obtained, with serine 
present, with 2.5 7 per ml. of L-valine and 7.5 7 per ml. (table 2 ) of dl- 
valine (range tested v —0-35 7 per ml.; DC—0-250 7 ). These quantita- 
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live relationships indicate that only the natural form of valine is active for 
Tetrahymena , and that the D-isomer is somewhat inhibitory. 

Tests were conducted to determine the cause of the failure of valine 
synthesis when tested with medium II. Additions of quantities of each 
amino acid to medium III so as to adjust its level to that of medium II 
showed that the high levels of arginine and lysine in the older mixture were 
responsible for blocking the synthesis of valine. Earlier observations* 
have indicated that this block can be partially released by adding glycine, 
serine and cystine together. 


TABLE 3 

Summary of the Quantitative Relations Between Serine and the Essential 

Amino Acids* 

Column I represents the concentrations in Medium III. Changes in concentrations are 

indicated in bold faced type 


«■—-MlCKOGttAMS PBR ML. 


AMINO ACID 

i 

u 

XU 

IV 

V 

VI 

vn 

vtn 

XX 

X 

XI 

XU 

DL-serine 

250 

0 

0 

0 

0 

0 

\ b 

0 

0 

0 

0 

0 

L-arginine 

125 

125 

0 

125 

125. 

125 

125 

125 

125 

125 

125 

125 

L-histidine 

125 

125 

125 

7.5 

125 

125 

125 

125 

125 

125 

125 

125 

DL-isoleucine 

125 

125 

125 

125 

+ 

125 

125 

125 

125 

125 

125 

125 

L-leucine 

250 

250 

260 

250 

250 

80 

250 

250 

250 

250 

250 

250 

L-lysine 

250 

250 

250 

250 

250 

250 

15 

250 

250 

250 

250 

250 

DL-methionine 

500 

500 

500 

500 

5M 

500 

500 

30 

500 

500 

500 

500 

DL-phenylalanine 

350 

350 

350 

350 

350 

350 

360 

350 

50 

350 

350 

350 

UL-threomne 

125 

125 

125 

126 

125 

125 

125 

125 

125 

225 

125 

125 

L-tryptophane 

50 

50 

50 

50 

50 

50 

50 

50 

50 

50 

10 

50 

DL-valine 

250 

250 

250 

250 

250 

250 

250 

250 

250 

250 

250 

0 

Growth f 

4 

0 

4 

4 

0 

• 

4 

4 

4 


4 

4 


* Neither lowering nor raising the concentration of DL-isoleucine permitted growth in 
the absence of serine, provided the concentrations of the other amino acids remained as 
in Column I. The substitution of 275 micrograms of L-isoleucine, however, permitted 
growth in the absence of serine. 

f The plus sign (4) represents transplantable growth, the zero (0) represents no 
growth. The plus signs are not necessarily equal, as growth is slow and never maximum 
in the absence of serine, except where threonine levels arc high (Column X). 


Histidine , Lysine, Methionine , Tryptophane .—This group of essential 
amino acids will be considered together because they all behave similarly 
in relation to serine, although they differ in certain other details. In the 
absence of serine, growth occurred when the level of any one of these amino 
acids was lowered sufficiently (table 3) but the growth rate was low, as 
was the maximum yield. The maximum response levels were the same 
as those found in the presence of serine (table 2). Only natural histidine 
was available for testing and maximum response was obtained with the 
addition of 7.5 y per ml, of medium (range tested 0-125 r). Both isomers 
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of lysine are active* The maximum response was obtained at 15 y per 
ml. of either l- or DL-lysine (range tested 0-300 7 ). Both isomers of 
methionine appeared active, as the amounts required for maximum re¬ 
sponse were 30 7 and 20 7 per ml. of the dl- and L-form, respectively 
(range tested l —0-4)0 7 ; dl —0-500 7 ). This seems to indicate some 
inefficiency in the ability to metabolize the D-isomer. This condition is 
apparent also in the case of tryptophane where maximum response was 
obtained with 10* 7 of L-tryptophane and with 12 7 of the racemic mixture 
(range tested l —0-20 7 ; dl —0-50 7 ). 

Phenylalanine , Leucine.— When the concentration of phenylalanine is 
reduced in the absence of serine, low but transplantable growth results 
(table 3). The maximum response levels, either with or without serine, 
are identical but wide differences exist between the activities of the natural 
and racemic forms. Maximum response was obtained with 10 7 (table 2 ) 
of L-phenylalanine (range tested 0-140 7 ) while 40 7 of the racemic mixture 
are required (range tested 0-350 7 ). The activity of leucine is similar to 
phenylalanine. The maximum response levels either with or without 
serine were identical but, again, large amounts of the racemic mixture were 
required (25 7 of L~leucine; 140 7 of DL-leucine, range tested 0-700 7 ). 
These large differences between the natural and racemic mixtures indicate 
competitive inhibition by the D-isomers and is found also in the ca.se of 
valine, mentioned above. The natural form of leucine became inhibitory 
at levels above 125 7 per ml. when serine was absent but very high levels 
(700 7 per ml.) were tolerated when serine was present. 

Isoleucine. —In the presence of serine both isomers of isoleucine appear 
to be metabolized, although the D-isomer somewhat inefficiently. Maxi¬ 
mum response was obtained with 17.5 7 per ml. of the natural form and 
25 7 per ml. of the racemic mixture (range tested 0-400 7 ). In tile absence 
of serine no growth was possible with any concentration of DL-isoleucine 
(range tested 0-400 7 )* The D-isomer in this case appears to be com¬ 
pletely inhibitory. Utilization of the L-isomer is faulty without 9 erine as 
the growth was always slow, the yields low and the amounts required high 
(200 7 per ml.). These results indicate that serine, in addition to counter¬ 
acting inhibition, makes isoleucine available for Tetrahymena . Unlike 
leucine, the natural form of isoleucine showed no inhibition without serine, 
in the range tested. Growth at levels of 400 7 per mf. was as good as at 
200 7 per ml. 

Threonme .—As with methionine, isoleucine and tryptophane, the un¬ 
natural isomer of threonine appears to be utilized (when serine is present) 
but not as efficiently as the natural form. Maximum response was ob¬ 
tained with 10 7 per ml, and 15 7 per ml. of L-threonine and DL-threonine 
(table 2), respectively (range tested 0-400 7 per ml.). In the absence of 
serine no growth occurred at these levels. Unlike the other amino acids, 
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high levels of threonine are not inhibitory but rather substitute for serine 
in the release of inhibition (table 3). The maximum yield with 225 y per 
ml. of either natural or racemic threonine was as high as when serine was 
present, although, as in every case above noted, the growth rate was re¬ 
duced. Release of inhibition apparently is not influenced by the stereo¬ 
configuration of threonine any more than it is by serine. 

Discussion .—The results of this study raise more questions than they 
answer. The complexity of the interactions between amino acids is perhaps 
not surprising when their general lability in metabolism is taken into con¬ 
sideration. Nevertheless, a number of the facts brought out should be 
considered if for no other reason than to attempt explanations which 
may be subject to experimental test. 

Release of inhibition by serine requires some elaboration. It was stated 
that, under the conditions of these experiments, the reduction of any one 
of the amino acids except threonine reduced the total inhibition to a point 
where growth could occur without serine. An apparent exception to this 
statement was found with DL-isoleucine. Np concentration of DL-iso- 
leucine allowed growth to occur in the absence of serine, with low threonine, 
and the other amino acids high. It appears that non-inhibitory concen¬ 
trations of isoleucine are insufficient for metabolic needs. Inhibitory con¬ 
centrations of DL-isoleucine were always present (concentration of medium 
III, 125 7 per ml.) when the other amino acids were being tested, but this 
concentration was not enough to stop growth when their levels were 
reduced. It was obvious, therefore, that growth should occur at some level 
using DL-isoleucine if some other amino acid level were lowered. This 
was found to be the case. For example, if L-leucine was reduced from 
250 7 to 80 7 per ml. and a dose response curve for DL-isoleucine con¬ 
structed, it was found that high maximum yields were obtained with 25 y 
per ml, of the latter. The growth rate was slow, as was expected in the 
absence of serine. High concentrations (350 y per ml. and above) of the 
racemic isoleucine were completely inhibitory. The same general results 
were obtained when phenylalanine was reduced (from the 350 y per ml. 
of medium III to 50 y per ml.) or the threonine level raised (from 125 
7 per ml. to 300 7 per ml.). Lowering of phenylalanine inhibition or 
raising the threonine concentration made even 400 7 per ml, of DL-iso¬ 
leucine not completely inhibitory. 

When one examines the summary given in table 3, one can see that 
growth resulted in the absence of serine, only when individual amino acid 
concentrations were lowered, with the single exception of threonine (Column 
X). That threonine can substitute for serine is perhaps understandable 
on the basis of their structural similarities. 

* 

In view of the fact that earlier work* had shown that glycine sometimes 
functions to antagonise inhibitions and that acetate in low concentrations 
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is stimulatory, J and also that serine is readily converted to glycine, medium 
III minus serine was tested with graded amounts of glycine (range tested 
0-200 7 per ml.). Again no growth occurred when only the ten essential 
amino acids were present, but growth did occur in the presence of glycine. 
Very low growth resulted with the addition of as little as 2.5 7 per ml. and 
steady increases occurred up to 50 7 per ml. Maximum yield at 50 7 per 
ml. was as high as when 10 7 per ml. of serine was added, but the growth 
rate was low, in contrast to serine. These quantitative relationships 
indicate that serine does not function by conversion to acetate via glycine. 

In an attempt to improve growth in the absence of serine, and yet use 
the same isomeric forms of the amino acids as in medium III, a medium 
was constructed with the following concentrations (in 7 per ml.): L-argi- 
nine, 40; L-histidine, 50; DL-isoleucine, 50; L-leucine, 100; L-lysine, 50; 
DL-methionine, 60; DL-phenylalanine, 50; DL-threonine, 300; n-trypto- 
phane, 20; dl- valine, 7.5. The amino acids totaled 727.5 7 per ml. as 
compared to 2275 7 per ml. for medium III, and the amino nitrogen totaled 
100.8 7 per ml. as compared to 308.6 7 per ml. for medium III. With this 
medium growth yields were nearly as great as when serine was added, but 
still the rate of growth was somewhat slow. Inhibition, as far as yield 
was concerned, was largely removed by the combined effect of high threo¬ 
nine and low concentrations of all of the other amino acids. The some¬ 
what lower yield was possibly due to nitrogen limitations and the low 
growth rate due to faulty metabolism of isoleucine in the absence of serine. 

Turning now to a consideration of the results on the utilization of the 
isomers, the most interesting and puzzling seem to be those with leucine, 
phenylalanine and valine. Even in the presence of serine more than double 
the amounts of the racemic mixtures than of the natural forms arc required 
for maximum response, It appears that the D-isomers are inhibitory and 
unavailable but that this inhibition can be overcome, even though the 
50-50 ratio of 1 to d is maintained, if larger amounts are added. One 
possible explanation is on the basis of competitive enzyme inhibition. At 
low levels of the racemic mixture 50% of the enzymes responsible for 
metabolism of the amino acid in question take up the available L-isotner 
and 50% D-isomer. As this binding of the enyzme by the D-isomer is re¬ 
versible (according to the theory of enzyme competition) and the L-isomer 
is being used up, then at no time will the enzyme be able to tnobilize 
enough L-isomer for adequate growth. As the concentration of both 
isomers is increased, however, there finally results a condition where 50% 
of the enzyme can at all times be saturated with the L-isoraer, which, on 
the basis of margin of safety, is sufficient for optimum growth. If this is 
the true explanation for the results obtained with leucine, phenylalanine 
and valine, then we will have to assume enzyme action on some position of 
the molecule other than the asymmetric carbon, for these amino acids. 
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The apparent inability of this organism to metabolize efficiently the 
D-isomers of isoleucine, methionine, threonine and tryptophane cannot be 
explained at this time. In the case of methionine it may be that the 
less than double amounts of the racemic mixture as compared to the 
natural form for maximum response might point to the well-known double 
function of this amino acid: as an essential amino acid and as a methyl 
donor. As a methyl donor it may make no difference what the configura¬ 
tion is and therefore some of the D-isomer can be used to spare the l- 
isoraer. Similar double functions, as yet unknown, may explain the 
results with the other three amino acids under discussion, i.e., niacin 
synthesis in relation to tryptophane. 

TABLE 4 


Comparisons of thb Rat, Mouse, Man and Tetrahymena Regarding Their Ability 
to Utilize Optical Isomers of the Amino Acids. The Data for the Mammals 
Are Taken from a Similar Table in the Review by Albanksb 1 * 



f ..UAT~ 


* -MOU8B-. 

v * -MAN 

N L 

-- 

.— T*trakymena—> 

AUDIO ACID 

L 

D 

L 

D 

D 

L 

D 

Arginine 

4“ 

— 


» * 

+ 

+ 

4- 

B * 

Histidine 

IH^I. 

+ 

4- 


4- 

— 

+ 

1 * 

Isoleucine 

+ 

— 

iii |i ■ 
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* t 

» * 

4" 

+ 

Leucine 

+ 

4- 

« i 

4 4 

■ * 

• * 

4- 

— 

Lysine 

4“ 

— 

+ 

— 

4“ 

+ 


4" 

Methionine 

+ 

+ 

4“ 

m|i 

4* 

+ 

4- 

4- 

Phenylalanine 
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Inasmuch as Tetrahymena , unlike all other microorganisms so far studied 
under like controlled conditions, identifies itself with higher animals as 
far as amino acid requirements are concerned, it is interesting to compare 
the available data on other animals regarding isomer utilization. Table 4 
was constructed from a similar one given by Albanese 12 and details can be 
obtained from his review. In interpreting differences between the mouse, 
rat, man and Tetrahymena , it must not be overlooked that the intestinal 
flora of the vertebrates may play a decided rAle in the results obtained, 
while in this respect the data for Tetrahymena are more reliable. The 
results on the ciliate actually reflect its metabolism as all other organisms 
are excluded. 

It has been found by Rose, et aL t l * using nitrogen balance studies, that 
histidine is apparently a dispensable amino acid for man. In contrast to 
this histidine is indispensable for Tetrahymena. No growth is possible 
when histidine is absent from the medium, but transplantable growth re- 



Vol. 33, 1947 


BIOCHEMISTRY: KIDDER AND DEWEY 


355 


suits when as little as 2.5 y per ml. are added, and 7.5 y per ml. are sufficient 
for optimum growth. With such an active substance, there is a strong 
possibility that the bacterial flora of the human alimentary canal can con¬ 
tribute enough to account for the results of Rose, et al. On the contrary, 
under certain conditions Tetrahymena can synthesize valine. It is of 
importance, in the light of this work, to test the ability of vertebrates to 
dispense with valine under similar conditions of low arginine and lysine. 

The results reported here, while incomplete in many respects, indicate 
some important points, often overlooked in studies of this nature. Even 
essential amino acids in moderate amounts can be inhibitory under certain 
conditions. This may prove of importance in oral and intravenous 
alimentation, especially with synthetic amino acids. The r61e of serine 
as a growth stimulator, in its ability to release inhibitions and to enhance 
the utilization of isoleucine, warrants further attention in metabolism 
studies. That amino acid imbalance can influence growth and reproduc¬ 
tion is again emphasized. 

Summary .—1. Under certain defined conditions, the optimum concen¬ 
trations of the essential amino acids were determined for the ciliated 
protozoan Tetrahymena . 

2. Availability of the optical isomers was investigated. 

3. Quantitative results indicate that both the l- and D-isbmers of lysine, 
methionine, threonine and tryptophane are active. Both isomers of 
isoleucine are active in the presence of serine. 

4. The unnatural isomers of leucine, phenylalanine and valine are 
inhibitory, 

5. High levels of L-isoleucinc are required in the absence of serine and 
the racemic mixture is completely inhibitory. 

6. Serine functions as an antagonist to the inhibitions exhibited by nine 
of the essential amino adds. 

7. In the absence of serine the growth rate was invariably low and the 
maximum yield usually reduced. 

8. High levels of threonine can substitute for serine for release of 
inhibition but threonine is not a growth rate stimulator. 

9. Comparisons are made between the data in the literature on verte¬ 
brates and those reported here on Tetrahymena. 

* This study has been aided by a grant from the United States Public Health Service 
and by a grant recommended by the Committee on Growth of the National Research 
Council acting for the American Cancer Society. A portion of this work was reported 
at the Fourth International Congress for Microbiology in Copenhagen and an abstract 
will appear in the Proceedings. 

t Furnished through the courtesy of Dr. David Klein and the Wilson Laboratories. 

{ Unpublished results from this laboratory. 
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EFFECT OF INCREASING FOOD PROTEIN UPON TI1E CALCIUM 

CONTENT OF THE BOD Y* . 

By H. C. Sherman, M. S. Ragan and M. E. Bal 
Department op Chemistry, Colombia University 

a 

Communicated October 1, 1947 

In previous papers 1 ' 2 we have noted briefly the fact that acceleration 
of growth by relatively high protein food may result in retardation of the 
body’s normal developmental gain in calcium content. The purpose of 
the present paper is to record some further experiments bearing upon 
this relationship. 

The experimental animals have been rats of like genetic background— 
an inbred laboratory stock of Wistar Strain albinos. The experiments 
are divided into two series according to the immediate nutritional back¬ 
ground and the basal diet of the experimental animals. 

First Series, —The experimental rats were separated at the age of 28 
days from families fed Diet 16 (also called Diet A) consisting of five-sixths 
ground whole wheat and one-sixth dried whole milk with table salt in the 
proportion of 2% of the weight of the wheat. The air-dry food mixture 
contained practically 14% of protein and 0.2% of calcium. Food and 
water were constantly available to the animals. Rats of the same sex 
and essentially the same size were drawn from the same litters; in each case, 
one of these was continued on the basal Diet 16, while the other received 
Diet 16 plus casein. The casein was added in such proportion as to increase 
the protein content of the air-dry food mixture from approximately 14% 
to approximately 20%. At 60 or at 90 days of age the corresponding rats 
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on the two diets were killed and analyzed for body calcium. The average 
results of the comparisons of this series are shown iti table 1. 

tabu-: 1 

Average Calcium Contents of Female Rats at 50 and at 90 Pavs of Age as 
Affected by Increase of Food Protein from 14 to 20%. (Calcium Content of 



Food About 0.2%) 



PROM DIET 16 

FROM DIET 16 T CAHKIN 

At 00 days of age 

(J4% PKOTBIN) 

(20% Protein) 

Amount,, g. 

0.673 

0.049 

Percentage 

0.786 

0.720 

At 90 days of age 


* 

Amount, g. 

1.062 

0.983 

Percentage 

0.865 

0.840 


It will be seen from table 1 that both when compared at 00 and at' 90 
days the rats which had received the extra food protein here show less body 
calcium, both in amount and in percentage, than the parallel animals 
which had received the basal Diet JO alone. 

Second Series .—The arrangement of the experiments was the same 
in the second series as in the first except for the background and basal 
ration which was our Diet 133 consisting of two-thirds ground whole wheat 
and one-third dried whole milk with enough added calcium carbonate to 
bring the calcium content of the air-dry food mixture to 0.04%. This 

diet thus contained about three times as much calcium as the basal diet of 

* 

the first series; and as it contained twice the proportion of milk it was 
nearly twice as rich in vitamin A and riboflavin. Its protein content was 
approximately 16% of the air-dry food mixture. Diet 183, fed in com¬ 
parison with Diet 133, was of the same composition except that enough 
casein was added to bring the protein content of the air-dry food mixture 
from approximately 16 to approximately 20%. This increase in the level 
of protein feeding resulted in the production of somewhat larger yoling 
with larger amounts but somewhat lower percentages of body calcium 
at the age of 30 days. The average findings for these 30-day-old offspring, 
as well as of the original experimental animals at 00 days, 90 days and 1 
year of age, are summarized in table 2. Here the animals receiving the 
higher amounts of food protein (and, as shown in a previous paper, growing 
more rapidly) showed slightly larger amounts of body calcium corre¬ 
sponding to their larger body weights. The slightly higher percentages 
at 60 and 90 days were evidently made possible by the higher calcium 
content of the basal diet in the second series of experiments than in the 
first* Continuance of growth between the ages of 90 days and 1 year 
involved increase in amounts of body calcium while percentages were 
slightly decreased by the bearing and suckling of young even though at 
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least a month had in each case elapsed between the end of lactation and the 
analysis of the mother. The year-old females on the different diets had 
met about equal demands of pregnancy and lactation before being taken 
for analysis. 


TABLE 2 

Average Calcium Contents Found at Different Ages in Female Rats from 
Diets Containing 16 or 20% of Protein in the Air-dry Food. (Calcium Content 

of Food About 0.6%) 



pitom diet 133 
(16% protbin) 


PROM DIET 183 
(20% FIIOTBIN) 

At 30 days of age 

Amount, g. 

0.375 


0.484 

Percentage 

1.10 


0.93 

At 60 days of age 

Amount, g. 

1.10 


1.22 

* Percentage 

1.09 


1.13 

At 90 days of age 

Amount, g. 

1.68 


1.79 

Percentage 

1.23 \ 


1.29 

At 1 year of age 

Amount, g. 

2.62 


2.69 

Percentage 

1.25 


1.25 


The chief findings of both series may be briefly summarized as follows: 

Rats on a relatively low-calcium basal diet containing 14% of protein 
grew faster when their food protein was increased to 20%, but showed both 
lower amounts and lower percentages of body calcium at 60 and at 90 days 
of age. The differences were of the order of about one-twentieth of the 
amount or percentage of calcium present; and were, in this series, all in 
the same direction. When the basal diet was of liberal calcium content, 
accentuation of growth by increase of food protein did not result in lower 
body calcium at 60 or 90 days, nor at the age of 1 year in females which had 
borne and suckled young. Further analyses have confirmed and extended 
the finding briefly noted in previous papers from this laboratory that 
females of 3 months to 1 year of age which had received the low-calcium 
basal ration (Diet 16) plus poultry meat contained less body calcium than 
those of like age which had received the same basal diet without the pro¬ 
tein enrichment. Similarity of results with poultry meat and with casein 
indicates that this effect of the meat was attributable to its protein. The 
lowering of body calcium by protein enrichment of a low-calcium diet 
may be regarded as an effect of a protein-calcium imbalance, or of an undue 
acceleration of growth, or of both, 

* Aided by grants from the John and Mary R. Marlde Foundation. 

1 Sherman, H, C., and Pearson, C. $., Proc> Nat. Acad . Set 33,264-266 (1947). 

* Sherman, H. C., and Ragan, M. S., Ibid., 33,266-268 (1947). 
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THE EFFECTS OF ISOLA TES ON THE FREQUENCY OF A RARE 

HUMAN GENE 

By L. C. Dunn 

Columbia University, and State Institute of Race Biology and Human Genetics, 

Uppsala, Sweden* 

Communicated November 4, 1947 

An important corollary of Menders principle of segregation was noted 
by Weinberg 1 and by Hardy 2 in 1908, They showed that in a large 
population undergoing random mating (panmixia), the relative frequencies 
of a pair of adaptively neutral alleles such as A and a tend to remain 
constant in the equilibrium state q l AA :2q{i — q)Aa : (1 — q)sui in which 
q and 1 — q are the proportions of A and a in the population. This simple 
relationship iormed the basis for the development of the population 
genetics of cross-fertilizing animals and plants and has been particularly 
fruitful in studies of human genetics. It has been found, however, that 
the ideal populations assumed in the Hardy equilibrium are seldom if 
ever found in nature. Random mating or panmixia could hardly extend 
over a wide-spread animal or plant species. Human populations also are 
broken into rather small groups known as isolates within which marriages 
tend to occur at random, while genes are less frequently exchanged between 
the isolates. The isolating factors here may be of various kinds such as 
geographic, social, religious and others. 

It is obvious that if random mating and free exchange of genes do not 
occur in large populations, the gene frequencies will be affected by circum¬ 
stances peculiar to small populations, and by inbreeding or mating among 
relatives. Inbreeding assumes an unusual importance in human popula¬ 
tions which generally contain recessive mutant genes for deleterious 
characters of various kinds. When such genes are rare, homozygotes are 
likely to be produced only by marriage between relatives who carry the 
same recessive gene. If such marriages, as between first cousins, occur at 
random, they will have a high probability of occurrence only when the 
circle of possible mates is small, as in an isolate. Therefore it is to be 
expected that such rare recessives will not be distributed evenly in large 
populations, but that different rare hereditary defects will tend to appear 
in different small communities, some in one, others in another. 

Wahlund* (1928) has worked out, in theory, the differences to be ex¬ 
pected in the frequencies of the several genotypes as between a whole 
population under random mating and one which is divided into isolates; 
while Dahlberg 4 (1943) has shown how the frequency of cousin marriages 
may be used to estimate the average size of the isolates, and has calculated 
the theoretical relationship between gene frequency, frequency of cousin 
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marriages in the isolate and frequency of cousin marriages among parents of 
persons homozygous for a given gene. 

An actual example of isolates was found by Sj0gren 5 (1931) in studying 
the distribution of a gene for a rare and always fatal disease, juvenile 
amaurotic idiocy, as it occurs in Sweden. The disease begins with failing 
sight and blindness in young children of 4 to 7 years, and progresses through 
loss of sensory, mental and physical powers to its terminus in death some 
10 or 12 years later. It was possible to detect nearly all cases occurring in 
Sweden since 1890, when special instruction and registration of the blind 
became obligatory, and to work out the ancestry and geographic origins 
of the affected persons by using the excellent and continuous records kept 
in the vSwedish parishes. The heterozygous ancestors responsible for the 
115 primary cases studied by Sjdgren were found to group themselves into 
59 families coming from 23 rather restricted localities in southern and 
central Sweden; while the proportion of first cousin marriages among the 
parents of the amaurotics proved to be 15% which is probably 20 to 30 
times the rate for the population at large. Thus the Swedish population 
was shown to consist, in respect to the marriages responsible for juvenile 
amaurotic idiots, of restricted marriage circles or isolates within which 
marriage between relatives occurs with higher frequency than in the 
population at large. 

In the present note it is proposed to test some of the more recent methods 
by applying them to Sj0gren's data. Specifically it is of interest to de¬ 
termine the frequency of the gene for juvenile amaurotic idiocy in the 
isolates and to estimate the fraction of the whole population which is 
contained within the isolates. 

We may begin by estimating the frequency of the gene on the assumption 
of random mating in the whole population of Sweden. 

Sjogren found that for the years 1913-1922, the average number of juve¬ 
nile amaurotics alive at one time in Sweden was 52.5. Since the average 
age of onset of the disease (detected by blindness) is 6.7 years and the 
average age at death is 18.2 years, its average duration is about 11.5 years. 
Thus about 52.5/11.5, or 4.6 new cases appear each year. For the ten- 
year period concerned* about 1,200,000 children reached the age of seven, 
when the disease would be detected, or about 120,000 per year. The 
frequency of homozygotes can thus be estimated as 4.0/120,000 or 
0.0000383, roughly 4 per 100,000 (0.004%). Assuming random mating 
the proportions of homozygotes and heterozygotes at equilibrium would be 
AA * 0.9876; Aa * 0,0123; m *»' 0.00004. Sj0gren recognized that the 
heterozygote frequency of 1.2% thus calculated for this gene could not be 
correct, since it applied to the whole population and must therefore be 
"fiir die Populationen in den Herdgebieten (isolates) und angrensenden 
Teilen zu niedrig, fttr die Lakunen dazwischen zu hoch. . . 
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We must therefore calculate the gene frequency within the isolates 
with the aid of Dahlberg's (1943) formula, 4 

, c( 1 + 15r) 


in which k is the frequency of first cousin marriages among parents of 
juvenile amaurotics, c is the frequency of cousin marriages arising at ran¬ 
dom in the isolate population and r is the frequency of the gene. In the 
present case we may use for k the value of 15% found by Sjdgren, and for 
c the value 0.45% derived from data supplied by Professor Dahlberg on 
cousin marriages among parents of 17,016 children in public schools in 
country districts of southern and central Sweden in 1947. This gives 
r = 0.0019, corresponding to r 2 = 0.00000361 or about 4 homozygotes 
per million as compared with 4 per 100,000 as found by Sj0gren. The 
assumption of 0.45% cousin marriages thus leads to an estimate of homo¬ 
zygote frequency in the isolates which is 7.o of the actual frequency in 
the whole population in 1930. This evidently is absurd. The frequency 
of cousin marriages in the isolate population must therefore be higher. 

Sj0gren, in considering this problem, assumed a frequency of cousin 
marriages of 1% and when this value is substituted in equation 1, the gene 
frequency r — 0.0044 is found, corresponding to r 2 = 0.000019 or about 
2 homozygotes per 100,000. This figure is also too low. In these cases, 
it is probable that the frequency of cousin marriages in the isolates has been 
underestimated, for Sj0gren's data were chiefly from idiots diagnosed in 
the period 1896-1930, whose parents would therefore have been married 
some 30-40 years earlier when the rate of cousin marriages in restricted 
country districts was probably much higher. (Unpublished data of Pro¬ 
fessor Dahlberg indicate that the cousin marriage rate in the Swedish 
nobility declined sharply in the period 1870 to 1930.) It is probable 
that a cousin marriage rate of 2% in the isolates for the relevent period is 
not an overestimate. Using c ® 2% and k ~ 15% we get a gene frequency 
in the isolates of 0.009524 or r* 0.00009, about 1 homozygote per 10,000 
in the isolates. 

If we assume that all cases of juvenile amaurotic idiocy are born in the 
isolates, where alone the gene frequency and rate of cousin marriage are 
high enough to produce them, then we may estimate the fraction of the total 
population contained in the isolates as 42.5%. (Roughly, if the frequency 
of homozygotes in the whole population is about 1 per 25,000, as found by 
Sj0gren, and about 1 per 10,000 in the isolates, as estimated from the 
cousin marriage fraction, then the isolates constitute about 40% of the 
population.) Of the Swedish population of 6,074,368 in 1930 the isolates 
containing this gene thus comprised 42.8% or 2,580,000 persons. With 
a homozygote frequency of 0.00009 we should expect to find about 230 
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homozygotes in such a population. The frequency can be applied, how¬ 
ever, only to that age fraction of the population in which juvenile amaurotic 
idiocy occurs, namely, in children between 7 years (onset of blindness) 
and 18 years (age at death). In 1930 there were 1,226,000 persons in 
these age groups in Sweden, or about 20% of the population. Since the 
chance of detection is thus 20%, we take 20% of 230, or 46, as the number 
of homozygotes which we may expect to find alive at one time. For the 
ten-year period 1912-1921 Sjdgren found an average of 52 juvenile amau¬ 
rotic idiots alive at one time. The discrepancy between the actual figure 
and that calculated on the assumption of a cousin marriage rate of 2% 
and a gene frequency in the isolates of 0.009524 is not so great as to dis¬ 
credit the latter computation. 

It is possible to estimate the average size of the isolates from the fre¬ 


quency of cousin marriges using the relation n — 



berg, 1943), where n is the size of the isolate population, c is frequency of 
cousin marriage and b is number of children per family. (In the stationary 
Swedish population b may be taken as 2.) Where c ~ 0.02 the isolate size 

4 

is about 200. The minimum frequency of the gene could hardly be less 
than 2 heterozygotes per isolate, in this case a gene frequency of about 
0.01, which is not far from the value 0.009 as estimated above. 

There is thus a fair agreement between the frequency of homozygotes 
predicted by the theory and the numbers actually found by Sj0gren. It is 
important, however, to emphasize that even this measure of agreement is 
reached only by assuming a rate of cousin marriage which is much higher 
than that which occurs today. This is to say that the calculations apply 
to conditions which no longer exist and illustrates one of the difficulties in 
testing such theories by data from human populations. A rigid test of 
the methods used would require not only actual data on the cousin marriage 
rate but estimates of the numbers of people in some of the isolates within 
which the gene occurs, for comparison with predicted numbers. An 
attempt has been made to estimate the numbers of people in the “Heterozy- 
goten-Herdep” identified by Sj0gren but the uncertainty of isolate bound¬ 
aries and the unlikeness in the population distribution in different areas 
have made this impractical. 

Nevertheless the distribution of this rare gene, with a higher frequency 
in its centers, and a low or zero frequency in the rest of the population 
illustrates a fact about human populations which is essential to recognize. 
The methods for dealing with gene frequencies in isolates can be used as 
rough approximations, and indicate the variables which must be measured 
in future studies of gene distribution. 

* The author acknowledges with gratitude the hospitality of the Institute and the 
advice and kindness of the Director* Professor Gunnar Dahlberg. 
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THE NA TURK OF GENE A CTTON AS SHOWN B Y CELL-LIMITED 
AND CELL-DIFFUSIBLE GENE PRODUCTS 

By Donald F. Jones 

Connecticut Agricultural Experiment Station, New Haven 

Communicated September 28, 1947 

The gene markers previously used to identify chromosome aberrations 
in the endosperm of the maize seed produce cell areas with well-defined 
boundaries when dominant genes are removed from the cell allowing their 
recessive alleles to operate. These tissue alterations are brought about 
during development by any process that removes chromosomes in whole 
or in part from the cell. The change occurs in the nucleus but the effect 
is visible in the cytoplasm. Isolated single cells show these changes. 
Obviously something passes through the nuclear membrane, either from 
the nucleus to the cytoplasm or in the reverse direction, but does not go 
beyond the cell membrane since no cell division lias occurred in the single 
cell alterations to liberate nuclear products into the cytoplasm or the¬ 
re verse. 

Where the effects of the gene products are confined within the cell such 
genes may be considered as cell-limited. Genes of this type in maize 
aleurone are C t R, Pr and I. For illustration of this type of gene action 
see figure 1 and Jones 1 - 2 and Clark and Copeland. 8 

In marked contrast to these cell-limited genes are the cell-diffusible 
genes where the gene products pass through the cell wall and affect adjoin¬ 
ing cells over a considerable area. The A\, At and Y color genes in maize 
are of this type. The A series of anthocyanin genes are necessary to pro¬ 
duce color in all parts of the plant. In the recessive condition the aleurone 
is colorless, the cob and pericarp are brown and the other parts of the 
plant ore green or brown, depending upon other genes present. The domi¬ 
nant allele produces anthocyanin in the leaves, silks, glumes, anthers, 
aleurone and scutellum when the complementary genes are present. When 
A is removed from the aleurone by the loss of the locus containing this gene 
that part of the seed is colorless. However, there is a gradual diminution 
In color from the pigmented to the unpigmented area extending over an 
area of several cells so that the border is not distinct as it is in other color 
changes involving C, R, Pr and L Evidently something diffuses through 
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tlte cell walls from the pigmented ceils into the unpigmented cells for a 
considerable distance. The colored cells bordering the uncolored area 
are also darker over a distance of about ten cells adjoining the uncolored 
area. 



FIGURE 1 FIGURE 2 

Figure 1. A change from colorless to colored alcurone cells in a maize seed resulting 
from the removal of a dominant color inhibitor, a cell-limited gene. 

Figure 2. A change from colored to colorless aleurone cells in a maize seed result¬ 
ing from the removal of the dominant color producer, Au a cell-diffusible gene. Note 
the gradation in color from dark to light areas and the darker border areas between 
the colored and colorless areas. 

The colorless cells produce something that is not used but diffuses into 
the cells containing the dominant allele and forms a band of darker colored 
cells. See figure 2. This is an interaction between different alleles at the 
same locus producing an effect that is greater than that produced by 
either allele alone and is analogous to heterosis which is normally effected 
within the cell. 

Other cell-diffusible genes of this type are the Y endosperm color genes. 
In these cases there is no darkening of the border cells containing the 
dominant allele, only a gradual diminution of color from yellow to 
colorless. Some of the chlorophyll-controlling genes of the zebra pattern 
type are probably cell-diffusible. The margins of these bands of lighter 
green chlorophyll running across the leaf are usually indistinct. However, 
these have not been observed in areas where the dominant gene has been 
removed in somatic tissue. Many of the chlorophyll genes are cell-limited 
as shown by the well-defined stripes of green and white tissue in the leaves 
running lengthwise. These differently colored areas are produced normally 
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in the recessive condition but there are also cases where the colorless areas 
result from the removal of the dominant allele by chromosome aberration 
or by mutation and the margins are usually distinct. 

The pericarp (P) and the plant color factor (B) are also cell-limited 
genes. Endosperm genes controlling the reserve food formation such as 
sugary ($u)> waxy (wx) and brittle (bi) are cell-limited. Adjoining cells 
show clear-cut effects of the dominant or recessive allele with no gradation 
either way. The shrunken (sh) condition does not appear in small recessive 
areas and this may be a cell-diffusible gene. Dull, floury, mealy, opaque 
and many defective genes have not been observed in adjoining dominant 
and recessive areas. Many seeds heterozygous for miniature and other 
defective genes have been examined and no recessive areas have been found. 
Either these genes are cell-diffusible or cell-lethal. 

Cell-diffusible genes of the A type furnish an excellent example of a gene- 
substrate interaction. Since the gene products are transferred from cell 
to cell they are capable of extraction and analysis as shown by Sando and 
others. 4 Working with purple husked maize, the purple color dependent 
upon the presence of the dominant A gene, they obtained evidence for the 
conversion of flavanols to anthocyanidins by reduction of their correspond¬ 
ing homologous glucosides. 

It has been shown by Clark 8 that the genes controlling the development 
of the male gametophyte in maize operate normally when separated in the 
cell into a number of small nuclei, provided a full complement, of chromo¬ 
somes is present. This evidence, together with the facts reported here, 
shows that gene products are effective outside the nucleus and that the 
interaction between different genes and different alleles of the satne gene 
takes place in the cytoplasm in some cases. 

1 Jones, D. F., “Somatic Segregation and Its Relation to Atypical Growth," Genetics, 
22, 484-522 (1937). 

1 Jones, I). F,, “Nuclear Changes Affecting Growth," Am. J. Botany , 27, 149 155 
(1940). 

* Clark, F. J. and Copeland, F. C., “Chromosome Aberrations in the Endosperm 
of Maize," Ibid., 27, 247-251 (1940). 

4 Sando, C. E., Milner, R. J., and Sherman, M. S., “Pigments of Mendeltan Colour 
Types in Maize. Chrysantheinin from Purple Husked Maize," J. Biol. Chem., 109, 
203-211 (1935). 

* Clark, F. J., “The Germinating Capacity of Maize Pollen Having Aberrant Nuclei," 
Bull. Torrey Bot. Club , 70, 449-456 (1043). 
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THE INFLUENCE OF X-RA YS AND NEAR INFRA-RED RA YS ON 
RECESSIVE LETHALS IN DROSOPHILA MELA NOG ASTER* 

By Bkrwind P. Kaupmann and Helen Gay 

Department of Genetics, Carnegie Institution of Washington, Cold Spring 

Harbor, New York 

Communicated October. 1, 1947 

The study here reported concerns the effect of supplementary treatment 
with near infra-red radiation on the frequency with which x-ray-induced 
recessive lethal mutations are produced in Drosophila meUinogaster. Earlier 
work had shown that when near infra-red rays (X ca. 10,000 A) are used 
prior to x-rays in the treatment of the spermatozoa of D. melanogaster , a 
marked increase occurs in the frequency of detectable chromosomal re¬ 
arrangements over that of controls receiving only the dose of x-rays. On 
the other hand, the percentage of dominant lethals is not significantly 
higher when near infra-red treatment precedes the x-rays than when 
x-rays alone are used. 1 We have now collected additional data which 
indicate that such supplementary treatment has no significant effect in 
this species on the frequency of production by x-rays of sex-linked recessive 
lethals. 12 

Experimental procedures involved the use of the CIB method for de¬ 
tection and verification of X-chromosome lethals. Irradiated males were 
mated with females of the constitution CIB v/ec cF v g 3 ; Cy/Pm. The 
maintenance of Pm in the stock, and the selection of F x females carrying 
this marker, readily permitted the detection of the non-disjunctional 
XX V exceptions, because of the suppressing effect of the Y-chromosome on 
eye-color variegation, and facilitated thereby the diagnosis and scoring of 
the F 2 cultures. 

Males of the Swedish-^ 6 stock were used; they were obtained from 
cultures derived from a single pair of flies that had been tested cytologically 
to insure freedom from chromosomal aberrations. The males were selected 
three to five days after their emergence and divided into two groups of 
approximately equal numbers. One of these groups was exposed to near 
infra-red radiation (as described by Kaufmatin, Hollaender and Gay, 
1940) 1 for a period of 48 hours either preceding (pretreatment) or following 
(post-treatment) exposure to x-rays. During this two-day period the group 
of males that represented the “controls” was kept at a temperature of 
18°C. Both groups were exposed simultaneously to a 3000-roentgen 
dose of x-rays in capsules lying side by side. Following the combined 
treatment, the males were mated with CIB females and allowed to remain 
in culture bottles for three days before being discarded. This relatively 
short mating period was chosen as a standard in order to permit determi- 
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nation of the effect of post-treatment, as well as that of pretreatment, since 
in the span of three days the accelerating action of near infra-red radiation 
on the progress of spermatogenesis (detected in an earlier study) 1 is not 
sufficient to make sperm that was immature at the time of x-ray treatment 
available for transfer in copulation. 

Results .—The lethal-mutation rates determined by these tests are 
indicated in tabic 1. Males exposed to near infra red radiation alone 
provided only 4 lethals among 2310 spermatozoa tested. The percentage 
of mutations (0.17 ** 0.08) is not significantly different from that occurring 

TABLE i 

Lethal Mutation Rate (C 1 B Tests) Amono Spermatozoa op Males Exposed to 

X-rays or to X-rays Flits Near Infra red Rays 


TYPE OP TKttATM KNT ; 


-NUMBER 


X-RAY IN liOKNl'tilfNS, 

SPERMS 

LHTIIAL 

PKR CHKT 

NICAK INPRA-RKD IN HOURS 

Tit STUD 

MUTATIONS 

MUTATIONS 

KIR 48 hrs. 

2316 

4 

0.17 ± 0.08 

X-ray 3000 r 

3393 

253 

7.46 * 0.45 

3000 r -f* 48 hrs. 

1989 

145 

7,29 * 0.58 

48 hrs. + 3000 r 

1770 

124 

7.01 0.61 


among spermatozoa of one- to two-day-old males of the Sw-b stock at 
22°C. a Near infra red radiation in itself, therefore, does not appear to be 
effective in inducing the types of change that are represented among the 
group of recessive lethals. Nor does this type of radiation when used 
prior to or subsequent to a 3000-r dose of x-rays modify to an appreciable 
extent the frequency of induced lethal mutations, since, as table 1 indicates, 
samples of the pretreatment and post-treatment series and the controls 
all yielded about 7 to 7.5% of lethals. (The difference between this fre¬ 
quency and the 8 to 8.7% reported for the 3000-r dosage level by other 
workers may be attributable in part to differences in the stocks used, or 
to differences in dosimetry.) 

In order to appraise these findings, an effort was made to determine 
the frequency of occurrence of chromosomal rearrangements among the 
group of recessive lethals. Previous studies, utilizing salivary-gland- 
chromosome preparations, had revealed that in some cases there is no 
detectable chromosomal alteration at the locus of the induced lethal, 
whereas in others there is a deficiency of one or more bands, or involvement 
in a gross rearrangement, often without any visible deletion. 4 ™ 7 The 
proportion of the lethals associated with chromosomal rearrangements 
has been determined in a series of experiments; 4 * g ™ n it appears, on the 
basis of the limited data available, to vary wth the x-ray dose, but at the 
3000-r level is of the order of magnitude of 35% (summarized data are 
given by Lea and Catcheside). 6 Comparable values were obtained for 
100 of the 526 lethal mutations detected in our experiments. The 100, 
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selected at random in equal numbers from the combination-treatment 
series and the controls, were analyzed by the salivary-gland-chromosome 
method. Among 50 derived from the combination treatment, 18, or 36%, 
showed gross rearrangements involving the X-chromosorae; 11 were 
found among 25 lethals examined in the pretreatment series, and 7 among 
25 in the post-treatment series. In the control group, 14 out of 50, or 
28%, revealed X-chromosome rearrangements. The aberrations were 
of the types that are customarily detected by salivary-gland-chromosome 
analysis following treatment of males with a 3000-r dose of x-rays, and 
included large deficiencies, transpositions, inversions, reciprocal transloca¬ 
tions, and complex rearrangements involving two or more chromosomes. 
We have not carried out the extensive series of genetic tests that would be 
required to determine the precise location of the lethal mutation with 
respect to the points of breakage involved in each rearrangement; but, in 
the light of Demerec’s finding 4 that a breakage point coincided with the 
locus of the lethal in 24 of 26 cases studied (92.3%), it appears that a similar 
correlation may obtain in our material. 

Discussion .—The data and the considerations'here presented indicate, 
therefore, that a considerable fraction of the lethal mutations induced 
in our experiments is associated with gross structural changes in the 
chromosomes. Rearrangements of the types represented had been found 
in an earlier experiment to increase in frequency about 50% when treat¬ 
ment of the spermatozoa with near infra-red radiation preceded a 4000-r 
dose of x-rays. 1 However, we have not found a corresponding rise in the 
frequency of recessive lethals when such combination treatment is applied. 
This suggests that the lethals associated with gross chromosomal alterations 
are not dependent for their expression on the production of rearrange¬ 
ments. If they were, pretreatment with near infra-red radiation should 
effect an increase of about 1 to 1.5% in the frequency of recessive lethals 
over that in the x-ray controls. 

Analysis of dose-frequency relations determined experimentally in 
studies of lethals and chromosomal aberrations had previously led Lea and 
Catcheside* to formulate a detailed theory based on the alternative as¬ 
sumption that radiation-induced recessive lethals and chromosomal re¬ 
arrangements in Drosophila result independently from a single type of 
primary effect. This interpretation has also been formulated by Hers- 
kowitz, 11 Fano, 11 however, in a recent note, has pointed out that the 
consequences of this alternative assumption also are at variance with the 
total experimental evidence. The evidence now available from the near 
infra-red experiments makes it seem reasonably certain that the negative 
portion of the theory advanced by Lea and Catcheside concerning the 
origin of recessive lethals is essentially correct—namely, that the lethals 
associated with chromosomal rearra n gements in Drosophila do not repre* 
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sent a special class caused by position effect and requiring two ionizing 
particles for their production. 

In the absence of any acceptable comprehensive theory of the mechanism 
of induction of lethals and of viable rearrangements, it may still be useful 
to compare the values obtained experimentally following the combination 
treatment with theoretical estimates derived from alternative assump¬ 
tions. These estimates, supplied by Dr. U. Fano, were based on the 
methods developed in his previous note; 13 the pertinent calculations will 
be published in Year Book No. 40 of the Carnegie Institution of Wash¬ 
ington. In making the estimates it has been assumed tentatively (in 
agreement with the data obtained at 4000 r) that the frequency of cyto- 
logically detectable X-chromosome breaks induced by an x-ray dose within 
the range from 2000 r to 4000 r will be increased by 50% under the influence 
of infra-red treatment. The infra-red treatment should then have the 
following effects: 

1, The frequency of sex-linked recessive lethals at 3000 r should in¬ 
crease by about 17% if Va of those lethals were due to position effect, and 
decrease by about 5% or more according to the Lea-Catcheside hypothesis. 
Our experimental results show a decrease of this order of magnitude 
(table 1, line 4 compared with line 2), although the difference is not statis¬ 
tically significant. 

2, The fraction of sex-linked recessive lethals associated with rearrange¬ 
ments should increase from approximately Va to 3 /f according to the 
position-effect hypothesis, and to over Va according to the Lea-Catcheside 
hypothesis. Our experimental data show an over-all increase from 28 
to 36%, which is more nearly comparable in magnitude with that expected 
on the former hypothesis than on the latter. It should be pointed out, 
however, that in these experiments the number of cases analyzed is small, 
and the errors correspondingly large (28 ^ 6%, and 30 * 7%). More¬ 
over, among the group of lethals induced by x-rays following pretreatment 
with near infra-red radiation—the type of experiment in which the 50% 
increase in frequency of viable chromosomal rearrangements was effected— 
there were II lethals associated with chromosomal rearrangements out of 
25 examined, a frequency of 44 =*= 10%; and this value, although not 
statistically significant, might be reconciled with the Lea-Catcheside 
hypothesis. 

3, The fraction of eggs hatching when the spermatozoa used in their 
fertilization had been exposed to 2000 roentgens of x-rays should be re¬ 
duced by not less than about 10% (of the fraction itself), according to either 
hypothesis. Our actual counts 1 correspond closely to this expected value, 
since 51.4% of the eggs hatched when sperms were treated with 2000* 
roentgens of x-rays, and only 46.7% when treatment with near infra-red 
radiation preceded the x-rays. 
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It is obvious, therefore, that the application of this type of analysis to 
the formulation of a general theory of the origin of lethals and chromosome 
rearrangements will require more extensive data than have been provided 
in the present paper. Further pertinent data might also be obtained from 
a study of frequency of the various types of change induced by x-rays at 
different dosage levels following pretreatment with near infra-red radiation. 

The experimental data here presented, in conjunction with those ob¬ 
tained in earlier experiments, 1 - 14 permit a more comprehensive view than 
was previously possible of the action of near infra-red radiation in modify¬ 
ing the frequency of x-ray-induced chromosomal rearrangements in 
Drosophila . This “sensitizing” action now appears to apply to the pro¬ 
duction of viable chromosomal rearrangements, which are detected by 
salivary-gland-chromosome analysis, and presumably also to their inviable 
counterparts, the multiple-break type of lethals that lead to death in 
embryonic stages of the individuals carrying them. Supplementary 
treatment with near infra-red radiation did not effect any significant 
increase in the frequency of the single-break type of dominant lethal, or 
of sex-linked recessive lethals. These findings, together with our observa¬ 
tions that near infra-red radiation in itself is ineffective in inducing either 
lethal mutations or chromosomal rearrangements, suggest that this agent 
is not responsible for initiating or producing breakage of chromosomes. 
As was pointed out in our earlier publication, 1 near infra-red radiation of 
wave-length 10,000 A provides only about 1.2 electron volts wherever a 
quantum is absorbed, and this amount is not as a rule sufficient to break 
chemical bonds. Under these conditions the production of primary 
breaks would be a function of the x-ray dose alone, even in treatments 
that combine near infra-red and x-rays. In appraising this interpretation, 
consideration must be given to the finding of Swanson and Hollacnder 12 
that treatment of microspores of Tradescantia with near infra-red rays 
following their exposure to x-rays produces a significant increase in chromo¬ 
some breakage beyond that found in the controls. In order to relate to 
a single mechanism the modifying action of near infra-red radiation when 
used prior to or subsequent to x-rays, these authors have suggested that 
the chromosome structure may be’weakened by either type of radiation 
and that the supplementary action of the other may then be effective in 
producing a thoroughgoing break. This interpretation attributes the 
increased frequency in detectable chromatid breaks to an increase in the 
number of primary breaks. Since we have not found evidence in our 
experiments with Drosophila to support this assumption, we are inclined 
to the point of view indicated in our earlier publication 1 —that near infra¬ 
red radiation acts as a “sensitizing* * agent by increasing the number of 
breaks available for participation in the production of new chromosomal 
rearrangements. This increase could be realized if recombination were 
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facilitated at the expense of restitution. Such a mechanism would account 
for the fact that in Tradescantiu the frequency of double deletions, which 
presumably are realized immediately following the production of the 
lesion by x-rays, is increased by pretreatment but not by post-treatment 
with near inira-red, whereas single deletions and interchromosoma! ex¬ 
changes are increased in frequency both by pretreatnient and by post- 
treatment. We have not completed a detailed analysis of the effect on 
the chromosomes of the x-rayed spermatozoon of Drosophila of exposure 
to a dose of near infra-red radiation equal to that used in the pretreat¬ 
ment experiments; but exposure for shorter intervals of eggs fertilized by 
x-rayed sperm has elicited chromosomal rearrangements with a frequency 
in excess of that obtained in controls kept at 18° to 28°C. 14 Facilitation 
of cliromosome movement may have been an important factor in promoting 
recombination in these cases, since the eggs were exposed during the 
period of syngamy and early cleavage, when the potential breaks first 
become available for participation in the formation of rearrangements. 
On the other hand, the pronounced effect of near infra-red radiation in the 
pretreatment experiments emphasizes the possibility that this agent may 
produce such changes in the materials of the chromosomes that the process 
by which restitution is normally effected is either inhibited or delayed, 
thereby making additional breaks available for the formation of new 
combinations. 


The more precise definition of the mode of action of near infra-red radia¬ 
tion that is now possible opens the way for an attack on questions relating 
to its effect on specific cellular components; it also emphasizes the poten¬ 
tialities of this agent as a tool in experiments designed to modify the re¬ 
combination phase of the process of induced structural change. 

Summary .—Supplementary treatment of the spermatozoa of D. melano¬ 
mas ter with near infra-red radiation does not effect any significant increase 
in the frequency of production by x-rays of recessive, sex-linked lethal 
notations. Analysis of a sample of 100 of these lethals by the salivary- 
gland-chromosome method revealed that 32% were associated with gross 
chromosomal alterations. A consideration of these data and those ob¬ 


tained in previous experiments suggests that radiation-induced recessive 
lethals are not attributable primarily to a position effect dependent on the 
establishment of new associations by the gene concerned. Consideration 
of the combined data also suggests that near infra-red radiation, when used 
as a supplementary treatment, is effective in increasing the frequency of 
chromosomal rearrangements by facilitating recombination, presumably 
at the expense of restitution, among the ends of chromosomes broken by 
the ionizing radiation. 

Acknowledgments .—The authors wish to express their appreciation to 
Dr. U. Fano, of the x-ray section of the National Bureau of Standards, for 



372 


MA TEEM A TICS: B. ECKMA NN 


Proc. N. A. S. 


his contributions to the discussion of the problem and to the analysis of the 
data, and to Miss Katherine Wilson for her assistance with the preparation 
and analysis of the salivary-gland-chromosome slides. 

* Progress of this study was facilitated by a grant-in-aid from the United States 
Public Health Service. 

1 Kaufmann, B. P., Hollaender, A., and Gay, H., Genetics, 31, 349-367 (1946). 

* Kaufmann, B. P., and Gay, H., Anat. Hec 96, 34-35 (1946). 

* Kaufmann, B. P., Am . Nat., 81, 77-80 (1947). 

* Demerec, M,, Cytologia, Fujii Jubilee Volume, 1937, pp. 1125-1132. 

1 Fano, U., Cold Spring Harbor Symp. Quant. Biol., 9, 113-120 (1941). 

9 Lea, D. E., and Catcheside, D. G., /. Genetics, 47, 10-24 (1946). 

7 Lea, D. E., Actions of Radiations on Living Cells, Cambridge University Press, 1946, 

* Oliver, C. P., Zeit.f. indukt. Abstam. Vererb., 61, 447-488 (1932). 

1 Demerec, M., and Fano, U., Proc . Nat. Acad. Set., 27, 24-31 (1941). 
u> Fano, U., Genetics, 29, 361-309 (1944). 

“ Herskowitz, I. H., Am. Nat., 80, 588-592 (1946). 

** Swanson, C. P., and Hollaender, A., Proc. Nat. Acad. Set., 32, 295-302 (1946). 

» Fano, U., Science, 106, 87-88 (1947). 

« Kaufmann, B. P„ Genetics, 31, 449-453 (1946). 

\ 


ON INFINITE COMPLEXES WITH A UTOMORPHISMS* 
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Switzerland 

Communicated July 28, 1947 

When in an infinite complex K a group G of automorphisms operates 
without fixed cells and with finite fundamental domain, then there exist 
purely algebraic relations between certain homology properties of K 
and the abstract structure of (?. This is established in the present note as 
an application of a previous general result, 1 and geometric examples are 
investigated, concerning, in particular, coverings of closed manifolds and 
their homotopy groups. 

1. Let K be a closure finite complex in the sense of combinatorial 
topology; its finite integer chain groups will be denoted by C nt the bound¬ 
ary homomorphism of C n into CV-i by d, ft £ 0 (C~i is the additive group 
of integers, and the boundary of a 0-cell is defined by de* «■ 1), and the 
homology groups based upon finite integer Chains by If H n «■ 0, JC 
is said to be acyclic in the dimension ft; when K is a geometric complex. 
Ho ** 0 means that it is connected. 

For a given Abelian coefficient group J r an n-cochain/* in K f n g 0, is 
a /-valued function of the it-cells c % of K t or a homomofphism of C» into 
J; its coboundary if* is the (n -f* l)^oocham defined by 
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f*(ba n +i) for all a n +i * C*+ j. The group of all »-cocha ins is denoted by C; 
5 is a homomorphism of C* into C"* 1 , with kernel Z* f and with 55 * 0. 
£f* — Z n /bC*~ x is the nth ordinary cohomology group of K t n 0 (by 
5C” 1 we understand 0). 

A cochain /* is called finite, if /*(c K ) 0 for only a finite number of n- 

cells £* of K; the finite n-cochains form a subgroup C* of C*. If K is also 
star finite—i.e., if the coboundary of a finite cochain is always finite—, 
then the groups C* lead to “finite" cohomology groups 3C n of K, n g: 0. 
By (3G*)o we denote the subgroup of 3C* defined by those finite cocycles, 
which are coboundaries of arbitrary cochains c C*" 1 (i.e., (3C B )o in the kernel 
of the natural injection of 3C n into H*). 

2. Now we suppose that A" is a “complex with automorphisms’ ’; 
this means that a group G of automorphisms of K without fixed cells is 
given. In other words, A is a regular covering of a complex $ and G the 
corresponding group of covering transformations. The set of all cells 
xc nt x < G t for a certain cell c n of K , is called a transitivity domain of G; there 
is a one-one correspondence between the cells of K and the transitivity 
domains of G in K. 

A cochain f* of K will be called G-finite, if it is finite on each transitivity 
domain; i.e., if, for each cell c m /”(xc n ) & 0 for only a finite number of 
elements x « G. A function oixtG with that property will be said in short 
to be 1 ‘almost 0. ’ ’ When f* is G-fitiite, then/"(##„) is almost 0 for any given 
chain a H , and it follows that 5/ n (^o w+1 ) ~ / n (xdo n+ i) is almost 0 for any given 
(n + l)-chain a n +i; i.e., that the coboundary of a G-finite cochain is 
again G-finite. Hence the G-finite cochains lead to G-finite cohomology 
groups . 

In a previous note 1 1 introduced in a complex with automorphisms, for a 
given group of /-valued functions of x € G, ^-cohomology groups HJ, 
n 0; they are defined by means of cochains which on each transitivity 
domain are elements of When \p is the group of all almost 0 functions 
from G to /, these /ij are obviously identical with the G-finite cohomology 
groups of K defined above. We shall use here the notations and results 
of [1], for that special ^ only; will denote the G-finite cohomology 
groups of K t (i?5)o tb e subgroup of consisting of those G-finite cohomol¬ 
ogy classes which are in the 0-class of if* (the kernel of the injection of 
JS^into if). 

3. Let G be an arbitrary group. We consider /-valued functions 
/*(*** *11 * * t #«) of n + 1 variables c G, n 0, with the property that for 
any given x<>, x h ..., the function/"(x^, Xx\, ..., xx n ) of x e G is almost 
0. By 5/* we understand the function of n + 2 variables < G defined by 

5/*(xo, * 1 , ..flCu+i) » £ * •.» *t-u Xi+u .. which ob- 

f»0 

viously has the same property. Let P* be the group of all these functions 
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f, n ^ 0, 5 is a homomorphism of P 1 into P 1 * 1 , with kernel F*, and with 

85 — 0. The “cohomology groups” F%/bF n ~ l , n ^ 0 (by 8F 1 we under¬ 
stand 0) will be denoted by IP(G, J). 

These groups II tt (G, J), associated with G and J in a purely algebraic 
way, may be considered as the G-fmite cohomology groups of a certain ab¬ 
stract complex Ro with the automorphism group G (cf. [1], §5; with the 
notation used there, they had to be denoted by r^ tt (G, J), being again 
the group of all almost 0 functions from G to J). 

4. We return to the complex K with the automorphism group G con¬ 
sidered in §2, and we suppose that K is acyclic in all dimensions < N 
(N being a positive integer). E.g., if K is a connected geometric complex, 
this holds for N =* 1, if K is simply connected for N *= 2. From the gen¬ 
eral result of [1], §8, we deduce the following isomorphisms for the G- 
finite cohomology groups J/J of K: 

(4.1) 9* IP(G, /), n < N> 

(H% £* IF(G, J). y 

This means, roughly speaking, that in an acyclic complex with auto¬ 
morphisms the G-finite cohomology groups are determined by the abstract 
structure of the automorphism group G (and by J) and are given by the 
explicit description in §3. 

5. Now we assume further that G has in K a “finite fundamental do¬ 
main This means that in each dimension the number of transitivity 
domains is finite; in other words, that K is a covering of a finite complex 
fl? and G the corresponding covering transformation group. In this case 
a G-finite cochain is the same as a finite one, and lit is identical with the 
nth cohomology group of K based upon finite cochains, denoted in §1 by 
3C*; (i/J)o is the group (3C")o* These groups 3C* and (3C*)o are, of course, 
defined in K independently erf any automorphism group. But from the 
above result (4.1) it follows: 

Theorem (5.1): Let K be a complex which is acyclic in all dimensions 
< N t and G a group of automorphisms of K without fixed cells and with finite 
fundamental domain . Then 3C n == II n (G, /), n < N, and (3C*)o £= R N {G, /). 

This is the main result of this note. It states, for example, that for dif¬ 
ferent automorphism groups G operating in the same complex, the condi¬ 
tions of the theorem being fulfilled, the groups n*(G, J) are isomorphic; 
and that, when the same group G operates in different complexes, their 
groups 3C" must be isomorphic. 

The groups 3C* and (3C*)o of an infinite polytope appear to have a geo¬ 
metric meaning, in connection with its “end-points“ in the sense of Freu- 
denthal and Hop!; 9 this will be studied elsewhere. Further results can 
be obtained in terms of the residual cohomology groups of the cohomology 
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sequence (relative to cf. [1], §3). We give here only two immediate 
applications of the theorem (5.1); the result of the second is well known. 

G. Let 51ft be a closed orientablc manifold of dimension w, aspherical in 
all dimension n,l <«<JV(i,e.,a continuous map of an n-d mcnsional 
sphere into 9W is always nullhomotopic, for these n; or the homotopy 
groups of TnW), are = 0, 1 < n < N). Let G be the fundamental 
group of 5111, M its universal covering. Then the following isomorphisms 
hold for the homology groups of M: 

(6.1) IJ n (M) s H W “ W (G, 7), n>m - N, 

7 being the group of integers. For by the duality theorem for manifolds 
H n (M) ~~ 3C n ~ n (M) t and (6.1) follows from (5.1). If in particu ar N'> 

Ttl 

(6.1) holds for n = N. Since ir n (M) == 7r„(5lft) - 0 , 1 < n < N, and M 

is simply connected, then by a theorem of Hurewicz* H N {M) is isomorphic 
to irx(M), which in turn is isomorphic to irjv(SW)* Hence 

(6.2) r N m) & n —*(G, 7), 

7 being always the group of integers; If UK is a dosed orientablc manifold 

of dimension m , N an integer with ~ < N S m t and if ir B (5D?) « 0 for 

1 < n < N, then v N {W) is determined by the fundamental group G of Wl 
and given explicitly as the group II m ~ A '(6\ 7). 

In a closed orientable 3-dimensional manifold 51ft, for example, we have 
always *r«j(5lft) == II l {G t J). This result has already been established by 
Specker (in an as yet unpublished paper), who introduced, for the same 
purpose, a group isomorphic to our II l (<7, 7). 

7. Let M be an open orientable manifold of dimension m, acyclic in all 
dimensions, G an automorphism group of a cell subdivision of M , without 
fixed cells and with finite fundamental domain. Since, for any coefficient 
group 7, 3C n * 0 for n > m, and by the duality theorem 3C W =* 7, 3C* » 0 
for » < m, it follows from (5.1) that n*(G, 7) = 0 for all n except for n * 
m , where II W (G, 7) — 7. Hence there exists an algebraic relation between 
the dimension of M and the group G: It is impossible to have in two open 
acyclic manifolds of different dimensions isomorphic automorphism groups 
without fixed cells and with finite fundamental domain 7 

Examples:* (I) If two closed manifolds both have a Euclidean space as 
universal covering, and if their fundamental groups are isomorphic, then 
they are erf the same dimension. (2) A free Abelian automorphism group 
(without fixed cells and with finite fundamental domain) of an open acyclic 
manifold of dimension m is of rank m. 
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The results of the whole note can be generalized, when homology groups 
and acyclicity with other coefficients than integers are considered. 

* Presented to the American Mathematical Society, April, 1947. 

1 Bckmann, B., these Proceedings, S3, 275-281 (1947). This note is referred to in 
the text by [1]. 

* Freudenthal, H,, Math. Zeitschrift, 33,692-713 (1931); Hopf, H., Comment, Math , 
Helv. t 16, 81-100 (1943/44). 

* Hurewicz, W,, Proc. Akad, Amsterdam , 38,521-528 (1935), Theorem I. 

4 Cf. Hurewicz, W., Ibid., 39, 215-224 (1936), Section 6. 


AN OSCILLATION THEOREM FOR CONTINUOUS SPECTRA 
By Philip Hartman and Aurbl Wintnbr 
Department of Mathematics, The Johns Hopkins University 

Communicated October 22,1947 

4 

Let p *■ p(t), q — 3 (f) be two continuousNunctions on the half-line 
Og /< co and let p > 0 . Suppose that the differential equation (px') f + 
gx 0 does not possess two linearly independent solutions x — x(f) of 
class (£*), i.e., that some solution is not contained in the Hilbert space 

fr x\t)dt < co a) 

(without loss of generality, all solutions can be assumed to be real). The 
restriction thus imposed on the differential equation is satisfied if and only 
if a boundary condition, such as x(0) « 0 or Jt'(0) « 0 and generally 

x(0) cos -h #'( 0 ) sin £ » 0 , ( 2 ) 

determines for 

( P X *Y + (<? + X)# 0 (3) 

an eigenwert problem . 1 

It will be shown that, if the coefficient functions of (3) are fixed, there 
belongs to every point X of the line — » < X < w at least one boundary 
condition (2) in such a way that X becomes a point of the spectrum of the 
eigenwert problem ( 2 ), (3). In the terminology of F. Klein, this can be 
interpreted as representing a general ‘‘oscillation theorem 11 of the Heine* 
Stieltjes type/in the following sense: 

If the coefficient functions of (3) are fixed, every choice of (2) determines 
a spectrum S(<f>), containing the point spectrum P(<t>) (the latter can be 
vacuous). The derivative of the set S(4>) consists of the continuous spec¬ 
trum and of the cluster points of P(4>). According to Weyl,* this deriva¬ 
tive is independent of p and can, therefore, be denoted siraply by S'. On 
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the other hand, S(<f >), hence P(4>), will vary with </>. Hence, what the 
theorem to be proved actually states is that, when <p varies, every X not con¬ 
tained in the invariant set S' must occur in the point spectrum belonging to 
some 4>; as a matter of fact, that the same is true if only those points of 
the point spectra are considered which are neither in the continuous spec¬ 
trum nor among the cluster points of the point spectrum belonging to a 
fixed <j>. In other words, if R denotes the complement of S' (so that R is 
an invariant set of X-values which is open, possibly vacuous), then points 
of the point spectra P(<t>) will sweep through each of the open intervals 
(including half-lines) which constitute the invariant set R. It remains 
undecided whether, under reasonable restrictions, this movement of 
over R must or need not possess that property of monotony which 
is suggested by the limiting case of classical oscillation theorems; 4 a case 
in which R degenerates into the entire X-line. 

It follows from Weyl’s theory * that a given X is not in S(<t>) if and only 
if, corresponding to every continuous g(t) of class (L 2 ), the inhomogeneous 
differential equation 

(px'y + (e 4* \)x « g (4) 

and the boundary condition (2) possess a (unique) solution x(t) satisfying 
(1). Hence, the italicized assertion is equivalent to the statement that 
there belong to every X some <f> and some continuous g(t) of class (L 4 ) in 
such a way that there does not exist any x(/) satisfying (4), (2), (1). The 
proof will be based on this re-wording of the theorem. 

It can be assumed that (3) has no non-trivial solution satisfying (1). 
For otherwise X is in P(<f>) for some <f> t and therefore in the corresponding 
S(<(>). Accordingly, the set S' being invariant, the assertion becomes that, 
if X and <t> are arbitrarily fixed, the three requirements (4), (2), (1) fail to 
possess a solution x(t) for some continuous g{t) of class (L 2 ). 

Let X and <t> be arbitrarily fixed and let x = y(t) be a non-trivial solution 
of (3) and (2) (such functions y(t) exist, since (1) is not required of x « y). 
Since y(t) does not vanish identically, there exists a positive to for which 
y(h) f 6 0. With reference to such a consider on the interval 0 Jj t £ k 
the boundary value problem 

s( 0 ) cos 4> + s'( 0 ) sin # * 0 , z(to) « 0 (5) 

for the differential equation 

(Pz'Y 4- (g 4" X 4" ■■ 0 # (6) 

where X denotes the fixed value to which y(t) belongs. Since ( 6 ) and the 
pair of conditions (5) represent a regular Sturm-Liouville problem, there 
exist characteristic values i.e M values corresponding to which ( 6 ) and 
(5) have a non-trivial solution *(t) t where 0 S t £ k. It should be noted 
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that, since z(t) does not vanish identically, the second of the conditions 
(5) prevents the vanishing of z'(4). Accordingly 4 satisfies the following 
pair of conditions: 

y(to) & 0, s'(4) ^ 0. (7) 

After X, <l> } y(t), 4» s(/) have been fixed, define for 0 t < ® a function 

g(t) by placing 

g * —ps if 0 S t < to and g * 0 if to g t < ». (8) 

In view of the second of the conditions (5), this g(t) remains continuous at 
t * t Q . Furthermore, g(t) is of class (A 2 ), by the second part of (8). It 
will be shown that this g(t) has the property needed for the completion of 
the proof. 

Suppose that g(t) fails to have the property in question. Then g(t) is 
such that there exists on the half-line 0 < t < » a function x(J) satisfying 

(4) , (2), (1). It will be shown that the assumption of such an x{t) leads to 
a contradiction. 

First, if k ^ t < <», then (4) reduces to (3)v by the second part of (8). 
Hence, x(t) satisfies (3) for to £ t < », Since x(t) satisfies (1) also, and 
since (3) is supposed to have no non-trivial solution satisfying (1), it follows 
that x(t) = 0 for 4 ^ t < ® (otherwise a non-trivial solutioy of (3) and (1) 
would be represented by the function which is identical with x(t) for 
k&t< and is defined by the initial conditions #(4), ff'(4) for 0 ^ t < 
to ). But x(t) is a solution of (4) for 0 ^ t < <» and must tlierefore be 
differentiable at t — 4- Hence, the identical vanishing of x{t) for 4 5 
t < oo implies that 

x(to) 885 0, x f (t 0 ) « 0. (9) 

Next, (5), (6) and the first part of (8) show that x » z(t) satisfies (2) 
and is a solution of (4) for 0 £ t g 4. Hence x(t)> being a solution of 
(2) and (4) for 0 ^ t < ®, must be of the form 

x(t) « z(t) + cy(t) for 0 £ t£ to, (10) 

* 

where y(t) denotes that solution of (3) and (2) which has been chosen before 

(5) , and the c occurring in (10) is an appropriate constant. 

If (10) is differentiated at t » 4, it follows from (9) that both z + cy 
and z f + cy* vanish at / « 4* Since this represents two homogeneous 
linear equations for 1, c, the determinant yz f — zy T must vanish at t = 4. 
In view of the second of the conditions (5), this means the vanishing of 
yz f at t « 4. Since this contradicts (7), the proof is complete. 

1 This criterion is equivalent to the fact on which the alternative of GrenzpunktfaU 
and GrenzkreisfaU has been based by H. Weyl, Math. Ann., 68,220-269 (1910) (theorem 
5 on p. 238). 
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* Cf. M. B6cher, Enc. der math. Wiss ., Vol. 2, Part 1,1900, pp. 450-457, 

* Loc. cit, t Vol, 1, pp, 251-252. 

* Cf. loc. tit., Vol. 2, pp. 443-444 (Sturm) and pp. 453-455 (Lam6). 

* Loc. cit., Vol. l f p. 251. 


ON THE COMPOSITION OF QUADRATIC FORMS 

By H. C. Lee 
Cambridge, England 
Communicated September 15, 1947 

In a recent paper Dubisch 1 has obtained some essentially new results on 
the problem of composition of quadratic forms. On the basis of these 
results I derive others by orienting the solution of the problem in the 
opposite direction. In this way the solution appears simpler and more 
unified. 

Let g(w) be a real non-singular indefinite quadratic form of index / in p 
variables U\, ...» u v . Thus 0 < t < p. A (slightly special) case of the 
Hurwitz problem 2 in the real is to find a real non-singular quadratic form 
f(x ) in n variables x it ..., x n , such that 

g(«)/(*) =/60 

where y Xf ..., y n on the right are real bilinear functions of u Xf .,., u p and 
x u . . ,, x n . It can be easily seen that the form/must have zero signature 
(and consequently n must be even). Furthermore, as concerns the relation 
between p and », Dubisch's results may be stated as follows: 

Theorem 1, The Hurwitz problem is possible in the real if and only if 
n is the following arithmetic function of p: 

n =* fi*2 r ; 
n ** f*'2 r ; 
n = ju*2 f_K ; 
n «= 
n a» 

n =« /u*2 r+2 ; 
n = fx\2 r + l ; 


(r 0 (mod 4), 
for p = 2r + 1 If « 3 (mod 4), 

{otherwise 
r =3 (mod 4), 


for p ** 2r + 2 


r es 2 (mod 4), 
r ss 0 (mod 4), 
otherwise 


where m is any positive integer . 
Using these results and writing 


0, 1 (mod 4) 
t ss 0, 3 (mod 4) 

f 0 (mod 4) 
/ as 1, 3 (mod 4) 
t s 3 (mod 4) 


„ . m .2 4 “ +s (m odd; ^ - 0, 1, 2, 3) 


we prove 
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Theorem 2. The Hurwitz problem is possible in Ike real if and only if 
p is the following arithmetic function of n: 


for t ss 0 (mod 4) 
for t ss 1 (mod 4) 
for t 2 (mod 4) 
/or * as 3 (mod 4) 


p 8a + 2**; 

p& Sa + 2* - 3 [0/3]; 

^> < 8a + 20; 

££ 8a + 0 s - 2 [0/3); 


wftere [0/3) denotes the integer part of 0/3. 

Proof: From the results of Theorem 1 we obtain, omitting the insertion 
of (mod 4) in the congruences for simplicity, the following: 


(r- 

/as 0 A 

Jr- 

/ as 1 \ 

b- 



jr- 

/ SS 3 \ 

- 


2r ~j" 1 
2r + 2 
2r "h 1 

2r + 2 

2r *4* 1 
2r + 2 

2r + 1 
2r + 2 


{ 

{ 

{ 

{: 


r ss 0, 3 
r hh 1, 2 
r »3 
f ass 0, 1, 2 
r ss 0 
r as 1, 2, 3 
r as 2 
r hs 0, 1, 3 



» * M*2 r ; 

» = M*2 r+l ; 
» = fx-2 r ; 

» « fi* 2 r+l ; 

w « ji*2 f ; 

» « /z*2 r+l ; 

\ « *= m* 2 r+2 ; 

n * ji*2 r+l ; 
» «s /i*2 r+1 ; 

n - M'2 f ; 
w « /i*2 r+1 ; 
n « ft*2 r+2 ; 

w *« /tt*2 r+1 . 


We now make « « /u # 2 r in every case: thus replace r by r — 1 whenever 
n = M*2 r+1 , and r by r — 2 whenever n « /i’2 r+2 , In this way we obtain 
the following possible cases for n = M’2 r : 




I sQ 


/ 


/ *1 11*11! W3 

mm A 


/ Ml 3 


| p s» 2r + 1, 

r a® 0, 3; 

p * 2r - 

1. 

r ss 2, 3; 

jp » 2r "f” 2, 

r ss 3; 

\/> = 2r, 

* 

r « 1, 2, 3; 

(£ w 2r + 1, 

r m 0; 

* 2r — 

1 

r s 2, 3, 0; 

« 2r — 

2, 

r'm 0; 

sa 2r, 


r aa 1, 2 y 0; 

(/> « 2r — 

1, 


l*> - 2r, 


every r; 

Ip <rn 2r + 1. 

m3; 

p m 2r — 

1. 

r m 1, 2, 3; 

p - 2r 

2, 

f ess 2, 0; 

f - 2r, 


f m 2,0 
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But, by the nature of the problem, we see easily that, for a given n, if a 
value of p is possible , a smaller value of p is also possible * Guided by this 
principle we choose, for a given r, the largest value p\ of p in the above 
table, obtaining 

I f ss: 4 ol 4” 0; pi — 2r -j- 1 = 8a -f- 1; 

r *= 4a + 1: ft * 2r * 8a + 2; 

f = 4a + 2: pi — 2r ** 8a + 4; 

r - 4a + 3: ft - 2r + 2 * 8a + 8; 

I f — 4a 4* 0; pi *= 2r + 1 8a + lj 

r * 4a + 1: ft = 2r = 8a + 2; 

r-4a + 2: ft - 2r - 8a + 4; 

r ** 4a + 3: ft » 2r - 1 = 8a + 5; 

I f sss 4a + Oi ft — 2f = 8a + 0; 

r * 4a + 1: ft *» 2r = 8a 4- 2; 

r =* 4a + 2: ft *» 2r ** 8a + 4; 

f * 4a + 3: ft = 2r = 8a 4* 6; 

I f = 4a 4" 0: ft « 2r — 8a 4“ 0; 

f ss= 4a 4" 1 • ft *s 2f — 1 — 8a 4“ 11 

f * 4a 4- 2: ft - 2r - 8a 4* 4; 

f « 4a 4- 3: ft « 2f 4“ 1 = 8a 4“ 7. 

But if we write a given n in the form r is greatest when y. is odd. 
This furnishes (by the above table) the maximum possible values ft of 
p in the various cases. Theorem 2 is proved* 

As a consequence of Theorem 2 let us remark that in the complex domain 
the distinction between / m 0, 1, 2, 3 (mod 4) disappears, g(u) being re¬ 
ducible to a sum of squares. In this case, of the four sets of values ft 
given in the above table, we should take the first set which has largest 
values* Hence, in the complex, we have simply p g 8a 4- 2*. This 
is precisely Hurwitz* classical theorem in Radon's form. 4 For positive 
definite form9 it was first shown by Radon that this Hurwitz theorem 
holds also in the real.* 

1 Dubisch, R., Ann * of Math., 47, 510-527 (1946). 

1 Hurwitz, A., Math . Ann., 88, 1 (1923). 

* Dubfech, be. cit., 520* 

4 Radon, J., Abk. Sent. Hamburg, 1, 1-25 (1922). 

1 See also Eckmann, B., Comment, Math . Helv., IS, 368-366 (1943). 
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ON THE PROBLEM OF SIMILAR REGIONS 

By E. L. Lehmann and H. Scheff# 

Department of Mathematics, University of California, Berkeley, and De- 
FARTMRNT OF ENGINEERING, UNIVERSITY OF CALIFORNIA, LOS ANGELES 

i* 

Communicated September 8, 1947 

Fundamental in the Neyman-Pearson theory of testing composite 
statistical hypotheses is the problem of similar regions, that is, the problem 
of determining the totality of similar regions. In general a point set w 
in a space W might be defined as a similar region with respect to a family 
of measures on W if every measure in the family assigns the same value 
to w. In the case treated here IF is a Euclidean space of points x — 
(xi, ..#»), and the family of measures is generated by a probability 
density 1 p(x; B) depending on a parameter B = (0 lt ..., 0,). The family 
of measures is then represented by the set co of permissible parameter 
points 0, the measure of a set w being 

\ 

Jl>p{x; B)dx . (1) 

We make the blanket assumptions that all point sets considered are 
Borel sets, and all functions are Borel-measurable, 

The problem of similar regions was introduced by Neyman and Pearson 2 
and solved for certain cases. These results were later generalized by 
Neyman 3 under the assumptions that the probability density satisfied 
certain partial differential equations (equations (6) below) and that a 
certain moment problem had a unique solution; this development was 
continued by Sehefte. 4 The problem was approached very differently 
by P. L. Hsu; 6 he utilized the uniqueness theorem of the theory of Laplace 
transforms. The latter method was extended by Lehmann® and is still 
further generalized in the present paper. Under this approach no moment 
problem intrudes itself, and cases are included which do not yield to the 
differential equations attack, We are concerned here only with the 
problem of similar regions; we shall present in a later paper applications 
to the theory of optimum tests, which gives the problem of similar regions 
its statistical interest. We outline here without the proofs results which 
will later be published elsewhere at length. 

Our development is based on the notion of a complete kernel . Consider 
a non-negative function g(t; 6), where t ** (t u is a point in an s- 

dimen&ional Euclidean space. If for some 0 in w the function g(t; B) is 
not defined over the whole /-space its definition is to be extended by as¬ 
signing it the value zero. With the function g(t; 0) we associate a set 5 
in the /-space defined as follows: For each 0 in ta we let N§ be the set of 
points to for which there exists a neighborhood of to such that the integral 
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of g(t; 6) over the neighborhood vanishes. The set 5 is the complement 
of the intersection of the for 0 in Then we shall call g(t; 0) a com¬ 
plete kernel with respect to w if the two conditions 

(*) o)dt = o 

for all B in <u, and (ii) /(/) is bounded, imply that /(/) = 0 for almost all / 
in S. It is understood that when a domain of integration is not indicated, 
as in (i) above, then it is the whole space of the variable of integration. 

It is convenient at this point to employ more of the terminology of the 
theory of probability. Let X = (Xu . . ., A r w ) be a random variable with 
the probability density p(x; 6), so that the probability that X fall in any 
set w is given by (1). Suppose now that there exist real-valued functions 
h(x) and q(t; 6), and a vector-valued function t(x) ~ (/i(x), .. ., /,(x)) 
with s components, such that for all 0 in w and x in W the density has the 
form 


p(x; 6) * q(t; 0)h{x), (2) 

where t — t(x) and s < n. Let G be the set of points in the x-space for 
which h(x) 9 ^ 0. It will suffice to assume that t(x) is defined for all x in 
G , and that q{t; 8) is defined for all 0 in o> and all /-values assumed by 
/(x) for x in G. 

Consider the statistic T = (T h .. ., 1\), where T = t(X): If in G the 
vector function / = t(x) satisfies certain regularity conditions (namely, 
(a) } (6), (c) of Lemma 1 with r » s) then T has a probability density for 
all B in co. There then exists a function \p(t) such that the probability 
density of T is 

g{t; 6) = q(t; (3) 

T is a sufficient statistic for B: This means that for any set w in W the 
conditional probability that X fall in w t given that T == /, is independent 
of 6. 

Neyman 7 pointed out that when there exists a sufficient statistic T for 
8, then a sufficient condition for a set w to be a similar region (of fixed 
probability a) is that the intersections w(t) of w with the “surface" T — t 
have the property that the conditional probability of w t given T = /, 
be equal to a for almost all t in 5. He left open the question whether 
all similar regions necessarily have this structure, which we shall call the 
Neyman structure with respect to the statistic T. This question is settled 
by Theorem *1 below. In the proof of Theorem 1 and Corollary 1 we apply 
Lemma 1. Suppose r real-valued functions h(x), .. t r (x) of the point 
x =* (xi, ..., Xn) are defined on a set G, and that the following conditions are 
satisfied: 

(a) r < n. 
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(6) The boundary of G is a set of (Lebesgue) measure zero . 

(c) The r functions U(x) together with their first partial derivatives are 
continuous and the r X n matrix (dti/i>Xj) is of rank r, except in a subset N 
of G p whose closure has measure zero . 

Then there exist n-r functions tr+\(x) t ..., tn(x) defined in an open 
subset G* of Gp such that the following conditions are satisfied: 

(A) The closure of the set G-G* has measure zero . 

(B) The transformation y = f(x), where y = (yi, ..y n ) and f(x) — 
(/i(jc), ..., t n (x)), is 1:1 and bicontinuous from G* to f(G*). 

(C) The n functions ti(x) t ..tn(x) together with their first partial de- 
rivatives are continuous and the Jacobian 

J{x) « b{yu ..., y n )/b(x\, ■. *n) 

does not vanish in G*. 

For a transformation y = f(x) of the kind whose existence is guaranteed 
by Lemma 1, the usual transformation of multiple integrals by means of 
the Jacobian is valid: Specifically, if w is any set in G, if w* is the inter¬ 
section of w with G*, and if p(x) is integrable over w, then 

JwP{x)dx = f,p{x)dx * Jf{^)[P(x)/\J(x)\\dy, 
where in the last integral x = /~ l (y). 

Theorem L If the probability density p{x; 0) has the form (2), and if 
the function ti(x), ..,, *,(#) satisfy conditions (a), (b) t (c) of Lemma 1 with 
r = Sp so that T = t{X) is a sufficient statistic for B with a probability density 
g{t; B) of the form (3), then a necessary and sufficient condition for the totality 
of similar regions with respect to B to have the Neyman structure with respect 
to T is that the density g{t; B) be a complete kernel with respect to w. 

The following corollary to Theorem 1 includes as special cases all in¬ 
stances in which the problem of similar regions has previously been solved. 
We recall that s and n denote the number of coordinates of B and x t re¬ 
spectively. 

Corollary 1 . Suppose there exist functions C, h, &<, U (i ** 1, ..r), 
and constants Ct(i * r* + 1, ...» r), where 0 Z r* £ r £ s, such that for all 
6 in w 

P(x;d) m C(6l)k(,x)exp:'i^ki («)/*(*) i (4) . 

in the part of the x-space determined by the inequalities 

c t < Up) < ii(8) (♦«>•' + 1, .. r), (5) 

and p{x; 6) vanishes elsewhere, and that the/Mming conditions are satisfied: 

(a) InG, defined to be the part of the x-space where k(x) r* 0, the functions 
t\(x), . .., (,(x) satisfy the conditions (a), (b), (c) of Lemma 1. , 
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(b) The set of values assumed by (k\ } ..., k T ) is the Cartesian product 
of the set L\ of values assumed by (k i, .. k/) a nd the set L 2 of values assumed 
by (kr'+u . h r ). The set L\ contains a non-degenerate r f -dimensional 
interval. The set La is an (r — r f )-dimen$ional interval c { < k t < d % (i = 
r f + 1, .. r), where the Ct are the same as in (5), and where the c t and d t 
may be infinite . 

Then the totality of similar regions with respect to 0 has the Neyman structure 
with respect to the statistic T - {T u ..., T f ), where T { — t x (X), 

Neyman 8 assumed in his solution of the problem of similar regions that 
the probability density satisfied certain conditions including the following 
partial differential equations: 

- At^O) + J^B ijk (6)dv/de k (i t j = 1, .. s), (6) 

*-i 

where v(x; 9) as log p(x; 9). That a density satisfying Neyman's condi¬ 
tions is included under the special case of our Corollary 1 when r f — r 
follows from 

Theorem 2. Suppose the probability density p(x; B) satisfies the following 
conditions: 

(a) The set a> of permissible parameter points 6 is a connected open set. 

(b) The set W+ ~ W+ (6) of points in the x-space for which p(x; 0) > 0 
does not depend on 6 l 

(c) For all 6 in « and x in W+, p(x; 9) and its first and second partial 
derivatives with respect to 9 U ..., $ 9 are continuous function of 9 . 

(d) There exist continuous functions A ^(9) and Btj*{9) (i t j, k = 1, ..., $) 
such that v — log p(x; 9) satisfies the system (6) of partial differential equations 
for all 9 in os and x in W+. 

Then there exist an integer r (0 Z r Z s), real-valued functions C, k, /„ 
kt (i * 1, ...» r) such that 

{A) The density p(x; 9) has the form (4) with r* = r for all 9 in o> and 
x in W+. 

(B) The r + 1 functions 1, tu ... t t f are linearly independent for x in W+. 

(C) The r + 1 functions C, ku ..., h f together with their first and second 
partial derivatives with respect to 9 U ..., 0, are continuous , while the r X s 
matrix (dkt/bdj) is of rank r, for all 9 in «. 

If the r of Theorem 2 is zero we have the trivial case where p(x; 9) does 
not depend on 9 , and all sets w are similar regions. If r > 0, result (C) of 
Theorem 2 insures condition (b) of Corollary 1 with r f *= r. Condition 
(a) of Corollary 1 on the functions /< U{x) cannot be implied by the 
differential equations (0) which govern the behavior of p(x; 9) as a function 
of 9. However, if we define the set G of Corollary 1 as the W+ of Theorem 
2 and add to the hypotheses of Theorem 2 the assumption that in G the 
functions /f{g) of Theorem 2 satisfy conditions (a), (b), (c) of Lemma 1 
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(a similar assumption was made by Neyman), then all the hypotheses for 
the special case of Corollary 1 when r 9 — r are satisfied. 

The converse to Theorem 2, that if the density has the form (4) with 
r 9 = f, then it satisfies a system of partial differential equations of the 
form (6), is easily proved under mild restrictions by differentiating (4). 

1 By probability density we mean, as usual, any non-negative function whose integral 
over W is unity. 

* Neyman, J., and Pearson, E. S., Phil. Trans . Roy. Soc., London, Series A, 231, 
289-337 (1933). 

* Neyman, J., Annals of Math. Slat., 12, 40-76 (1941). 

< Schefltf, H., Ibid., 13, 280-293 (1942). 

* Hsu, P. L., Biometrika, 32, 62-69 (1941). 

* Lehmann, E. L., Annals of Math, Slat., in press. 

7 Neyman, J., Phil. Trans. Roy. Soc., X^ondon, Series A, 236, 333-380 (1937). 


A PROOF OF LOWER SEMICbNTINUITY 

By Everett Pitcher 

Lehigh University and the Institute for Advanced Study* 
Communicated September 19, 1947 

McShane has a pair of equivalent theorems 1 affirming the lower semi¬ 
continuity of simple integrals of the calculus of variations in the parametric 
and non-parametric form. The hypotheses are broad enough to permit 
the restrictions on the domain of definition associated with Lagrange 
problems. In this paper we shall give a brief direct proof of the theorem 
in the parametric form and comment on an apparent generalization of the 
theorem. We shall discuss in turn the domain of definition, the auxiliary 
function, curves, the integral, the theorem with proof and the generaliza¬ 
tion. 

Before proceeding we wish to express our thanks to Professor Transue 
for reading critically both this paper and an earlier and longer draft and 
for encouraging us to make one more attempt at this particular form of 
proof. 

The domain J? is a subset of the space of points (x t r) = (x l , 
r l , ..., r n ) subject to two restrictions. 

Rl. If (x, r) « R and k S 0 then {x, kr) € R. 

R2. The set R 0 of points (x, 0) € R is dosed* 

The auxiliary function f(x, r) is a function satisfying the following 
requirements. 

fl. f(x } t) is a real valued function defined on a domain R satisfying 
Rl, 2 and admits + <» (but not * ®) as a value . 
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/2. f{x y kr) = kf(x, r) if (x, r) e R and k £ 0. f{x t 0) = 0 if (, x t 0) e R . 

/3. If (xq, r 0 ) € R and f(xo t r 0 ) > u then there is a vector a such that 3 a-r 0 > u 
and such that corresponding to t> 0 there is a 5 > 0/or which f(x, r) ^ a *r — 
e| r | whenever \x — *o| < $ and (x f r) e R, 

It follows readily that f is lower semiconiinuous and that / is convex in r 
in the sense that if (#<>, r 0 ) € R and f(x Q , ro) > u then there is a vector a such 
that a*ro > u and/(#o. r) a * r if (x 0 , r) * R. As an approximate converse, 
if f(x, r) satisfies fl, 2 and is lower semiconiinuous and convex in r and if the 
domain R is closed then f satisfies /3. 

We recall that parameterized, curves x — x(t), ti£ t £ /,», can be classified, 
two parameterized curves being regarded as equivalent if their Freehet 
distance is 0. An equivalence class is called a curve. Then in the usual 
way curves are a metric space with Freehet. metric as the distance. A 
parameterized curve is admissible if the coordinate functions arc absolutely 
continuous and if (x(t) t x f (t )) € R for almost all t. As a special convention, 
a curve consisting of a single point is admissible only if the point is in R. 
If any parameterized curve in a class is admissible then all absolutely 
continuous parameterized curves in the class, including the one with arc 
length .as parameter, arc admissible and the curve is called admissible. 

The integral 

ft!' f[x{t),x’(t)]dt (I) 

is evaluated for admissible parameterized curves, the integrand being 
measurable, and its value is the same for all those in the same curve class. 
Thus the integral (1) defines a function J(Q of admissible curves C. In 
this connection we extend the usual definition of the Lebesgue integral 
to admit + ® asa value if that is the limit of the integral of the truncated 
function. This will not present the difficulties sometimes inherent in 
extending the Lebesgue integral because in this extension the negative 
part of the function will remain bounded by a function integrable in the 
usual sense. This point is discussed more fully in the course of the proof 
of the principal theorem. 

This leads to the following theorem. 

Theorem (McShane). If the auxiliary function f(x, r) satisfies f\, 2, 3 
then the function J(C) of admissible curves is lower semiconiinuous on any 
set of admissible curves of bounded length . 

The proof by McShane consists of approximating / from below by 
smoother functions for which the corresponding integrals are more readily 
proved to be lower semicontinuous. The proof to be given here will 
consist of passage from the inequalities of /3, applied along the limiting 
curve, to the inequality of lower semicontinuity almost directly by inte¬ 
gration. 
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We are to prove that if C ff —>■ C in the Frfchet metric and C 9 and C 
are admissible then 

Hm J(C,) £ J(Q. (2) 

gr~+-<x> 

The following preliminaries to the proof are familiar and are essentially 
those used by McShane. 

It is sufficient to assume Urn J(C 9 ) exists (finite or infinite) since every 


inferior limit is a limit. It is sufficient to assume J{ C 9 ) finite for all q f since 
if J{C Q ) * +<» for an infinite number of values of q then lim J(C t ) =* 

+ <» and (2) holds. 

Curves C f are parameterized on the interval 0 g / £ 1 by the parameter 
proportional to arc length (this can be so worded as to include the unique 
parameterization of curves of 0 length). Let x 9 (t) thus represent C fl ; this 
is an admissible parameterization. Because of the bounded length and 
the Fr&hct c.vergene* there ,s a constant J^auch that 

I*. (01 S M, (3) 

IV (01 St M (4) 

where it exists and 


x t (f) - 
t• - t' 


£ M 


0 £ t' < t* £ 1. 



From the sequence x s (t) a uniformly convergent subsequence, still denoted 
by *,(0 to avoid double subscripts, is selected 4 with limit £(t), for which 
then 


12(01 £ M, 

|2'(0I 2s M 

where it exists and 


( 6 ) 

(7) 


2(/') - 2(0) 
- (' 


* 

g M 


0 £ t' < t* £ 1. 



On the one hand C, approaches C and on the other hand it approaches the 
curve* represented by 2(0- Thus x «■' 2(0 an admissible parameteri¬ 
zation of C. 

We adopt the following abbreviations. 


- m - / wo. */(o i / - m - /t«(o. <») 

We observe that ihere if a number N such that for allq (after discarding a 
finite number for convenience if necessary) and almost ail l 
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m 2 -Afc/M f(t) £ (10) 

For with u = —1,6” 1, we apply 6 /3 at (£(/), 0) to obtain a vector a(t) 
and a number 5(0 > 0 for which 

/(*, r) £ a(t)*r ~ \r\ (11) 

whenever 


\x — x{t) | < 5 ( 0 * 

Taking a finite covering of the curve C by spheres with center (#(/), 0) 
and radius 5(0 and letting N — 1 denote the maximum of the correspond¬ 
ing values of \a{t) 1 one sees that 

/(*i r) si — N\r\ (12) 

whenever x belongs to a suitable open set containing C and (x, r) e R. 
Excluding values of t for which x/(/) or x{t) fail to exist or (x ? (/), #/(0) 
or (#(/), £\t)) fa.il to be in R and excluding a finite number of values of 
q as noted, one sees the truth of (10). 

If Mo * NM % then almost everywhere 

fiZ-Mo f si — A/q. (13) 

Relation (12) or more particularly (13) implies that truncation above is 
adequate for the definition of integrals of unbounded functions and that 
the trivial extension of Lebesgue integration which we have made does not 
introduce conditionally convergent integrals. 

To complete the proof we have only to establish the following statement. 
Statement A. Corresponding to numbers ij > 0 and U < Jo 1 fdt there 
is a set E of measure exceeding 1 — ij such that 

Am £ u. 

r*~ 

For 

A 1 Mt % Am - Mon 
by virtue of (13) so that 

lim A l m% U - Mw 

for all n» V conditioned as in Statement A, whence 

hm A 1 m £ A 1 fdt 

and (2) and the theorem follow. 

We shall now prove Statement A in several steps. There is a set £« 


(14) 

(15) 

(16) 

(17) 
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of measure 1 on the unit interval on which x\t) and all xf{t) are defined 
and (#(/), £ r (0) and {x q {t) t #/(/)) are in R . For t e Eo, let 

u(l) - min f(t) - Q (18) 

where E > 0 is so small and Q> 0 is so large that 

u(t)dt > U . (19) 


By virtue of a theorem of Lusin 7 there is a closed subset E of Eo with 
measure exceeding 1 — i? such that when their domain of definition is 
restricted to E, x'(t) and u{t) are continuous functions. Taking advantage 
of the absolute continuity of the integral, one also requires that 

f E u{t)dt> U. (20) 


This will be shown to be the set E required for Statement A. 

As a further step toward the proof of Statement A we shall establish 
that corresponding to e > 0 there are a bounded measurable vector function 
b{t) defined on E and a number h > 0 such that \ 

&(*) •*'<*) > *<0 ( 21 ) 

f(x, r ) ^ 6(0 r — e| r | if \x — $(t) | < h and ( x , r) « R. (22) 


For each point t € E with u = u(t) there is a vector a = a(J) and a number 
6 — 5(0 meeting the requirements 


a ( 0’£'(0 > «(0 

f(x t r) ^ a(/) * r — c | r | if | x — x{t) | < 6(0 and (x f r) tR 



by virtue of /3 applied at points (#(f), x{t))> (However there is no reason 
to suppose a(0 is bounded and measurable.) Then for each point t e E 
there is a number 0(0 > 0 such that if 1 1 — C I < 0(0 and t* € E then 


a(0 •*'(**)> u(t*) 



\£(n - x(0j < 0(0/2, (25) 

these statements depending on the continuity of «(0» #(0> We use 
the Heine-Borel theorem on the covering of E by intervals t — 0(0, t + 
0(0; we denote by t s ,j = 1. .,., p t the points / centered in the elements of 
the finite covering and by /> the part of E covered by the interval — 
0(0), 0 + 0(0). Let i(0 « a(ti) for / 1 h and let 6(0 « a(0) for / € Ij and 
till U ... U/,-,. Then 6(0 is bounded and measurable. Let h * 
min 0(O)/2* Then suppose t* 1 1) and t* e hU .Ulj~t (empty if j 1). 
Then |0 — **| < 0(0) so that 

6(**H'(i*) *a(0)^'(f*)> u(t*) 


(26) 



Vol. 38, 1047 


MATHEMATICS: E. PITCHER 


391 


by virtue of (24). Also if \x — *(<*)) < h £ 5(^)/2, then, using (25) with 
t - tj, |jc — £(tj) | < 5 (/,) and 

f(x, r) S o(</)-r — «|r| “ b{t*)-r — «|rj if (*, r) t R. (27) 

Thus the existence of b(t) is proved. 

To complete the proof of Statement A, we observe, following (22) and 
(4), that 

Se b(t)■ x,'(t)dt - £ J' E b(t)-x,'(t)dt - eM (28) 

if q is large enough that |*,(<) — £(t) | < h. But 

lim f E b(t)-x t '{t)dt = Jpb(t)-x'(t)dt (29) 

q ■ " ■»! q> 

by virtue of a theorem of Lebesgue. 8 Thus, following (21) and (20), 

Urn f E b(t)-£'(t)dt - tM> f E u{t)dt - tM> U - eM (30) 

for all € > 0, whence Statement A and the theorem. 

We have a generalization whose import we do not fully understand. 
Hypothesis /3 contains a statement of uniformity in that vectors a are 
hypothesized which are fixed while e may change. We find no place, 
either in the preliminaries of admissibility of curves and of the fact that 
the value of the integral is independent of admissible parameterization 
or in the proof itself, where this uniformity is used. We find instead that 
the theorem still holds when /3 is replaced by the following hypothesis. 

f 3a. If (#o, ro) « R and f(xo, r 0 ) > u then corresponding to € > 0 there is 
a vector a such that a-H> u and a number 8 > 0 for which f{x r r)> a*r — 
«|r| whenever \x — Xo\ < 8 and (x, r) c R . 

It is obvious that/3 implies/3a but whether/3a implies /3 in the presence 
of fl f 2 is not known to the author. It follows from /l, 2, 3a that f(x t r) 
is lower semicontinuous. It does not follow obviously for the writer that 
/(x, r) is a convex function of r for x fixed, in the sense that the word convex 
has been used earlier. (If this were true then /3a would be equivalent to 
/3 in the presence of /I, 2 for closed R though not necessarily for all R 
satisfying Rl, 2.) It does follow that f(x, r) is a convex function if addi¬ 
tional hypotheses, such as that a can be found in /3a bounded independent 
of « (or that/(x, r) is defined for all r and bounded for unit vectors r), are 
imposed. . 

The utility of the generalization at the moment is the fact that /3a 
may be easier to verify than /3 in an application. 

* Part of the work of this paper was done on a project supported by funds from the 
Office of Naval Research. 

1 McShane. E. J., "Semi-Continuity of Integrals in the Calculus of Variations," Duke 
Moth* J., 2, 597-0(1936). See Theorems 3.1, 4.1, of which we are concerned with 
the former. 
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• W h have been unable to see the necessity of McShane's assumption that R* be dense 
in Itself. We admit the triviality of isolated poi nts of Rq. 

9 a*r denotes the scalar product and |r| » \/ r*r. 

4 By virtue of AscoH’s theorem allied successively to coordinate functions. See 
Kellogg, O. D., Foundations of Potential Theory, Springer, 1929, p. 265. 

6 The Fr6chet distance between s fl (/) and £(/) does not exceed max. — £(i)j. 

• The point £'{*)) is in R for almost all L Thus, by virtue of JE1, so is ($(*), 0). 
Thus, because of R2, the point 0) is in R for all L 

1 See for easy reference Saks, $., “Theory of the Integral,’' Monografie Matematyczne, 
VII, Warszawa-Lwow, 1937, p. 72 or McShane, E. J., “Integration/* Princeton Mathe¬ 
matical Series, 7, Princeton, 1944, p. 236. 

• Convenient statement of the theorem in Banach, S., “Thfcorie des operations 
lin6aireB,” Monografie Matematyczne, I, Warszawa, 1932, p, 7. Original reference is 
LebeSgue, H., “Sur les integrates singuli&res/* Annales de Toulouse 3* s6rie, 1 (1909), 
25-117; see p. 67. Other convergence theorems also cover this point. 
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